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Abstract: In this article, we construct a new order 2.0 simplified weak Itô–Taylor symmetrical scheme
for stochastic delay differential equations. By the new local weak convergence lemma and the
connection inequality, we theoretically prove the global weak convergence theorem in two parts on
the basis of Malliavin stochastic analysis. Meanwhile, numerical examples are presented to illustrate
the error and convergence results. Furthermore, the obtained results display the influence of the
delay coefficient on global errors.
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1. Introduction

Nowadays, there are many scholars studying differential equations with delay terms.
The authors [1] propose a computationally effective numerical solution for a new

design of a second-order Lane–Emden pantograph delayed problem. Stochastic delay
differential equations (SDDEs) play a significant role in many application fields, such as
control [2], dynamics [3], epidemic problems [4,5] and stock markets [6]. Ain and Wang [7]
studied an epidemic model for the evolution of diseases utilizing an Itô–Levy stochastic
differential equations system. Among these applications, the application of symmetry
principles in the realm of SDDEs offers profound insights into the behavior of complex
systems, see [8–10]. In this paper, we study d-dimensional SDDEs as follows:{

dXt = a(t, Xt, Xt−τ(t))dt + b(t, Xt, Xt−τ(t))dWt, t ∈ [0, T],
Xt = ψ(t), t ∈ [−ρ, 0],

(1)

where Wt = (W1
t , ..., Wq

t )
T is q-dimensional normally distributed Brownian motion with

mean (0, ..., 0)T and variance tIq×q, and ψ(t) is a F0-measurable C([−ρ, 0],Rd)-valued
random variable such that sup−ρ≤t≤0 E[|ψ(t)|2] < ∞. Here, the constant −ρ = inf{t − τ(t),
t ∈ [0, T]} ≤ 0, and t − τ(t) is a continuous increasing function with the variable delay
time τ(t). The function a : [0, T] × Rd × Rd → Rd is known as the drift coefficient and
b : [0, T]×Rd ×Rd → Rd×q is the diffusion coefficient.

The existence and uniqueness theorems of SDDEs have been proved by the standard
technique of Picard iterations in [11]. Generally, it is difficult to obtain an explicit solution
of SDDEs. As a result, many scholars have proposed some numerical schemes for solv-
ing SDDEs, such as the Euler–Maruyama scheme [10,12–14], θ–Maruyama scheme [15],
split-step θ scheme [16], multistep Maruyama scheme [17] and Runge–Kutta Maruyama
scheme [18]. The classical Euler–Maruyama scheme for solving SDEs generally achieves
a strong order of convergence 0.5, and strong convergence schemes have the stability of
absolute moments and mean-square stability. In [19,20], the Euler–Maruyama method was
employed to solve the stochastic Cahn–Hilliard–Cook equations. Buckwar [8] proposed
the strong Euler–Maruyama scheme for Equation (1) and proved the mean-square sense
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convergence theorem under a global Lipschitz condition by using an induction argument
on the interval [0, T]. Mao [10,11,21] showed that the Euler–Maruyama numerical solution
of SDDEs will converge to the true solution under a local Lipschitz condition by using the
technique of stopping times and some moment inequalities for the solution of Equation (1).
Subsequently, Mao [22] obtained the convergence in probability of the Euler–Maruyama
scheme under a local Lipschitz condition and Khasminskii-type condition.

Given the application requirements in finance and related fields, there is an increas-
ing interest in studying high-order numerical schemes for solving SDEs. Based on the
Itô–Taylor expansion, Kolmogorov backward partial differential equations and some weak
approximation properties, Kloeden and Platen [23] obtained the weak convergence theorem
of classical Itô–Taylor weak high-order schemes for SDEs. However, if the scheme contains
multiple stochastic Itô-type integrals, it will consume more CPU time and become computa-
tionally inefficient for multidimensional SDEs. In order to improve computational efficiency,
the simplified weak second-order method [23] is used to solve multidimensional SDEs,
which is highly effective and accurate compared to the classical order 2.0 Itô–Taylor scheme.

In addition, there are also some higher-order numerical schemes for SDDEs. For
example, Buckwar and Winkler [17] constructed a linear multistep Maruyama scheme for
SDDEs and proved that the implicit two-step backward differentiation method has an order
2.0 convergence rate with the smallest parameter in the noise term. Meanwhile, the weak
order 2.0 stochastic orthogonal Runge–Kutta–Chebyshev (S-ROCK) method is proposed
in [24,25] for solving SDEs. Then, based on the the S-ROCK method, Guo [18] developed
an explicit Runge–Kutta scheme for SDDEs and studied its stability properties.

In this paper, a new order 2.0 simplified weak Itô–Taylor scheme is put forward to
solve SDDEs, which is different from the traditional methods in [10,21,23,26]. The primary
contributions of this paper can be highlighted as follows:

• A new order 2.0 simplified weak Itô–Taylor symmetrical scheme is proposed for
solving SDDEs, which involves no multiple stochastic Itô-type integrals and can be
easily applied to solve multidimensional SDDEs.

• Provided that the critical value ξ = τ(ξ), we divide the global weak convergence
theorem into two steps in the time intervals [0, ξ] and (ξ, T]. On the basis of the
Malliavin space under some reasonable hypotheses, the global weak convergence
theorem of the new scheme and the connect inequality are rigorously proven on the
time interval [0, ξ]. Subsequently, based on the theory of Malliavin analysis, using
the new weak convergence lemmas and the connection inequality between the two
intervals [0, ξ] and (ξ, T], we rigorously prove that the new scheme has global weak
second-order convergence and mean-square stability.

• Several numerical examples, including the Mackey–Glass equation with a multiplica-
tive noise, a nonlinear SDDE about the square of the O-U delay process, a linear
SDDE with a time-varying delay and a two-dimensional linear SDDE, are used to
illustrate the error and convergence results of the new order 2.0 simplified numerical
symmetrical scheme. Additionally, a dedicated discussion section is added to compare
our method in detail with other existing methods in terms of computational time and
show the global and local convergence rates and mean-square stability property.

The following notations are listed for future reference:

• r is a positive constant, and each line may be different.
• C is a positive constant, and it relies on the upper bounds of the derivatives of the

coefficients a, b, f .
• Ci,j,j

b : the set of functions U = U(t, x, y) : [0, T] × Rd × Rd → R are continuously

differentiable with uniformly bounded partial derivatives ∂cU
∂tc and ∂d+eU

∂xd∂ye for 1 ≤ c ≤ i
and 1 ≤ d + e ≤ j.

• Ck
b : the set of functions ϕ : x ∈ Rd → R with uniformly bounded partial derivatives

∂cϕ
∂xc for 1 ≤ c ≤ k.



Symmetry 2024, 16, 685 3 of 18

This paper is organized as follows. Some fundamental concepts such as the Itô–Taylor
expansion and the Malliavin derivative are introduced in Section 2. In Section 3, we present
a novel order 2.0 simplified weak Itô–Taylor numerical method for solving stochastic delay
differential equations (SDDEs) and prove the global weak convergence theorem. Section 4
provides linear and nonlinear examples to illustrate the impact of the delay coefficient,
alongside error and convergence analysis. Finally, in Section 5, we draw our conclusions.

2. Preliminaries

In Section 2.1, we introduce some basic concepts, such as the Itô formula and Itô–Taylor
expansion. Further, we list two lemmas and one corollary of the Malliavin derivative in
Section 2.2.

2.1. Itô–Taylor Expansion

In this paper, let (Ω, F , {Ft}t≥0, P) be a complete probability space with the filtration
{Ft}t≥0. Furthermore, assume the filtration {Ft} satisfies the usual conditions, i.e., it is right-
continuous and F0 contains all P-null sets. Moreover, let the filtration be q-dimensional Brown-
ian motion Wt. The random variable Xt is Ft-measurable and ψ(t) is F0-measurable, respectively.

Then, we introduce the set of all multi-indices, which are given by M in [23]:

M = {α = (j1, j2, ..., jl) : ji ∈ {0, 1, ..., q}, 1 ≤ i ≤ l and l ≥ 1} ∪ {v},

where v denotes the empty index. We give the definition of hierarchical set Γl as follows:
Γl =

{
α ∈ M : l(α) ≤ l

}
, and B(Γl) =

{
α ∈ M : l(α) = l + 1

}
denotes the remainder

set. Given a multi-index α ∈ M with the length l(α) > 1, we write −α = (j2, ..., jl) and
α− = (j1, j2, ..., jl−1). Then we have the recursive definition of the multiple Itô integral Iα

as follows:

Iα[gk,α(s1, Xs1 , Xs1−τ(s1)
)]ρ, ς =

{ ∫ ς
ρ Iα−[gk,α(s1, Xs1 , Xs1−τ(s1)

)]ρ, sl dsl , l ≥ 1, jl = 0,∫ ς
ρ Iα−[gk,α(s1, Xs1 , Xs1−τ(s1)

)]ρ, sl dW jl
sl , l ≥ 1, jl ≥ 1,

where gk,α can be represented by

gk,α =

{
gk,(0) = ak(t, Xt, Xt−τ(t)), gk,(i) = bk,i(t, Xt, Xt−τ(t)), l = 1.
Lj1 gk,−α, l > 1.

For V ∈ C2,1([0, T]×Rd ×Rd;R), we introduce the operators L0V(t, x, y), LiV(t, x, y)
(1 ≤ i ≤ q) such that

L0V(t, x, y) =
∂

∂t
V(t, x, y) +

d

∑
k=1

∂

∂xk
V(t, x, y)ak(t, x, y) +

1
2

d

∑
k,l=1

q

∑
j=1

∂2

∂xl∂xk
V(t, x, y)bk,j(t, x, y)bl,j(t, x, y),

LiV(t, x, y) =
d

∑
k=1

∂

∂xk
V(t, x, y)bk,i(t, x, y),

Consequently, by using the above operators, the Itô formula in [21] is presented as

V(t, Xt, Xt−τ(t)) = V(0, X0, X−τ(0)) +
∫ t

0
L0V(s, Xs, Xs−τ(s))ds +

q

∑
i=1

∫ t

0
LiV(s, Xs, Xs−τ(s))dWi

s.

Let Xk,ς be the k-th component of explicit solution Xς of Equation (1); therefore, we
can obtain the following Itô–Taylor expansion:

Xk,ς = Xk,ρ + ∑
α∈Γ2\{v}

gk,α(ρ, Xρ, Xρ−τ(ρ))Iα[1]ρ, ς + ∑
α∈B(Γ2)

Iα[gk,α(s1, Xs1 , Xs1−τ(s1)
)]ρ, ς.
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2.2. Malliavin Derivative

The Malliavin derivative Dt of a random variable F = (F1, . . . , Fd)
T is given by the

following in [27]:

DtF = (D1
t F, . . . , Dq

t F)d×q, Di
tF = (Di

tF1, . . . , Di
tFd)

T ,

and
Dα

t1 ...tl
= D(j1,...,jl)

t1...tl
= Dj1

t1
· · · Djl

tl

with, especially, D0
tk
= 1 for 1 ≤ k ≤ l.

Furthermore, Dk,j can be defined as ordinary Sobolev spaces of functions on Rd that
together with their k first partial derivatives have moments of order j with regard to the
standard normal law. For any j ≥ 1 and k ∈ N, we can define the following norm:

||G||jk,j = E[|G|j] +
k

∑
l=1

∑
α

∫ ς

ρ
...
∫ ς

ρ
E[|Dα

t1...tl
G|j]dt1...dtl ,

where G is the smooth random variable. Next, we give two lemmas and a corollary with
the Malliavin derivative.

Lemma 1 (duality formula, see [27]). Let F ∈ D1,2 and Xt ∈ D1,2 for 0 ≤ t ≤ T. Then for
1 ≤ j ≤ q,

E
[

F
∫ T

0
XtdW j

t

]
= E

[ ∫ T

0
XtD

j
tFdt

]
, Dj

t

∫ T

0
XsdW j

s = Xt +
∫ T

t
Dj

tXsdW j
s .

Lemma 2 (chain rules, see [27]). () For 1 ≤ i ≤ q, let G1, G2 ∈ D1,2 and also G1G2 ∈ D1,2 with

Di
t(G1G2) = G1Di

tG2 + G2Di
tG1.

Let G ∈ D1,2 and ϕ ∈ C1(Rd) with bounded partial derivatives. Then ϕ(G) ∈ D1,2 and

Di
tϕ(G) =

d

∑
k=1

∂

∂xk
ϕ(G)Di

tGk.

Corollary 1. For 1 ≤ i, j ≤ q, by using the Itô formula, we can obtain the fact that∫ ς

ρ

∫ t

ρ
dWi

sdWi
t =

1
2
(
(Wi

ς − Wi
ρ)

2 − (ς − ρ)
)
,

and we can also deduce the following Malliavin derivative with regard to multiple stochastic integrals:

Di
r(
∫ ς

ρ

∫ t

ρ
dWi

sdWi
t ) = Wi

ς − Wi
ρ, Di

r(
∫ ς

ρ

∫ t

ρ
dW j

s dWi
t ) = W j

r − W j
ρ,

Di
r(
∫ ς

ρ

∫ t

ρ
dWi

sdW j
t ) = W j

ς − W j
r , Di

r(
∫ ς

ρ

∫ t

ρ
dsdWi

t ) = r − ρ

for 0 ≤ ρ < r ≤ ς ≤ T and i ̸= j.

3. Main Results

In Section 3.1, we present the new order 2.0 simplified weak numerical method for
SDDEs on the basis of the Itô–Taylor expansion and trapezoidal rule. Further, by using the
new local weak convergence lemma, we obtain the global weak convergence theorems in
Section 3.2.
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3.1. Order 2.0 Simplified Weak Scheme for SDDEs

Note that the continuous increasing function t − τ(t) ∈ C[−ρ, T − τ(T)], then for
n = 0, 1, 2, . . . , N, we first present the uniform partition on time interval [0, T] and ∆t := T

N0
,

ui = i∆t (1 ≤ i ≤ N0), and we define L := min{i|i ∈ N+, ui − τ(ui) ≥ 0} and
m := max{i|i ∈ N, i ≥ L, ui − τ(ui) ≤ uL}. In this paper, we use the time discretization
{tn, 0 ≤ n ≤ N := 2N0 − L + 1}:

0 = t0 < . . . < um − τ(um) < . . . ≤ tm+1 = uL < . . . < tN = T

with step size ∆tn = tn+1 − tn ≤ ∆t, including all the times {ui, 1 ≤ i ≤ N0} and
{uL − τ(uL), uL+1 − τ(uL+1), . . . , uN0 − τ(uN0)}. Then, we have the k-th component of
explicit solution Xtn+1 of Equation (1) by the Itô–Taylor expansion

Xk,tn+1 = Xk,tn + ∑
α∈Γ2\{v}

gk,α(tn, Xtn , Xtn−τ(tn))Iα[1]tn , tn+1 + ∑
α∈B(Γ2)

Iα[gk,α(s1, Xs1 , Xs1−τ(s1)
)]tn , tn+1 . (2)

Scheme 1. For 1 ≤ n ≤ N − 1 and initial value X0 = X0, it takes the form

Xn+1
k = Xn

k + ak∆tn +
q

∑
i=1

bk,i∆Wi
n +

1
2

L0ak(∆tn)
2 +

q

∑
i=1

1
2
(Liak + L0bk,i)∆Wi

n∆tn +
q

∑
i,j=1

1
2

Libk,j(∆Wi
n∆W j

n + Vi,j),

where ∆Wi
n = Wi

tn+1
− Wi

tn
, ak = ak(tn, Xn, Xn−m) and bk,i = bk,i(tn, Xn, Xn−m), and

Xn−m =

{
ψ(tn − τ(tn)), 0 ≤ n ≤ m,
Xn−m, m < n ≤ N,

where the Vi,j are independent two-point distributed random variables with P(Vi,j = ±∆tn) =
1
2 for

j = 1, ..., i − 1, Vi,i = −∆t and Vi,j = −Vj,i for i = 1, ..., q and j = i + 1, ..., q.

Hypothesis 1. Assume the functions a, b satisfy the following conditions:

• Lipschitz condition: for x1, x2, y1, y2 ∈ Rd, t ∈ [0, T], there is a constant L > 0 with

|a(t, x1, y1)− a(t, x2, y2)| ∨ |b(t, x1, y1)− b(t, x2, y2)| ≤ L(|x1 − x2|+ |y1 − y2|).

• Linear growth condition: for x, y ∈ Rd, there is a positive constant K with

|a(t, x, y)|2 ∨ |b(t, x, y)|2 ≤ K(1 + |x|2 + |y|2).

At the same time, the functions ψ satisfy the following conditions:

• The Hölder continuity of the initial data: for all −ρ ≤ s < t ≤ 0, there exist constants H > 0
and γ ∈ (0, 1] such that

E[|ψ(t)− ψ(s)|2] ≤ H(|t − s|γ).

Let Xt and Xn be the solution of Equation (1) and Scheme 1, respectively. We have the
following hypothesis.

Hypothesis 2. Assume the functions a, b ∈ C2,3,3
b , ψ ∈ C3

b .

Lemma 3. Xt and Xn (0 ≤ n ≤ N) are the solutions of Equation (1) and Scheme 1, respectively.
Under Hypotheses 1 and 2, we can obtain {Xt}0≤t≤T ∈ D3,2 and {Xn}0≤n≤N ∈ D3,2.
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Proof. Assume Xt is the explicit solution of following equation:

Xt = X0 +
∫ t

0
a(s, Xs, Xs−τ(s))ds +

∫ t

0
b(s, Xs, Xs−τ(s))dWs. (3)

Using the B-D-G inequality, Gronwall’s inequality and Hypothesis 1, one can show
that in reference [11],

E[ sup
0≤r≤t

|Xr|2] ≤ (1 + 3E[|X0|2])e3KT(T+4). (4)

By taking the Malliavin derivative with respect to Equation (3), we obtain

DrXt =
∫ t

r
Dra(s, Xs, Xs−τ(s))ds + b(r, Xr, Xr−τ(r)) +

∫ t

r
Drb(s, Xs, Xs−τ(s))dWs, (5)

where 0 ≤ r ≤ t ≤ T and

Dra(s, Xs, Xs−τ(s)) = a′2(s, Xs, Xs−τ(s))DrXs + a′3(s, Xs, Xs−τ(s))DrXs−τ(s),

Drb(s, Xs, Xs−τ(s)) = b′2(s, Xs, Xs−τ(s))DrXs + b′3(s, Xs, Xs−τ(s))DrXs−τ(s).

Using the elementary inequality (
3
∑

i=1
ci)

2 ≤ 3
3
∑

i=1
c2

i and a, b ∈ C·,1,1
b , one can further

show that

(DrXt)
2 ≤ 3(b(r, Xr, Xr−τ(r)))

2 + 3T
∫ t

r
(Dra(s, Xs, Xs−τ(s)))

2ds + 3(
∫ t

r
Drb(s, Xs, Xs−τ(s))dWs)

2. (6)

Then using Hölder’s inequality, we have

E[|DrXt|2] ≤ 3E[|b(r, Xr, Xr−τ(r))|2] + 3T
∫ T

r
E[|Dra(s, Xs, Xs−τ(s))|2]ds + 3

∫ T

r
E[|Drb(s, Xs, Xs−τ(s))|2]ds

≤ C sup
0≤s≤T

E
[
1 + |Xs|2 + |Xs−τ(s)|2

]
+ CT

∫ T

r
E[|DrXs|2]ds,

which by the Gronwall inequality yields

E[|DrXt|2] ≤ C sup
0≤s≤T

E
[
1 + |Xs|2 + |Xs−τ(s)|2

]
eCT ≤ C. (7)

Further, if a, b ∈ C2,4,4
b , ψ ∈ C4

b , we obtain that

E[|Ds1 Ds2 Xt|2] ≤ C, E[|Ds1 Ds2 Ds3 Xt|2] ≤ C, (8)

which yields {Xt}0≤t≤T ∈ D3,2. Applying similar techniques as in the proofs of Inequali-
ties (4) and (7), under the conditions of the lemma, we deduce {Xn}0≤n≤N ∈ D3,2.

3.2. Weak Convergence Theorems

For the sake of a simple proof, we present a new local weak convergence lemma before
presenting the proof of global weak convergence. Next, we give two theorems to prove
the global weak convergence theory on the basis of the new weak convergence lemma.
In Theorem 1, we utilize the theory of Malliavin analysis and the new lemma to prove
Scheme 1 has the global weak second-order convergence rate within [0, tm]. Based on
Theorem 1, we prove the global weak convergence theorem within [tm, T] in Theorem 2.
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Lemma 4 (Local weak convergence). Let Xtn+1 and Xn+1 (0 ≤ n ≤ N − 1) be the solutions of
Equation (1) and Scheme 1, respectively. Assume Fn+1 = F(Xtn+1 , Xn+1) : Rd ×Rd → R. Under
Hypothesis 1 and Hypothesis 2, for 1 ≤ j ≤ q, we have

∣∣E[F(Xtn+1 , Xn+1)
( ∫ tn+1

tn

∫ t

tn
dW j

s dt − 1
2

∆W j
n∆tn

)]∣∣ ≤ C(1 +E[|X0|r])(∆t)3 (9)

and ∣∣E[F(Xtn+1 , Xn+1)
( ∫ tn+1

tn

∫ t

tn
dsdW j

t −
1
2

∆tn∆W j
n
)]∣∣ ≤ C(1 +E[|X0|r])(∆t)3. (10)

Proof. For 1 ≤ j ≤ q, by taking the Malliavin derivative on both sides of Scheme 1 and
Equation (2), we can obtain

Dj
sXn+1

k = bk,j +
1
2

Ljak∆tn +
1
2

L0bk,j∆tn + Ljbk,j∆W j
n +

1
2

q

∑
i=1,i ̸=j

(Ljbk,i + Libk,j)∆Wi
n, (11)

Dj
sXk,tn+1 = ∑

α∈Γ2\{v}
gk,α(tn, Xtn , Xtn−τ(tn))Dj

s Iα[1]tn , tn+1 + ∑
α∈B(Γ2)

Dj
s Iα[gk,α(s1, Xs1 , Xs1−τ(s1)

)]tn , tn+1 (12)

for tn < s ≤ tn+1. Using Lemma 1 (duality formula), we conclude that

E
[
F(Xtn+1 , Xn+1)

( ∫ tn+1

tn

∫ t

tn
dW j

s dt − 1
2

∆W j
n∆tn

)]
=E

[ ∫ tn+1

tn

∫ t

tn
Dj

s(F(Xtn+1 , Xn+1))dsdt − 1
2

∫ tn+1

tn

∫ tn+1

tn
Dj

s(F(Xtn+1 , Xn+1))dsdt
]
.

(13)

Combining Equations (11) and (12) and Corollary 1, for tn < s ≤ tn+1, we have

Dj
s(F(Xtn+1 , Xn+1)) = F′

1(Xtn+1 , Xn+1) Dj
sXtn+1 + F′

2(Xtn+1 , Xn+1) Dj
sXn+1 = ϕ1 + ϕ2,s. (14)

Here, ϕ1 := ϕ1(tn, Xn, Xn−m, Xtn+1 , Xn+1, ∆Wn, ∆tn) is a function not depending only
on time s, and

ϕ2,s := (Wtn+1 − Ws) Gn+1
1 + (Ws − Wtn) Gn+1

2 + Gn+1
3 , (15)

where

Gn+1
1 := Gn+1

1 (Xn, Xtn , Xn+1, Xtn+1), Gn+1
2 := Gn+1

2 (Xn, Xtn , Xn+1, Xtn+1),

Gn+1
3 := Gn+1

3 (∆tn, Xn, Xn−m, Xtn+1 , Xn+1, s − tn, tn+1 − s)
(16)

with the property∣∣E[Gn+1
3 (∆tn, Xn, Xn−m, Xtn+1 , Xn+1, s − tn, tn+1 − s)

]∣∣ ≤ C(1 +E[|X0|r])∆t. (17)

On the basis of Equations (13) and (14), we immediately obtain that

E
[
F(Xtn+1 , Xn+1)

( ∫ tn+1

tn

∫ t

tn
dW j

s dt − 1
2

∆W j
n∆tn

)]
=E
[ ∫ tn+1

tn

∫ t

tn
(ϕ1 + ϕ2,s)dsdt − 1

2

∫ tn+1

tn

∫ tn+1

tn
(ϕ1 + ϕ2,s)dsdt

]
=ε1 + ε2,

(18)
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where

ε1 = E
[
ϕ1
]( ∫ tn+1

tn

∫ t

tn
dsdt − 1

2

∫ tn+1

tn

∫ tn+1

tn
dsdt

)
,

ε2 = E
[ ∫ tn+1

tn

∫ t

tn
ϕ2,sdsdt − 1

2

∫ tn+1

tn

∫ tn+1

tn
ϕ2,s dsdt

]
.

Since
∫ tn+1

tn

∫ t
tn

dsdt − 1
2

∫ tn+1
tn

∫ tn+1
tn

dsdt = 0, we have ε1 = 0. Using Lemma 1 (duality
formula), it follows from Equations (15) and (16) that

E[(Wtn+1 − Ws) Gn+1
1 ] =

∫ tn+1

s
E[DrGn+1

1 ]dr, E[(Ws − Wtn ) Gn+1
2 ] =

∫ s

tn

E[DrGn+1
2 ]dr (19)

for tn < s ≤ tn+1. Utilizing Equations (15), (17) and (19), we deduce

|ε2| =
∣∣E[ ∫ tn+1

tn

∫ t

tn
ϕ2,sdsdt − 1

2

∫ tn+1

tn

∫ tn+1

tn
ϕ2,sdsdt

]∣∣ ≤ C(1 +E[|X0|r])(∆t)3. (20)

Consequently, from the fact ε1 = 0, by Equations (18) and (20), we obtain

∣∣E[F(Xtn+1 , Xn+1)
( ∫ tn+1

tn

∫ t

tn
dW j

s dt − 1
2

∆W j
n∆tn

)]∣∣ ≤ C(1 +E[|X0|r])(∆t)3.

Applying similar techniques as those used to prove Inequality (9), we obtain that
Inequality (10) holds.

The proof is completed.

For the ease of the proof, we consider one-dimensional Wiener process Wt and random
variable Xt. Next, we give the proof of global weak convergence (Theorem 1) on t ∈ [0, tm].

Theorem 1 (global weak convergence: part I). Let Hypotheses 1 and 2 hold. Let Xt and Xn

(1 ≤ n ≤ m) be the solutions of Equation (1) and Scheme 1, respectively. Then, if f ∈ C4
b ,

Un ∈ D3,2 (1 ≤ n ≤ m), we have

weak convergence inequality : |E[ f (Xtm)− f (Xm)]| ≤ C(1 +E[|X0|r])(∆t)2; (21)

connection inequality : |E[(Xtn − Xn)Un]| ≤ C(1 +E[|X0|r])(∆t)2. (22)

Proof. In the case that the time tm+1 = uL, it follows from the Taylor formula that

f (Xtm)− f (Xm) = (Xtm − Xm) f m
λ (23)

with f m
λ =

∫ 1
0

d
dx f (Xm + λ(Xtm − Xm))dλ. Note that

∫ tm

tm−1

∫ s2

tm−1

dWs1 dWs2 =
1
2
(
(∆Wm−1)

2 − ∆tm−1
)

and
∫ tm

tm−1

∫ s2

tm−1

ds1ds2 =
1
2
(∆tm−1)

2,

so by virtue of the Itô–Taylor expansion, we can obtain

Xtm − Xm = Xtm−1 − Xm−1 + ∑
α∈B(Γ2)

Iα[gα(s1, Xs1 , ψ(s1 − τ(s1)))]tm−1, tm

+ ∑
α∈Γ2\{v}

(
gα(tm−1, Xtm−1 , ψ(tm−1 − τ(tm−1)))− gα(tm−1, Xm−1, ψ(tm−1 − τ(tm−1)))

)
Iα[1]tm−1, tm

+ ∑
j1 ̸=j2

gα(tm−1, Xm−1, ψ(tm−1 − τ(tm−1)))
( ∫ tm

tm−1

∫ s2

tm−1

dW j1
s1 dW j2

s2 −
1
2

∆W j1
m−1∆W j2

m−1
) (24)

for 1 ≤ j1, j2 ≤ q and W0
s = s. For gα = gα(t, x, y), it follows from the Taylor formula that

gα(tm−1, Xtm−1 , ψ(tm−1 − τ(tm−1)))− gα(tm−1, Xm−1, ψ(tm−1 − τ(tm−1))) = (Xtm−1 − Xm−1)Gm−1
α,x,ψ, (25)
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where Gm−1
α,x,ψ =

∫ 1
0

∂
∂x gα(tm−1, Xm−1 + λ(Xtm−1 − Xm−1), ψ(tm−1 − τ))dλ. Combining

Equations (23)–(25), we have

E
[

f (Xtm )− f (Xm)
]
= E

[
(Xtm − Xm) f m

λ

]
= E

[
(Xtm−1 − Xm−1)

(
f m
λ + ∑

α∈Γ2\{v}
Gm−1

α,x,ψ f m
λ Iα[1]tm−1, tm

)]
+ Em−1

1 + Em−1
2

= E
[
(Xtm−1 − Xm−1)Fm−1]+ 2

∑
j=1

Em−1
j ,

(26)

where

Fm−1 := f m
λ

(
1 + ∑

α∈Γ2\{v}
Gm−1

α,x,ψ Iα[1]tm−1, tm

)
, (27)

Em−1
1 := ∑

j1 ̸=j2

E
[
gα

(
tm−1, Xm−1, ψ(tm−1 − τ(tm−1))

)
f m
λ

( ∫ tm

tm−1

∫ s2

tm−1

dW j1
s1 dW j2

s2 −
1
2

∆W j1
m−1∆W j2

m−1
)]

, (28)

Em−1
2 := ∑

α∈B(Γ2)

E
[

f m
λ Iα[gα(s1, Xs1 , ψ(s1 − τ(s1)))]tm−1, tm

]
. (29)

From Equation (26), we deduce the following recursive formula:

E
[

f (Xtm)− f (Xm)
]
= E

[
(Xtm−1 − Xm−1)Fm−1]+ 2

∑
j=1

Em−1
j = E

[
(Xt1 − X1)F1]+ m−1

∑
l=1

2

∑
j=1

E l
j , (30)

where Fm−1,Em−1
1 and Em−1

2 are defined in (27), (28) and (29), respectively, and for 1 ≤ i ≤ m − 2,

Fi := Fi+1(1 + ∑
α∈Γ2\{v}

Gi
α,x,ψ Iα[1]ti , ti+1

)
, (31)

E i
1 := ∑

j1 ̸=j2

E
[
gα

(
ti, Xi, ψ(ti − τ(ti))

)
Fi+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)]

,

E i
2 := ∑

α∈B(Γ2)

E
[
Fi+1 Iα[gα(s1, Xs1 , ψ(s1 − τ(s1)))]ti , ti+1

]
.

In order to give the estimate with respect to Equation (30), we give the detailed proof
process in three parts. In the first part, let the condition X0 = X0, so we obtain

Xt1 − X1 = ∑
α∈B(Γ2)

Iα[gα

(
s1, Xs1 , ψ(s1 − τ(s1))

)]
t0, t1

. (32)

Using Lemma 1 (duality formula) and Equation (32), it yields

E[(Xt1 − X1)F1] = ∑
α∈B(Γ2)

E
[
F1 Iα

[
gα(s1, Xs1 , ψ(s1 − τ(s1)))

]
t0, t1

]
= ∑

α∈B(Γ2)

I(0,0,0)
[
E
[
Dα

s1s2s3
(F1)gα(s1, Xs1 , ψ(s1 − τ(s1)))

]]
t0, t1

.
(33)

It follows from the condition in Hypotheses 1 and 2 that Gi
α,x,ψ = Gi

α,x,ψ(Xti , Xi) ∈ D3,2

for 1 ≤ i ≤ m − 1 and f m
λ = f m

λ (Xtm , Xm) ∈ D3,2, which, by combining the
Equations (27) and (31), yields

F1 = f m
λ

m−1

∏
i=1

(
1 + ∑

α∈Γ2\{v}
Gi

α,x,ψ Iα[1]ti , ti+1

)
∈ D3,2. (34)

Consequently, we can infer from (33) and (34) that

|E[(Xt1 − X1)F1]| ≤ C(1 +E[|X0|r])(∆t)3. (35)
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In the second part, we give the error estimate with respect to E i
1:

E i
1 = ∑

j1 ̸=j2

E
[
gα(ti, Xi, ψ(ti − τ(ti)))Fi+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)]

= ∑
j1 ̸=j2

E
[
gα(ti, Xi, ψ(ti − τ(ti)))E

[
Fi+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)
|Fti

]]
.

Next, by using Lemma 4, we have |E i
1| ≤ C(1 + E[|X0|r])(∆t)3. In the third part, by

using Lemma 1 (duality formula), we deduce

E i
2 = ∑

α∈B(Γ2)

E
[
Fi+1 Iα[gα(s1, Xs1 , ψ(s1 − τ(s1)))]ti , ti+1

]
= ∑

α∈B(Γ2)

I(0,0,0)
[
E
[
Dα

s1s2s3
(Fi+1)gα(s1, Xs1 , ψ(s1 − τ(s1)))

]]
ti , ti+1

.
(36)

Furthermore, by Equation (36), it is obtained that∣∣E i
2
∣∣ = ∣∣ ∑

α∈B(Γ2)

I(0,0,0)
[
E
[
Dα

s1s2s3
(Fi+1)gα(s1, Xs1 , ψ(s1 − τ(s1)))

]]
ti , ti+1

∣∣ ≤ C(1 +E[|X0|r])(∆t)3. (37)

Combining Equation (30), Inequalities (35) and (37) and the fact |E i
1| ≤ C(1 +

E[|X0|r])(∆t)3, we deduce

|E[ f (Xtm)− f (Xm)]| ≤ C(1 +E[|X0|r])(∆t)2.

Further, in a similar way as in proving Inequality (21), due to Ul ∈ D3,2 (1 ≤ l ≤ m),
we have

|E[(Xtl − Xl)Ul ]| ≤ C(1 +E[|X0|r])(∆t)2.

The proof is completed.

Next, based on Inequalities (21) and (22), which are the connection between
Theorems 1 and 2, we give the proof of global weak convergence on t ∈ [tm, T].

Theorem 2 (global weak convergence: part II). Let Hypothesis 1 and Hypothesis 2 hold. Let Xt
and Xn (m ≤ n ≤ N) be the solutions of Equation (1) and Scheme 1, respectively. Furthermore, if
f ∈ C4

b , we have

weak convergence inequality : |E[ f (XtN )− f (XN)]| ≤ C(1 +E[|X0|r])(∆t)2; (38)

mean-square stability : E
[
(XtN − XN)2] ≤ C(1 +E[|X0|r])(∆t)2. (39)

Proof. For the sake of a simple proof, by using the Taylor formula, we have the follow-
ing equation:

f (XtN )− f (XN) = (XtN − XN) f N
λ (40)

with f N
λ =

∫ 1
0

d
dx f (XN + λ(XtN − XN))dλ. For m ≤ n ≤ N, it follows from the Itô–Taylor

expansion that

Xtn − Xn = Xtn−1 − Xn−1 + ∑
α∈B(Γ2)

Iα[gα(s1, Xs1 , Xs1−τ(s1)
)]tn−1, tn

+ ∑
α∈Γ2\{v}

(
gα(tn−1, Xtn−1 , Xtn−1−m)− gα(tn−1, Xn−1, Xn−1−m)

)
Iα[1]tn−1, tn

+ ∑
j1 ̸=j2

gα(tn−1, Xn−1, Xn−1−m)
( ∫ tn

tn−1

∫ s2

tn−1

dW j1
s1 dW j2

s2 −
1
2

∆W j1
n−1∆W j2

n−1
) (41)
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for 1 ≤ j1, j2 ≤ q. For gα = gα(t, x, y) and m ≤ n ≤ N, by the Taylor formula we have

gα(tn−1, Xtn−1 , Xtn−1−m)− gα(tn−1, Xn−1, Xn−1−m)

= gα(tn−1, Xtn−1 , Xtn−1−m)− gα(tn−1, Xn−1, Xtn−1−m)

+ gα(tn−1, Xn−1, Xtn−1−m)− gα(tn−1, Xn−1, Xn−1−m)

= (Xtn−1 − Xn−1)Gn−1
α,1 + (Xtn−1−m − Xn−1−m)Gn−1

α,2 ,

(42)

where

Gn−1
α,1 =

∫ 1

0

∂

∂x
gα(tn−1, Xn−1 + λ(Xtn−1 − Xn−1), Xtn−1−m)dλ,

Gn−1
α,2 =

∫ 1

0

∂

∂y
gα

(
tn−1, Xn−1, Xn−1−m + λ(Xtn−1−m − Xn−1−m)

)
dλ.

Combining Equations (40)–(42), we deduce

E[ f (XtN )− f (XN)] = E[(XtN − XN) f N
λ ]

= E
[
(XtN−1 − XN−1)

(
f N
λ + ∑

α∈Γ2\{v}
GN−1

α,1 f N
λ Iα[1]tN−1,tN

)]
+ ζN−1

1 + ζN−1
2 + ζN−1

3

= E
[
(XtN−1 − XN−1)RN−1]+ 3

∑
j=1

ζN−1
j = E

[
(Xtm − Xm)Rm]+ 2N−l−1

∑
i=m

3

∑
j=1

ζ i
j,

(43)

where

RN−1 := f N−1
λ

(
1 + ∑

α∈Γ2\{v}
GN−1

α,1 Iα[1]tN−1, tN

)
; (44)

Ri := Ri+1(1 + ∑
α∈Γ2\{v}

Gi
α,1 Iα[1]ti , ti+1

)
, m ≤ i ≤ N − 1; (45)

ζ i
1 := ∑

α∈Γ2\{v}
E
[
(Xti−m − Xi−m)Gi

α,2Ri+1 Iα[1]ti , ti+1

]
, m ≤ i ≤ N − 1;

ζ i
2 := ∑

j1 ̸=j2

E
[
gα(ti, Xi, Xi−m)Ri+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)]

, m ≤ i ≤ N − 1;

ζ i
3 := ∑

α∈B(Γ2)

E
[
Ri+1 Iα[gα(s1, Xs1 , Xs1−τ(s1)

)]ti , ti+1

]
, m ≤ i ≤ N − 1.

Next, we give the estimate with respect to Equation (43) in four parts. In the first part,
we infer from the conditions in Hypotheses 1 and 2 that Gi

α,1 = Gi
α,1(Xti , Xi, Xti−m) ∈ D3,2

for m ≤ i ≤ N − 1 and f N
λ = f N

λ (XtN , XN) ∈ D3,2, which, by employing Equations (44)
and (45), yields

Rm = f N
λ

N−1

∏
i=m

(
1 + ∑

α∈Γ2\{v}
Gi

α,1 Iα[1]ti , ti+1

)
∈ D3,2.

Therefore, we can infer from Rm ∈ D3,2 and Inequality (22) in Theorem 1 that

|E[(Xtm − Xm)Rm]| ≤ C(1 +E[|X0|r])(∆t)2. (46)
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Next, we give the estimate with respect to ζ i
1 in the second part. Utilizing the tower

rule and Lemma 1 (duality formula), we have

ζ i
1 = ∑

α∈Γ2\{v}
E
[
(Xti−m − Xi−m)Gi

α,2Ri+1 Iα[1]ti , ti+1

]
= ∑

α∈Γ2\{v}
E
[
(Xti−m − Xi−m)E

[
Gi

α,2E[Ri+1 Iα[1]ti , ti+1 |Fti ]|Fti−m

]]
= ∑

α∈Γ2\{v}
E
[
(Xti−m − Xi−m)E

[
Gi

α,2 Iα0
[
Dα
· (Ri+1)

]
ti , ti+1

|Fti−m

]]
,

where α0 =

l(α)︷ ︸︸ ︷
(0, · · ·, 0) . Under the conditions in Hypotheses 1 and 2, note that

GN−1
α,2 = GN−1

α,1 (XN−1, XtN−1−m , XN−1−m); therefore, we deduce GN−1
α,2 ∈ D3,2. Assume

the notation Oi−m(∆t) is a Fti−m -measurable function of Xti−m and Xi−m, which has
the estimate

|Oi−m(∆t)| ≤ C∆t(1 + |Xti−m |
r + |Xi−m|r).

Consequently, combining the fact E
[
Gi

α,2 Iα0
[
Dα
· Ri+1]

ti ,ti+1
|Fti−m

]
= Ui−m = Oi−m(∆t)

and the connection of Inequality (22) in Theorem 1, we can deduce

|ζ i
1| ≤ C(1 +E[|X0|r])(∆t)3. (47)

In the third part, we give the error estimate with respect to ζ i
2:

ζ i
2 = ∑

j1 ̸=j2

E
[
gα(ti, Xi, Xi−m)Ri+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)]

= ∑
j1 ̸=j2

E
[
gα(ti, Xi, Xi−m)E

[
Ri+1( ∫ ti+1

ti

∫ s2

ti

dW j1
s1 dW j2

s2 −
1
2

∆W j1
i ∆W j2

i
)
|Fti

]]
.

(48)

Therefore, by combining Equation (48) and Lemma 4, we deduce the
following inequality:

|ζ i
2| ≤ C(1 +E[|X0|r])(∆t)3. (49)

In the fourth part, using Lemma 1 (duality formula), we have

ζ i
3 = ∑

α∈B(Γ2)

E
[
Ri+1 Iα

[
gα(s1, Xs1 , Xs1−τ(s1)

)
]

ti , ti+1

]
= ∑

α∈B(Γ2)

I(0,0,0)
[
E
[
Dα

s1s2s3
(Ri+1)gα(s1, Xs1 , Xs1−τ(s1)

)
]]

ti , ti+1
.

(50)

Furthermore, by Equation (50), we obtain that

|ζ i
3| ≤ ∑

α∈B(Γ2)

∣∣I(0,0,0)
[
E
[
Dα

s1s2s3
(Ri+1)gα(s1, Xs1 , Xs1−τ(s1)

)
]]

ti , ti+1

∣∣ ≤ C(1 +E[|X0|r])(∆t)3.

(51)
Combining Equation (43) and Inequalities (46), (47), (49) and (51), we have

|E[ f (XtN )− f (XN)]| ≤ C(1 +E[|X0|r])(∆t)2. (52)

Using a similar technique as in the proof of Inequality (52), we can obtain

|E[(XtN − XN)UN ]| ≤ C(1 +E[|X0|r])(∆t)2, (53)
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for UN ∈ D3,2. Then let UN = XtN − XN ∈ D3,2 in (53); therefore, we have the following
mean-square stability estimation:

E[(XtN − XN)2] ≤ C(1 +E[|X0|r])(∆t)2.

The proof is completed.

Remark 1. It is worth noting that {Xt}0≤t≤T ∈ D3,2 and {Xn}0≤n≤N ∈ D3,2 are obtained under
the regularity conditions on a, b ∈ C2,3,3

b , f ∈ C3
b and ψ ∈ C3

b in Lemma 3. However, under a
weaker regularity condition on these coefficients, we might obtain a lower order of convergence of
Scheme 1. For example, if a, b ∈ C1,2,2

b , f ∈ C2
b and ψ ∈ C2

b , we can only obtain the following weak
order-one convergence:

|E[ f (XtN )− f (XN)]| ≤ C(1 +E[|X0|r])∆t.

In this case, it is better to use the Euler–Maruyama scheme to solve SDDEs (1).

4. Numerical Experiments

In the following numerical examples, for 1 ≤ n ≤ N, let Xn
k and Xk,tn be the solutions

of Scheme 1 and Equation (1) at time tn, respectively. Furthermore, we give the definition
of global errors and local errors as follows:

eglobal
∆t :=

∣∣ 1
M

M

∑
k=1

(
f (XN

k )− f (Xk,tN )
)∣∣ and elocal

∆t :=
∣∣ 1

M
1
N

M

∑
k=1

N

∑
n=1

(
f (Xn

k )− f (Xk,tn)
)∣∣,

where M = 5000 is the number of sample tracks, and ∆t is uniform-temporal with the time
step by T

N .

Example 1. Consider the Mackey–Glass equation with a multiplicative noise:

dXt = [−aXt +
bXt−τ

1 + X2
t−τ

]dt + σXtdWt, (54)

where a > 0, and b and σ are real parameters. Next, we use Scheme 1 to solve the problem
with parameters

a = 3, b = 1, σ = 1, τ = 1, Xt = 1, t ∈ [−1, 0].

We approximate the “true solution” using the Euler–Maruyama method with a suffi-
ciently small step size (here, ∆t = 2−10). In Table 1, we compare the errors, convergence
rates (CR for short) and operating time of the Euler scheme, Milstein scheme and Scheme 1.
The results demonstrate that Scheme 1 exhibits a superior convergence rate. In the left
of Figure 1, we depict the numerical solution resulting from Scheme 1 with a step size of
∆t = 1

32 , alongside a sample path’s “true solution”. We obtain the mean-square convergence
stability result of global errors to test stability in the right of Figure 1. The numerical results
here are consistent with the results we established regarding convergence and stability.

Table 1. The results of global convergence rates and errors for three schemes in Example 1.

N 16 32 64 128 256 CR Time(s)

Euler scheme 1.433 × 10−2 7.032 × 10−3 3.548 × 10−3 1.766 × 10−3 6.773 × 10−4 1.079 0.3337
Milstein scheme 1.380 × 10−2 6.319 × 10−3 3.238 × 10−3 1.771 × 10−3 5.928 × 10−4 1.092 0.3581

Scheme 1 1.293 × 10−2 3.240 × 10−3 1.049 × 10−3 3.375 × 10−4 2.805 × 10−5 2.096 0.3608
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Figure 1. (Left) Path simulation; (Right) mean-square stability with different time steps ∆t = 1
8 ,

∆t = 1
16 and ∆t = 1

32 .

Example 2 (Square of O-U delay process). In this example, we consider nonlinear SDDEs. In
order to give nonlinear SDDEs, we first study linear SDDEs:{

dXt = {a1Xt + a2Xt−τ}dt + b dWt, t ∈ [0, T],
Xt = 1 + t, t ∈ [−τ, 0],

(55)

with the terminal time T = 2τ = 2.

By using the Itô formula with respect to X2
t , we deduce

d(X2
t ) =

(
2Xt(a1Xt + a2Xt−τ) + 0.5 × 2b2)dt + 2bXtdWt

=
(
b2 + 2a1X2

t + 2a2XtXt−τ

)
dt + 2bXtdWt.

Assuming Yt = X2
t , we have

dYt = {b2 + 2a1Yt + 2a2
√

Yt
√

Yt−τ}dt + 2b
√

YtdWt.

Therefore, we obtain the following nonlinear models for SDDEs:{
dYt = {b2 + 2a1Yt + 2a2

√
Yt
√

Yt−τ}dt + 2b
√

YtdWt, t ∈ [0, T],
Yt = X2

t , t ∈ [−τ, 0].
(56)

Based on the explicit solution of Equation (55), we have the explicit solution of
Equation (56) on t ∈ [0, 1]:

Yt = X2
t =

(
X0ea1t + ea1t

∫ t

0
a2se−a1sds + bea1t

∫ t

0
e−a1sdWs

)2,

where Xt has normal distribution N
(
h(t), σ(t)

)
with the mean value h(t) = X0ea1t −

a2
a1

te−a1t − a2
a2

1

(
e−a1t − 1

)
and the variance σ(t) =

b2

2a1

(
e2a1t − 1

)
. Next, we obtain the solution

of Equation (56) on t ∈ [1, 2]:

Yt = X2
t =

(
X1ea1(t−1) + ea1t

∫ t

1
a2Xs−1e−a1sds + bea1t

∫ t

1
e−a1sdWs

)2.

In this experiment, we give nonlinear SDDEs by the (O-U) process for linear SDDEs
and study the property of the nonlinear SDDEs with the parameters of a1 = −2, a2 = 1.7
and b = 0.01. In Table 2, we present the error and convergence results for Example 2. For a
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more intuitive display, the plots of errors result with respect to N are drawn in the left of
Figure 2, which implies that the experimental results are in agreement with the theoretical
results. In addition, we obtain the mean-square convergence stability result of global errors
with times steps ∆t = 1

16 , ∆t = 1
32 and ∆t = 1

64 , which are shown in the right of Figure 2 .

Table 2. The results of convergence rates and errors with constant parameters in Example 2.

N Avg.Local Errors CR Global Errors CR

8 1.576 × 10−1 8.102 × 10−2

16 2.073 × 10−2 2.9264 1.998 × 10−2 2.0196
32 2.444 × 10−3 3.0054 5.076 × 10−3 1.9991
64 2.841 × 10−4 3.0431 1.261 × 10−3 1.9985

128 3.415 × 10−5 3.0533 3.384 × 10−4 1.9790

Figure 2. (Left) The plots of global and average local errors with respect to the steps N; (Right) mean-
square stability with different time steps ∆t = 1

16 , ∆t = 1
32 and ∆t = 1

64 .

Example 3. Consider the linear SDDE with a time-varying delay:{
dXt = {a1Xt + a2Xt−τ(t)}dt + {b1 + b2Xt−τ(t)}dWt, t ∈ [0, T],
Xt = ψ(t), t ∈ [−τ, 0]

(57)

where τ(t) = 1+t
2 and the terminal time T = 2. Next, we give the solution of Equation (57) on

t ∈ [0, 1]:

Xt = X0ea1t + ea1t
∫ t

0
a2ψ(s − τ(s))e−a1sds + ea1t

∫ t

0
(b1 + b2ψ(s − τ(s)))e−a1sdWs. (58)

Next, we utilize Equation (58) to obtain a solution on t ∈ [1, 2]. Therefore, Equation (57)
has the solution

Xt = X1ea1(t−1) + ea1t
∫ t

1
a2Xs−τ(s)e

−a1sds + ea1t
∫ t

1
(b1 + b2Xs−τ(s))e

−a1sdWs.

In this example, we assume N ∈ {22, 23, 24, 25, 26}. We test the convergence rate
and errors of Scheme 1 by setting the delay function ψ(t) = 1 + t, a1 = −1, a2 = 1,
b1 = 0.01, b2 = 0.01; the error and convergence results are provided in Table 3. As expected,
Scheme 1 can obtain global second-order and local third-order convergence rates, which
are in agreement with theoretical results. We also plot the lines of average local errors
(Avg.Local Errors for short) and global errors with respect to the steps N in the left of
Figure 3. Furthermore, the figure intuitively displays that the theoretical results are correct.
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For three different time steps ∆t = 1
4 , ∆t = 1

8 and ∆t = 1
16 , we obtain the mean-square

convergence stability result of global errors in the right of Figure 3.

Table 3. The results of convergence rates and errors with constant parameters in Example 3.

N Avg.Local Errors CR Global Errors CR

4 1.494 × 10−3 6.060 × 10−3

8 1.621 × 10−4 3.2040 1.290 × 10−3 2.2323
16 1.918 × 10−5 3.1418 3.060 × 10−4 2.1539
32 2.737 × 10−6 3.0359 8.224 × 10−5 2.0686
64 3.020 × 10−7 3.0435 2.275 × 10−5 2.0086

Figure 3. (Left) The plots of global and average local errors with respect to the steps N; (Right) mean-
square stability with different time steps ∆t = 1

4 , ∆t = 1
8 and ∆t = 1

16 .

Example 4. Consider the following two-dimensional linear SDDEs:dXt =

(
−λ 0
0 −λ

)
Xtdt +

(
0 σ

−σ 0

)
Xt−τdWt, t ∈ [0, T],

Xt = ψ(t), t ∈ [−τ, 0],

(59)

where τ = 1 and the terminal time T = 1. Next, we use Scheme 1 to solve the problem with parameters

λ = 4, σ = 0.3, ψ(t) = (1 + t, 1 + t)T.

In this example, it is not a simple decoupled SDDE, so it cannot be regarded as a scalar
equation. With an assumption of N ∈ {16, 32, 64, 128, 256}, we simulate and calculate the
convergence rates and errors of Scheme 1; the error and convergence results are provided in
Table 4. It is gratifying that Scheme 1 can obtain global second-order and local third-order
convergence rates. We also plot the lines of average local errors (Avg. Local Errors for short)
and global errors with respect to the steps N in the left of Figure 4. For three different time
steps ∆t = 1

16 , ∆t = 1
32 and ∆t = 1

64 , we obtain the mean-square convergence stability result
of global errors in the right of Figure 4. The figure intuitively displays that the theoretical
results are correct.
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Table 4. The results of convergence rates and errors with constant parameters in Example 4.

N Avg.Local Errors CR Global Errors CR

16 6.267 × 10−4 1.002 × 10−2

32 6.059 × 10−5 3.3706 1.939 × 10−3 2.3701
64 7.003 × 10−6 3.2418 4.482 × 10−4 2.2416

128 8.830 × 10−7 3.1526 1.132 × 10−4 2.1519
256 1.207 × 10−7 3.0784 3.747 × 10−5 2.0796

Figure 4. (Left) The plots of global and average local errors with respect to the steps N; (Right) mean-
square stability with different time steps ∆t = 1

16 , ∆t = 1
32 and ∆t = 1

64 .

5. Conclusions

A simplified numerical method is developed to solve SDDEs, which involves no
multiple stochastic Itô-type integrals and can be easily used to solve multidimensional
SDDEs. Based on the theory of Malliavin derivatives, we introduce a novel weak local
convergence lemma for multiple random integrals, deriving the connecting inequality
between Theorems 1 and 2. We rigorously establish in two steps that Scheme 1 exhibits
a global weak second-order convergence rate. Furthermore, we present four distinct
numerical examples to illustrate the efficiency, mean-square stability and convergence
rates of the simplified weak high-order numerical method. Additionally, we included a
dedicated discussion section to provide a detailed comparison of our approach with other
existing methods in terms of computational time. According to the above experiments, we
can obtain that the new scheme has the most precision of all schemes but costs more time.
In future work, we will investigate higher-order numerical methods for solving SDDEs.
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