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1. Introduction

At present, nonlinear analysis is one of the most rapidly developing areas in mathe-
matics. From a theoretical perspective, there are numerous approaches to handling various
problems that emerge in real-world situations. Owing to their potential applications, vari-
ous disciplines within nonlinear analysis have drawn significant attention in recent years.
In this context, we mainly refer the most recent findings of Rad et al. [1], Ou et al. [2],
and Cui et al. [3]. The nature of nonlinear analysis allows for generalizing, expanding,
and obtaining the most general forms of existing concepts and results.

One of the most attractive disciplines in the domain of nonlinear analysis is fixed-point
theory. The motive of this discipline is to study the existence, uniqueness, and charac-
teristics of solutions to equations of the type S(p) = p, where S is a known self-map.
In mathematics, this deceptively easy equation has significant ramifications as it describes
a state of equilibrium and stability and solutions to a variety of differential equations,
matrix equations, integral equations, approximation theory, variational inequalities, opera-
tor equations, and functional equations and the existence of invariant subspaces of linear
operators, etc. Fixed-point theory offers data and techniques needed to thoroughly examine
and comprehend the existence, features, and initiatives of these special points. On the
other hand, fixed-point theory provides essential concepts and approaches for addressing
a variety of real-world problems that can be reduced to equivalent fixed-point problems.
These problems occur in different branches of the social and natural sciences which in-
clude statistics, optimization, computer science, chemistry, biology, physics, engineering,
medicine, image recovery, economics, game theory, global analysis, control theory, and
fractal theory.

The classical BCP forms serve as the basis of fixed-point theory; it was established by
a Polish mathematician, Banach [4], in 1922 and states the following:

Theorem 1. (BCP) Suppose that (P,c) isa CMS, and S : P — Pisamap. If x € [0,1) isa
constant such that

o(Sp,Sq) <x-0(p,q), Vpa,
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then S owns a unique fixed point.

The map utilized in the BCP is referred to as a contraction map. The proof of BCP
reveals that the unique fixed point can be determined as the limit of an iteration algorithm
formed by successsive compsitions of the map under the image of an initial point in the
CMS. For these reasons, the BCP can be employed to calculate the fixed point numerically
as it is a constructive fixed-point theorem. The BCP is critical to the advancement of novel
approaches to determining the solutions of a variety of equations, including algebraic
equations, boundary value problems, matrix equations, Volterra and Fredholm integral
equations, and nonlinear integro-differential equations, and in proving the convergence of
algorithms in computational mathematics.

In the past, various authors generalized the BCP by enlarging a class of contraction
mappings that use appropriate gauge functions. In this direction, Browder [5] introduced
the idea of ¢-contractions depending on a gauge function, ¢ : [0,00) — [0, ), adopted in
place of a contraction constant. Later, this outcome was developed by Boyd and Wong [6].

Theorem 2 ([6]). Suppose that (P,c)isa CMSand S : P — Pisamap. If ¢ : [0,00) — [0,00)
is an upper-right semiconscious function which verifies ¢(s) < s for all s > 0 such that

c(Sp,Sq) < ¢(c(p,q), Vpa

then S owns a unique fixed point.

On the other hand, Matkowski [7] improved the fixed point theorem of Browder [5] in
the following way:

Theorem 3 ([5]). Suppose that (P,o) isa CMS, and S : P — P is a map. If ¢ : [0,00) — [0, 0)
is an increasing function which verifies ,}gn ¢"(s) = 0 for all s > 0 such that

o(Sp,Sq) < ¢(c(p.q), Vpa

then S owns a unique fixed point.

With the limitation ¢(s) = «s, ¥ € [0,1), a ¢-contraction reduces to a contraction;
consequently, Theorem 2 (Theorem 3 also) reduces to Theorem 1. Dutta and Choud-
hury [8] initiated the idea of (¢, {)-contractions employing a pair of auxiliary functions.
Alam et al. [9] improved the class of (¢, {)-contractions and used it to prove a variant of
the BCP as follows:

Theorem 4 ([9]). Suppose that (P,0) isa CMS and S : P — Pisa map. If ¢ : [0,00) — [0, 00)
is a right-continuous and increasing function and ¢ : [0,00) — [0, 00) is a function satisfying
Y(s) > 0 for every s > 0 and linLinf¢(s) > 0 for every r > 0 such that

S—r

¢(c(Sp,Sq) < 9(c(p,q) —y(c(p.q), Ypaq

then S owns a unique fixed point.

In 2015, Alam and Imdad [10] initiated a relation-theoretic formulation of the BCP
which has attracted the attention of numerous researchers, e.g., Refs. [11-19]. In order to
ascertain the existence of fixed points for a nonlinear contraction, the transitivity of the
underlying relation is also required. Since the transitivity requirement is very restrictive,
with a view toward employing an optimal condition of transitivity, several authors (e.g.,
Alam et al. [13], Sk et al. [19], Turinici [20]) used locally finitely transitive relations. A pri-
mary feature of relational contractions is that the contraction inequality is only required
to hold for comparative elements, avoiding any element pairing. Consequently, relational
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contractions remain weak in comparison to their corresponding ordinary contractions;
hence, they are applicable for solving of boundary value problems and integral equations,
whereas findings regarding the fixed points of abstract metric space are not employed.

Many variants of the BCP involve more comprehensive contraction circumstances
in an (ambient) metric space (P, o) containing the displacement ¢ (p, q) (Where p,q € P)
on the R.H.S. On the other hand, various contraction conditions subsume o (p, q) along
with the displacements of p,q € P under the map S: ¢(p, Sp), 7(q,Sq), o (p, Sa),c(q, Sp).
These types of contractions are referred to as “functional contractions”. We express such a
contraction as follows:

o(Sp,Sq) < F(o(p,a),0(p,Sp),0(q,8q),0(p,Sa),0(q,Sp)), Vpael,

for an adequate selection of the function F : [0,00)> — [0,c0). In this context, Ansari
et al. [17] investigated the fixed point of a relational functional contraction involving two
gauge functions, identifying a few findings, and implemented the same to solve certain
nonlinear integral equations.

The focus of this work is to extend the recent results of Ansari et al. [17], employing
relatively more generalized contractivity conditions with three auxiliary functions, ¢, 1,
and 6. To demonstrate our findings, we deliver an example and a possible application to
Fredholm integral equations. Our findings also generalize the corresponding results of
Altaweel and Khan [18], Sk et al. [19], and Jleli et al. [21].

2. Preliminaries

As usual, we denote by N the set of natural numbers and Ny := NU {0}. For a set
P, any subset of P? is called a BR. In the following definitions, we presume that P is a set,
S :P — Pisamap, cisametricon P,and AisaBRonP.

Definition 1 ([10]). Two elements, p, q € P, are termed A-comparative and indicated as [p, q) € A
if either (p,q) € Aor (q,p) € A.

Definition 2 ([22]). A~!:= {(p,q) € P?: (q,p) € A} is termed the inverse of A.
Definition 3 ([22]). A’ := AU A~ is termed the symmetric closure of A.
Clearly, (p,q) € A%iff [p,q] € A.
Definition 4 ([10]). A is named S-closed provided that
(p,q) € A= (Sp,Sq) € A.
Proposition 1 ([12]). For every n € N, A is S"-closed provided it is S-closed.

Definition 5 ([10]). Any sequence {p,} C P with the property (p,, pni1) € A forall n € Ny is
termed A-preserving.

Definition 6 ([23]). The triplet (P, o, A) is called a graph metric space.

Definition 7 ([11]). A MS (P, 0) is named A-CMS if any Cauchy sequence in P converges,
provided it is A-preserving.

Definition 8 ([11]). S is named A-continuous if for any A-preserving sequence {p,} C P, and
for any p € P enjoying p, — p, we have

S(pn) == S(p).
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Note that under a universal BR (i.e., A = P?), the notions of A-completeness and
A-continuity reduce to completeness and continuity, respectively.

Definition 9 ([10]). A is called a o-self-closed BR if every A-preserving convergent sequence in P
has a subsequence in which each term is A-comparative with the limit.

Definition 10 ([24]). Any subset Q C P is referred to as A-directed if for all p, q € Q there exists
s € Psuch that (p,s) € Aand (q,s) € A.

Definition 11 ([22]). Given Q C P, the set
Alg:==ANQ~
being a BR on Q is referred to as the restriction of A on Q.

Definition 12 ([25]). Let T € N — {1}. A is named t-transitive if for every py, py, ..., pr € P,
the following holds:

(pj_1,p;) € Aforeachi (1 <i<7)= (pyp;) €A
In the meantime, 2-transitivity equates to transitivity.
Definition 13 ([20]). A is named finitely transitive if 3 T € N — {1} for which A is T-transitive.

Definition 14 ([13]). A is named locally finitely S-transitive if for any A-preserving sequence
{pn, } C S(P) with the range Q = {p,, : n € N} the restriction A|q is finitely transitive.

Clearly, transitivity=-finitely transitivity=—- locally finitely S-transitivity.

Lemma 1 ([25]). Every non-Cauchy sequence {p,} C IP provides the availability of € > 0 and
two subsequences {p,_} and {pp,_ } of {p,}, which satisfy
i) x<me<ngforallx € N;
(i) o(pm,, Pn,.) =€ forallx € N;
(i) o(pm,, py) <€ forall k€ {me+1,me+2,...,nc —2,n —1}.
Moreover, zf,}gr.}o 0(pps Pni1) = 0, then KETOO 0(Pmys Pre+p) = € forall p € No.

Lemma 2 ([20]). Let IP be a set endowed with a BR A. If {p,,} C P is a A-preserving sequence
and A is a t-transitive on Q = {p,, : n € Ny}, then

(P,,,p,,HJrk(T,l)) € A, for all n, k € Ny.

In what follows, ® embodies the class of functions ¢ : [0,c0) — [0, c0) satisfying the
following

@, : ¢ is right-continuous;
®; : @ isincreasing.
¥ embodies the class of functions ¢ : [0,00) — [0, o) satisfying
Yi: ¢(s) >0 foreverys > 0;
Y, lignfw(s) >0 foreveryr > 0.
r
@ embodies the class of functions 6 : [0, 0)* — [0, c0) satisfying

®q : 0 is continuous;
©, : 0(s1,52,53,54) = 0 < s15p5354 = 0.
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The first two families (® and ¥) were investigated by Alam et al. [9], while the ©
family was suggested by Jleli et al. [21]. The symmetrical axiom of ¢ yields the following
conclusion:

Proposition 2. Suppose that (P,o, \) is a graph MS, and S : P — P is a map. Then, for any
¢ €D, ¢ e¥Yandb € O, the following are identical:

@) ¢(c(Sp,Sq)) < ¢(o(pq) —¢(c(p,q) +6(c(p,Sp),o(q,5q),0(p,Sq),0(q,Sp)),
forall (p,q) € A,

(I) p(c(Sp, Sq))

IN

¢(c(p,q)) —¢(c(p,q) +0(c(p,Sp),0(q,59),0(p,Sq),0(q,Sp)),
forall [p,q] € A.

Proposition 3 ([9]). If there exist ¢, : [0,00) — [0,00), where ¢ € ® and ¢ € ¥ such that for
any t € [0,00) and s € (0,00), p(t) < ¢(s) — P(s), then t < s.

The following annotations will be deployed in this text.

e  Fix(S):= the set of fixed points of S;
P(S,A):={peP:(p,Sp) € A}.

3. Main Results
We now present our fixed-point theorems in relational MS.

Theorem 5. Suppose that (P,o, A) is a graph MS, and S : P — P is a map. Also,
i (P,o)is A-CMS;

(i) P(S,A) is nonempty;

(iii) A is S-closed and locally finitely S-transitive;

(iv) S serves as A-continuous or A\ serves as o-self-closed;

(v) thereexist p € ®,¢ € Y and 0 € © satisfying

9(0(Sp,Sq)) < ¢(o(p,q) —¥(o(p,q)) +6(c(p,Sp),0(q,S5q),0(p,Sq),0(q,Sp)),

forall (p,q) € A.
Then S owns at least one fixed point.

Proof. Employing (ii), select py € P(S, A). We have (py, Spy) € A. Set
Pni=S8"(po) = S(Pp-1), VneN. ©)
Using the fact (pg, Spg) € A in combination with (ii) and Proposition 1, we obtain
(S"po, S™1py) € A,
which, in view of (1), becomes
(Pn/Pnt1) €A, Vne N @

This shows that {p,} is A-preserving. If o(py,, pn,+1) = 0 for some ng € Ny, then from
(1), we obtain Pny € Fix(S); hence, this concludes the proof. Otherwise, assume oy, :=
(Pn,Pny1) > 0 forall n € Ny. Using (1) and (v), we find

@(U(pn/ pn+1)) = @(U(Spn—ll Spn))
< (P(U(pnflr pn)) - 4)(0'(pn71/ pn))
+6((Spn,Pn), 0 (SPn-1,Pn-1),0(SPn—1,Pn), 0 (SPn, Pn-1)),
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ie.,
@(on) < @(on-1) = P(on-_1) +0(0n,01-1,0,0(Pn_1,Pnt1))-

By ©,, we obtain
¢(on) < @(on-1) —P(0n-1), YneN 3)

so that
¢(on) < @(on-1), VYneN.

By Proposition 3, we find 0, < 0,1 foralln € N.
Thus, the sequence {cy, } continues to decrease. As {0y, } is also bounded below, there
exists p > 0 such that

nlgx;lo Op =r. (4)

Let r > 0. Employing the upper limit in (3), we obtain

limsup ¢(0n) < limsup ¢(0y—1) + limsup[—¢(on-1)]

n—oo n—oo n—oo

IN

limsup ¢(0y,—1) — liminfy(oy_1).
n—oo n—eo

Employing the right continuity of ¢, we obtain
¢(r) < ¢(r) = liminf (o, 1)
so that

o T <
lslgrg})flp(s) hlglorgflp(an_l) <0

which contradicts ¥,. Hence, we conclude that

lim o = lim o(py, pn1) = 0. ®)

If {p,} is not a Cauchy sequence, then Lemma 1 makes certain the availability of a
constant € > 0 and two subsequences, {p,,_} and {pp,, } of {p,}, which verify x < m, < n,
0(Pm,,Pn,) > €and o(py,, p), ) <€ wherelx € {me +1,me+2,...,nc —2,n, — 1}. Again,
from (5), we have

lim o(pm,, Pn,+p) =€ forall p € Ny. (6)

n——+00

As {p,} C S(P), the range Q = {p, : n € Ny} is a denumerable subset of S(IP). Via
the local finite S-transitivity of A, we can find a natural number 7 = 7(Q) > 2, verifying
that A|Q is T-transitive. Since my < nc and T —1 > 0, by a division algorithm, we can
conclude that

ne —me = (T—1)(ax — 1)+ (T — Bx),
0 —1>0,0<7 -8 <1—-1

which is equivalent to
N+ B = me + 1+ (T —1)ay,
e >1,1< B < 1.

Naturally, B« € (1, 7]; so, without a loss of generality, we may consider the subsequences
{pn, } and {py, } of {p,} (enjoying (6)) for which B, remains constant, such as . Write

me=ne+pB=me+1+(T—1)ay, 7)
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By (6) and (7), we obtain
KETOOU(me/ pmff) = KETOO U(me, an—&-ﬂ) =€ 8)
Making use of the triangular inequality, we obtain
0'(me+1, pm}-&-l) < U(pmx+1/ me) + U(pmkr pm{() + U(pm{y pm}-&-l) )
and
U(pmxl me) < 0’(me, me—i-l) + 0’(me+1, pm{(+1) + o—(pm{<+1’ pm;)
or
7 (PmesPmg,) = (P, Pmy+1) = O (P41, Pmy) < O (Pmt1/ Pmf1)- (10)
Employing ¥ — oo in (9) and (10) and by (5) and (8), we obtain
im o (pm, 11, Pmi41) = € (11)

K—>+00

Using (7) and Lemma 2, we have o (py, , P, ) € A. Hence, by assumption (v), we find

(P(meJrl/ an+1)) = (P(U(SmerSan))
((T(me/ pn,()) - lp(a(me/ an))
(

IN

¢

+60((Pm,» SPm, ), 7 (Pn,s SPn, ), T (Pmes SPny ), T (Pn,s SPm, )

= ¢ U(pm,(f an)) - l[J(O’(me, an))

+6(‘7(me/ me+l)rU(an1 an+1>/ U(pmxr an+l)rU(an1 pmﬁ»l))'

Thus, for each ¥ € Ny, we have

¢(U(pmx+1/ pnx—i-l)) S 4’(‘7(me/ an)) - IIJ((T(me/ an))
+9(UmK/ Onyr 0'(me, an+1)/ U(pnxl me—i-l))'

Employing upper limit in the above inequality and using properties of ¢, 1, and 6, we find
ple) < ¢(e)— lim ¢(a)+6(0,0,¢¢€)
q—et

¢(e) — lim ¢(q) < ¢(e),

q—et

thereby yielding

liminflzb(a(me/ pm;)) < 0

K— 00

which creates a contradiction. Therefore, {p,} is a Cauchy sequence. As {p,} is also
A-preserving and PP is a A-CMS, there exists p € P such that p, LN p.

Finally, we will verify that p € S(IP). If S is A-continuous, then we have S(p,,) = S(p)
which,employing (1), becomes p, .1 — S(p). Hence, S(p) = p. On the other hand, if A
remains o-self closed, then there exists a subsequence {p,,_} of {p,} enjoying [p, ,p] € A

for all k € Ny. Upon utilizing (v), Proposition 2, [p,, ,p] € A and p,,_ LN p, we find

@(c(Sp,Spn,)) < @(0(p,Pn,)) — ¥(o(p, Py ))
+0(c(p, SP), 7 (P, SPny ), (P, SPr, ), 0 (P, SP))
@(c(p,pn,)) +0((p,Sp), 7 (Pn,s Pre+1), (P Pry+1), T (P, SP)),

IN
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thereby implying
(o (Sp,Spn,)) < ((p,pn,)) +0(c(p, Sp), o (P, Spn, ),
7(p, Spn,), 7 (Pn,, SP))- (12)
Employing the limit x — oo in (12), we obtain
0 < lim p((Sp, Spy,)) < 9(0) +0(e(p, Sp), 0,0,0(p, p)) = 0
thereby implying
lim g(0(Sp,pa, 1)) = 0. (13)
Due to the continuity of ¢, we find
lim ¢(c(Sp, pn,+1)) = ¢(0(Sp,p))- (14)

K—00

Combining (13) and (14), we obtain ¢(c(Sp,p)) = 0 which, upon employing axiom ®3,
yields that c(Sp, p) = 0 so that S(p) = p. Thus, in each case, p € Fix(S). O

The associated uniqueness result is presented as follows:
Theorem 6. In and alongside Theorem 1, if S(IP) is A’-directed, then S owns a unique fixed point.

Proof. From the conclusion of Theorem 1, Fix(S) # @. Let p,q € Fix(S). We conclude
that

S"(p)=p and S"(q) =g, VneN (15)

As p,q € §(P) and S(P) is A®-directed, there exists wy € P enjoying [p, wp] € A and
[a, wp] € A. We define the sequence {wy, } as follows:

wn = 8"(wp) = S(wn_1), Vn € No. (16)
By (15), (16), the S-closedness of A, and Proposition 1, we find
[p,wn] € Aand [q,wn] € A, Vn €Ny (17)

Employing (16), (17), and (v), we obtain

¢(0(wnt1,p)) = @(o(Swn,Sp))
< ¢(o(wn,p)) — (o (wn,p))
+0(o(wn, Tzn),o(p,Sp), o(wn, Sp),o(p, Tzn))
= ¢(o(wn,p)) = P(c(wn,p)) + (0 (wn, wn41),0,0(wn, Sp), 0 (p, wn1))
= ¢(c(wn,p)) — (o (wn,p)) (18)
so that

9(o(wnt1,p)) < @((wn,p)), Vn € No.
Without a loss of generality, it may be assumed that wy, # p. By Proposition 3, we find

a(wn+1/ p) S U(wn/ p)/ v n e NO
Thus, the sequence {o(wn, p)} C (0,00) is decreasing. Thus, there exists § > 0 verifying

: _ st
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Next, we will verify that 6 = 0. Suppose, on the contrary, that § > 0. Employing a lower
limit in (18), we have

limint ¢(c(wns1,p) < liminf p(o(wn,p)) — Hminf p(o(wn,p))
By the right continuity of ¢ and (19), we find

¢(9) < ¢(9) — lim (s) < ¢(9)

s—ot

which yields a contradiction. Therefore, we conclude 6 = 0, i.e.,

lim o(wn, p) = 0. (20)
Similarly, we have

lim (wn,a) = 0. (21)

n—oo

By the triangular inequality, (20), and (21), we find
o(p,q) < o(p,wn)+0(wn,q) = 0asn — co

so that p = g. Thus, S owns a unique fixed point. O

In particular, for a trivial BR A = P?, Theorem 6 reduces to the following result in an
abstract MS.

Corollary 1. Assume that (P,o) isa CMS and S : P — P is a map. If there exists ¢ € @, € ¥,
and 0 € © enjoying

@(c(Sp,Sq)) < ¢(c(p,q)) —¥(o(p,q)) +0(c(p,Sp),0(q,Sq),0(p,Sq),0(q,Sp)),
Vpqgel,

then S owns a unique fixed point.

Remark 1. Assume that ¢ : [0,00) — [0, 00) is an increasing function which verifies 1i_131 P"(s) =
n—oo

0. Define ¢(t) = t and ¢(t) =t — ¢(t). Then, by Proposition 3.7 (c.f. [9]), we have ¢ € P and
Y € Y. Under this substitution, Theorems 1 and 6 reduce to Theorems 1 and 2 of Ansari et al. [17].
Thus, our findings improve and extend the outcomes of Ansari et al. [17].

Example 1. Considering P = [0,1] U {2,3,4,...} with the following metric

lp—ql, ifp,qe0,1]andp# q,
oc(pg) =qp+aq if at least one of p or q does not belong to [0,1] and p # q,

0, ifp=aq.
Equipa BR Aon P by
A={(pq) eP’:p>qandpe {3,4,5,.},q#2}

Then P is a A-CMS.
Consider the following auxiliary functions:

. 2 .
s+1, f0<s<1 I, f0<s<1,
5) = 5) = and 0(s1,s,53,51) = 1.
@(s) {52, s> 1, ¥(s) {% s> 1, (s1,52,53,54)

Thenp € ®,p € Yand 0 € 6.
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Defineamap S : P — P by

_P
st - {2~ % 10=021
p—1, ifpe{2,3,4,.. .}

Then A is an S-closed and locally finitely S-transitive BR.
Now, we check the contractivity condition (v) for (p,q) € A. If p € {3,4,...}, then there are
two possibilities for the selection of q. First, we take q € [0, 1]. Then, we have

1
o(Sp,Sq) = 0(pfl,q71q3) pr1+q—§
< p+qg-—-1

Second, we take g € {3,4,...}. Then, we have
c(Sp,Sq) = o(p—1,q-1)=p+q-2
< p+qg-—1

Thus, in both the cases, we have

9(0(Sp,Sq)) 0(Sp,8q))* < (p+q—1)

(
(p+a—1)(p+q+1)=(p+q?*—1
(p+q)*— é

= ¢(o(p.q) —¥(c(p,q))-

<
<

Therefore, the contraction inequality (v) holds for ¢, , and 6. Thus, by virtue of Theorem 1, S
owns a fixed point. Moreover, here, S(IP) is A-directed; therefore, by Theorem 6, the fixed point of
S remains unique. Note that Fix(S) = {0}.

4. An Application

It is commonly recognised that integral equations are useful tools for modeling a
variety of phenomena arising in economics, physical science, and engineering problems. In
the recent past, the theory of integral equations drew a significant amount of attention due
to its extensive applicability in numerous fields, notably nonlinear analysis and topology.
Solutions of integral equations have been studied using fixed-point methods by various
researchers, e.g., the authors of Refs. [26-28]. In this section, applying Theorems 1 and 6,
we describe the existence and uniqueness of solutions of the following FIE:

wit) = [ B0 (o.w(o))dp, Vee, @)

where H(t, p) is kernel defined by

(23)

1{p2(3t—p), 0<p<t<l,
6

H(t,p) = - =
(&) t?(3p—t), 0<t<p<Ll

We will denote by T’ the family of functions 7 : [0,00) — [0, 00) which enjoy
(i) 7 isincreasing;
(i) 3¢ € ¥enjoying 7(s) =s—19(s), Vs € [0,00).

In what follows, C(I) refers to a family of real, continuous functions on I = [0, 1].

Theorem 7. Alongside (22), let there exist 7 € I satisfying

0<F(ta)—F(tb) <n(r—r), Vry,rp € Rwithry > rpandVtel.  (24)
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If there exists wy € C(I) verifying
1
wo(®) = [ H(tp)F (o, wo(p))dp, ¥t 1, 29)
where H is a kernel delivered by (23), then the FIE (22) encounters a unique solution.
Proof. Keep in mind that
1,
0§H(t,p)§§tp Vtpel (26)

On P := C(I), equip a metric ¢ and a BR A given as follows:

o(w,x) = max lw(t) —x(t)| := |lw = X|lo, VW, xEP,
te

and
(w,x) € A= w(t) >x(t), Vw,xeP, Vtel

Clearly, (P, o) is a A-CMS and A is o-self-closed BR.
Define the map S : P — P by

1
S(w)(t) = /o H(t,p)F (o,w(p))dp, Ytel, VweP.
With the help of (24), it can be easily shown that S is A-closed. Also, S(PP) is A’-directed.

From (25), we find wy(t) > S(wp)(t) so thatwy € P(S, A). Using (24), for all t € I and for
all w,x € Pwith (w,x) € A, we conclude

[S(w)(t) =S| = /Olﬂ(trp)(F(P,W(P))—F(PIX(P)))dP

1
< [ H( (o) —x(0))dp

1
< (/o H(tfp)dp>(77(|w—xlloo) (from (1))
- M (using (26))
< 7([lw = x]|eo)

= o(w,x) —p(o(w,x))  (from (ii)),

so that
(Sw, Sx) < o(w,x) — p((w,x)).

Therefore, all assumptions of Theorems 1 and 6 are verified; therefore, 3 a unique w € C(I)
verifying S(w) = W, which forms the unique solution of (22). [

5. Conclusions

In this article, we presented outcomes on fixed points in a relational MS endowed
with a locally finitely S-transitive BR under certain functional contractions involving three
auxiliary functions. Through the implementation of our results, we discussed an existence
and uniqueness theorem for certain FIEs prescribed with some additional conditions.
The contractivity condition utilized in our results and the class of BR (i.e., locally finitely
S-transitive BR) remain more general than those used in Altaweel and Khan [18]. If we
take 6 = 0, then our results achieve the corresponding results of Sk et al. [19]. In particular,
for A ==, the partial order, our results reduce to the corresponding results of Jleli et al. [21].

In possible future works, Theorems 1 and 6 can be further extended in the follow-
ing directions:



Symmetry 2024, 16, 691 12 of 13

1.  To a variety of metrical structures, such as a dislocated space, quasi-metric space,
semi-metric space, b-metric space, etc., equipped with a locally finitely S-transitive BR;
To two or more maps by proving coincidence and common fixed-point theorems;

3. To best-proximity point theorems, following the work of Fallahi et al. [29].
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