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Abstract: In this paper, we focus on the existence of positive solutions for a singular tempered
sub-diffusion fractional model involving a quasi-homogeneous nonlinear operator. By using the
spectrum theory and computing the fixed point index, some new sufficient conditions for the existence
of positive solutions are derived. It is worth pointing out that the nonlinearity of the equation
contains a tempered fractional sub-diffusion term, and is allowed to possess strong singularities
in time and space variables. In particular, the quasi-homogeneous operator is a nonlinear and
non-symmetrical operator.

Keywords: singular tempered fractional equation; sub-diffusion; spectrum theory; quasi-homogeneous
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1. Introduction

In this paper, we consider the following singular tempered sub-diffusion fractional
model involving a quasi-homogeneous nonlinear operator: L(−Dα,µ

t z(t)) = f
(

t, eµtz(t),Dt
β,µz(t)

)
, t ∈ (0, 1),

Dt
β,µz(0) = 0, Dt

β,µz(1) = 0.
(1)

Here, 1 < α ≤ 2, 0 < β < 1 and α − β > 1, f (t, x, y) : (0, 1)× (0, ∞)× (0, ∞) → (0, ∞)
is continuous, and can be singular at time variables t = 0, 1 and/or at space variables
x = 0, y = 0, and L(x) = xφ(x) is a nonlinear operator, where φ is a quasi-homogeneous
function with degree γ > 0 as in Definition 1.

The tempered fractional derivative R
0 Dt

α,λ is a new variant of the Riemann–Liouville
fractional derivative R

0 DtDtDt
α for describing the connection between random walks and Brown-

ian motion with semi-heavy tails that feature in anomalous diffusion; this is called tempered
fractional Brownian motion in the literature [1]. In mathematics, the tempered fractional
derivative can be derived by multiplying the Riemann–Liouville fractional derivatives by
an exponential factor, namely

R
0 Dt

α,µz(t) = e−λtR
0 DtDtDt

α(eµtz(t)). (2)

For the definitions and properties of Riemann–Liouville fractional derivatives and
integrals, see [2].

In anomalous diffusion, if a plume of particles spreads faster than the anticipation
of traditional diffusion, the fractional space derivatives maybe used to model an anoma-
lous super-diffusion, while the fractional time derivative may simulate an anomalous
sub-diffusion. Thus, the super-diffusion and sub-diffusion in tempered fractional Brownian
motion possess the characteristics of semi-long range dependence, i.e., at moderate time
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scales, the decay of the particle depends on a power law, but at long time scales, it follows
an exponential rule. This extension also led to the establishment of a time-domain stochas-
tic process model used in electric power generation facilities for the famous Davenport
spectrum of wind speed [3,4]. The tempered diffusion model can also be used to study
tempered Lévy flights without sharp cutoffs [5], geophysics problems [6,7] and finance
problems [8].

From Relation (2), it is easy to see that the tempered fractional derivative becomes
the Riemann–Liouville fractional derivative, provided that µ = 0. This suggests that the
tempered fractional derivative extends beyond classical fractional calculus, encompassing
special cases like the Riemann–Liouville derivatives, Caputo fractional derivatives, and
others [9–15]. Recently, by employing Ricceri’s variational principle, Ledesma et al. [16]
studied a tempered fractional sub-diffusion model with an oscillating term: Dα,µ

d−

(
CDα,µ

c+ z(t)
)
= λp(t) f (z(t)), t ∈ (c, d),

z(c) = z(d) = 0,
(3)

where α ∈ ( 1
2 , 1), µ > 0, λ ∈ R, R is real number set, and p ∈ L∞(c, d), CDα,λ

c+ and
Dα,λ

d− denote the tempered right Caputo and left Riemann–Liouville fractional derivative,
respectively. It has been proven that the tempered fractional sub-diffusion model (3) has
infinitely many weak solutions if the nonlinear term f satisfies certain suitable oscillating
conditions either at the origin or at infinity. Zhang et al. [17] obtained the existence and
asymptotic properties of positive solutions

k1e−λttβ−1 ≤ w(t) ≤ k2e−λttβ−1, k1, k2 > 0,

for the following tempered fractional turbulent flow model:
Dα,λ

t

(
φp

(
Dβ,λ

t z(t)
))

= f (t, z(t)), t ∈ (0, 1),

z(0) = 0, Dβ,λ
t z(0) = 0, z(1) =

∫ 1

0
e−λ(1−t)z(t)dt,

(4)

where 0 < α ≤ 1, 1 < β ≤ 2. In the past twenty years, there has been a growing interest in
the profit derived from advancing space theories [18–20], regular theories [21–25], operator
methods [26–30], iterative techniques [31–33], the moving sphere method [34], critical
point theories [35–38], and tempered fractional calculus. This surge in attention has not
only propelled the rapid progress of these disciplines, but has also spurred corresponding
contributions across various fields.

In this paper, we are interested in handling the singularity in space variables for
a tempered sub-diffusion fractional model involving a quasi-homogeneous nonlinear
operator. Since a small change in the space variable near singular points will give rise to
sharp changes in the objective function, it is difficult to deal with the singularity of the
space variables. To overcome this difficulty, in this paper, the main tools we use are the
spectrum analysis of linear operators and the calculation of the fixed-point index. The main
contributions of this paper include the following aspects:

• The nonlinearity of the equation contains a tempered fractional sub-diffusion term,
and the reducing order technique of fractional derivatives and integrals is used;

• The equation involves a quasi-homogeneous nonlinear operator, which gives the
model a wider range of applications;

• The nonlinear term may include the strong singularities in time and space variables.

The paper’s structure is laid out as follows: In Section 2, we initially outline the proper-
ties of the quasi-homogeneous nonlinear operator. Subsequently, we revisit certain lemmas
from the spectrum theory for linear operators, and provide some essential preliminaries for
the subsequent discussion. The main results are presented and proven in Section 3.
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2. Preliminaries and Lemmas

Let R+ be a nonnegative real number set, I be an interval on R+ including 0, i.e., I
may be interval [0, L], [0, L) or [0,+∞). We first give the following definition.

Definition 1. Let γ > 0. A function φ : I → (0,+∞) is said to be a quasi-homogeneous function
with the degree γ if the following condition holds:

φ(ax) ≤ aγ φ(x) for all a ∈ [0, 1] and x ∈ I. (5)

Lemma 1. Assume that φ is a quasi-homogeneous function. Let L(x) = xφ(x), x ∈ I, then, for
any 0 < a < 1, there is a nonnegative increasing inverse mapping L−1(x) satisfying

L−1(ax) ≥ a
1

1+γ L−1(x), x ∈ I. (6)

Proof. For any 0 ≤ y < x ∈ I, if y = 0, clearly, L(y) = 0 < L(x). Otherwise, we have
0 < y < x; let a = y

x , then 0 < a < 1. It follows from (5) that

L(y) = axφ(ax) ≤ aγ+1xφ(x) < xφ(x) = L(x).

Thus, L is a strictly increasing function; consequently, L is a bijection from I onto L(I),
and then it has a nonnegative increasing inverse, mapping L−1(x).

In the following, we shall prove (6). In fact, for any 0 < a < 1 and y ∈ I, from (5),
one has

L(ay) = ayφ(ay) ≤ a1+γyφ(y) = a1+γL(y), for y ∈ I.

and then
ay ≤ L−1(a1+γL(y)), for y ∈ I. (7)

Let x = L(y); it follows from (7) that

L−1(ax) = L−1(aL(y)) ≥ a
1

1+γ y = a
1

1+γ L−1(x), x ∈ I,

consequently, (6) holds.

Remark 1. The definition of quasi-homogeneous function appeared for the first time in [39], and
was developed to study the iterative processes in metric spaces combining with the concept of gauge
function [40,41].

Remark 2. By Lemma 1, we have

L−1(ax) ≤ a
1

1+γ L−1(x), a ≥ 1. (8)

Remark 3. L is a general nonlinear operator including many operators as special case. In particular,
if φ(x) = |x|p−1, p > 1, then L(x) reduces to a p-Laplacian operator.

It follows from Lemma 1 that Equation (1) can be converted to the following form: −Dα,µ
t z(t) = L−1

(
f
(

t, eµtz(t),Dt
β,µz(t)

))
, t ∈ (0, 1),

Dt
β,µz(0) = 0, Dt

β,µz(1) = 0.
(9)

Now, we recall some useful properties of Riemann–Liouville fractional derivatives
and integrals.

Lemma 2 ([2]). Let α > β ∈ (0,+∞) and n = [α] + 1, where [α] is the greatest integer less than
or equal to α. If x(t) ∈ C[0, 1], then
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(i)

IαR
0 DtDtDt

αx(t) = x(t) + c1tα−1 + c2tα−2 + · · ·+ cntα−n, ci ∈ R, i = 1, 2, 3, ..., n. (10)

(ii)

Iα Iβx(t) = Iα+βx(t), R
0 DtDtDt

β Iαx(t) = Iα−βx(t), R
0 DtDtDt

β Iβx(t) = x(t).

By making the integral transformation

z(t) = e−µt Iβ(eµtu(t)), t ∈ [0, 1], (11)

and using Lemma 2 and the strategy of [42], Equation (9) can be rewritten by the following
reducing order fractional equation: − R

0 Dt
α−β,µu(t) = L−1

(
f (t, Iβ(eµtu(t)), u(t))

)
, t ∈ (0, 1),

u(0) = 0, u(1) = 0,
(12)

and the following lemma is valid.

Lemma 3 ([42]). Under the conditions of 0 < α ≤ 2, 0 < β < 1 and α − β > 1, the reducing
order fractional Equation (12) and the singular tempered sub-diffusion fractional Equation (1) are
equivalent. Moreover, let u be a positive solution of Equation (12), then z(t) = e−µt Iβ(eµtu(t)) is
a positive solution of the singular Equation (1).

Lemma 4 ([42]). Assume that h ∈ C[0, 1] and 1 < α − β ≤ 2. Then, the following linear equation{
− R

0 Dt
α−β,µu(t) = h(t),

u(0) = 0, u(1) = 0,
(13)

has a unique solution

u(t) =
∫ 1

0
H(t, s)h(s)ds, (14)

where

H(t, s) =


tα−β−1(1 − s)α−β−1 − (t − s)α−β−1

Γ(α − β)
e−µteµs, 0 ≤ s ≤ t ≤ 1;

tα−β−1(1 − s)α−β−1

Γ(α − β)
e−µteµs, 0 ≤ t ≤ s ≤ 1.

(15)

is the Green function of (12), which is nonnegative continuous and possesses the following properties:

tα−β−1(1 − t)e−µt

Γ(α − β)
(1 − s)α−β−1seµs ≤ H(t, s) ≤ tα−β−1(1 − t)e−µt

Γ(α − β)

or
(
(1 − s)α−β−1seµs

Γ(α − β)

)
, (t, s) ∈ [0, 1]× [0, 1].

(16)

Suppose that X is a Banach space; let P ⊂ X be a cone. For any K > k ∈ (0, ∞), let

PK = {u ∈ P : ∥u∥ < K}, ∂PK = {u ∈ P : ∥u∥ = K}, PK\Pk = {u ∈ P : k ≤ ∥u∥ ≤ K}.

Now, we recall some useful lemmas about spectrum theories and fixed point index
used in the rest of this paper.

Lemma 5 ([43]). (Krein–Rutman). Assume that L : X → X is a continuous linear operator, and P
is a total cone satisfying L(P) ⊂ P. If there exist u0 ∈ X \ (−P) and a positive constant c such



Symmetry 2024, 16, 671 5 of 18

that cL(u0) ≥ u0, then the spectral radius d(L) ̸= 0, and there exists a positive eigenfunction for
the first eigenvalue λ = d(L)−1.

Lemma 6 ([43]). (Gelfand’s formula) For a bounded linear operator L and the operator norm || · ||,
the spectral radius of Ln satisfies

d(L) = lim
n→+∞

||Ln||
1
n .

Lemma 7 ([43]). Assume that T : Pk → P is a completely continuous operator.
(i) If there exists u0 ∈ P\{θ} such that

u − Tu ̸= λu0, u ∈ ∂Pk, λ ≥ 0,

then the fixed point index i(T, Pk, P) = 0.

(ii) If
Tu ̸= λu, u ∈ ∂Pk, λ ≥ 1,

then the fixed point index i(T, Pk, P) = 1.

In this paper, we use the following condition:

(F) f : (0, 1)× (0,+∞)× (0,+∞) → [0,+∞) is continuous and, for any k < K ∈ (0,+∞),

lim
n→+∞

sup
u∈PK\Pk

∫
Ωn

tα−β−1(1 − t)e−µtL−1
(

f (t, Iβ(eµtu(t)), u(t))
)

dt = 0,

where Ωn = [0, 1
n ] ∪ [1 − 1

n , 1].

Let X = C([0, 1],R) and
||u|| = max

t∈[0,1]
|u(t)|,

then X is a Banach space. Now, define the following cone:

P = {u ∈ X : u(t) ≥ tα−β−1(1 − t)e−µt||u||}.

Obviously, PK\Pk ⊂ P ⊂ X. Next define a nonlinear operator T : PK\Pk → P, as well
as a linear operator L : X → X below

(Tu)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds, (17)

(Lu)(t) =
∫ 1

0
H(t, s)u(s)ds. (18)

It follows from Lemmas 3 and 4 that the solution of the singular tempered sub-diffusion
fractional Equation (1) is equivalent to the fixed point of the operator equation u = Tu. In
order to find the fixed point of T, the following lemmas are necessary.

Lemma 8. L is a completely continuous operator with L(P) ⊂ P. Moreover, its spectral radius
d(L) ̸= 0, and there is a positive eigenfunction u∗ corresponding to the first eigenvalue λ1 = 1

d(L))
such that λ1Lu∗ = u∗.

Proof. In fact, for any u ∈ P, by Lemma 4, we have

||Lu|| = max
t∈[0,1]

∫ 1

0
H(t, s)u(s)ds ≤ 1

Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsu(s)ds, (19)
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and

(Lu)(t) ≥ tα−β−1(1 − t)e−µt

Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsu(s)ds, (20)

where Gamma function

Γ(α − β) =
∫ +∞

0
tα−β−1e−tdt.

It follows from (19) and (20) that

(Lu)(t) ≥ tα−β−1(1 − t)e−µt||Lu||.

Thus, one has L(P) ⊂ P. Next, noticing that H(t, s) is uniformly continuous on
[0, 1]× [0, 1], thus L : P → P is a completely continuous operator.

On the other hand, since H(t, s) is nonnegative continuous in [0, 1]× [0, 1], there exists
t0 ∈ (0, 1) such that H(t0, t0) > 0. Let us choose 0 < a < t0 < b < 1 such that H(t, s) > 0
for all t, s ∈ [a, b] ⊂ (0, 1), and take u ∈ P, satisfying u(t0) > 0 and u(s) = 0, s ̸∈ [a, b].
Thus, for any t ∈ [a, b], we obtain

(Lu)(t) =
∫ 1

0
H(t, s)u(s)ds ≥

∫ b

a
H(t, s)u(s)ds > 0.

Thus there exists λ > 0 such that λ(Lu)(t) ≥ u(t) for t ∈ [0, 1]. By employing the
Krein–Rutman theorem, the spectral radius d(L) ̸= 0; moerover, L has the first eigenvalue
λ1 = (d(L))−1 and a positive eigenfunction u∗ satisfying λ1Lu∗ = u∗.

Lemma 9. Assume that the condition (F) is satisfied. Then, the operator T : PK\Pk → P is
completely continuous.

Proof. We first prove that T(P) ⊂ P is well defined. By Lemma 4, for any u ∈ P, t ∈ [0, 1],
we have

(Tu)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≤ 1
Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsL−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds,

and, consequently,

∥Tu∥ ≤ 1
Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsL−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds.

By using Lemma 4 again, we also obtain

(Tu)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≥ tα−β−1(1 − t)e−µt

Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsL−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≥ tα−β−1(1 − t)e−µt∥Tu∥.

Thus, T(P) ⊂ P, and then T(PK\Pk) ⊂ P.
On the other hand, it follows from condition (F) that there exists a natural number n,

such that

sup
u∈PK\Pk

∫
Ωn

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds <
1
4

. (21)
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So, for any u ∈ PK\Pk and 1
n ≤ t ≤ 1 − 1

n , one has(
1
n

)α−β−1(
1 − 1

n

)
e−

µ
n k ≤ u(t) ≤ ||u|| = K, (22)

and (
1
n

)β
k

Γ(β + 1)
≤ k

∫ t

0

(t − s)β−1

Γ(β)
ds ≤ Iβ(eµsu(s))

=
∫ t

0

(t − s)β−1

Γ(β)
eµsu(s)ds

≤ eµKtβ

Γ(β + 1)
≤

eµ
(

1 − 1
n

)β
K

Γ(β + 1)
.

(23)

Let

Q∗
n =

[
1
n

, 1 − 1
n

]
×


(

1
n

)β
k

Γ(β + 1)
,

eµ
(

1 − 1
n

)β
K

Γ(β + 1)

×
[(

1
n

)α−β−1(
1 − 1

n

)
e−

µ
n k, K

]
,

and
L1 = max

(t,u,v)∈Q∗
n
{ f (t, u, v)}.

By (21)–(23), we have

sup
u∈PK\Pk

∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≤ sup
u∈PK\Pk

∫
Ωn

H(t, s)L−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds

+ sup
u∈PK\Pk

∫ 1− 1
n

1
n

H(t, s)L−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds

≤1
4
+

1
Γ(α − β)

sup
u∈PK\Pk

∫ 1− 1
n

1
n

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds

≤1
4
++

L−1(L1)

Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsds < +∞.

(24)

Thus, T is well defined and uniformly bounded in any bounded set.
Next, we assert that T : PK\Pk → P is continuous. In fact, for any ε > 0 and u ∈ P, in

view of (F), there exists a natural number n0 > 0 such that

sup
u∈PK\Pk

∫
Ωn0

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds <
ε

4
. (25)

Now, suppose un, u0 ∈ PK\Pk, satisfying ∥un −u0∥ → 0 (n → ∞). Since L−1( f (t, u, v))
is uniformly continuous on the close interval

Q∗
n0

=

[
1
n0

, 1 − 1
n0

]
×


(

1
n0

)β
k

Γ(β + 1)
,

eµ
(

1 − 1
n0

)β
K

Γ(β + 1)

×
[(

1
n0

)α−β−1(
1 − 1

n0

)
e−

µ
n0 k, K

]
,
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one has

lim
n→+∞

∣∣∣L−1
(

f (s, Iβ(eµsun(s)), un(s))
)
− L−1

(
f (s, Iβ(eµsu0(s)), u0(s))

)∣∣∣ = 0

which uniformly holds for s on
[

1
n0

, 1 − 1
n0

]
. It follows from the Lebesgue control conver-

gence theorem that

∫ 1− 1
n0

1
n0

(1 − s)α−β−1seµs
∣∣∣L−1

(
f (s, Iβ(eµsun(s)), un(s))

)
− L−1

(
f (s, Iβ(eµsu0(s)), u0(s))

)∣∣∣ds → 0, n → ∞.

Thus for the above ε > 0, there exists a natural number N such that for any n > N,
one has

∫ 1− 1
n0

1
n0

(1 − s)α−β−1seµs
∣∣∣L−1

(
f (s, Iβ(eµsun(s)), un(s))

)
− L−1

(
f (s, Iβ(eµsu0(s)), u0(s))

)∣∣∣ds <
ε

2
. (26)

Hence, for any n > N, (25) and (26) imply that

∥Tun − Tu0∥ ≤ 2 sup
u0∈PK\Pk

∫
Ωn0

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu0(s)), u0(s))
)

ds

+
∫ 1− 1

n0

1
n0

(1 − s)α−β−1seµs
∣∣∣L−1

(
f (s, Iβ(eµsun(s)), un(s))

)
− L−1

(
f (s, Iβ(eµsu0(s)), u0(s))

)∣∣∣ds

< 2 × ε

4
+

ε

2
= ε.

So, T : PK\Pk → P is continuous.
Finally, we show that T is equicontinuous. In view of (F) , for any ε > 0, there exists a

positive integer n1 such that

sup
u∈PK\Pk

∫
Ωn1

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds <
ε

4
.

Let

Q∗
n1

=

[
1
n1

, 1 − 1
n1

]
×


(

1
n1

)β
k

Γ(β + 1)
,

eµ
(

1 − 1
n1

)β
K

Γ(β + 1)

×
[(

1
n1

)α−β−1(
1 − 1

n1

)
e−

µ
n1 k, K

]
,

and take
L2 = max

(t,x,y)∈Q∗
n1

{ f (t, x, y)}.

Since H(t, s) is uniformly continuous on [0, 1]× [0, 1], for the above ε > 0 and any
fixed s ∈ [ 1

n1
, 1 − 1

n1
], there exists δ > 0 such that, for any |t1 − t2| < δ, t1, t2 ∈ [0, 1], one

has
|H(t1, s)− H(t2, s)| ≤ 1

2L−1(L2)
ε.

Thus, for any |t1 − t2| < δ, t1, t2 ∈ [0, 1], we obtain

|Tu(t1)− Tu(t2)| ≤ 2 sup
u∈PK\Pk

∫
Ωn1

(1 − s)α−β−1seµsL−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds

+ sup
u∈PK\Pk

∫ 1− 1
n1

1
n1

|H(t1, s)− H(t2, s)|L−1
(

f (s, Iβ(eµsu(s)), u(s))
)

ds

<2 × ε

4
+

ε

2
= ε,
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i.e., T is equicontinuous. It follows from the Arzelà–Ascoli theorem that T : PK\Pk → P
is completely continuous.

3. Main Results

We state the main results of this paper as follows:

Theorem 1. Suppose that (F) holds. Let λ1 be the first eigenvalue of the linear operator L defined
in (18). If

lim sup
τ+ξ→+∞

ξ→+∞

L−1( f (t, τ, ξ))

ξ
< λ1 < lim inf

τ→0+
ξ→0+

L−1( f (t, τ, ξ))

τ + ξ
, (27)

uniformly holds on t ∈ [0, 1], then the singular tempered sub-diffusion fractional model (1) has at
least one positive solution.

Proof. Firstly, since T : PK\Pk → P is a completely continuous operator, by using the
extension theorem of the completely continuous operator (see [43]), for any K > 0, we can
find an extension operator T∗, which is still completely continuous, and T∗ : PK → P. For
convenience, we write this expansion operator as T.

Now, by using (27), we know that there exists k > 0 such that

L−1( f (t, τ, ξ))) ≥ λ1(τ + ξ), |τ| ≤ eµk
Γ(β + 1)

, |ξ| ≤ k, t ∈ [0, 1]. (28)

Similarly to (23), for any u ∈ ∂Pk and s ∈ [0, 1], one has∣∣∣Iβ(eµsu(s))
∣∣∣ ≤ eµk

Γ(β + 1)
, |u(s)| ≤ k. (29)

Consequently, for any u ∈ ∂Pk, (28) and (29) imply that

(Tu)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≥ λ1

∫ 1

0
H(t, s)

∣∣∣Iβ(eµsu(s)) + u(s)
∣∣∣ds

≥ λ1(Lu)(t), t ∈ [0, 1].

(30)

Suppose that u∗ is the positive eigenfunction corresponding to λ1, that is, u∗ = λ1Lu∗.
Now, we prove that

u − Tu ̸= λu∗, u ∈ ∂Pk, λ ≥ 0. (31)

If not, there exist u0 ∈ ∂Pk and λ0 ≥ 0 such that u0 − Tu0 = λ0u∗. Since T has no fixed
points on ∂Pk (if not, the theorem holds), we have λ0 > 0 and

u0 = Tu0 + λ0u∗ ≥ λ0u∗.

Let λ = sup{λ| u0 ≥ λu∗}. Obviously, λ ≥ λ0, u0 ≥ λu∗. Thus, we have

λ1Lu0 ≥ λ1λLu∗ = λu∗. (32)

Therefore, from (30) and (32), we have

u0 = Tu0 + λ0u∗ ≥ λ1Lu0 + λ0u∗ ≥ λu∗ + λ0u∗ = (λ + λ0)u∗.

This is a contradiction with the definition of λ, which implies that (31) holds. It follows
from Lemma 7 that

i(T, Pk, P) = 0. (33)
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Next, by (27), there exist K1 > k and 0 < ϑ < 1 such that

L−1( f (t, τ, ξ))) ≤ ϑλ1|ξ|, for |τ + ξ| ≥ K1, |ξ| ≥ K1. (34)

Let L̃u = ϑλ1Lu, then L̃ : X → X is still a bounded linear operator with L̃(P) ⊂ P.
Thus, we have

d−1(L̃) = (ϑλ1d(L))−1 = ϑ−1 > 1.

According to Gelfand’s formula, one has

ϑ = lim
n→+∞

||L̃n||
1
n . (35)

Let ε0 = 1
2 (1 − ϑ); then, from (35), there is a large natural number N such that, for any

n > N,
∥L̃n∥ ≤ [ϑ + ε0]

n. (36)

Now, define

∥u∥∗ =
N

∑
i=1

[ϑ + ε0]
N−i∥L̃i−1u∥, u ∈ X, (37)

where L̃0 = I is the identity operator. Clearly, || · ||∗ is also the norm of X. Let

M = sup
u∈∂PK1

∫ 1

0
(1 − s)α−β−1seµsL−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds,

then it follows from (24) that M < +∞. Let M∗ = ∥M∥∗, and choose

K2 > max
{

K1,
2
ε0

M∗
}

.

From (37), we have ∥u∥∗ > [ϑ + ε0]
N−1∥u∥, and thus take K > K2

[ϑ+ε0]N−1 ; then, if
||u|| ≥ K holds, one has ∥u∥∗ > K2.

In what follows, we prove

Tu ̸= λu, u ∈ ∂PK, λ ≥ 1. (38)

If not, there exist u1 ∈ ∂PK and λ∗ ≥ 1 such that

Tu1 = λ∗u1. (39)

Let ũ(t) = min{u1(t), K1} and

D(u1) = {t ∈ [0, 1] : u1(t) > K1}.

As u1 ∈ C[0, 1] and u1(t) ≤ ||u1|| = K, there exists 0 < t0 ≤ 1 such that

u1(t0) = K.
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Thus, for any t ∈ [0, 1], one has ũ(t) = min{u1(t), K1} ≤ min{K, K1} = K1 and
ũ(t0) = min{u1(t0), K1} = min{K, K1} = K1, which yields ||ũ(t)|| = K1; that is, ũ ∈ ∂PK1 .
Hence, it follows from Lemma 4 and (39) that

λ∗u1 = (Tu1)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu1(s)), u1(s))

)
ds

≤
∫

D(u1)
H(t, s)L−1

(
f (s, Iβ(eµsu1(s)), u1(s))

)
ds

+
∫
[0,1]\D(u1)

H(t, s)L−1
(

f (s, Iβ(eµsu1(s)), u1(s))
)

ds

≤ϑλ1

∫ 1

0
H(t, s)u1(s)ds +

∫ 1

0
(1 − s)α−β−1seµsL−1

(
f (s, Iβ(eµsũ(s)), ũ(s))

)
ds

≤(L̃u1)(t) + M, t ∈ [0, 1].

(40)

Thus, by L̃(P) ⊂ P, (39) and (40), one has

0 ≤ (L̃j(Tu1))(t) = (L̃j(λ∗u1))(t) ≤ (L̃j(L̃u1 + M))(t), j = 0, 1, 2, . . . , N − 1. (41)

It follows from the fact P is a normal cone with normality constant 1 and (41) that

∥L̃j(Tu1)∥ ≤ ∥L̃j(L̃u1 + M)∥, j = 0, 1, 2, . . . , N − 1.

Thus,

∥Tu1∥∗ =
N

∑
i=1

[ϑ + ε0]
N−i∥L̃i−1(Tu1)∥

≤
N

∑
i=1

[ϑ + ε0]
N−i∥L̃i−1(L̃u1 + M)∥ = ∥L̃u1 + M∥∗.

(42)

It follows from M∗ < ε0
2 K2, (36), (37), (42) and u1 ∈ ∂PK that

λ∗∥u1∥∗ =∥Tu1∥∗ ≤ ∥L̃u1∥∗ + M∗ =
N

∑
i=1

[ϑ + ε0]
N−i∥L̃iu1∥+ M∗

=[ϑ + ε0]
N−1

∑
i=1

[ϑ + ε0]
N−i−1∥L̃iu1∥+ ∥L̃Nu1∥+ M∗

≤[ϑ + ε0]
N−1

∑
i=1

[ϑ + ε0]
N−i−1∥L̃iu1∥+ [ϑ + ε0]

N∥u1∥+ M∗

=[ϑ + ε0]
N

∑
i=1

[ϑ + ε0]
N−i∥L̃i−1u1∥+ M∗ ≤ [ϑ + ε0]∥u1∥∗ +

ε0

2
K2

≤[ϑ + ε0]∥u1∥∗ +
ε0

2
∥u1∥∗ =

[
1
4

ϑ +
3
4

]
∥u1∥∗,

which implies that
1
4

ϑ +
3
4
≥ λ∗ ≥ 1,

that is, ϑ ≥ 1. This contradicts 0 < ϑ < 1. Consequently (38) holds, and then, from
Lemma 7, we have

i(T, PK, P) = 1. (43)

It follows from (33) and (43) that

i(T, PK\Pk, P) = i(T, PK, P)− i(T, Pk, P) = 1.
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Thus, T has at least one fixed point u on PK\Pk. By using Lemma 3, z(t) = e−µt Iβ(eµtu(t))
is a positive solution of the singular sub-diffusion tempered fractional model (1).

Before we give the second main result of this paper, for a sufficiently small 0 < σ < 1,
let us introduce the following linear operator Lσ:

(Lσu)(t) =
∫ 1−σ

σ
H(t, s)u(s)ds, t ∈ [0, 1]. (44)

It follows from Lemma 8 that Lσ(P) ⊂ P is completely continuous with the first
eigenvalue λσ = (d(Lσ))−1, where d(Lσ) ̸= 0 is the spectral radius of Lσ. Moreover, there
exists a positive eigenfunction uσ corresponding to the first eigenvalue, such that

λσ(Lσuσ)(t) = uσ.

Lemma 10. The linear operator L has an eigenvalue λ∗ such that

lim
σ→0+

λσ = λ∗.

Proof. Firstly, construct a sequence {σm} with σ1 ≥ σ2 ≥ . . . ≥ σm ≥ . . . and

lim
m→∞

σm = 0.

For any u ∈ P and k > m, it follows from (44) that

(Lσm u)(t) ≤ (Lσk u)(t) ≤ (Lu)(t), t ∈ [0, 1]. (45)

Let Ln
σm = L(Ln−1

σm ), n = 2, 3, . . .; by (45), one has

(Ln
σm u)(t) ≤ (Ln

σk
u)(t) ≤ (Lnu)(t), t ∈ [0, 1], n = 2, 3, . . . .

Since P is a normal cone with normality constant 1, one has

∥Ln
σm∥ ≤ ∥Ln

σk
∥ ≤ ∥Ln∥, n = 1, 2, . . . .

It follows from Gelfand’s formula that

d(Lσm) ≤ d(Lσk ) ≤ d(L),

where d(L) is the spectral radius of L. Thus {d(Lσm)} is a monotonically increasing sequence
with upper bound d(L) and, consequently, there exists a λ∗ such that

lim
m→+∞

λσm = λ∗.

In what follows, we prove that λ∗ is the eigenvalue of L. To do this, suppose that uσm

are positive eigenfunctions of Lσm corresponding to λσm and ∥uσm∥ = 1, m = 1, 2, . . .. Since

uσm(t) = λσm(Lσm uσm)(t) = λσm

∫ 1−σm

σm
H(t, s)uσm(s)ds, t ∈ [0, 1], (46)

we have

∥Lσm∥ = max
0≤t≤1

∫ 1−σm

σm
H(t, s)uσm(s)ds ≤ 1

Γ(α − β)

∫ 1

0
(1 − s)α−β−1seµsds < +∞, (m = 1, 2, . . .),

which implies that Lσm(P) ⊂ P is uniformly bounded.
On the other hand, for any natural number m and 0 ≤ t, t̃ ≤ 1, one has
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|Lσm uσm(t)− Lσm uσm(t̃)| ≤
∫ 1−σm

σm
| H(t, s)− H(t̃, s) | uσm(s)ds. (47)

It follows from the uniform continuity of H(t, s) in [0, 1]× [0, 1] and (47) that Lσm(P) ⊂
P is equicontinuous. Noticing that limm→∞ σm = 0 and λσm ≥ λσk ≥ λ1, then {uσm} is a
monotonically increasing sequence with an upper bound, and then there exists a u0 ∈ P
such that

uσm → u0, m → ∞, ∥u0∥ = 1.

Let m → ∞ in (46), by noticing that limm→+∞ λσm = λ∗, according to the Arzelà–Ascoli
theorem, one gets

u0(t) = λ∗
∫ 1

0
H(t, s)u0(s)ds, t ∈ [0, 1],

i.e.,
u0 = λ∗Lu0,

which implies that λ∗ is an eigenvalue of L.

Theorem 2. Let λ∗ and λ1 be any eigenvalue and the first eigenvalue of L, respectively. If (F)
holds, and

lim sup
τ→0+
ξ→0+

L−1( f (t, τ, ξ)))

ξ
< λ1, lim inf

τ+ξ→+∞

L−1( f (t, τ, ξ)))

τ + ξ
> λ∗ (48)

uniformly for t on [0, 1], then the singular tempered sub-diffusion fractional model (1) has at least
one positive solution.

Proof. Firstly, according to (48), for any 0 ≤ t ≤ 1, there exists k > 0 such that

L−1( f (t, τ, ξ)) ≤ λ1ξ, |τ| ≤ eµk
Γ(β + 1)

, |ξ| ≤ k. (49)

Noticing that∣∣∣Iβ(eµsu(s))
∣∣∣ = ∫ t

0

(t − s)β−1

Γ(β)
eµsu(s)ds ≤ eµktβ

Γ(β + 1)
≤ eµk

Γ(β + 1)
, |u(s)| ≤ ||u|| = k,

for any u ∈ ∂Pk, one has

(Tu)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsu(s)), u(s))

)
ds

≤ λ1

∫ 1

0
H(t, s)u(s)ds = λ1(Lu)(t), t ∈ [0, 1].

(50)

Now, we prove that

Tu ̸= λu, for any u ∈ ∂Pk, λ ≥ 1. (51)

Suppose that (51) does not hold, then there exist u0 ∈ ∂Pk and λ0 ≥ 1 such that

Tu0 = λ0u0. (52)

Clearly, λ0 > 1, or otherwise the proof is completed. By (50) and (52), one has

λ0u0 = Tu0 ≤ λ1Lu0. (53)
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By induction, one gets

λn
0 u0 ≤ λn

1 Lnu0, n = 1, 2, . . . ,

which yields

∥Ln∥ ≥ ∥Lnu0∥
∥u0∥

≥
λn

0∥u0∥
λn

1∥u0∥
=

(
λ0

λ1

)n
.

So, by Gelfand’s formula, we have

d(L) = lim
n→∞

n
√
∥Ln∥ ≥ λ0

λ1
> λ1

−1.

This is a contradiction with d(L) = λ−1
1 .

Consequently, (47) holds, and from Lemma 7, we have

i(T, Pk, P) = 1. (54)

Since limσ→0+ λσ = λ∗, it follows from (48) that there exist K > k and a sufficiently
small σ > 0 such that

L−1( f (t, τ, ξ)) ≥ λσ(τ + ξ), τ + ξ ≥
(

βΓ(α − β)σα−1e−µσ2

Γ(α + 1)
+ σα−βe−µ(1−σ)

)
K, t ∈ [0, 1], (55)

where λσ is the first eigenvalue of Lσ.
For any u ∈ ∂PK, s ∈ [σ, 1 − σ], one has

Iβ(eµsu(s)) + u(s) ≥
∫ s

0

(s − ξ)β−1

Γ(β)
eµξu(ξ)dξ + sα−β−1(1 − s)e−µs||u||

≥
∫ σ

0

(σ − ξ)β−1

Γ(β)
ξα−β−1(1 − ξ)e−µξdξ||u||+ σα−βe−µ(1−σ)||u||

≥ βΓ(α − β)σα−1e−µσ2

Γ(α + 1)
||u||+ σα−βe−µ(1−σ)||u||

≥
(

βΓ(α − β)σα−1e−µσ2

Γ(α + 1)
+ σα−βe−µ(1−σ)

)
K.

(56)

Let uσ be the positive eigenfunction corresponding to λσ, that is

uσ = λσLσuσ.

By (55) and (56), we have

(Tuσ)(t) =
∫ 1

0
H(t, s)L−1

(
f (s, Iβ(eµsuσ(s)), uσ(s))

)
ds

≥
∫ 1−σ

σ
H(t, s)L−1

(
f (s, Iβ(eµsuσ(s)), uσ(s))

)
ds

≥ λσ

∫ 1−σ

σ
H(t, s)

(
Iβ(eµsuσ(s)) + uσ(s)

)
ds

≥ λσ

∫ 1−σ

σ
H(t, s)uσ(s)ds

= λσ(Lσuσ)(t), t ∈ [0, 1].

Similarly to the proof of Theorem 1, we have

u − Tu ̸= λuσ, u ∈ ∂PK, λ ≥ 0.
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According to Lemma 7, we have

i(T, PK, P) = 0. (57)

Thus, by (54) and (57), we obtain

i(T, PK\Pr, P) = i(T, PK, P)− i(T, Pk, P) = −1,

which implies that T has at least one fixed point u on PK\Pk, and thus the singular
tempered sub-diffusion fractional model (1) has at least one positive solution z(t) =
e−µt Iβ(eµtu(t)).

The particle’s random walks of anomalous diffusion in Brownian motion is modelled
by the fractional diffusion equation

∂
β
t f (z, t) = ∂α

z f (z, t),

where 0 < α < 2, 0 < β < 1, and f (z, t) is the particle jump density function. In what
follows, we give a complex singular tempered sub-diffusion fractional model to illustrate
how to use our main results in practice.

Let φ(x) = x2, then φ(x) is a quasi-homogeneous function with degree γ = 2, and
L(x) = xφ(x) = x3.

Example 1. Consider the following singular tempered sub-diffusion fractional model involving a
quasi-homogeneous nonlinear operator:

L(−D
3
2 ,2
t z(t)) =

[(
e2tz(t) +Dt

1
4 ,2z(t)

)− 1
3
+ | lnDt

1
4 ,2z(t)|

]3

, t ∈ (0, 1),

Dt
1
4 ,2z(0) = 0, Dt

1
4 ,2z(1) = 0.

(58)

The singular tempered sub-diffusion fractional model (58) has at least one positive solution.

Proof. Let α = 3
2 , β = 1

4 , µ = 2, and

f (t, x, y) =
[
(x + y)−

1
3 + | ln y|

]3
.

Thus, f can be singular at t = 0, 1, x = 0 and y = 0.
Define a cone in X

P = {u ∈ X : u(t) ≥ t
1
4 (1 − t)e−2t||u||}. (59)

Now, let u(t) = Dt
1
4 ,2z(t), then from [42], we have e2tz(t) = I

1
4 (e2tu(t)). Thus, for any

0 < k < K < +∞ and u ∈ KR\Kr, by (23) and (59), we have

0 ≤ ke−2t
1
4 (1 − t) ≤ kt

1
4 (1 − t)e−2t ≤ u(t) ≤ K, t ∈ [0, 1],

0 ≤ kt
1
4

Γ( 5
4 )

≤ I
1
4 (e2tu(t)) ≤ e2K

Γ( 5
4 )

, t ∈ [0, 1]

Noticing that the function w(y) = | ln y| is decreasing on (0, 1) and increasing in
(1,+∞), one has
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| ln u(t)| ≤
∣∣∣ln ke−2t

1
4 (1 − t)

∣∣∣+ | ln K| ≤ 2 + | ln k|+ | ln K|+
∣∣∣ln t

1
4 (1 − t)

∣∣∣,
[
u(t) + I

1
4 (e2tu(t))

]− 1
3 ≤

[
ke−2t

1
4 (1 − t) +

kt
1
4

Γ( 5
4 )

]− 1
3

≤
[

ke−2 +
k

Γ( 5
4 )

]− 1
3

t−
1
12 (1 − t)−

1
3 .

(60)

Thus,

∫ 1

0

∣∣∣ln t
1
4 (1 − t)

∣∣∣+ [ke−2 +
k

Γ( 5
4 )

]− 1
3

t−
1
12 (1 − t)−

1
3 dt

≤ 1
4

∫ 1

0
| ln t|dt +

∫ 1

0
| ln(1 − t)|dt +

[
ke−2 +

k
Γ( 5

4 )

]− 1
3 ∫ 1

0
t−

1
12 (1 − t)−

1
3 dt

≤ 5
4
+

[
ke−2 +

k
Γ( 5

4 )

]− 1
3 Γ( 11

12 )Γ(
2
3 )

Γ( 19
12 )

< +∞.

According to the absolute continuity of the integral, we have

lim
n→∞

∫
Ωn

∣∣∣ln t
1
4 (1 − t)

∣∣∣+ [ke−2 +
k

Γ( 5
4 )

]− 1
3

t−
1
12 (1 − t)−

1
3 dt = 0. (61)

It follows from (60) and (61) that

lim
n→+∞

sup
u∈PK\Pk

∫
Ωn

t
1
4 (1 − t)e−2tL−1

(
f (t, I

1
4 (e2tu(t)), u(t))

)
dt

≤ lim
n→+∞

sup
u∈PK\Pk

∫
Ωn

[(
u(t) + I

1
4 (e2tu(t))

)− 1
3
+ | ln u(t)|

]
dt

≤ lim
n→+∞

sup
u∈PK\Pk

∫
Ωn

2 + | ln k|+ | ln K|+
∣∣∣ln t

1
4 (1 − t)

∣∣∣+ [ke−2 +
k

Γ( 5
4 )

]− 1
3

t−
1
12 (1 − t)−

1
3

 dt

=[2 + | ln k|+ | ln K|] lim
n→∞

1
n
+ lim

n→∞

∫
Ωn

∣∣∣ln t
1
4 (1 − t)

∣∣∣+ [ke−2 +
k

Γ( 5
4 )

]− 1
3

t−
1

12 (1 − t)−
1
3 dt

= 0.

Thus, (F) is satisfied.
In what follows, we verify the condition (27). In fact, we have

lim inf
τ→0+
ξ→0+

L−1( f (t, τ, ξ))

τ + ξ
= lim inf

τ→0+
ξ→0+

(ξ + τ)−
1
3 + | ln ξ|

ξ + τ
= +∞,

lim sup
τ+ξ→+∞

ξ→+∞

L−1( f (t, τ, ξ))

ξ
= lim sup

τ+ξ→+∞
ξ→+∞

(ξ + τ)−
1
3 + | ln ξ|
ξ

= 0.

This yields

lim sup
τ+ξ→+∞

ξ→+∞

L−1( f (t, τ, ξ))

ξ
< λ1 < lim inf

τ→0+
ξ→0+

L−1( f (t, τ, ξ))

τ + ξ
,

thus (27) holds.
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According to Theorem 1, Equation (58) has at least one positive solution.

4. Conclusions

Singularity arises from many fields of physics, bioscience, hydrodynamics, mathemat-
ics and engineering. Because a small change in the variable near the singular points will
give rise to sharp changes in the property of the objective function, it is difficult to deal with
the singularity of the space and time variables. Hence, the study of singularity is a very
challenging and interesting project. In this paper, we introduce a limit-type control condi-
tion to overcome the difficulty of a singularity of a nonlinear term at space variables, which
is effective and reasonable for deriving the solution of the model. Moreover, the condition
can also be used to deal with other types of singular nonlinear problems. In addition, the
noteworthy aspects include the presence of a tempered fractional sub-diffusion term within
the equation’s nonlinearity, along with the involvement of a quasi-homogeneous nonlinear
operator. In addition, we only consider the case of 1 < α ≤ 2, 0 < β < 1 and α − β > 1 for
Equation (1), which is a natural condition. For the case 1 < α ≤ 2, 0 < β < 1 and α − β > 1,
after suitable reducing order, it is a initial problem, so this is still a interesting question for
further study.
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