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Abstract: Spinors are important objects in physics, which have found their place more and more after
the discovery that particles have an intrinsic angular momentum shape and Cartan’s mathematical
expression of this situation. Recent studies using special number sequences have also revealed
a new approach to the use of spinors in mathematics and have provided a different perspective
for spinor research that can be used as a source for future physics studies. The purpose of this
work is to expand the generalized Fibonacci quaternion polynomials to the generalized Fibonacci
polynomial spinors by associating spinors with quaternions, and to introduce and investigate a
new polynomial sequence that can be used to benefit from the potential advantages of spinors in
physical applications, and thus, to provide mathematical arguments, such as new polynomials, for
studies using spinors and quaternions in quantum mechanics. Starting from this point of view, in this
paper we introduce and investigate a new family of sequences called generalized Fibospinomials (or
generalized Fibonacci polynomial spinors or Horadam polynomial spinors). Being particular cases,
we use (7, s)-Fibonacci and (7, s)-Lucas polynomial spinors. We present Binet’s formulas, generating
functions and the summation formulas for these polynomials. In addition, we obtain some special
identities of these new sequences and matrices related to these polynomials. The importance of this
study is that generalized Fibospinomials are currently the most generalized sequence in the literature
when moving from Fibonacci quaternions to spinor structure, and that a wide variety of new spinor
sequences can be obtained from this particular polynomial sequence.

Keywords: Fibonacci numbers; Fibonacci polynomials; Fibonacci spinors; generalized Fibonacci
spinors; generalized Fibonacci polynomial spinors

1. Introduction

Classical mechanics, whose laws were given by Newton in the late 1600s, was not
sufficient to interpret the discoveries concerning the electronic structure of atoms and the
nature of light. It became a necessity to develop a different type of mechanics known
as quantum mechanics or wave mechanics to explain such situations [1]. Heisenberg
and Schrodinger discovered matrix mechanics and wave mechanics, respectively. Later,
Schrodinger and Eckart tried to prove that these two theories are mathematically equiva-
lent. In Heisenberg’s mechanics, a physical quantity is represented by a matrix, while in
Schrodinger’s mechanics it is represented by a linear operator [2]. In quantum mechanics,
three different equations, often called Dirac, Pauli, and Schrodinger equations, are used to
describe the movement of an electron [3]. Schrodinger defined a wave equation in 1925
based on the suggestion of the famous physicist Peter Debye and the work of de Broglie.
The equation did not match the observations of real atoms, as Schrodinger did not include
electron spin in his work, which began with trying to find a wave equation that would
characterize the behavior of an electron in hydrogen [4]. In 1926, Schrédinger presented
his papers [1] in which he wrote the full mathematical basis of non-relativistic quantum
mechanics. In 1926, Klein, Fock, and Gordon independently formulated the relativistic
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Schrodinger equation for the free spin-zero particle. Meanwhile, in 1928, Dirac discovered
the relativistic wave equation for the free electron, a spin-1/2 particle [5]. According to
Bandyopadhyay and Cahay, the eigenvectors of Pauli spin matrices are examples of spinors,
which are 2 x 1 column vectors that represent the spin state of an electron [2]. Physicists
initially introduced spinors under this designation within the realm of quantum mechanics.
But this concept in its most general mathematical form was defined much earlier, by Cartan
in 1913 [6]. In four-dimensional space, spinors appear in Dirac’s famous electron equations,
and the components of a spinor are four wave functions indicated by Cartan [7]. The pri-
mary reason spinors enter physics is the presence of spin. Spinors, a concept still not fully
understood [8] and requiring extensive study, are the subject of focus for mathematicians
in algebraic and geometrical research, while physicists delve deeply into their implications
in quantum physics. Upon examining the literature, it becomes evident that the study of
spinors devoid of any geometric significance has contributed to the complexity surrounding
attempts to extend Dirac’s equations to general relativity. As a result, the concept of spinors
remains incomprehensible [7]. Spinors and Dirac equations in general relativity theory on
Riemannian spaces have been studied independently by Weyl [9], Schrodinger [10], and
Fock [11], and then, many studies have been performed in terms of space-time geome-
try [12]. Vaz and Rocha proposed three distinct definitions of spinors, each delineated by
various researchers, highlighting diverse perspectives. Among these, two definitions enjoy
broader acceptance, while the third is emerging in scholarly discourse [13]. They classified
these definitions as algebraic, classical, and operatorial.

Now, the definition of SU(2) as given in Westra’s notes [14] will be recalled. Let U be
a2 x 2 matrix and let UT represent the conjugate transpose of U. SU(2) is the group that
provides the following properties:

U= [ lCZ Z }'lﬁuzulﬂ:l and detU = 1 wherea,b,c,d € C.

Then, the most general element of SU(2) is written as [14]

X

uey = | 2 | R e we =1

The elements of the representation space of SU(2), obtained with the help of Cayley—
Klein parameters, which are the inputs of a unitary matrix A belonging to the SU(2), are
called classical spinors [13]. In quantum mechanics, particle spin, defined in Lie group
theory as n-dimensional Spin(n) with elements known as spinors, is used to represent
quaternions. Because spinors change sign when rotated 360°, it is advantageous to use
spinors instead of vectors and tensors to describe the spin angular characteristic of the
electron. Three-dimensional spinors of group Spin(3) are SU(2). The most important
application of spinors in quantum physics is to provide mathematical representations of
energy transfer in EM fields [15].

Now, let us give the definition of spinors in this sense with the notation used in the
book written by Nagashima [16]. In two-dimensional complex variable space, the spinor is
defined as the base vector of the group representation SU(2). The notation ¢ = [ ¢1, ¢2 | h
where ¢1, ¢, are generally complex numbers, represents a two-component column vector
and is commonly used to denote spinors. On the other hand, the representation matrices
are stated as 2 x 2 unitary matrices with unit determinants. ¢ transforms under SU(2)
as follows: ,
1

!
2

~ G| 7 | 1)

Q — (p/ =Ugp,ie., l
¢2

where U(x,y) € SU(2) and

P1 = X1+ YP2, 3 = — Y1 + XPa. (2)
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Furthermore, there are three independent parameters in SU(2) [16].

In the algebraic definition, in physics, the spinor space is defined as a member of
the minimal left ideal of Clifford’s algebra [13]. Cartan created the mathematical form of
spinors while investigating linear representations of simple groups [7].

The concept of spinors, initially named by the quantum physicist P. Ehrenfest, has
emerged as a pivotal tool in numerous physical theories, notably in the realm of quantum
mechanics [17].

In addition, there are important studies in which spinors are used in the application of
mathematics in the field of physics. On the other hand, spinors, also studied geometrically
by E. Cartan, are elements of complex vector space and are used in mathematics and physics
to extend the concepts of rotation and space vectors. Spinors, which consist of two complex
components in terms of vectors, were obtained in three-dimensional Euclidean space by
Cartan [7]. The properties of spinors have been studied in different dimensions by different
authors. In 2004, Castillo and Barrales gave some properties of spinors in three-dimensional
real space [12]. Later, Castillo defined a spinor formulation in four-dimensional space [18].

Let us explain this concept better with the representation of spinors established with
the help of the orthonormal base. The homomorphic groups SO(3) and SU(2) are the
rotation group around the origin in R% and unitary complex 2 x 2 matrices group with unit
determinant, respectively. Here, the elements of SU(2) move on two vectors with complex
structure named spinors [12].

Every spinor ¢ = [ @1, ¢ ]T defines vectors d, e, f € R3 through d +ie = ¢'og,
f = ¢og. Here, 0 is a vector whose ¢, 02, 03 components are complex symmetric 2 x 2
matrices; ¢ and ¢ denote the conjugate and mate of ¢, respectively, where

. |1 o0 . i 0 R N A |
Ul|:0 1:|102|:0 i:|ra3|:1 0:|/ (3)
o 11 Jo 11[e] [ iz
o=l Sl Y[R L @
and
. [0 1]__ [ 0 1 P ] -2
=[S olr=-[ A o[ R]- 1T ®
On the other hand, the d, ¢, and f € R3 vectors are defined by
d+ie= (o} - oi(o}+03), —29102) (6)
and
f = (7201 + Pige, igagr — igiea o1 = lgaf). (7)

Also, |d| = |e| = |f| = ¢'p and d x e.f > 0. Let ¢ and ¢ be two arbitrary spinors
and d,e be complex numbers. In this case, pfcgp = —¢tod, (dp + ed) = dd + e¢, and
$ = —@. Furthermore, for nonzero spinor @, {@, ¢} is linear independent and the spinors
corresponding to {d,e, f},{e, f,d}, {f, e d} are different [12].

Now, let us give place to one of the important concepts in this field: Pauli matrices.
Hermitian, involutory, and unitary Pauli matrices are 2 x 2 matrices (8). However, all of
the Pauli matrices can be compacted into a single expression. In addition, every 2 x 2
Hermitian matrix is uniquely written as a linear combination of Pauli matrices, where all
coefficients are real numbers. Now, we recall the Pauli matrices:

T P e E Y ®
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0 .
1 0 } matrix
and the Pauli matrices (8). Pauli used spinors, thought to be elements of C?, to reveal
the behavior of an electron by taking the spin of the electron into account in quantum
mechanics. In physics, spinors arose as a product of Pauli’s theory of non-relativistic quan-
tum mechanics (1926) and Dirac’s (1928) theory of relativistic quantum mechanics [19,20].
These matrices, which appear in the Pauli equation, that takes into calculus the interaction
of a particle’s spin with an external electromagnetic field, are named after the physicist
Wolfgang Pauli [20] and these matrices have a very important place in nuclear physics
studies. Dirac gave important formulas about Pauli matrices [19]. The space of Dirac
spinors is a complex four-dimensional vector space, and turns out to split as the sum of a
complex two-dimensional vector space S, called a spin space; and its complex conjugate
S. Since spinors are complex objects, both the space of complex conjugate spinors and
its dual must be given. Vivarelli [21] was involved in this area in the geometrical aspect.
He showed an injective and linear correspondence between spinors and quaternions and
in three-dimensional Euclidean space he gave spinor representations of rotations. Thus,
a more concise and simpler depiction of quaternions can be reached by the concept of
spinors. Quaternions, being applied to the fields of mathematics, physics, robotics, engi-
neering and chemistry, can be worked through spinors with the help of the correspondence
given by Vivarelli [21].

Recent studies using special numbers like Fibonacci and Lucas numbers have brought
a different perspective to the use of spinors in mathematics. The Fibonacci sequence and the
Lucas sequence are sequences whose first terms are 0 and 2, respectively, and whose second
term is 1, and each term after the second term is written as the sum of the two preceding
terms. Fibonacci numbers and the golden ratio associated with these special numbers are
the focus of attention in mathematics as well as in physics, chemistry, biology, technology,
and astrophysics. Looking at quantum physics, one can find an example in [22] showing
that the golden ratio can be seen in the anyon, being a two-dimensional quasi-particle. If we
look at the polynomial sequences, the Fibonacci polynomial sequence is a generalization of
the Fibonacci sequence. Polynomials generated in a similar way from Lucas numbers are
called Lucas polynomials. Soykan [23] exhibited the generalized Fibonacci polynomials
in many aspects. Over the years, new number and polynomial sequences have also been
defined and several of their properties examined. The most prominent ones are Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers and polynomials [24,25]. Horadam
extends the Fibonacci integer numbers to the complex numbers [26], then extends complex
Fibonacci and Lucas sequences to the Fibonacci and Lucas quaternions studied in various
fields [26]. The real numbers R, the complex numbers C, and the quaternions H are
division algebras and by cause of commutativity several arguments cannot be expanded
from complex numbers to quaternions. As a result of this property, various results cannot be
extended from Fibonacci and Horadam numbers to Fibonacci and Horadam quaternions,
the same holds for polynomials. We can see some recently studied special quaternion
sequences, for example, bicomplex (p, q)-Fibonacci quaternions [27], dual-generalized
complex fibonacci quaternions [28], quantum quaternion polynomials [29], Gaussian Pell
quaternions [30] and Pauli-Fibonacci quaternions [31].

Being extensions of Fibonacci quaternions, Erisir and Giingor [32], in 2020, first in-
troduced Fibonacci and Lucas spinors with the help of the Fibonacci quaternions. Later,
in 2023, Kumari et al. [33] examined the k-Fibonacci and k-Lucas spinors via k-Fibonacci
and k-Lucas quaternions, which were worked out by Ramirez [34]. Erisir [35] give Ho-
radam spinors as an extension of Horadam quaternions. This study is also a generalization
of [32,33]. On the part of polynomial sequences, the generalized Fibonacci polynomials
(Horadam polynomials) and the generalized Fibonacci polynomial spinors (Horadam
polynomial spinors) are polynomial sequences that can be thought as an extension of
the generalized Fibonacci numbers (Horadam numbers) and of the generalized Fibonacci
spinors (Horadam spinors), respectively. No more work on spinor sequences and polyno-

Clearly, ¢, 03, 03 matrices in (3) are obtained by multiplying the [
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mial spinor sequences has been brought to the literature yet. For this reason, this study will
fill the gap about special polynomial spinor sequences.

In this work, by associating spinors with quaternions, the spinor correspondences of
Horadam quaternion polynomials, which are a generalization of quaternion polynomial
sequences, are analyzed, and thus, it is shown that the given Horadam polynomial spinors
are a generalization of the spinor representations of all these quaternion polynomial se-
quences. The motivation of this work is to define a new and special sequence that can be
used in physics and exploit the advantages of spinors in physical applications.

In Sections 4 and 5 in the present paper, Simson’s identity and Catalan’s identity of
the generalized Fibonacci polynomial spinors and their related corollaries and remarks,
Theorem 4 and its corollaries and remark are completely new results which differ from
the classical case of generalized Fibonacci polynomials. Apart from this, looking at all the
results in this paper from Section 3 onwards, all the findings obtained for both sequences are
different since the generalized Fibonacci polynomials are extended to polynomial matrices,
primarily because the product is defined very differently.

Highlights of this research are:

¢  The relations between quaternions and spinors lead us to understand more about
spinor sequences.

¢ The steps in the literature for the examination process of sequences and polynomials
are also valid for the new sequence of polynomials we have defined.

e This special kind of sequence of polynomial spinors gives aesthetic results in quan-
tum mechanics.

*  Generalized Fibospinomials give a wide perspective about the other polynomial spinor
sequences and spinor sequences.

Trying to see the beauty of these sequences in quantum mechanics will be interesting
and worth examining. In our paper, we will work with generalized Fibonacci polyno-
mial spinors through the correspondence between generalized Fibonacci spinors with
generalized Fibonacci quaternions like Erisir and Giingor [32]. We will investigate several
properties of this new polynomial spinor sequence such as Binet’s formula, etc. In addition,
as particular cases, we will obtain these features for (r, s)-Fibonacci polynomial spinors,
(r,s)-Lucas polynomial spinors, Fibonacci polynomial spinors, and Lucas polynomial
spinors, and we will reveal the relations between these polynomial spinors.

From this point of view, the outline of the present paper is as follows: In Section 2,
some necessary definitions are introduced and preliminaries of the Horadam polynomial
sequence, quaternions, Horadam quaternion polynomials, spinors, and correspondence
between quaternions and spinors are given. Also, a few terms of the sequence of the
generalized Fibonacci polynomials and its special cases are recalled in Table 1 in this
section. Section 3 is reserved for introducing a new polynomial sequence, the general-
ized Fibospinomials, and its special cases, which are (7, s)-Fibonacci polynomial spinors,
(r,s)-Lucas polynomial spinors, Fibonacci polynomial spinors, and Lucas polynomial
spinors, and for exhibiting their important features such as the generating function and
Binet’s formula. Some terms of this new polynomial sequence and its special cases are
listed in Tables 2—4. Apart from this, using the terms of the sequence we have obtained
in Tables 3 and 4, some equalities come up. In Section 4, the Simson’s identity of this
new sequence and its special cases, an alternative demonstration of this identity, and an
interesting identity demonstrating the relation between the terms of the sequences are
focused on. Section 5 presents several identities revealing the relation between the gen-
eralized Fibospinomials, (7, s)-Fibonacci polynomial spinors, and (7, s)-Lucas polynomial
spinors, and Catalan’s identity and its special cases and an alternative description. Section 6
provides the sum of the first n terms of the sequence. In Section 7, the last section before
the conclusion, matrices associated with the sequence of this special polynomial spinor
are displayed.
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2. Preliminaries

The Horadam polynomial sequence, or the generalized Fibonacci polynomial sequence,
{Wy(x)} was introduced by Horadam [36] with

Wi (x) = r(x)Wy_1(x) +s(x)Wy_2(x), n>2 )

where Wy (x), Wy (x) are arbitrary complex (or real) polynomials with real coefficients and
r(x) and s(x) are polynomials with real coefficients with r(x) # 0, s(x) # 0. See also
Ref. [23].

Binet’s formula of generalized Fibonacci polynomials can be calculated using its
characteristic equation, which is given as

22 —r(x)z—s(x) =0. (10)

The roots of the characteristic equation are

_ r(x) + /r2(x) +4s(x) _ r(x) — /r2(x) +4s(x)
(x) v , B(x)

a(x 5 (11)

and the sum and product of the these roots are as follows:
a(x) + p(x) = r(x), (12)
a(x)B(x) = —s(x). (13)

If a(x) # B(x), then ?(x) + 4s(x) # 0, and if a(x) = B(x), then (10) can be written as
22 —r(x)z—s(x) = (z—a(x))?> =22 —2a(x)z+a*(x) =0 (14)

and, in this case,

r(x) = 2ua(x), (15)
22y — _Vz(x)

s(x) = —a(x) = 1 (16)

r*(x) +4s(x) = 0. (17)

The Horadam polynomial sequence can be expanded to negative subscripts
through defining

W) = —ZE;‘;w_m_l)(x) M) a8)

forn = 1,2,3,..., where s(x) # 0. Thus, recurrence (9) holds for all integers n. Soykan
examined many aspects of the Horadam polynomials in detail [23].

Now, we recall the definitions of two special cases of the generalized Fibonacci polyno-
mials W, (x) according to their first two values, denoted by G, (x) and Hy,(x), respectively,
via the second-order recurrence relations [23]

Guia(x) = 1(x)Guyq(x) +5(x)Gu(x), Go(x) =0,G1(x) =1, (19)
Hyio(x) = r(x)Huy1(x) +s(x)Hy(x), Ho(x) =2, Hy(x) = r(x). (20)

The sequences of polynomials { G, (x) },>0 and { H, (x) },>0 are named the (7, s)-Fibonacci
polynomial sequence and (7, s)-Lucas polynomial sequence. The Fibonacci polynomial se-
quence {F,(x)},>0 and the Lucas polynomial sequence {L,(x) },>0 coming from {G(x) },>0
and {H,(x)},>0 are given as a special case when r(x) = x and s(x) = 1, respectively,
as follows:
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Fuya(x) = xFpa(x) +Fa(x), Fo(x) =0F(x)=1, (21)
Lyy2(x) = xLya(x)+Lu(x), Lo(x) =2,Li(x) = x. (22)

Refs. [37-39] can be checked for the properties of Fibonacci polynomials, Lucas poly-
nomials, and some generalizations of these sequences. Furthermore, the sequence of
polynomials {Wj,(x)},>0, which is the generalized Fibonacci polynomial sequence, be-
comes the sequence of numbers { W, },,>0, which we call the generalized Fibonacci numbers
if r(x) and s(x) are the sequence of numbers as in the following:

Wy =Wy 1+ Wy, 2, n>2 (23)

with initial values Wy, Wi not all being zero integers, where 7, s are integers with r # 0,
s # 0. As a special case, (r,s)-Fibonacci numbers, denoted by {Gy },,>0, and (r,s)-Lucas
numbers, denoted by {H, },,>¢, are given by the following recurrence relations regarding
initial values.

Gpio = 1Gpi1+5Gy,, Go=0,G1 =1, (24)
Hyir» = rHy+sH, Hy=2H =r. (25)

In particular, the sequences of polynomials {F,(x) },>0 and {L;, (x) },>0 are the exten-
sions of the Fibonacci and Lucas numbers, respectively, so that if 7(x) = 1 and s(x) =1,
then we have Fibonacci numbers {F,} and Lucas numbers {L, } as follows:

Fipo = Fp1+F, FRk=0F=1, (26)
Lnvs = Lpi+Ln Lo=2L =1 27)

As indicated above, the sequence of polynomials generalize the sequence of numbers.
Now, let us have a look at the generalized Fibonacci quaternion polynomials and the
generalized Fibonacci quaternions. For this, let us take a quick look at the definition
of quaternions.

Quaternions extend the complex numbers and are defined in the form q = g¢ +
qu + ]qz + kq3, where qo, 41, 42, g3 are real numbers and 1, 7, j, k are basis vectors satisfying

2 =2 =k =ijk=-1,ij = k = —ji, jk =i = —kj, ki = j = —ik. We denote the
set of quaternions by H. Multiplication of quaternions is not commutative. Hamilton
defined that quaternions consist of a scalar part, given above as qp, and a vector part,
given above as ig; + jg2 + kg3. The conjugate and norm of a quaternion g are given by

T° = q0— i1 — jg — kgs and q]| = /a3 + a3 + 4% + g3, respectively.

Catarino defined the (x)-Fibonacci quaternion polynomials generalizing the k-Fibonacci
quaternion numbers and examined this polynomial sequence with its several proper-
ties [40,41]. Then, Ozkoc and Porsuk [42] examined the generalized Fibonacci quaternion
polynomials generalizing the generalized Fibonacci quaternion numbers defined by

an(x) = Wn(x) +iWy 1 (x) + jWn+2(x) + kwn—l-B(x) (28)

where {W,(x)} is a Horadam polynomial sequence, and they presented the Binet’s formula,
generating function and some identities for this polynomial sequence. From this point of
view, it can be easily seen that the generalized Fibonacci quaternion polynomials sequence
{QW,(x)} can be written with a second-order recurrence relation [42], as in the following:

QWi (x) = r(x)QWy_1(x) +5(x)QW,—2(x), n > 2. (29)

It can be noted that the characteristic equation for generalized Fibonacci polynomial
quaternions will be the same as that of generalized Fibonacci polynomials since they have
the same linear recurrence relation. In addition, by changing the coefficients r(x) and s(x),
we obtain generalizations of different sequences such as Fibonacci quaternion polynomials,
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Lucas quaternion polynomials, Pell quaternion polynomials, Pell-Lucas quaternion polyno-
mials, Jacobsthal quaternion polynomials, and Jacobsthal-Lucas quaternion polynomials,
which are among the most well-known sequences.

The Horadam quaternions polynomial sequence also generalizes the sequence of
numbers which we will recall for Horadam quaternions below. Horadam [26] defined the
Fibonacci quaternions { QF, } and Lucas quaternions {QL, } and showed a few relations
regarding the Fibonacci quaternions. Later, Iyer exhibited some relations between Fibonacci
quaternions and Lucas quaternions [43] and Swamy found new properties between the
generalized Fibonacci quaternion sequence and Fibonacci quaternion sequence [44]. Then,
Halic1 introduced the Binet’s formulas for the Fibonacci and Lucas quaternions, and also
exhibited generating functions and some sum formulas for these sequences [45]. Later
on, 1pek introduced (r, s)-Fibonacci quaternions [46] and Patel and Ray [47] introduced
(r,s)-Lucas quaternions and exhibited some identities about (r, s)-Fibonacci quaternions
and (r,s)-Lucas quaternions, such as Catalan’s identity, d’Ocagne’s identity, etc. Then,
Cerda-Morales presented these well-known identities for (7, s)-Fibonacci quaternions and
(r,s)-Lucas quaternions using their Binet’s formulas [48] and Szynal-Liana and Wtoch
worked on generalized commutative Fibonacci quaternions [49]. Halic1 and Karatas gave
the most generalized versions of these series as follows:

The nth generalized Fibonacci quaternion was exhibited by Halic1 and Karatag [50]
such that

QWH = Wn + iWn-‘rl + jWn+2 + kWn+3 (30)

where {W,, } is a generalized Fibonacci or Horadam sequence satisfying (23). The general-
ized Fibonacci quaternion sequence, another way of saying Horadam quaternion sequence,
is a second-order linear recurrence relation, so that for n > 0

QWyi2 = rQWy 1 + QW (31)

where r,s € Z.
For the sake of simplicity, throughout the rest of the paper for all integers n we use

Wi’l/ Gi’l/ HTZ/ F)’l/ Ll’l/ 7’, S/ 0(, ﬁ
instead of
Wi (x), Gu(x), Hn(x), Fn(x), Lu(x), 7(x),5(x), a(x), B(x)

respectively, unless otherwise stated.

We can see the first few values of the sequence of polynomials {Wy }, {G,.}, {Hxn}, {F:},
and {L,} in Table 1 [23].

Next, we present the first few values of the sequence of polynomials { QW } as follows:

QW = W0+iW1—|—j(rW0+sW1)+k(r2W0+s(r+1)W1),
oW, = w1+i(rwo+sw1)+j(r2w0+s(r+1)w1)
+k<(r3 +7r8)Wo + (s* +rs + 7‘25>W1),
QW, = rQW; +sQW,. (32)

We now recall the spinors obtained with the help of the quaternions. Consider a spinor
@ given by

9= (g1, 92) = [ z; ] (33)

where @1, ¢ € C. We denote the set of spinors by S. Vivarelli [21] pointed out that there is a

correspondence between any quaternion q = qo + iq1 + jq2 + kg3 and a spinor ¢ = [ zl }
2
such that
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. . +iqo | _
‘H—S, f(qo+iq +jq2 +kgz) = | BT ]_ . 34
f f(o+iqu+ jga + kqa) [ atis | = (34)
Since f(q+p) = f(q) + f(p), f(Aq) = Af(q), where A € C, p,q € Hand ker f = {0},
is linear and injective. Under this correspondence f, the conjugate of g, i.e., g*, is mapped
! p Jug q q PP
to ¢* as below:

. . —q3+i X
£3%) = f(qo — iq — jg2 — kqs) = { o ] =9 (35)
Given two spinors ¢, = [ gl“ } and ¢, = [ Zlb }, @a = @y are equal if and only if
a 2

$1, = ¢1, and @2, = @2,

Table 1. Some values of generalized Fibonacci, (r,s)-Fibonacci, (r,s)-Lucas, Fibonacci, and
Lucas polynomials.

n 0 1 2 3

Wi, W, Wy rWo + sW; Wy +s(r +1)W;
W (Wy — W) ((r2+s)V;70—rW1) (—(r3+2rs)W03+ (12 +5)Wy)

s s 5

Gy 0 1 r s+ 72
Gy % _SLZ S%(S +12)

H, 2 r 25 + 12 r(3s+71%)
H, _g Zss—&; r? _"35; r?

F, 0 1 x 1+x2
F_, 1 —x 14«2

Ln 2 X 2+ x2 x3 +3x
L, —X 24+ %2 —x3 —3x

The product of quaternions g x p has been shown by Vivarelli [21] in relation to a
spinor matrix product as follows:

PN | as+ige g1 —iqe p3+ipo ]
— —ilU = — . ' . 36
9xP itf(p) 1[41-#“12 —013+ZQOHP1+1P2 (36)

where U is complex, unitary 2 x 2 matrix taking in SU(2). Here, U can be written by means
of Pauli matrices (8):

- { g3 +iqo g1 —ig

: . = qgoil 7
gy —ds +ifo ] qoil + q101 + 4202 + q303 (37)

where 01,07, and 03 are Pauli matrices and I is the unit square matrix of type 2 x 2.
The connection between a spinor ¢ and a 2 x 2 matrix U is given [21] by

q)—U[H. (38)
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The conjugate of a spinor ¢ is given by Cartan [7] as ¢ and the mate of a spinor ¢ is
presented by Castillo and Barrales [12] as ¢, as in the following identities:

~ [0 17 . 0 17
¢=1[_1 0](”"”:_[—1 0]4) (39)

where ¢ is the complex conjugate of ¢.

3. Generalized Fibonacci (Horadam) Polynomial Spinors

In the following, the definition of the sequence of the generalized Fibospinomials,
which is a generalization of the sequence of Horadam spinors defined by Erisir [35], will
be given.

Definition 1. For integer n, the nth generalized Fibonacci polynomial spinor sequence of Wy, is
defined by

Wn+3 + iWn

SW, = .
! Wit1 + W2

(40)
where W, is the nth generalized Fibonacci polynomial.

The generalized Fibonacci polynomial spinor sequence {SW, } satisfies the second-
order linear recurrence sequence from the recurrence (9). We can see this in the next lemma.

Lemma 1. The generalized Fibonacci polynomial spinor sequence { SWy, } has the following identity
for all integers n:

SWyt2 = rSWy 1 +sSWjy (41)
where SWy = [ xiizxg },SWl = [ x‘;izx; ] are arbitrary polynomial spinors with

real coefficients.

Proof. For all integers n, by using the recurrence (9), we can easily have the
required identity:

rSWyiq +sSW, = r[ Whta + Wy ]+S[ Wyis +iWy

Wito + W3 W1 + iWpio

— |: Wn+5 + iWn+2
Wiss +iWy 14

(42)

:| = Swn+2.
O

Remark 1. Note that first we can define the generalized Fibonacci polynomial spinor sequence
{SW,,} as (41), then we obtain (40).

We can see a correspondence between the generalized Fibonacci polynomial quater-
nions and the generalized Fibonacci polynomial spinors by adapting from the transforma-
tion between quaternions and spinors with the following linear and injective transformation
given by Vivarelli [21]:

f o WS,
fQW) = f(Wy+iWuiq + jWiyo +kWyy3)
Wn+3 +iWy

= . — SW . 43
Wit1 + iWng2 8 43)
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If QW) = Wy, —iWy,4q1 — jWypo — kW,13 is the conjugate of the nth generalized
Fibonacci quaternion polynomial QW;,, then the nth generalized Fibonacci polynomial
spinor SW,, corresponding to QW,; is

—Wii3 +iW,
SW;; = e ] 44
" |: W1 —iWypo (“4)
We can write the complex conjugate of SW,, as
Wyis —iW,
SW,, = e ] 45
! { Wii1 — iWpi2 (*9)
the spinor conjugate to the SW;, as
- .| 0 1 Wyt3 —iW, Wit +iW,
SW, =i n+3 ] n ] _ { n+2 ’ n+1 ], 46
" { -1 0 } { Wn+1 —an+2 —Wn —an+3 ( )
and the mate of SWj, as
- 0 1 Whi3 —iW, W1 +iW,
SW — n+3 ] n } — |: n+1 . n+2 }. 47
" [ -1 0 ] [ Wit1 — iWyio Wyis —iW, 47

Now, we define two special cases of the polynomial spinors SW,. (r,s)-Fibonacci
polynomial spinors, or shortly SG;, and (7, s)-Lucas polynomial spinors, or shortly SH;,
are the special cases of (40).

Definition 2. For integer n, the nth sequence of polynomials SGy, is defined by
s6,= [ Srioti |

) 48
Gpi1 +iGpin (48)

where Gy, is the nth (r,s)-Fibonacci polynomial. From Lemma 1, it can be written equivalently by
the second-order recurrence relations

SGuy2 = r5Gy41 +55Gy, (49)
with 5 s
| s | rPH2rs+i
SGO_[l—i—ir ]'S l_{r—l—i(rz—i—s) }’ (50)
and the nth sequence of polynomials SH,, is defined by
Hy 3 +iH,
SHy=| "3 ] 51
" |: Hn+1 + lHn+2 ( )

where Hy, is an nth (r, s)-Lucas polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations

SHy 12 = rSHy41 + sSHy, (52)

with

SHy =

r(3s+7r%) +2i ],SHl _ [ 4r?s +r* 4+ 252 + ir (53)

r+i(2s+r?) 25—|—r2—|—ir(35+r2)

When r = x and s = 1, we have the special case of generalized Fibonacci polynomial
spinors, which are called Fibonacci polynomial spinors, denoted as {SF, }, and Lucas poly-
nomial spinors, denoted as {SL, }, as in the next definition. These polynomial sequences
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are a generalization of the sequence of Fibonacci spinors and the sequence of Lucas spinors,
respectively, defined by Erisir and Giingor [32].

Definition 3. For integer n, the nth Fibonacci polynomial spinors SE, are defined as by

(54)

SFn:[ Foia +iF, }

Fyp1+iF2

where F, is the nth Fibonacci polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations

SFy12 = xSF, 41 + SEy, (55)
with ) ) s
| x4+1 _ x°+2x+1
SFo = 1+ix_’SFl_{x+i(x2+1) } (56)

and the nth Lucas polynomial spinors SL,, are defined by

(57)

[ L,i3+iL
SLy=| ~mH3 7o }
"7 | Lyj1 +iLlpgo

where L, is the nth Lucas polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations

SLyt2 = xSLy11 + SLy, (58)

with
X+ x3 +2i x4 4x? 42 +ix

x+i(2+x%) }’SLl:[z+x2+i(3x+x3) ©9)

Sto = |

If we take ¥ = x = 1, then the sequences of Fibonacci polynomial spinors {SF, } and
{SL,} become the number sequences of Fibonacci spinors and Lucas spinors, respectively.
Erisir and Giingor exhibited some algebraic definitions for Fibonacci and Lucas spinors in
addition to giving some significant formulas like Binet’s and Cassini’s formulas for these
sequences of numbers [32]. One can also see Cartan [7] and Vivarelli [21] for some algebraic
properties of spinors.

Now, we list a few values of generalized fibospinomials in Table 2.

Table 2. The first few values of generalized Fibonacci polynomial spinors with negative and
positive subscripts.

n 0 1 2

(PP +2rs)Wy T T (r* 4+ 3r%s +s2)W; ]

(2 +s5)W +(r?s +s*) Wy +(r3s +2rs?) Wy

+rsWp + iWy +iW; +(irWy + sWp)

SW,
Wi Wi +sWp (r?+ 52 Wy +1sWp
+i(rWq + sWp) +i((r* + )Wy +i((r® +2rs) Wy
+rsWp) L +(r’s+s2)Wp)
1
Wy + sWo W+ i (Wo

. —L(W1 —rW,
SW_,, +il (W —rWp) s(M 0)
$(Wy — W)

Wo +iW; i,
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Next, we present the first few values of the special polynomial spinors of second order
with negative and positive subscripts in Table 3:

Table 3. The first few values of (r,s)-Fibonacci and (r, s)-Lucas polynomial spinors with negative

and positive subscripts.

n 0 1 2
r* +3r2s
2 .
. {rz—i—s} { P 2rs+i } et
n . (42
1+ir r+i(r*+s) 2
+i(r3 + 2rs)
SG_, {Hils ] [ e }
S
4y2g 4 14 r(r4 + 525+ 552)
2 . : 2
. r(3s 4+ 12) + 2i } +25% + ir +i(2s 4 1?)
n : 2
rti(2s+1%) 25 + 12 r(3s+72)
+ir(3s +r?) +i(4r?s + 1t + 25%)
. . 2
SH., (2s+72) —it r—&—z—zs:;r
241ir —L 4+ 2i

Using the recurrence relation of the Fibonacci and Lucas polynomial spinors {SF; }
and {SL, }, we can write the first few terms of these sequences of polynomials, respectively.
See Table 4.

Table 4. The first few values of Fibonacci and Lucas polynomial spinors with positive and

negative subscripts.

n 0 1 2
x* 4+ 3x2
o [x2+1} [ ¥4 2x 4 } Tl
g 1+ix x+i(x?+1) 241
+i (x> + 2x)
SE., {x—i&—i} {1—1ix}
4x2 + x* x(x* +5x2 +5)
. . 2
x(3+x2)+2i] 2+ +H(2+2%)
SLy ")
x+i(2+2%) 2+ x? x(3+x2)
+ix(3 + x?) +i(42% + x* +2)
SI (2+x%) —ix x+i(24 x2)
" 2 +ix —x +2i
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We can show the product of the unitary complex matrix SW,, obtained by SW,, with a
generalized Fibonacci polynomial spinor sequence SW;, as follows:

SIW.SW, — |: Wyes +iW, Wy —iWyn :| |: W43 +iWy, :|
e Wit1 + W2 —Wyis +iWy W1 +iWyg2
[ Wr W W (W Wos + W) ‘ (60)
—2W W, 10 + 2W, W,
Considering this product, the following identities can easily be seen:
Lemma 2. For all integers n, the next identities hold:
(i)
SW,, SW = SW* SW,,. (61)
(ii)
SW; SW = —(SW,, SW,,)*. (62)
(iii)
SW,, SW,, = SW,, SW,. (63)
(iv)
SW, SW,, = —SW,, SW,.. (64)
(v)
SW,SW,, = —SW,,.SW,,. (65)
Lemma 3. The following equalities are true:
(i)
5(SGoSG1 — 5G18Go) = 5G28G1 — SG15Go. (66)
(ii)
r(s’c\oscl - s/\clsco) — 5GySGy — 5G25Go. 67)
(iii)
s(sﬁosm - S/\HlSH0> — SH,SH; — SH;SH,. (68)
(iv)
r(S’ﬁOSHl - S’ESHO) — SHySH, — SHySHj. (69)

Proof. Once we take the values of n as 0,1, and 2 in Table 3, we can easily obtain the
required equalities by (60). O

It can be noted that the characteristic equation for generalized Fibonacci polynomial
spinors is the same that of generalized Fibonacci polynomials.

Now, we can give the Binet’s formula of SW,, using the roots &, § in (11) and recurrence
relation (41) as follows:

Theorem 1. For all integers n, the Binet’s formula for the generalized Fibonacci polynomial spinor
SW,, is given by the following formula:

— ((SW1 — BSWp)a" — (SW1 —aSWy)B"), a # B
SW,=¢{ =B (70)

(SWo + (%(SW1 — aSWo)n)a", x=B.
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Proof. When the roots «, 8 of the characteristic Equation (10) are distinct, one can write
the general formula of SW,, as follows:

SWy = p1a” + q1 " (71)
where the coefficients p; and q; are determined by the system of linear equations
SWo = pit+m (72)
SWi = pra+qp.
Solving these two simultaneous equations for SWy and SWj, we obtain

Po= oS- pSW) 73)

—1
qm = o — ﬁ(SW1 — DCSW()).

If the roots «, B are equal, then we can write SW), as follows:

SWy = (p2 + g2n)a” (74)

where the coefficients p, and g, are the polynomials whose values are determined by SWy
and any other known value of the sequence. By using the values SWy and SW;, we obtain

SWQ = p2 (75)
SWi = (p2+q2)a.

Solving these two simultaneous equations for SWy and SWj, we obtain

P2 = SWy (76)
1
q2 = &(SWl —DCSWO).

O

Now, let us calculate the values of SW; — BSWy and SW; — aSWy, which are in the
Binet’s formula, by using (9), (12) and (13), as in the following:

Wi 4+ iW W3 + iW,
SWi —BSWy = |: Wi—FiW; :| ‘B[ Wi—FiWZ ]
_ [ w3 (Wy — BWo) + i(Wy — BWp) }
a(Wy — BWy) + ia® (W — BWp)
5
- (W — [SWO)[ i:iiz } (77)

and

SW; — aSW, |:W4+1W1}_a{W3+lW0:|

Wy + i3 Wi + iV,
[ B> (W — aWp) + i(Wq — aWp) ]
B(W1 — aWp) +ip*(W1 — aWp)

3 .
- (W —zxwo)[ gji;ﬂ ] (78)
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We can also find the Binet’s formula of the generalized Fibonacci polynomial spinors
{SW,, } by using the Binet’s formula of the generalized Fibonacci polynomial {W, } given
by Soykan [23] as

1 n n
Wn — _ ‘B(Cla C2ﬁ ))l e # ﬁ (79)
(dq + don)a?, x = p.
where
c1 = Wy — Wy, co = W1 —aW,, (80)
and .
d1 = Wo, dz = &(Wl — IXWO). (81)

Hence, we present an alternative method for finding the Binet’s formula of SW,
as follows:
For a # B, we obtain that

SW, =

1 { (c1a3 — ¢ H3) +i(cra™ — ") ]

a— 5 (Clan+1 _ C2[Bn+1) + i(CltX"+2 _ C25n+2)
1 a3 ice ] 1 0 p"3 4 iy B
T oa— '3 Clan+1 +iclan+2 o — :B C213n+1 +i62‘3n+2
1 A @B+ W B+
= g g | G | - ovi—amop| £ )
(82)
and for @ = B by using (9), (15), (16), and (17), we obtain that
SW. — (di +do(n+3))a" ™ +i(dy + don)a”
T (dy Fda(n 1) 1i(dy +do(n 4 2))at 2
_ g [ (Wo + L(Wq — aWp) (n +3))a® +i(Wo + L (Wy — aWp)n) 63)
(W() + %(W] — tXWO)(Vl + 1))06 + i(W() + %(Wl — DéWO)(Tl + 2))0(2

a4

1
= (G- o

} + SWp).
Next , we present a corollary for special cases of generalized Fibonacci polynomial
spinors.

Corollary 1. For all integers n, the Binet’s formula for (r, s)-Fibonacci polynomial spinors {SGy},
(r,s)-Lucas polynomial spinors {SH,, }, Fibonacci polynomial spinors {SF, }, and Lucas polynomial
spinors {SLy } is as follows:

(i)
e ”
(SGo + (;ﬁn)zx”, a=p
[ a(rP+s)+rs+i ] 5 [ B(rP+s)+rs+i [ r+s
where & = a+i(ar+s) ]’ﬁ_[ﬁ+i(ﬁr+s) ]andSGO_{1+ir]
(ii)
sH, &75(% —pBp"), a#p (35)

(SHy + (%Bn)oc", a=p.
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a(r3 +3rs) +r2s + 282 +i(—r + 2«)

ar +2s +i(a(r? +2s) +rs) ]’
~ [ B3 +sr+2rs) + 125+ 252 +i(—r + 2B)
p= [ Br + 2s +i(B(r* + 2s) +rs)

where & = [

3 .
}andSHo—[ 7>+ 3rs + 2i ]

r+i(r? +2s)
(iii)

g | g BE, oz

. (86)
(SFy + &,Bn)rx”, a=p.

2 i _ 2 i 2
ohere T — { ax? + x4 o+ ],ﬁ— { Bx +x+'8+l}andSF0: [ x +1}

a+i(ax+1) B+i(fx+1) 1+ix
(iv)
aa” — BB"), a#
S a_ﬁ(af BB"), a#p &)
(SLo + &gn)oc”, a=B.
where & — a(x3 +3x) + 22 + 2 +i(—x + 2a)
= | ax+2+i(a(x® +2) +x) ’
[ B3 +3x) +x2+2+i(—x+2B) [ A +3x+2i

ﬁ_[ﬁx+2+i(ﬁ(x2+2)+x) }””dSLO_[Hi(xuz)}

respectively.

Next, we give the ordinary generating function Y. SW,y" of the sequence {SWj, }.
n=0

Lemma 4. Suppose that fsw, (y) = OZO: SWyy" is the ordinary generating function of the general-
n=0

ized Fibonacci polynomial spinors {SWy,},~o. Then, Y. SWyy" is given by
- n=0

2 SWnyn _ SWy + (SWl — FSWO)y' (88)
n=0

1—ry — sy?

Proof. Using the definition of generalized Fibonacci polynomial spinors, and subtracting
ry ¥ SWyy" and sy? ¥ SW,y" from Y SW,y", we obtain
n=0 n=0 n=0

1—ry—sy®) Y SWuy" = Y SWuy" —ry Y SWuy" —sy* Y SWyy"
n=0 n=0 n=0 n=0
= Y SWuy'—r) SW,y"t —s ) SW,y" 2
n=0 n=0 n=0
= Y SWu" —r ) SW,1y" —s ) SW,_oy"
n=0 n=1 n=2

= (SWp+ SWyy) —rSWoy
+ Y (SWy — rSWy,_1 — sSW,,_o)y"
n=2
= SWp+ (SWp —rSWp)y. (89)

Rearranging the above equation, we obtain (88). O

Lemma 4 gives the following results as particular examples.
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Corollary 2. The generating functions of (r,s)-Fibonacci, (r,s)-Lucas, Fibonacci, and Lucas
polynomial spinors are given by the following formulas:

(i)
o . 1 12 +s+rsy+iy
,;)SG’W C1—ry—sy? 1+i(r+sy) | (90)
(ii)
o . 1 r3+3rs+ (252 +r?s)y +i(2 — ry)
n;)SH”y B 1—ry—sy2{ r+2sy +i(r? +2s + rsy) } ©D
(iii)
> _ 1 x(x+y)+1+iy
n;)say Cl-xy-yr L 1ilxry) L ©2)
(iv)
°° . 1 B4 3x+ (2+ 2%y +i(2 — xy)
HZ::OSLny _1xyy2{ x+2y+i(x(x+y)+2) } (93)
respectively.

Proof. In Lemma 4, take SW,, as SG;, SH;, SF,, and SL,, respectively. Use the first two
terms of these sequences of polynomials by taking n = 0,1 in Tables 3 and 4 for the
formula. O

4. Simson’s Formulas

We start with by defining the generalized Fibonacci polynomial spinor matrix with
the help of Fibonacci spinor matrix definition given by Erisir and Giing6r [32]. In order to
define required matrix, we need to recall the Fibonacci quaternion matrix defined by Halic1
[45] as follows:

()] Qpl]
Q [QH QR &Y
where
QFF = FR+ibL+jB+kFy=14+i42j+3k,
QF, = B +ibB+jE+kFs=142i+3j+5k. (95)

From this point of view, we can define the generalized Fibonacci quaternion polyno-
mial matrix as follows:
QW2 QW ]

QW1 QWy

In addition, we can define the way the determinant of a given matrix is calculated
as follows:

QW (x) = [ 96)

det { o ] = a011 — 12421 97)
a1 a2
We prefer to use this formula of a determinant of a 2 x 2 matrix throughout the paper.
Erisir and Giingor [32] gave the Fibonacci spinor matrix for Fibonacci spinors, helping
to obtain the Simson’s identity. Now, we will present the generalized Fibonacci polynomial
spinor matrix in the next theorem and we will denote this matrix with Sy. Then, we will
use the matrix Sy to find several identities such as Simson’s identity, and so on.
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Theorem 2. Let QW (x) be the generalized Fibonacci quaternion polynomial matrix. Then, the fol-
lowing equality holds from quaternion products via spinors:

det QW(x) = idet Sy

where —
su=-i S | o9
with
o= [t e =W ] e
and
=[] om

Proof. Let the nth generalized Fibonacci polynomial spinor SW;, correspond to the nth gen-
eralized Fibonacci quaternion polynomial QW,,. Given a generalized Fibonacci quaternion
polynomial matrix QW (x), we obtain by (36) that

detQW(x) = QWoQW, — QW;QW;
= —iSWoSW, + iSW;SW; = —i(SWoSW, — SW;SW;)
. SW, SW; .
= —idet i = idetSy. 101
ze[sw1 SWO] idet Sy (101)

Hence, we can write the generalized Fibonacci polynomial spinor matrix correspond-
ing to its quaternion version by using the formula of the determinant as follows:

| sw, Sw;
S = — Al 102
W llswl SWO] (102)

where S/I/Vo, S/\W1, SWi, and SW, are given in (99) and (100). Thus, we have the
following matrix:

Ws + iW, Wi+iWp Wy, —ilW3
S = —i W3 4+ iWy Wr +iW3 —W, +iW; (103)
W Wy +iW Wi +iWg Wy — i, '
Wy + iW3 Wi +iW, —Ws3+iW,
O

From Theorem 2, we can present the Simson’s identity in two different forms in the
next theorem.

Theorem 3. (Simson’s Identity) For all integers n, we have
SWur1SWin1 — SWuSWy, = (—s)" (SW_1SW; — SWoSW). (104)
ie.,

det SWar1 SW = (—s)" det SWi SWo |
SWy, SW,_1 SWo SW_4
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Proof. For « # f, using (82), the Binet’s formula of SW;,, and (13) we obtain the
following identities:

STV:15Wn+1 — SW,SW,
(,B —n— 063,34 +D(4,B3 o D(ZﬁS
+a3p? —ap? +a?B+i(at — Bh))
= —(=s)" o (105)
(B — a3 +a*B —aBt +a2B —ap?
—HX3,B2 _ 0(2133 + i(zx2 _ 52 _ a2ﬁ4 + a4ﬁ2))

where ¢; = Wy — Wy and c; = W; — aWj. On the other hand,
SW_1SW, — SW,SW,
(ﬁ —n— 063,34 —0—064‘33 _ a2ﬁ3
, +a3p? — af? + a?B+i(at — B))
= ——00 . (106)
5 (B — 0% + 0B — apt + a2B — ap? + a3p?
*062‘33 +i(0€2 _ ﬁz _ “2ﬁ4 +“4ﬁ2>)
From (105) and (106), we have the required identity:
SW,, 1SW,iq — SW,SW, = (—s)”‘ls(s/w:sw1 - STVVOSWO)
= (—s)"(SW_1SW; — SWoSW)).

Now, let us see when the roots are equal, i.e., for « = p, that (104) holds for all integers
n. Using (83), we obtain that

(a® +a*+0a%—1 +4izx3)

SWyu—1SWir i1 — SWuSW,, = az"d%[ 4t + 202 — 2ai(a +1) } (107)

where d; = Wpand dy = %(Wl — aWWp). On the other hand,

(108)

5W—15W1SWOSW0:d%[ (a® +a* + 02 — 1+ 4ia®) }

2a(ia* + 20% — o + i)
From (107), (108) and (16) we obtain the required identity as follows:

SWu 1SWii 11 — SWLSW,

a2 (SW_1SW; — SWoSWp )
= (~5)"(SW_sW; — SWoSWy ).
0

The previous theorem gives the following results as particular examples.

Corollary 3. For all integers n, Simson’s formula of (r,s)-Fibonacci, (r,s)-Lucas, Fibonacci, and
Lucas polynomial spinors is given as

(i)

$Gn115Gn_1 — SGuSGy
= (=1)"s"(5G_1SG; — §GoSGy)
(ir* +2irs — 3 + 5> —s — 1)

_ _q\n n—1
= (=1)% (—rzs—r2+ir52+ir—25)

(109)
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(ii)
SH,.1SH,_1 — SH,SH,
= (=1)"s"(SH_,SH; — SHySHy)
23 o 3., 2
o qyneda1(.2 (ir® + 2irs — s° + s —s — 1)
= (D" (r +4S>[ (—=r%s —r? +irs> +ir —2s) |’ (110)
(iii)
— Cemear | (F24i(x+2x))
SFn+lSFn71 SFnSFn—( 1) { (—2x2—2+2ix) (111)
(iv)
=7 T _(_q\n—1(.2 (—2+1(x3—|—2x))
SLp1SLu_1 — SLpSLy = (—1) (x +4)[ (2224 200 (112)
respectively.

Proof. The proof can be obtained from (60) and Tables 3 and 4. O

If one compares results (i) and (ii) in Corollary 3, the result presenting the relation
between Simson’s identities for SG, and SH;, can quickly be seen as follows:

Corollary 4. For all integers n, the next identities hold:

(i)
SH,1SH,_1 — SH,SH, = (r2 n 4s) (sﬁn\ﬂscn,l - s’@scn). (113)

(i1)
SLp1SLy 1 — SLySLy = (x2 +4) (@ISFH_1 - S/F\nSFn). (114)

The next theorem exhibits the relation of generalized Fibonacci polynomial spinor
transforms with different terms.

Theorem 4. For all integers n, the following identities hold:

(i)
SW_,SW,, — SWoSWo = (—s) " (S/VVOSWZn - s/vVnswn). (115)
(ii)
SW_,SW, — SWoSW,
- (w% — W2 — rW0W1> (@scn - s’c\osco). (116)
(1ii)
SW_,,SW, — SWoSW,
- (wl2 —SWE — rW()Wl) (—s)™" (s’c?osch - s’c\nscn). (117)
(iv)
SH_,SH, — SHySHy = — (r2 +4s) (@sc;n - S/G\OSGO). (118)
(v)

SHySHay — SHySHy = —(—s)" (r2 +4s) (ﬁ;_\nscn - S’G\OSGO). (119)
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Proof. (i) For o # B, using (82) and (13) we obtain the following identities:

SW_,SW,, — SWoSW
B (ﬁn —a"— aﬁnJrl —0—0("+1,3 _ D(Zﬁn+2
—|—Dcn+2,32 _ a3[3n+3 =+ 1)("+3,B3
,mlgﬂ-&-Z + iD(VH—Z‘B _ iD(Sﬁn 4 mnﬁS
1 +i0¢"+3 _ i,B"+3 4 iazﬁ”+1 _ iDcn'H,BZ)
= ——wac(a" —p")
(—s) (3B — a3 4 (2B — o2 4+ B2
_[x”l+2 4 0(3‘Bn+1 _ tXnJrlﬁS + Z‘(X'rlJrl
,i‘Bn—i-l _ itxZﬁ"+3 + izx3ﬁ”+2
_ilxn+2'83 4 ian+3‘32 _ itX,Bn + itX”,B)

" (120)
where c; = Wi — Wy and ¢ = W7 — aWj. On the other hand,
SWoSWh,, — SW,SW,
B (ﬁn — " — aﬁnJrl +an+1‘B —062,3"+2 T
+1Xn+2ﬁ2 _ “3ﬁn+3 + Dcn+3‘33
_ilxﬁnJrZ + ian+2ﬁ _ i063,3n + iﬂénﬁB
+mn+3 _ iﬁn+3 + izxzﬁ”“ o ia”+1ﬂ2)
= —c(a" —B")
(an+3‘B _ “ﬁi’lJr?) —l—DéZ,B” _ an‘BZ
+0¢3[3"+1 _ an+2 + ﬁn+2 _ “n+1 3
—|—i0(n+1 _ l"Bn-‘rl _ iD(Z‘Bn+3 + i“3‘Bn+2
—ia"+2,53 4 ian+3ﬁ2 _ itX,Bn + z'tx”ﬁ)
= (=) (s/w:swn - s’v%swo). (121)

Now, let us see when the roots are equal, i.e., for « = §, that (115) holds for all
integers n. Using (83), we obtain that

SW_,SW, — SWoSW,

S e R atadl I
where d; = Wpand dp = %(Wl — aWp). On the other hand,
SWoSWay — SWuSW;

- g (e s e 2O ]

Therefore, (122) and (123) give us the next required equality:

SWoSWa, — SWuSWy = a2 (SW_,SW, — SWoSW )

= (—9)" (ﬁv:swn - s/\woswo). (124)
(ii) For o # B, since c; = G1 — BGp = 1 and ¢; = G; — aGp = 1, we can immediately

obtain the following identity using (120) and taking W,, = Gy:
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SG_,SGy — 5GySGo
r (,Bn — " — "‘ﬁn+1 + lx”+1ﬂ _ “2‘3114-2
_HXnJrZ’BZ _ lx3[3n+3 + (xn+3‘33
_iaﬁnJrZ + ianJrZﬁ _ 1'0631311 4 ia”ﬁ?’
1 +i0€n+3 _ ian+3 + iazﬁ”“ _ ianJrl‘BZ)
= ———a@" —p")
(—S) (DCVH—B',B _ oc,B"“'?’ + azﬁn _ 0(”‘32
_|_‘Bn+2 _ an+2 + a3‘Bn+1 _ an—HlB?’
—I—ilanrl _ iIBn+1 _ iazﬁ”?’ 4 ia35n+2
_ian+2133 + ian+3‘32 _ iaﬁ” + irx"ﬁ)
(125)

5G_nSGy — 5GoSGy = —

Hence, the product c;¢; in (120) equals (W7 — sW§ — rWoW; ) by (12) and (13) and
by comparing the identities (120) and (125) we have the desired identity:

SW_,SW, — SWoSWo = (W2 — sW§ — rWoW1 ) (SG—SGyy — SGoSG ).

We now prove the identity holds for all integers n for equal roots, i.e, for
« = B. By taking W, = G, in (122), since dy = O and dp = % we arrive at the
following identity.

" { (=1 + na? + 2inad + nat + nab + 2iad) ] (126)

a2 2a (ia* 4 203 — no + in)

Therefore, the product d in (122) equals (W7 — riWoW; — sW3) by (15) and (16)
and by comparing the identities (122) and (126), we have the desired identity.
(iii) It is clear from (i) and (ii).
(iv) Considering SW;, = SH,, for all integers 1 and setting the value of (W7 — sW2 — riWpiV;)
in (i) from Table 1, we reach the desired identity.
) It is obvious from (i) and (iii).
O

Through Theorem 4, by taking SW, = SG, and SW,, = SH,, we can see a more
general formula of (r,s)-Fibonacci polynomial spinors SG, and (7, s)-Lucas polynomial
spinors SH,, in the next corollary.

Corollary 5. For all integers n, the following equalities hold:

(i)

SG_1SGy — 5GoSGy = (—s) " (5/605(;2,1 - S/G\nSGn). (127)
(ii)

SH_,SH, — SHySHy = (—s) ™" (S/PTOSHzn - S/H\nSHn). (128)

The next corollary is the result of Corollary 5 for special cases.
Corollary 6. For all integers n, the following equalities hold:
(i)
SF_,SE, — SESEy = (—1)" (§F\OSF2n - S/P\nSFn). (129)
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(ii)
SL_,SLy — SLySLy = (—1)" (S/L\()SLZn - S/L\nSLn). (130)

We can rewrite the Simson’s formula in five different ways using the previous corollar-
ies and theorem.

Remark 2. (Simson’s Identity) For all integers n, Simson’s identity of generalized Fibonacci
polynomial spinors can be given by the next five different formulas:

SW,_15Wirs1 — SWLSW,
= (=s)"" (SWoSW; — SWisw )
= (—s)" (wl2 — W2 — rwowl) (S/G\,lscl - STG\OSGO)
= (—s)"1 (wf —SWE — rwowl) (s’c?osc;2 - sfciscl). (131)
and
(2 + 45) (SWu 1S Was1 — SWSW,)
= (—s)"1 (Wl2 —SWE — rWOW1) (S/H:SHl -~ S’PTOSHO)
= (W}~ 50§ — rWows ) (SHoSH, — SHiSH: ). (132)

5. Some Identities

In this section, we obtain some identities of generalized Fibonacci polynomial spinors,
(r,s)-Fibonacci polynomial spinors and (r,s)-Lucas polynomial spinors. Firstly, we can
give a few basic relations between {G,, } and {SW,,}.

Theorem 5. For all integers m, n we have
SWigm = SWuGpy1 +5SW,_1Gyy (133)

ie.,
SWitm = SWiGyi1 +sSWy,_1Gy, (134)

Proof. For m > 1 and m < 0, we use induction on m. First, we assume that m > 1. The
equation is true for m = 1 since

SWyi1 = rSWy+sSW,_1
—  SW,Gy + sSW,_1G; (135)

where G; = rand G; = 1. For m = 2, the equation is also true, which we can see below,
because using definition of SW, and the values G, =r,G3 = s+ 2, we obtain

SWyio = rSWyyq+sSWy = r(rSWy, +sSW,_1) + sSWy,
(s +*)SWy, + rsSW,,_1 = SW,G3 + sSW,,_1G,. (136)

Assume now that the equation holds for all m with 0 < m < k + 1. Then, by assump-
tion, for m = k and m = k + 1 we have, respectively,

SSWy 1y = S(SWnGk_H + SSWn_le), (137)

and
rSWn_;’_k_;’_l - r(SWnGk+2 + SSWn_1Gk+1). (138)
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By adding up these two equations we obtain
rSWyaka1 +5SWy i = r(SWnGk+2 + SSWn_le_H) + S(SWnGk_H +sSW,,_1Gy), (139)
ie.,

SWyikyr = SWn(er+2 + SGk+1) + SSanl(er+1 + SGk)
= SWuGyi3 +5SWy-1Gry2 (140)

which yields the equation for m = k + 2.
Now, we proceed by induction on |m| = —m = v when m < 0. For v = 0, that is,
m = 0, the equation is true because

SWy, = SWy Gy +sSW,,_1Go (141)
where Gy = 0 and G; = 1. For v = 1, thatis, m = —1, it is true because
SWn—l = SWnG(] + SSWn_lG_l (142)
where Gy = 0and G_; = +. Suppose thatitholds forall v = |m| = —m with1 < v < k+1.
Then, by assumption, for v = k and v = k + 1 we have, respectively,
1 1
gSWn_k = E(SWHG—’C-H + SSWn_lG_k) (143)
and . .
TSWn_k_l = T(SWnG_k +5sSW,_1G__1). (144)
By summing up these two equations we obtain
—r 1
TSWn—k—l + an—k
- 1
= L(SWiG i+ SSWyr1 G 1) + < (SWaGpa +5SW,1Gy),  (145)
ie.,
r 1 r 1
SWik—2 = SWa(= Gkt Gppr) +85Wyo1(=-Cp1 + 2Gy)
= SWyG_j_1+8SW, 1G_;_o; (146)

thus we obtain the equation for v = |m| = k+2. O

We then have the next result via Theorem 5 as a corollary.

Corollary 7. For n € Z, the following equalities are true:

(i)
SW,, = SWyGpiq + (SW; — rSWy) Gy (147)
(ii)
(45 4+ 1r*)SW,, = (2SW; — rSWo)Hy1 + (—7SWy + (25 +1?)SWo)H,,  (148)
(iii)
SWytm = GnSWii1 + 5Gyu_1SWy (149)
(iv)

SGnim = SGnGpy1 +55G,-1Gp (150)
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(v)
SHyim = SHyGpy1 +5SH,_1Gy, (151)
(vi)
SGn = SGoGy41 + (SG1 —rSGo) Gy (152)
(vii)
SHy, = SHyGp41 + (SH1 — rSHy) Gy (153)
(viii)
(4s +1?)SHy, = (2SH; — rSHo)H, 41 + (—7SHy + (25 +1*)SHo)H,  (154)
(ix)
(4s +1%)SGy = (25Gy — rSGo)Hy 41 + (—7SGy + (25 +r*)SGo) Hyy (155)
(x)
SGutm = GnSGp11 +5Gy-15Gm (156)
(xi)
SHy+m = GuSHyy41 + sG,—1SHy, (157)
Proof. (i) If we take m equals 0 in (134), then we obtain the required equation.
(ii) If we use the following equations in (a) coming from [23],
(r* +4s)G, = 2H,.1—rH,,
(1> +4s)G, = rH,+2sH, 4 (158)

then we have the required equation.

(ii) Choose n — 1 instead of n and m + 1 instead of m in (134).

(iv)-(v) Take SGy 4+, and SHy, 1, instead of SWj,4, in (133).

(vi)—(vii) Take SG, and SH, instead of SW,, in (147).

(viii)—(ix) Replace SW, = SG;, and SW,, = SH,,, respectively, in (148).

(x)-(xi) Replace SWy4m = SGyym and SWyy, = SHyqm, respectively, in (149). O

We obtain the next corollary from Theorem 5 and Corollary 7 (iii). The next identities
will be useful for us in the last section.

Corollary 8. Let n € Z. The following equalities are true:

(i)
SWy, = G,SWq + 5G,,_1SW. (159)
(ii)
SWy4+1 = Gy SWp 4 5G,,_1SW;. (160)
(iit)
SWyt+1 = Gyuy1SWy + G, SWy. (161)
(iv)
SWyi2 = Gy 41SWa +5G, SWj. (162)

Theorem 6. (Catalan’s identity) Let n and m be any integers. Then, the following identity is true:

W SWirem — SWaSWy = (—5)" (SW_uS Wy — SWoSWo ) (163)
ie.,
SWoem  SWu | _ (_gyn| SW - SWo. (164)
SWy  SWom SWo SW_p
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Proof. Letn and m be any integers. Using the Binet’s formula of SW,,, SWy,_,;, and SWy,1s,,
we obtain the desired identity by (13) and (115) in Theorem 5 (i)

SW—mSWosem — SW,SW,,
B (‘Bm —am_ ale—&-l —i—ocmH,B _ DCZ'Bm—l—Z T
—|—0(m+2‘32 _ Dc3‘3m+3 + D(m+3ﬁ3
_i“ﬁm+2 + iam+2‘3 _ itX3IBm + iDém,B3
+i0&m+3 _ ilgm+3 + iDCZIBm+1 _ ivcmH,Bz)
— _lxnfm‘anmClQ(am _ ﬁm)
(am+3‘B _ “‘Bm+3 + “ZIBm _ amlBZ
_|_ﬁm+2 _ lxm+2 + a?)ﬁerl _ lxm+1’33
+i0€m+l _ i'Bm+l _ itXZIBnH»B 4 iﬂé3ﬁm+2
_iam+2ﬁ3 4 iam+3’BZ _ ioc,Bm 4 zwmﬁ)

= "B B (SWC, S Wy, — SWoSWD )

= (=9)" (sﬁv?nswm - s/vvoswo). (165)
0

When we take SG;,, SHy,, SF,, SL;, instead of SW,;, we have the Catalan’s identity for
(r,s)-Fibonacci, (r,s)-Lucas polynomial spinors, Fibonacci polynomial spinors, and Lucas
polynomial spinors, respectively.

Corollary 9. Let n and m be any integers. Then, the following identities are true:

(i)
SGu—mSGuim — SCnSGy = (—s)" (s/c_\mscm - s’(?osco) (166)
ie.,
SGnim  SGn | _ (_gyn| SCm 5Go (167)
SGy  SGuom SGo SG_m
(ii)
SHyy—mSHysm — SHuSHy, = (—s)" (@SHm - s/hTOSHO) (168)
ie.,
SHuwem  SHo | yn| SHu SHo (169)
SH, SHy SHy SH_»
(ii)
SEs-wSFyim — SFaSEy = (=1)" (SF-SFn — SESF)) (170)
ie.,
L = (-1)" SFu Shy (171)
(iv)
SLy—mSLusm — SLuSLy = (—1)" (S/LISL,,1 - s/II)SLO) 172)
ie.,
SLutm Sk = (-1)" SLm SLo. (173)
SLy  SLym SLy SL_,

We next take an example of Catalan’s formula for a special n and m.
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Remark 3. We have the Catalan’s identity forn =2 and m =1,
SW,SW; — SW,SW, = 2 (ﬁv:sw1 - s/vVOswo). (174)

We can also exhibit the Catalan’s identity in other forms via Theorem 5 as in the
next corollary.

Corollary 10. (Catalan’s Identity) For all integers n and m, Catalan’s identity of generalized
Fibonacci polynomial spinors can be given with the next five different formulas:

SW—mSWyrim — SW,SWy,
(—s)" ™ (S/I/VOSWZM - s/w\mswm)

(—s)" (le — W2 — rW0W1) (S/G_\mSGm - ST(?OSGO)

(W7 — sW§ — rWoWi ) (SGoSGan — SGuSG) (175)
and
(ﬂ n 4s) (s?v,:mswnm - sW,swn)
= —(=s)" (wlz — W2 — rW0W1> (S/H_\mSHm - S’IIOSHO)

= (W2 — W3 — rWoWs ) (SHoSHay — SHySHy ). (176)

Remark 4. Due to Theorem 5, Catalan’s identity of (r, s)-Fibonacci polynomial spinors, (r,s)-Lucas
polynomial spinors, Fibonacci polynomial spinors, and Lucas polynomial spinors can be written in
many different ways as a result of Corollary 10.

(i)
SGu—mSGnim — SGnSGh
= (=s)"™ (s/c\oscz,n - S/G\mSGm) 177)
(r2 + 4s) (@scﬁm - s’c?nscn)
= (=8 (ST{_\mSHm - s’I?OSHO) (178)
<r2 + 4s) (sf,:ﬂscnm - s/G\nscn)
- — (S/H\OSHQm - S/H\mSHm). (179)
(i1)
SHy—mSHum — SHuSHy
= (—s)"™ (S/EJSHM - S/H\mSHm) (180)
SHy—mSHum — SHnSHy
= —(=s)" (r2 +4s) (S/G,\mscm - S/G\OSGO) (181)
SHy—mSHpm — SHuSH,
S (r2 + 4s) (S/G\OSGM - s’@nscm). (182)
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(iii)
SFu—mSFusm — SEuSF,
= (-1 (S/F\OSFM - S/F;SFm) (183)
(x2 + 4) (s?n,\msam - S/ESFn)
= —(-1)" (ﬁ,\mSLm - STOSLO) (184)
(X2 + 4) (an—\mspn-&-m - §1—TnSFn>
- (STII)SLM - @SLm). (185)
(iv)
SLy—mSLutm — SLuSLy
= (~1)" " (S/L\OSLM - S/LT,ISLm) (186)
SLy—mSLu+m — SLuSLy
= —(~1)"(x*+4) (SF-SFx — SRoSy) (187)
SLy—mSLu+m — SLuSLy

- (xz +4) (§F\05F2m - sTF;SFm). (188)

6. Sum Formulas

In this section, we present sum formulas of generalized Fibonacci polynomial spinors.

Theorem 7. For generalized Fibonacci polynomial spinors, we have the following sum formula:
If —s—r+1+#0, then

L (—s—7)SW,, —sSW,,_1 4+ SW; + (1 —r)SW,
) SWi .

— 189
=0 —s—r+1 (189)
Proof. Using the recurrence relation
SWy, =rSW,_1 +s5W, (190)
ie.,
—sSWy_o =rSW,_1 — SW, (191)
we obtain
—SSWO = TSW1 — SW2
—SSWl = T’SWZ — SW3
—sSWp, = rSW;3—SW,
—sSWy—o = rSW,_1—SW, (192)

If we add the equations side by side, we obtain

n—2 n—1 n
—s Y SWe=r) SWi— ) SW. (193)
k=0 k=1 k=2
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Since
n
—s| Y SWi — SW,_1 — SW,
k=0
n n
= 7| Y SWe—SW,—SWo | — | Y SWi— SWo — SW; (194)
k=0 k=0
we obtain
n
(—S—T+1) Z SWk
k=0
= —sSW,,_1 —sSW,, —rSW,, — rSWy + SWy + SW; (195)
and so,
" 1
Y SWe = —————(—(r+5)SWy, — sSW,,_1 + SWy + (1 — r)SWp). (196)
frr —s—r+1

Corollary 11. For (r,s)-Fibonacci, (r,s)-Lucas, Fibonacci, and Lucas polynomial spinors, we have
the following sum formulas: If —s —r +1 # 0and x # 0, then

(i)
YSG = L ((s—1)SGy—sSGuy + Pasrts i)y gy
&7 T st nTEET L 1 hi(r4s) |
(ii)
= 1
];]SH]( - m((_s - r)an - SSHn_l
3+ 125+ 3rs + 2% +i(r — 2)
+ r+2s+i(rs+1> +2s) }) (198)
(iif)
. 1 2 x+1+i
k;)s&( = —;((—1 —x)SF, — SF, 1 + [ 14i(x+1) ]) (199)
(iv)
L 1 X3+ x4+ 3x+2+i(x —2)
k;)su( = —;((—1—x)SLn—SLn_1+ [ Y24 i(x+ 22 42) }). (200)
7. Matrices Associated with Generalized Fibonacci Polynomial Spinors
(1 s _( SWp SW,
Let A = ( 10 > and Ngy = < SW,  SW, ).Then, we know by Soykan [23] that
G sG
n_ n+1 n
A" = < Gy $Gy_1 ) (201)

Hence, we obtain the next theorem from the matrix product by using the identities in
Corollary 8.
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Theorem 8. For all integers n, we have

SW, SW,
n _ n+2 n+1
A"Nsw = ( SWyi1  SW, ) (202)

Proof. For all integers 1, we product the required matrices and use the identities in Corol-
lary 8.

AnNSW _ Gn+1 SGn SW2 SWl
Gn SGn,1 SW] SWO

B Gp+1SWo 4+5G,SW, G 11SWy +5G;,SWy
o GuSWy +5G,,_1SW;  G,SWp +5G,_1SW)

_ SWn+2 SWnJrl
= < SWo sw, ) (203)

O

Note that by taking SW,, as SG;,, SH;,, SF,;, and SL,, we obtain the following matrices.

N _ [5G G
67\ sG SGy
r* 4+ 3125 +s2 4+ ir P4+ 2rs+i
r2+s+i(r3 +2rs) r+i(r?+s)

- , (204)
34+ 2rs 41 2 +s
r+i(r’*+s) 1+ir

N _ [ SH» SHy
SH = SH; SH,
2r% + 135 + 5125 213 + 12
+2rs? + 82 +i(2r +s) +3rs + 8% + i
(2r + s +5) (2r+5s)
+i(2r + 125 + 3rs + %) +i(2r> + 15 +5)
_ . (205)
213 + 12
2 .
+3rs +s°+1 [2r2+rs+s+2i}
(2r +59) 1+i(2r +5)
+i(2r* +rs+s)
[/ SB SH
Nsp = ( SF, SK )
x*+3x2 +1 +ix X34 2x +i
2+ 1+i(x% +2x) x4i(x24+1)

— , (206)
x4+ 2x+i 2 +1
x+i(x2+1) 1+ ix
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_ SL, SI,
Nsi = < SL; SLg )
2x* + x3 +5x2 4 2x [ 2x% + x2 4 3x
+1+i(2x +1) +1+i
(2x2 + x+1) (2x+1)
+i(2x% + x2 4+ 3x +1) | +i(2x* +x+1) |
= . (207)
2x3 + 2
+3x+1+i [ 2%+ x4+ 142 ]
(2x+1) | 1+i(2x+1)
+i(2x* +x+1)
Theorem 8 gives the following results as particular examples.
Corollary 12. For all integers n, we have
(i)
SG SG
AnN — n+2 n+1 ) . 208
56 ( SG,:1  SGy (208)
(i1)
SH SH,
A}’IN n+2 n+1 > . 209
- ( G S (209)
(iii)
SF,
AHN n+2 n+1 ) ) 210
SF ( Foi  SE, (210)
(iv)
SL SL
A"Ng, = nt2 2ol ) . 211
SL ( SL,41  SLy 1)

8. Conclusions

Fibonacci polynomials, which are also encountered in physics, were carried to the
spinor structure, which tries to explain complex situations in physics with the help of
concepts in mathematics. Since these polynomial spinor sequences can be used in many
areas where spinors can be applied, we think that this is a work that will attract the
attention of researchers working in the field of physics. In addition to this, aesthetic
results of the sequences we worked on in quantum mechanics seem to be of interest.
In this study, we obtained the closed formula of the sequence of the generalized Fibonacci
polynomial spinors using its generating function, explicit formulas obtaining the nth
term of this polynomial sequence via Binet’s formula, and the sum of the first n terms
of this polynomial sequence. Looking at Tables 2—4, the summation of the first three
terms can be found easily, but finding the summation of the first n terms needs more
application, which we have executed in Section 6. We also obtained the Catalan’s identity
and its special cases and various identities, which reveal the relations between the specific
terms. These identities might be exercised for enhancing the new identities of polynomials.
In addition, we revealed the relation between the generalized Fibonacci polynomial spinors
and (r,s)-Fibonacci and (7,s)-Lucas polynomial spinors via several identities. Lastly,
we exhibited the matrices associated with the generalized Fibonacci polynomial spinors.
Referring to Tables 3 and 4, we can obtain all the results indicated above for the generalized
Fibonacci polynomial spinors for the (r, s)-Fibonacci, (7, s)-Lucas, and Fibonacci and Lucas
polynomial spinors. This led to us obtaining results for spinor sequences, which are a
special case of polynomial spinor sequences. Considering here the most generalized form of
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this special sequence makes it easier to comment on all other cases. From this point of view,
this work not only introduces generalized Fibonacci polynomial spinors, (7, s)-Fibonacci
polynomial spinors, (r,s)-Lucas polynomial spinors, Fibonacci polynomial spinors, and
Lucas polynomial spinors, but also gives a wide perspective for sequences of polynomial
spinors. When changing r and s, known different sequences of polynomial spinors are
found. For instance, taking r = 2x and s = 1 in (41), generalized Pell polynomial spinors
can be defined; and taking r = 1 and s = 2x in (41), generalized Jacobsthal polynomial
spinors can be described. Thus, as a corollary, generalized Pell spinors and generalized
Jacobsthal spinors can be introduced.
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