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Abstract: In this paper, we focus on the existence of positive solutions for a singular tempered
sub-diffusion fractional model involving a quasi-homogeneous nonlinear operator. By using the
spectrum theory and computing the fixed point index, some new sufficient conditions for the existence
of positive solutions are derived. It is worth pointing out that the nonlinearity of the equation
contains a tempered fractional sub-diffusion term, and is allowed to possess strong singularities
in time and space variables. In particular, the quasi-homogeneous operator is a nonlinear and
non-symmetrical operator.
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1. Introduction

In this paper, we consider the following singular tempered sub-diffusion fractional
model involving a quasi-homogeneous nonlinear operator:

S(=D{"2(1)) = f(eMz(t), D 2(1)), t € (0,1),

1)
DP#2(0) =0, DP#2z(1) = 0.

Here,1 <a<2,0<pB<landa—pB>1, f(tx,y):(0,1) x (0,00) x (0,00) — (0,00)
is continuous, and can be singular at time variables t = 0,1 and/or at space variables
x =0,y =0,and £(x) = x¢(x) is a nonlinear operator, where ¢ is a quasi-homogeneous
function with degree v > 0 as in Definition 1.

The tempered fractional derivative th”"A is a new variant of the Riemann-Liouville
fractional derivative X2* for describing the connection between random walks and Brown-
ian motion with semi-heavy tails that feature in anomalous diffusion; this is called tempered
fractional Brownian motion in the literature [1]. In mathematics, the tempered fractional
derivative can be derived by multiplying the Riemann-Liouville fractional derivatives by
an exponential factor, namely

RDytz(t) = e MRy (ettz(1)). @)

For the definitions and properties of Riemann-Liouville fractional derivatives and
integrals, see [2].

In anomalous diffusion, if a plume of particles spreads faster than the anticipation
of traditional diffusion, the fractional space derivatives maybe used to model an anoma-
lous super-diffusion, while the fractional time derivative may simulate an anomalous
sub-diffusion. Thus, the super-diffusion and sub-diffusion in tempered fractional Brownian
motion possess the characteristics of semi-long range dependence, i.e., at moderate time
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scales, the decay of the particle depends on a power law, but at long time scales, it follows
an exponential rule. This extension also led to the establishment of a time-domain stochas-
tic process model used in electric power generation facilities for the famous Davenport
spectrum of wind speed [3,4]. The tempered diffusion model can also be used to study
tempered Lévy flights without sharp cutoffs [5], geophysics problems [6,7] and finance
problems [8].

From Relation (2), it is easy to see that the tempered fractional derivative becomes
the Riemann-Liouville fractional derivative, provided that u = 0. This suggests that the
tempered fractional derivative extends beyond classical fractional calculus, encompassing
special cases like the Riemann-Liouville derivatives, Caputo fractional derivatives, and
others [9-15]. Recently, by employing Ricceri’s variational principle, Ledesma et al. [16]
studied a tempered fractional sub-diffusion model with an oscillating term:

DY (CDY2()) = Ap(DF (1), € (c.d),
z(c) =z(d) =0,

)

where o € (%, 1), > 0, A € R, R is real number set, and p € L*(c,d), C]D)?;)‘ and
Dgf‘ denote the tempered right Caputo and left Riemann-Liouville fractional derivative,
respectively. It has been proven that the tempered fractional sub-diffusion model (3) has
infinitely many weak solutions if the nonlinear term f satisfies certain suitable oscillating
conditions either at the origin or at infinity. Zhang et al. [17] obtained the existence and
asymptotic properties of positive solutions

kie M1 < w(t) < kpe MtPL ky, ky > 0,

for the following tempered fractional turbulent flow model:

D (9 (DP2(1))) = f(t,2(1)), te (0,1),

1 4)
2(0) = 0, DP*2(0) = 0, 2(1) = /0 e M0 (1)dt,
where 0 < a <1, 1 < B < 2. In the past twenty years, there has been a growing interest in
the profit derived from advancing space theories [18-20], regular theories [21-25], operator
methods [26-30], iterative techniques [31-33], the moving sphere method [34], critical
point theories [35-38], and tempered fractional calculus. This surge in attention has not
only propelled the rapid progress of these disciplines, but has also spurred corresponding
contributions across various fields.

In this paper, we are interested in handling the singularity in space variables for
a tempered sub-diffusion fractional model involving a quasi-homogeneous nonlinear
operator. Since a small change in the space variable near singular points will give rise to
sharp changes in the objective function, it is difficult to deal with the singularity of the
space variables. To overcome this difficulty, in this paper, the main tools we use are the
spectrum analysis of linear operators and the calculation of the fixed-point index. The main
contributions of this paper include the following aspects:

. The nonlinearity of the equation contains a tempered fractional sub-diffusion term,
and the reducing order technique of fractional derivatives and integrals is used;

*  The equation involves a quasi-homogeneous nonlinear operator, which gives the
model a wider range of applications;

*  The nonlinear term may include the strong singularities in time and space variables.

The paper’s structure is laid out as follows: In Section 2, we initially outline the proper-
ties of the quasi-homogeneous nonlinear operator. Subsequently, we revisit certain lemmas
from the spectrum theory for linear operators, and provide some essential preliminaries for
the subsequent discussion. The main results are presented and proven in Section 3.
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2. Preliminaries and Lemmas

Let R" be a nonnegative real number set, I be an interval on R" including 0, i.e., [
may be interval [0, L], [0, L) or [0, +oc0). We first give the following definition.

Definition 1. Let v > 0. A function ¢ : I — (0, +00) is said to be a quasi-homogeneous function
with the degree 7y if the following condition holds:

p(ax) <a"¢(x) forall ac[0,1] and x € L. (5)
Lemma 1. Assume that ¢ is a quasi-homogeneous function. Let £(x) = x¢(x), x € I, then, for

any 0 < a < 1, there is a nonnegative increasing inverse mapping £ (x) satisfying

1

e Nax) >a™ e (x), x€ L (6)

Proof. Forany 0 < y < x € I,if y = 0, clearly, £(y) = 0 < £(x). Otherwise, we have
O<y<xleta= %, then 0 < a < 1. It follows from (5) that

£(y) = axg(ax) < a7 xg(x) < xg(x) = £(x).

Thus, £ is a strictly increasing function; consequently, £ is a bijection from I onto £(I),
and then it has a nonnegative increasing inverse, mapping £ 1(x).

In the following, we shall prove (6). In fact, forany 0 < 4 < 1 and y € I, from (5),
one has

L(ay) = ayg(ay) < a' yg(y) =a'T7L(y), fory € I.

and then
ay < £71(aT7¢(y)), fory € I. (7)

Let x = £(y); it follows from (7) that
£ ax) = 27 al(y)) > a™y =a™ £ (x), x €1,
consequently, (6) holds. [

Remark 1. The definition of quasi-homogeneous function appeared for the first time in [39], and
was developed to study the iterative processes in metric spaces combining with the concept of gauge
function [40,41].

Remark 2. By Lemma 1, we have

1

Sfl(ax) < a1+7£*1(x), a>1. (8)

Remark 3. £ is a general nonlinear operator including many operators as special case. In particular,
if o(x) = |x|P~Y, p > 1, then £(x) reduces to a p-Laplacian operator.

It follows from Lemma 1 that Equation (1) can be converted to the following form:

{ —-Difz(t) = £t (f(t,e”%(t),]l))f’”z(t))), te(0,1),

©)
DP#2(0) =0, DPHz(1) = 0.

Now, we recall some useful properties of Riemann-Liouville fractional derivatives
and integrals.

Lemma 2 ([2]). Leta > B € (0,400) and n = [a] + 1, where [«] is the greatest integer less than
or equal to w. If x(t) € C[0, 1], then
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(i)
8P x(t) = x() + et Lot 24 oyt ¢ €R,i=1,2,3,...,n. (10)
(ii)
*1Px(t) = I"Px(t), RpPIox(t) = 1" Px(t), BDPIPx(t) = x(t).
By making the integral transformation
z(t) = e MIP(ettu(t)), te[0,1], (11)
and using Lemma 2 and the strategy of [42], Equation (9) can be rewritten by the following

reducing order fractional equation:

{ — Ry (t) :s—l(f(t,lﬁ(ewu(t)),u(t))), te(0,1), W)

u(0) =0, u(1) =0,
and the following lemma is valid.

Lemma 3 ([42]). Under the conditions of 0 < « < 2,0 < B < 1land a — B > 1, the reducing
order fractional Equation (12) and the singular tempered sub-diffusion fractional Equation (1) are
equivalent. Moreover, let u be a positive solution of Equation (12), then z(t) = e M 1P (ettu(t)) is
a positive solution of the singular Equation (1).

Lemma 4 ([42]). Assume thath € C[0,1]and 1 < o — B < 2. Then, the following linear equation

{ — 8Dy Pru(t) = h(t), 13
u(0) =0, u(1) =0,
has a unique solution
1
u(t) = /0 H(t,s)h(s)ds, (14)

where

x—B=171 _ \a—B-1 _ (+ _ o\a—p-1
t (1 S) (t S) e—}lte}lslo S S S ¢ S 1’

T(a —
H(t,s) = («=F) (15)
taiﬁil (1 — S)miﬁil —ut us
e e, 0<t<s< 1.

I'(a—p)

is the Green function of (12), which is nonnegative continuous and possesses the following properties:

P (1 — t)e
I(a—p)

P11 — f)e M
[(a—p)

. (1 —s)¥P~lgers
0 ( T« —B) ), (t,s) € [0,1] x [0,1].

(1—s)* P~ lsets < H(t,s) <

(16)

Suppose that X is a Banach space; let P C X be a cone. For any K > k € (0, c0), let
Px={ueP:|ul|] <K}, oPxk ={ue€P:||ul| =K}, Pk\Pr ={u € P:k<|u| <K}

Now, we recall some useful lemmas about spectrum theories and fixed point index
used in the rest of this paper.

Lemma 5 ([43]). (Krein—-Rutman). Assume that L : X — X is a continuous linear operator, and P
is a total cone satisfying L(P) C P. If there exist uy € X \ (—P) and a positive constant c such
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that cL(ug) > uo, then the spectral radius d(L) # 0, and there exists a positive eigenfunction for
the first eigenvalue A = d(L)~1.

Lemma 6 ([43]). (Gelfand’s formula) For a bounded linear operator L and the operator norm || - ||,
the spectral radius of L" satisfies

d(L) = lim [|L"||7.

n——+00

Lemma 7 ([43]). Assume that T : Py, — P is a completely continuous operator.
(i) If there exists ug € P\{0} such that

u—Tu # Aug, u€dP, A >0,

then the fixed point index i(T, P, P) = 0.
(i) If
Tu #Au, u€dP, A>1,
then the fixed point index i(T, P, P) = 1.

In this paper, we use the following condition:
(F) f:(0,1) x (0,400) x (0, 400) — [0, +00) is continuous and, for any k < K € (0, +o0),

lim  sup P11 — e Mg ( £(t, Iﬁ(ewu(t)),u(t)))dt —0,
ooueﬁK\Pk Qn
where Q, = [0, 2]U[1 -1 1].
Let X = C([0,1],R) and
= t ,
lell = max u(t)

then X is a Banach space. Now, define the following cone:
P={ueX:u(t)>P 11—t Mul}

Obviously, Px\P; C P C X. Next define a nonlinear operator T : Pg\P, — P, as well
as a linear operator L : X — X below

1

(Tu) () :/O H(t,s)E’l(f(s,Iﬁ(e”Su(s)),u(s)))ds, (17)
(Lu)(t) = /0 " H (L, s)u(s)ds. (18)

It follows from Lemmas 3 and 4 that the solution of the singular tempered sub-diffusion
fractional Equation (1) is equivalent to the fixed point of the operator equation u = Tu. In
order to find the fixed point of T, the following lemmas are necessary.

Lemma 8. L is a completely continuous operator with L(P) C P. Moreover, its spectral radius

d(L) # 0, and there is a positive eigenfunction u* corresponding to the first eigenvalue A\ = %

d(L)
such that A Lu* = u*.

Proof. In fact, for any u € P, by Lemma 4, we have

1 1
Lul| = /Ht, ds <
Ial| = max [ Hts)uts)as <

1
_ _ o\a—pB—1,,us
te[0,1] «—p) /0 (1-5s) selSu(s)ds, (19)
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and
PP (1 — t)eH

I'(a—B)

(Lu)(t) > /O Y (1= )8 B Tsehsu(s)ds, 20)

where Gamma function oo
I'a—p)= / Pl tdt,
0
It follows from (19) and (20) that
(Lu)(t) > t”"ﬁ’l(l - t)e’”t||Lu||.

Thus, one has L(P) C P. Next, noticing that H(t,s) is uniformly continuous on
[0,1] x [0,1], thus L : P — P is a completely continuous operator.

On the other hand, since H(t, s) is nonnegative continuous in [0, 1] x [0, 1], there exists
to € (0,1) such that H(fg,typ) > 0. Let us choose 0 < a < ty < b < 1such that H(t,s) > 0
forall t,s € [a,b] C (0,1), and take u € P, satisfying u(tg) > 0 and u(s) =0, s & [a,b].
Thus, for any t € [a, b], we obtain

1

(Lu) (1) :/ H(t,s)u(s)ds > /ﬂbH(t,s)u(s)ds > 0.

0

Thus there exists A > 0 such that A(Lu)(t) > u(t) for t € [0,1]. By employing the
Krein-Rutman theorem, the spectral radius d(L) # 0; moerover, L has the first eigenvalue
A = (d(L))~! and a positive eigenfunction u* satisfying A1 Lu* = u*. O

Lemma 9. Assume that the condition (F) is satisfied. Then, the operator T : Pg\P, — P is
completely continuous.

Proof. We first prove that T(P) C P is well defined. By Lemma 4, forany u € P, t € [0,1],

we have .

(Tu)(1) = [ H(t,s)e™ (f(s, 1P u(s)), u(s)) )ds
= I’(ucl[%) /01 (1= )P st (f(s, 1P (e u(s)), u(s)) ) ds,
and, consequently,
1

1Tl < 5 /01 (1 fs)"‘_ﬁ_lse’*ss_l(f(s, Iﬁ(e“su(s)),u(s)))ds.

By using Lemma 4 again, we also obtain
(Tu)(t) = /01 H(t,s)e™* (f(s, zﬁ(eﬂsu(s)),u(s)))ds
a—B-1¢1 _ —ut
! (1= e ™ /01 (1—s)¥ P lgetsg=t (f(s, Iﬁ(eysu(s)),u(s)))ds

[(a—p)
> 1 7PH (1 — £)e M| Tul).

Thus, T(P) C P, and then T(Pg\P;) C P.
On the other hand, it follows from condition (F) that there exists a natural number 7,
such that

sup / (1—s)“—ﬁ—lseﬂsz-l(f(s,Iﬁ(eﬂsu(s)),u(s)))ds<}L. (21)
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So, for any u € Pg\Py and % <t<1- %, one has

(1)ﬁ (1-3 )¢ Fr<u < il = &, )
and
ﬁ+1 <k f) t}&?f “ds < IF(eus)
-5 r(sk;) uls)ds (23)
oxpe(1- )ﬁ K
ST(E+1) = T(B+1)
Let
= o]« [ SO 0 2]
and

L= t
1 (turrgggn{f( u,v)}.

By (21)—(23), we have

-3
+ sup [ H(t,s)€™" (f(s, Iﬁ(eﬂsu(s)),u(s)))ds (24)
lIGﬁK\Pk n

Lt sup s (1—s)% Plgersg=t (f(s 1P(e"u(s)) u(s)))ds
4 r(lx B ﬁ) MGFK\P}( %
1 (L)
1 T p)

Thus, T is well defined and uniformly bounded in any bounded set.

Next, we assert that T : Px\ P, — P is continuous. In fact, for anye >0and u € P,in
view of (F), there exists a natural number 1y > 0 such that

IA

_|_

IN

1
/ (1—s)* P 1setsds < +c0.
0

su (1 —s)¥ P lsersg=2( f(s, 1P (e’ u(s)),u(s)) )ds < £ (25)
uePKI:\)Pk Qg ( ) 4

Now, suppose uy, g € Pg\Py, satisfying ||u,, — ug|| — 0 (1 — o). Since £ (f (¢, u,v))
is uniformly continuous on the close interval
x—p—1 u
(&) yon]
no no

QZO—[ll 1}>< (%0)51( ey(lfan))ﬁK

n’ g r(+1)" T(+1)
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one has

lim ’z—l (£, 1 (e un(s)), ua(s))) = & (f(s, 1P (e un(s)), 1o (s))) \ —0

n—+oo

which uniformly holds for s on [nio, 1- nio} . It follows from the Lebesgue control conver-

gence theorem that

1—L
[t

110

et (f(s, Iﬁ(eysun(s)),un(s))) —gt (f(s, Iﬁ(ewuo(s)),uo(s))) ‘ds 50, 1 — co.

Thus for the above ¢ > 0, there exists a natural number N such that for any n > N,
one has

1—L
[ g

g

s-l(f(s, Iﬁ(eusun(s)),un(s))) - s-l( (s, zﬁ(eﬂsuo(s)),uo(s))) ‘ds < ; (26)

Hence, for any n > N, (25) and (26) imply that

Tu, — Tup|| <2 su —8) P gems o1 (£(s, IP(eFSup(s)), ug(s)) ) ds

|| ol Moipf\pk/ ) (£ 1P (eun(s)), uo(s)))

+/ s P s 2 (Fs, 1P (e (5)), un(s) ) — £ (£, 1P (e uo(s), uo(s)) ) |ds
<2X 1 + E

So, T : Pg\ Py — P is continuous.
Finally, we show that T is equicontinuous. In view of (F) , for any & > 0, there exists a
positive integer 11 such that

sup (1—s)¥ Plgemsg=t (f(s, Iﬁ(e’”u(s)),u(s)))ds < £
MEPK\Pk in 4

Let

(,}T)Bk e"(l - ,}T)ﬁK

. [1 1
’“_[m’l_nl}>< r(+1)" T(B+1)

and take
L = max {f(txy)}
(txy)EQi,

Since H(t,s) is uniformly continuous on [0, 1] x [0, 1], for the above ¢ > 0 and any
fixed s € [;- L1 —] there exists 6 > 0 such that, for any |t —t,| < J, t1,t2 € [0,1], one
has

1
|H(i’1,S) -

H(t,, < — 6.
(2 S)| —_— 2,27]‘([42)8
Thus, for any |t — tp| < J, t1,tp € [0, 1], we obtain

|Tu(t;) — Tu(tz)] <2 sup / (1—s)¥ P lgers g~ (f(s,Iﬁ(e”su(s)),u(s))>ds

MEPK\Pk
"
+ sup [ " [H(ts) = Hitz, )£ (£(s, 1P(u(s), u(s) ) ds
u€PK\P ~ m
€ €
LX-—4=-=

4 2
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i.e., T is equicontinuous. It follows from the Arzela—Ascoli theorem that T : Px\ P, — P
is completely continuous. [J

3. Main Results

We state the main results of this paper as follows:
Theorem 1. Suppose that (F) holds. Let A1 be the first eigenvalue of the linear operator L defined

in (18). If

1:13; jff c <M< llgolpf THE , (27)
Z—+o0 ’:HOJr

uniformly holds on t € [0,1], then the singular tempered sub-diffusion fractional model (1) has at
least one positive solution.

Proof. Firstly, since T : Pg\P, — P is a completely continuous operator, by using the
extension theorem of the completely continuous operator (see [43]), for any K > 0, we can
find an extension operator T*, which is still completely continuous, and T* : Px — P. For
convenience, we write this expansion operator as T.

Now, by using (27), we know that there exists k > 0 such that

AT 2 M+, 1] < g <k eI e

Similarly to (23), for any u € dP; and s € [0, 1], one has

s el'k
(e u(s))| < RO (29)

Consequently, for any u € 0P, (28) and (29) imply that
(Tu)(t) = /1H(t,s)£’l<f(s, 1P(eu(s)), u(s)) ) s
0

> A /01 H(t,)| 1P (eu(s)) + u(s)|ds
> Aq(Lu)(t), t € [0,1].

(30)

Suppose that u* is the positive eigenfunction corresponding to A4, thatis, u* = AjLu*.
Now, we prove that
u—Tu#Au*, u€adP, A >0. (31)

If not, there exist ug € dP; and Ay > 0 such that ug — Tug = Agu*. Since T has no fixed
points on 0P (if not, the theorem holds), we have Ay > 0 and

ug = Tug + Agu™ > Agu™.
Let A = sup{A| ug > Au*}. Obviously, A > Ag, ug > Au*. Thus, we have
A1Lug > MALu* = Au*. (32)
Therefore, from (30) and (32), we have
ug = Tug + Agu™ > AqLug + Agu™ > Au* + Agu™ = (A + Ag)u™.

This is a contradiction with the definition of A, which implies that (31) holds. It follows
from Lemma 7 that
i(T, P, P) =0. (33)
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Next, by (27), there exist K1 > kand 0 < ¢ < 1 such that
L (f(7,8))) <9, for [T+¢] = Ky, [E] = Ky (34)

Let Lu = 8A1Lu, then L : X — X is still a bounded linear operator with L(P) C P.
Thus, we have B
dYL) = (OMd(L)) =01 > 1.

According to Gelfand’s formula, one has

9= lim [|L"[|". (35)

n—r—+00

Leteyg = %(1 — 0); then, from (35), there is a large natural number N such that, for any
n> N,

I < [8 +eo)". (36)
Now, define
N o~
ul* = Y8+ eo] NI ull, u € X, (37)
i=1
where L0 = [ is the identity operator. Clearly, || - ||* is also the norm of X. Let

M = sup ' (1- s)"‘_ﬁ_lseys,ﬁ_1 (f(s, Iﬁ(eﬂsu(s)),u(s)))ds,

then it follows from (24) that M < +o0. Let M* = || M||*, and choose
2 *
Ky > max Kl,e—M .
0

From (37), we have |ul|* > [¢ + e]VN~!||u||, and thus take K > ——K2c—; then, if

[l9+€0}
[lu|| > Kholds, one has ||u|* > K.
In what follows, we prove
Tu #Au, u€dPg, A>1. (38)
If not, there exist u; € dPx and A* > 1 such that
TM1 = )\*Ml. (39)

Let u(t) = min{uq(t), K1} and
D(up) ={t€[0,1] s us(t) > Ky }.
Asup € C[0,1] and u1(t) < |Ju1]| = K, there exists 0 < {3 < 1 such that

up(to) = K.



Symmetry 2024, 16, 671 11 of 18

Thus, for any t € [0,1], one has #(t) = min{u(¢),K;} < min{K,K;} = K; and
i(tg) = min{uq (tp), K1} = min{K, K;} = Kj, which yields ||u(t)|| = Ky; that is, i € dPx;.
Hence, it follows from Lemma 4 and (39) that

Aup = (Tug)(t) = ./01 H(t,s)e™* (f(S, 1B (e uy (5)), u (S)))ds
S/D(ul)H(t,s)Q*l (f(s,Iﬁ(eﬂsul(s)),ul(s)))ds

+ ./[0,1]\]3(“1) H(t,S)S_l (f(s, Iﬁ(eﬂsm(S)), Ml(S))>ds (40)

<ony [ (s (s)ds + [ (1 sy se e (f(s, P(emi()), () ) ds
<(@Luy)(t)+M, te[01].

Thus, by L(P) C P, (39) and (40), one has

0 < (D(Tu)) (1) = (L (A*un)) () < (U (Lug + M))(8), j=0,1,2,...,.N—=1.  (41)

It follows from the fact P is a normal cone with normality constant 1 and (41) that
L/ (Tuy)|| < |T/(Luy + M)||, j=0,1,2,...,N—1.

Thus,
N

| Tuy||* = Z:W +eo)N LT (Tuy) |

. 42)
<Y [0 +eo)V L (Lug + M)|| = ||Lug + M]|".
i=1

It follows from M* < %OKZ, (36), (37), (42) and uy € dPx that

N P
A [l 1" =0T [* < | L [* + M* = Y [0+ e ¥ || L'us || + M*

i=1

T

1

=[0+eo] Y [0+eo)N " H|Lua | + [|ILNw || + M*

i

N-1 o
<[®+e0] Y [0+eo]N L ua || + [0 + eo]Nfu || + M*

i

N L. )
=[0+20] Y [8+eo]N L g || + M* < [0+ o] [|ua||* + > K2

Il
-

i

€0 1 3
< * “0 x| = > *
<[8 +eolllunll” + 5 Mlaml [419+4}||u1|| /

which implies that

1,3
oS> A,
TR

that is, ¢ > 1. This contradicts 0 < ¢ < 1. Consequently (38) holds, and then, from
Lemma 7, we have
i(T, Pk, P)=1. (43)

It follows from (33) and (43) that

i(T, Pk\Py, P) = i(T, P, P) —i(T, P, P) = 1.
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ILg,, || = max

Thus, T has at least one fixed point u on Px\ Py. By using Lemma 3, z(t) = e # 1P (el u(t))
is a positive solution of the singular sub-diffusion tempered fractional model (1). O

Before we give the second main result of this paper, for a sufficiently small 0 < o < 1,

let us introduce the following linear operator L,

(Lou) () = /1_0H(t,s)u(s)ds, te[0,1). (44)

o

It follows from Lemma 8 that L,(P) C P is completely continuous with the first
eigenvalue A, = (d(Ly)) ™!, where d(L,) # 0 is the spectral radius of L,. Moreover, there
exists a positive eigenfunction u, corresponding to the first eigenvalue, such that

/\U(Lgug) (t) = Ug.
Lemma 10. The linear operator L has an eigenvalue A* such that

lim A, = A%,

oc—0t
Proof. Firstly, construct a sequence {oy, } withoy >0y > ... > 0, > ... and

lim o, = 0.
m—ro0

For any u € P and k > m, it follows from (44) that
(Lo, u)(t) < (Lou)(t) < (Lu)(t), te[01]. (45)
Let Ly = L(L:-1), n=2,3,...; by (45), one has
(Ly,u)(t) < (Lgku)(t) < (L"u)(t), te€]0,1], n=2,3,....
Since P is a normal cone with normality constant 1, one has
Il < Ll < L"), n=1,2,....
It follows from Gelfand’s formula that

d(Lg,) < d(Lg,) <d(L),

where d(L) is the spectral radius of L. Thus {d(L,,,) } is a monotonically increasing sequence
with upper bound d(L) and, consequently, there exists a A* such that

Hm A, = A*.

m—r+0o0

In what follows, we prove that A* is the eigenvalue of L. To do this, suppose that ug,,

are positive eigenfunctions of L, corresponding to A, and ||ug,, || =1, m =1,2,.... Since
1—om
g (£) = Aay Loyt ) (8) = Agy, [ H{t,)ua, ()ds, € [0,1], (46)
Om
we have

1—0y 1
[ ), (5)ds < L/ (1—5)" P Tsehds < 4oo, (m=1,2,...),
O 0

~ T(a—p)
which implies that L, (P) C P is uniformly bounded.
On the other hand, for any natural number m and 0 < t,f <1, one has
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1—oyy,

Loyt () = Laytio, B < [~ [ H(s) = H(Es) | i, (5)ds: )

JOm

It follows from the uniform continuity of H(t,s) in [0, 1] x [0, 1] and (47) that L,,, (P) C
P is equicontinuous. Noticing that lim;; e 07 = 0 and Ay, > Ay > Aq, then {ug, } is a
monotonically increasing sequence with an upper bound, and then there exists a ug € P
such that
Ug,, — Uy, m — 00, ||ug|| = 1.

Let m — oo in (46), by noticing that lim;;,—, 400 Ag,, = A*, according to the Arzela—Ascoli
theorem, one gets

1
uo(t):)\*/o H(t,s)ug(s)ds, te [0,1],

ie.,
uyg = A* Luo,

which implies that A* is an eigenvalue of L. OO

Theorem 2. Let A* and A1 be any eigenvalue and the first eigenvalue of L, respectively. If (F)

holds, and - -
lim sup £UTE) <Ay, liminf L)) > AF (48)

0t g T+E—+ T+ g
-0t

uniformly for t on [0, 1], then the singular tempered sub-diffusion fractional model (1) has at least
one positive solution.

Proof. Firstly, according to (48), for any 0 < ¢ < 1, there exists k > 0 such that

etk
-t < < —— < k.
Noticing that
t(t—g)p1 HitP #
eu| = | U omu(s)as < o8 < K o)) < Jjull = &

r(p) (B+1) ~ T(p+1)

for any u € dP, one has
1

(Tu)(t) :/ H(t,s)S_l(f(s,Iﬁ(e’“u(s)),u(s)))ds

0

1 (50)
< /\1/0 H(t, s)u(s)ds = Ay (Lu)(8), t€ [0,1].
Now, we prove that
Tu # Au, forany u € 0P, A > 1. (51)
Suppose that (51) does not hold, then there exist 1y € 9P, and Ay > 1 such that
Tug = Aguyp. (52)

Clearly, Ag > 1, or otherwise the proof is completed. By (50) and (52), one has

)\ouo = Tuo S /\1Luo. (53)
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By induction, one gets
/\guo < )\{‘L”uo, n= 1,2,. ey

which yields

L" AL ||u Ao\”
HLn” > || UO” > (V)IH OH _ (0) )
l[uoll = AT [uoll M

So, by Gelfand’s formula, we have

a(r) = Jim {07 > 22 Ao 0> h

n—o0

This is a contradiction with d(L) = A, L
Consequently, (47) holds, and from Lemma 7, we have

i(T, P, P) = 1. (54)

Since lim,_,g+ A¢ = A%, it follows from (48) that there exist K > k and a sufficiently
small o > 0 such that

B (w — p)o* e
I'(a+1)

£Hf(t1,8) > A(T+8), T+E> ( +a“ﬁe#<1”>>1<, te[0,1], (55)

where A, is the first eigenvalue of L.
For any u € 0P, s € [o,1 — 0], one has

Bleue) +uls) 2 [ CLE @+t ge
> [ g1 e gl +0* e .
> BT L ) om0

Let u, be the positive eigenfunction corresponding to A, that is
Uy = AgLoly.

By (55) and (56), we have

(Tug)(t) = /OlH(t,s)2*1<f(s, Iﬁ(eﬂsua(s)),u,,(s)))ds
> /MH(t,s)s—l(f(s, (e uy(5)), 1 (5)) ) s
> Ao /Ul_vH(t,s) (Iﬁ(e”sug(s)) + ug(s)>ds

1-0
> /\U/ H(t,s)ug(s)ds
= A¢(Loug)(t), te€][0,1].

Similarly to the proof of Theorem 1, we have

u—Tu # Auy, u € dPg, A >0.
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According to Lemma 7, we have
i(T, Pg,P) =0. (57)
Thus, by (54) and (57), we obtain
i(T, Pk\P;, P) = i(T, Px,P) —i(T, P, P) = —1,

which implies that T has at least one fixed point u on Pg\P, and thus the singular
tempered sub-diffusion fractional model (1) has at least one positive solution z(t) =
e MIB(ettu(t)). O

The particle’s random walks of anomalous diffusion in Brownian motion is modelled
by the fractional diffusion equation

O f(z,t) = af(z1),

where 0 < a« < 2,0 < B < 1, and f(z,t) is the particle jump density function. In what
follows, we give a complex singular tempered sub-diffusion fractional model to illustrate
how to use our main results in practice.

Let ¢(x) = x?%, then ¢(x) is a quasi-homogeneous function with degree ¢ = 2, and
£(x) = xp(x) = 2.

Example 1. Consider the following singular tempered sub-diffusion fractional model involving a
quasi-homogeneous nonlinear operator:

3 -3 3
(-D2?z(t)) = {(e%z(t) +1D>t%12z(t)) P4 InDEz(1)]| , te (0,1), 68)
Dy#22(0) = 0, Dyi2z(1) = 0.
The singular tempered sub-diffusion fractional model (58) has at least one positive solution.
Proof. Leta = %, B = %,y =2, and
_1 3
fltxy) = [(x+y) 7 +[nyl| .

Thus, f can be singularatt =0,1, x =0and y = 0.
Define a cone in X

P={uecX:ut)>ti(l—t)e 2| ul}. (59)

Now, let u(t) = D;i2z(t), then from [42], we have e*'z(t) = I# (¢2u(t)). Thus, for any
0 <k < K< +ooand u € Kg\Ky, by (23) and (59), we have

0<ke2ti(1—t) <kti(1—t)e 2 <u(t) <K, te[01],

i 2
K
0< M <) < S, te o]
I'(3) I'(z)
Noticing that the function w(y) = |Iny| is decreasing on (0,1) and increasing in

(1, +c0), one has
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I Inu(t)] < \mke—zt%u —t)] +|InK| <2+ |Ink| + |InK| + \mt%u — 1),

1
1 1773 —3 (60)
1 -3 9,1 kts o k _1 _1
u(t) + 11 (e*u(t)) < |ke t4(1—t)+] < |ke —l—] t12(1—t)7 3.
| | i@ i@
Thus
-}
1
/‘lnt%(l—t)’—l— ke*2+L5 12 (1— )5 dt
0 I'(3)
1
1 3
7/ |1nt|dt+/ |In(1 — t)|dt + |k ] /t (1 - t)"3dt
4 )
1
3r(lyp(2
§§+ ke™2 + k5 ] (12)19(3) < +oo0.
4 I'(3) (1)
According to the absolute continuity of the integral, we have
_1
lim/ ‘1nt%(1—t)|+ L (1 — )" 3dt = 0. (61)
n—oo /O, 1"(%)

It follows from (60) and (61) that

lim  sup Hi(1—t)e 2 ( f(t,ﬁ(ezfu(t)),u(t)))dt
norreo llEﬁK\Pk Qn
1

< lim  sup [(u(t)wLI‘ll(eZtu(t))) "4 Inu(t )}dt

norfeo uefK\Pk S

< lim  sup / 2+|lnk\+|an|+’1nt4 1—t)‘+

n—+00 uEP\P,

=[2+ |Ink| + |InK]] hm + hm/ ‘lnt4 17t

n—oo

=0.

Thus, (F) is satisfied.
In what follows, we verify the condition (27). In fact, we have

£ (f(47,0)) (E+7) 75 +Ing]

i =g = Hmind S = e
=0t =0t
1
—1 -1
lim sup £ TE) lim sup (€+7) °+[nél _ 0.
T+E—+00 g TH{—+00 g
oo oo
This yields
—1 —1
timsup = SETE) 3 i g £V L)
T%rijr);oo 4 E:gi T+¢

thus (27) holds.
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According to Theorem 1, Equation (58) has at least one positive solution. [

4. Conclusions

Singularity arises from many fields of physics, bioscience, hydrodynamics, mathemat-
ics and engineering. Because a small change in the variable near the singular points will
give rise to sharp changes in the property of the objective function, it is difficult to deal with
the singularity of the space and time variables. Hence, the study of singularity is a very
challenging and interesting project. In this paper, we introduce a limit-type control condi-
tion to overcome the difficulty of a singularity of a nonlinear term at space variables, which
is effective and reasonable for deriving the solution of the model. Moreover, the condition
can also be used to deal with other types of singular nonlinear problems. In addition, the
noteworthy aspects include the presence of a tempered fractional sub-diffusion term within
the equation’s nonlinearity, along with the involvement of a quasi-homogeneous nonlinear
operator. In addition, we only consider the case of 1 <« <2,0 < f <landa — > 1 for
Equation (1), which is a natural condition. For thecase1 <a <2,0<f <landa—p>1,
after suitable reducing order, it is a initial problem, so this is still a interesting question for
further study.
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