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Abstract: This study examines the behavior of single-walled carbon nanotubes (SWCNTs) suspended
in a water-based ionic solution, driven by the combined mechanisms of electroosmosis and peristalsis
through ciliated media. The inclusion of nanoparticles in ionic fluid expands the range of potential
applications and allows for the tailoring of properties to suit specific needs. This interaction between
ionic fluids and nanomaterials results in advancements in various fields, including energy storage,
electronics, biomedical engineering, and environmental remediation. The analysis investigates
the influence of a transverse magnetic field, thermal radiation, and mixed convection acting on
the channel walls. The novel physical outcomes include enhanced propulsion efficiency due to
SWCNTs, understanding the influence of thermal radiation on fluid behavior and heat exchange,
elucidation of the interactions between SWCNTs and the nanofluid, and recognizing implications for
microfluidics and biomedical engineering. The Poisson–Boltzmann ionic distribution is linearized
using the modified Debye–Hückel approximation. By employing real-world approximations, the
governing equations are simplified using long-wavelength and low-Reynolds-number approximation.
Conducting sensitivity analyses or exploring the impact of higher-order corrections on the model’s
predictions in recent literature might alter the results significantly. This acknowledges the complexities
of the modeling process and sets the groundwork for further enhancement and investigation. The
resulting nonlinear system of equations is solved through regular perturbation techniques, and
graphical representations showcase the variation in significant physical parameters. This study also
discusses pumping and trapping phenomena in the context of relevant parameters.

Keywords: thermal radiation; electroosmotic; nanofluid ciliated channels

1. Introduction

Electroosmosis involves the motion induced by an electric field, where the electrolytic
solution moves in relation to the pipe due to an externally applied electric field. The con-
nection between electrokinetic effects and the electric double layer (EDL) has been explored.
The initial discovery of electrokinetic effects dates back to 1890 when Reuss conducted
experimental studies on porous clays [1]. Electroosmosis [2], a mechanism of electrokinetics,
refers to the osmotic movement of molecules/liquids from a less concentrated solution to a
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more concentrated solution under the influence of an electric field. It explores the interrela-
tion between the motion of aqueous solutions/particles and electroosmotic/electrophoretic
forces. Electroosmosis has been a widely explored area of research due to its reliabil-
ity in microdevices and nanodevices. Recent studies have investigated the significance
of electroosmosis in various fields such as industry, biochemistry, and medicine [3]. Its
practical uses encompass drug delivery [4], DNA analysis/sequencing systems [5], and
the development of biochemical agent detection sensors integrated into microchips. A
natural transport process called peristalsis [6,7] utilizes consecutive muscle contraction and
relaxation to deal with physiological transport problems. Saleem et al. [8] investigated the
peristaltic movement of compressible Jeffrey fluid through a porous channel while being
subjected to the influence of a magnetic field.

Exploring peristalsis and electroosmosis concurrently [9] introduces a novel dimen-
sion to biomicrofluidics, enabling the study of physiological flows under the influence of
external electric fields. Inspired by biomicrofluidics applications integrating peristalsis and
electroosmosis, a series of mathematical models [10] have been devised to investigate the
alterations in peristaltic transport phenomena induced by electroosmosis. Ranjit and Shit
analyzed electroosmotic flow propelled by peristaltic pumping, considering entropy gener-
ation [11]. Akram et al. [12] explored Sisko fluid in this context. Ranjit et al. [13] studied
the transport of ionic liquid within a porous microchannel, while Bhatti et al. performed
a computational analysis of heat and mass transfer in two-phase flow [14]. Additionally,
Prakash et al. [15] examined the behavior of ionic nanoliquids in a biomicrofluidics channel,
and Tripathi et al. [16] investigated a non-Newtonian Jeffrey fluid in an asymmetric setting.
Prakash et al. [17] also conducted a heat transfer analysis in blood flow, and Kattamreddy
et al. [18] included thermal analysis of Casson fluids. Akram et al. [19] presented a thermal
analysis of Sutterby nanofluids, while Noreen and Ain analyzed entropy generation in
porous media [20].

Nanoparticles, measuring around 100 nm in size, are dispersed within a base fluid
to create nanofluids. These fluids consist of solid nanoparticles suspended in a base fluid,
resulting in enhanced thermal conductivity. Nanoparticles find rapid applications in
various industries such as biomedicine, heating and cooling systems, fuel cells, and food
processing. The term “nanofluid” was coined by Choi [21]. The inclusion of nanoparticles
improves the thermal properties of the base fluid. The homogeneous flow model, initially
introduced by Tiwari and Das [22], represents the single-phase nanofluid model.

Cilia are hair-like cellular structures that extend from the cell body into the fluid
surrounding the cell. Every cell in the human body contains cilia. Cilia have many func-
tions in various tissues in respiratory tracts, kidneys, oviducts, lungs, sperm, brains, and
embryos. In 1962, Sleigh [23] discussed the structure of flagella and cilia and the behavior
of metachronal waves. He pointed out the primary influence of ciliary transportation
on biological systems. The two types of cilia are motile and non-motile. Motile cilia are
typically found on the surfaces of certain types of cells. They can be found in the brain and
transport the cerebrospinal fluid within the ventricular system to maintain and nourish
brain homeostasis; in the respiratory tract, where they help move mucus and foreign parti-
cles out of the airways; in the female reproductive tract to aid in moving eggs along the
fallopian tubes; and in the male reproductive tract to help propel sperm. Non-motile cilia
can be found in various tissues and organs, including the kidney, eye, brain, and sensory
organs. In the eye, they are located inside the retina’s light-sensitive cells (photoreceptors).
In kidney collecting ducts and tubules, the function of these cilia is to identify the fluid
flow that assists kidney cells in stabilizing their proper procedure of cell division. Cilia
development and its function are explained in detail in [24,25]. In the adult human body,
the airways, reproductive tracts, and particular brain regions are very abundant in epithe-
lial cells containing motile cilia [26]. Motile cilia play a crucial role in these tissues in the
cleaning of mucosa (airways), transportation of oocytes (fallopian tubes), and cerebrospinal
fluid circulation (brain) [27]. Maiti et al. [28] discussed the motion of fluid with rheological
properties inside a tube induced by a metachronal wave of cilia. Asha and Namrata [29]
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investigated the synovial issues of ciliary peristalsis. A few core studies on the topic under
investigation can be seen in [30–41].

The concentration of SWCNTs in nanofluids significantly influences their properties
and performance in various applications, including thermal conductivity, mechanical prop-
erties, electrical conductivity, optical properties, and potential applications. Numerous
research studies have investigated the effects of SWCNT concentration on nanofluid be-
havior, providing valuable insights into the design and optimization of SWCNT-based
nanofluids for specific applications. Choi et al. [42] discussed the unexpected boost in
thermal conductivity in suspensions containing nanotubes. Kam et al. [43] explored the mul-
tifunctional capabilities of carbon nanotubes as biological transporters and near-infrared
agents for targeted cancer cell eradication.

The present study provides a comprehensive analysis of thermal radiation effects on
the electroosmotic propulsion of an ionic nanofluid interacting with SWCNTs in ciliated
channels. It also enhances our knowledge about complex fluid flow and heat transfer
phenomena and has various applications in nanotechnology and biomedical engineering.
From the literature survey, it is noticed that different studies are available on cilia-driven
flows. Still, the effects of electroosmotic forces in different ciliated channels saturated by
non-Newtonian nanofluids are not yet available in the existing literature. To fill this gap,
the cilia-driven flow of non-Newtonian fluid under the influence of electroosmotic forces is
investigated in this research work.

Future research could focus on conducting experimental studies to validate theoretical
models, exploring different nanoparticles, studying the impact of biological variability in
ciliated channels, and investigating complex thermal dynamics.

2. Mathematical Formulation

In this study, we will investigate the flow characteristics of an electrically conducting
ionic nanofluid, based on water and incorporating single-walled carbon nanotubes (SWC-
NTs), within a ciliated channel. A combination of peristalsis and electroosmosis drives
the fluid flow. An external electric field applied across the electric double layer (EDL) in
the axial direction generates electroosmotic forces. The analysis includes the effects of
mixed convection and viscous dissipation. Additionally, we examine the impact of thermal
radiation, with the radiated heat flux term defined by the Rosseland approximation. A
constant magnetic field strength B0 is applied in the transverse direction.

The mathematical model for the flow regime is expressed in [44] as

y = ±H
(
x, t

)
= ±d ± a sin

(
2π

λ

(
x − ct

))
, (1)

In which “d” is the half-width of the channel, whereas “a” represents the amplitude of
sinusoidal waves as shown in Figure 1.

The activity of cilia in elliptical tracks is mathematically configured in [45] as

Y = f
(
X, t

)
= ±

[
a + aε cos

(
2π

λ

(
X − c1t

))]
= ±L, (2)

where L is the total width of the channel from the centerline, λ is the wavelength, c1 is the
wave speed, and ε is a non-dimensional measure with respect to mean width a. The cilia
tips are assumed to move in elliptical paths, such that the horizontal position of the cilia
tips can be expressed mathematically as

X = g
(
X, t

)
= X0 + aεα sin

(
2π

λ

(
X − c1t

))
= ±H. (3)

where the reference position of the particle is X while α symbolizes the eccentricity of the
elliptical motion. If the no-slip condition is applied to the walls of the channel, then the
velocities imparted to the fluid particles remain same as those of the cilia tips.
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Further, this cilia activity takes some horizontal plus vertical velocities [46] given
below:

U0 =
−
( 2π

λ

)
aεαc1 cos

( 2π
λ (X − c1t)

)
1 −

( 2π
λ

)
aεαc1 cos

( 2π
λ (X − c1t)

) , (4)

V0 =
−
( 2π

λ

)
aεαc1 sin

( 2π
λ (X − c1t)

)
1 −

( 2π
λ

)
aεαc1 sin

( 2π
λ (X − c1t)

) , (5)

3. Governing Equations

The constitutive equations for the current flow problem, under the specified flow
conditions, are derived as [47]

∂u
∂x

+
∂v
∂y

= 0, (6)

ρn f

(
∂u
∂t + u ∂u

∂x + v ∂u
∂y

)
= − ∂p

∂x + µn f

(
∂2u
∂x2 +

∂2u
∂y2

)
− σB0

2u + ρeEx + (ργ)n f g
(
T − T0

)
, (7)

ρn f

(
∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

)
= −∂p

∂y
+ µn f

(
∂2v
∂x2 +

∂2v
∂y2

)
+ ρeEy, (8)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

= αn f

(
∂2T
∂x2 +

∂2T
∂y2

)
+ τ.Lt − ∂qr

∂y
, (9)

where

L = grad
(→

V
)

. (10)

In this context, qr represents the radiative heat flux, and it is defined using the Rosse-
land approximation. It is assumed that the heat flux predominantly influences the y
direction alone, as indicated in reference [48]:

qr =
−16σ∗

3k∗
T0

3 ∂T
∂y

, (11)

where p, (ργ)nf, σ, ρnf, ρe, Ex, Ey, τ, µnf and σnf represents pressure, effective thermal
expansion of nanofluid, electric conductivity, effective density of nanofluid, charge number
density, electrokinetic body forces in x and y directions, stress tensor, the effective viscosity
of nanoliquid, and effective thermal diffusivity of nanoliquid, respectively. The effective
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thermal conductivity of a carbon nanotube suspension is characterized by the Xue model.
The resultant effective properties of SWCNT–water nanofluid are specified in [49].

ρn f = (1 − Φ)ρb + ΦρSWCNT , µn f =
µb

(1 − Φ)2.5 ,

(
ρcp

)
n f = (1 − Φ)

(
ρcp

)
b + Φ

(
ρcp

)
SWCNT , αn f =

kn f(
ρcp

)
n f

,

kn f = kb

 (1 − Φ) + 2Φ kSWCNT
kSWCNT−kb

ln
(

kSWCNT+kb
2kb

)
(1 − Φ) + 2Φ kb

kSWCNT−kb
ln
(

kSWCNT+kb
2kb

)
, (12)

Here, ρb, ρSWCNT , kb and kSWCNT and Φ represents the density of water, density
of single-walled carbon nanotubes, the thermal conductivity of water and single-walled
carbon nanotubes, and volume fraction of single-walled carbon nanotubes, respectively.

The Poisson equation is employed to define the electric potential φ generated across
the electric double layer (EDL), as indicated in [50]:

∇2 φ = −ρe

ε0
, (13)

where ρe denotes the electric charge number density given by

ρe = ez
(
n+ − n−), (14)

In this context, e denotes electric charge, while n+ and n− represent anions and cations
with a bulk concentration of n0 and charge balance z for ionic species. The distribution of
ions in the fluid is elucidated by utilizing the Nernst–Planck equation

∂n±

∂t
+ u

∂n±

∂x
+ v

∂n±

∂y
= D

(
∂2n±

∂x2 +
∂2n±

∂y2

)
± Dze

kBT̂
(

∂

∂x

(
n± ∂φ

∂x

)
+

∂

∂y

(
n± ∂φ

∂y

)
, (15)

where, D, T̂, and kB define ionic diffusivity, mean temperature of the ionic solution, and
Boltzmann constant.

The transformations used to transform the laboratory frame (x, y, t) to wave frame
(x̃, ỹ, t) are as follows:

x̃ = x − ct, ũ = z − c, ỹ = y,

ṽ = v, p̃
(

x̃, ỹ, t
)
= p

(
x, y, t

)
, (16)

To simplify this analysis, we introduce the following dimensionless quantities:

x =
x̃
λ

, y =
ỹ
d

, p =
p̃d

µbcλ
, u =

ũ
c

, v =
ṽ
c

, n =
n
n0

,

h =
H
d

, Pr =
µbcp

kb
, δ =

d
λ

, θ =
T − T0

T0
, L =

(ργ)n f

(ργ) f
,

φ =
ezφ

kBT̂
, U = − ε0kBT̂Ex

ezµbc
, k =

√
2n0e2z2d2

ε0kBT̂
,

Re =
ρbcd
µb

, Ψ =
Ψ
cd

, Rd =
16σ∗

3k∗µbcp
T0

3, Gr =
ρbgγbd2T0

µbc
,

Ec =
c2

cpT0
, Br = EcPr, M2 =

σB0
2d2

µb
. (17)
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where Pr, δ, θ, U, k, Re, Rd, Gr, Ec, Br, and M represent Prandtl number, wave number,
dimensionless temperature, Helmholtz–Smoluchowski velocity, Debye length parameter,
Reynolds number, radiation parameter, Grashof number, Eckert number, Brinkman number,
and Hartmann number, respectively.

The current problem can be notably simplified by employing the stream function in
the following manner:

u =
∂Ψ
∂x

, v = −δ
∂Ψ
∂x

, (18)

By substituting Equations (16)–(18) into Equations (6)–(9) and Equations (13)–(15) and
applying the long-wavelength and low-Reynolds-number approximation, we derive the
following simplified system of equations:

1

(1 − Φ)2.5
∂4ψ

∂y4 − M2 ∂2ψ

∂y2 + U
∂3 φ

∂y3 + GrL
∂θ

∂y
= 0, (19)

∂p
∂x

=
1

(1 − Φ)2.5
∂3ψ

∂y3 − M2 ∂ψ

∂y
+ U

∂2 φ

∂y2 + GrLθ, (20)

(A + PrRd)
∂2θ

∂y2 +
Br

(1 − Φ)2.5

(
∂2ψ

∂y2

)2

= 0, (21)

∂2 φ

∂y2 = k2
(

n− − n+

2

)
, (22)

∂2n±

∂y2 ± ∂

∂y

(
n± ∂φ

∂y

)
= 0, (23)

By applying suitable boundary conditions to Equation (23), the resultant expression is
as follows:

n± = e∓φ, (24)

The Poisson–Boltzmann paradigm is derived by combining Equations (22) and (24).

∂2 φ

∂y2 = k2sinh(φ). (25)

The Debye–Hückel approximation principle, assuming a lower zeta potential across
the electric double layer (EDL), can be applied to simplify the given equation as follows:

∂2 φ

∂y2 = k2 φ. (26)

Equation (26) is integrated directly while applying the following boundary conditions:

φ

∣∣∣∣∣y=h = 1,
∂φ

∂y

∣∣∣∣
y=0

= 0, (27)

And the resultant electric potential function is expressed as

φ =
cosh(ky)
cosh(kh)

, (28)

By incorporating Equation (28) into Equations (19)–(21), we obtain

1

(1 − Φ)2.5
∂4ψ

∂y4 − M2 ∂2ψ

∂y2 + Uk3 sinh(ky)
cosh(kh)

+ GrL
∂θ

∂y
= 0, (29)
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(A + PrRd)
∂2θ

∂y2 +
Br

(1 − Φ)2.5

(
∂2ψ

∂y2

)2

= 0, (30)

The associated boundary slip conditions are

∂2ψ

∂y2 = 0, ψ = 0, F = 0 at y = 0, (31)

U(h) =
−2πβαδ cos 2πx

1 − 2πβαδ cos 2πx
− 1, V(h) =

2πβαδ sin 2πx
1 − 2πβαδ cos 2πx

,

ψ =
F
2

, F = 1 at y = h = 1 + ϵ sin 2πx, (32)

∂θ

∂y
= 0 at y = 0, θ + η

∂θ

∂y
= 0, at y = h. (33)

The dimensionless flow rate F is expressed as

F = Q − 1, (34)

where Q represents the mean flow rate.
The heat transfer rate can be determined as

Z =
∂h
∂x

∂θ

∂y y→h
. (35)

4. Solution Procedure

The system of Equations (29)–(33) arises from the mathematical formulation and
simplification of the problem, presenting a nonlinear nature that prohibits exact solution.
Employing a regular perturbation method allows a reduction in nonlinearity in the men-
tioned system, facilitating the derivation of an approximate analytical solution. To achieve
this, a series expansion of the relevant flow variables around a small Brinkman number is
undertaken:

ψ =
n

∑
i=0

Briψi = ψ0 + Brψ1 . . . ,

p =
n

∑
i=0

Bri pi = p0 + Brp1 . . . , (36)

θ =
n

∑
i=0

Briθi = θ0 + Brθ1 . . . .

Truncating these series up to O(Br2) only and inserting the above expressions into
Equations (29) and (30) and boundary conditions (31)–(33) yield the following zeroth- and
first-order systems:

4.1. Zeroth-Order System

1

(1 − Φ)2.5
∂4ψ0

∂y4 − M2 ∂2ψ0

∂y2 + Uk3 sinh(ky)
cosh(kh)

+ GrL
∂θ0

∂y
= 0, (37)

∂p0

∂x
=

1

(1 − Φ)2.5
∂3ψ0

∂y3 − M2 ∂ψ0

∂y
+ Uk2 cosh(ky)

cosh(kh)
+ GrLθ0, (38)

(A + PrRd)
∂2θ0

∂y2 = 0, (39)
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ψ0 = 0,
∂2ψ0

∂y2 = 0, at y = 0 (40)

ψ0 = F,
∂ψ0

∂y
=

−2πβαδ cos 2πx
1 − 2πβαδ cos 2πx

− 1, at y = h = 1 + ϵ sin 2πx, (41)

∂θ0

∂y
= 0 at y = 0, θ0 + η

∂θ0

∂y
= 0, at y = h. (42)

4.2. First-Order System

1

(1 − Φ)2.5
∂4ψ1

∂y4 − M2 ∂2ψ1

∂y2 + GrL
∂θ1

∂y
= 0, (43)

∂p1

∂x
=

1

(1 − Φ)2.5
∂3ψ1

∂y3 − M2 ∂ψ1

∂y
+ GrLθ1, (44)

(A + PrRd)
∂2θ1

∂y2 +
1

(1 − Φ)2.5

(
∂2ψ0

∂y2

)2

= 0, (45)

ψ1 = 0,
∂2ψ1

∂y2 = 0 at y = 0, (46)

ψ1 = 0,
∂ψ1

∂y
=

−2πβαδ cos 2πx
1 − 2πβαδ cos 2πx

, at y = h = 1 + ϵ sin 2πx, (47)

∂θ1

∂y
= 0 at y = 0, θ1 + η

∂θ1

∂y
= 0, at y = h. (48)

Utilizing the mathematical software Mathematica Version 10, we independently solve
the systems of zeroth- and first-order equations to attain an exact solution. The solutions
for the stream function, temperature, velocity, and pressure gradient are presented below.

ψ

= (eM
√

T(h−y)D + eM
√

T(h+y)E + Gy − e2hM
√

T Hy + 2π
(

eM
√

T(h+y) I + eM
√

T(h−y) J + Ky + e2hM
√

Tmy
)

αβδCos2πx − rSechhk(( eM
√

T(h−y) − eM
√

T(h+y)

+M
√

Ty + e2hM
√

T M
√

T y)Sinhhk − (1 + N)Sinhky))/n

+
1

48M5(A + PrRd)
Br(

2(−8C1C2GrL M3T3/2y3 + C22GrL
(
−e−2M

√
Ty − 6M2Ty2

)
+ C12GrL

(
e2M

√
Ty + 6M2Ty2

)
+ 24e−2M

√
Ty M3(A + PrRd)T3/2(A2

+A1e2M
√

Ty + eM
√

Ty M2T(A3 + A4y)))
T5/2

+
1
q

48e−M
√

TyGrk2LM3USechhk
(
(C1 + C2)eM

√
Tyty2 + 2M2T

((
C2 + C1e2M

√
Ty
)

VCoshky +
(

C2 − C1e2M
√

Ty
)

Z1Sinhky
))

+
Grk3LM3TU2Sechhk2(4k3(4k2 − M2T

)
y3 + 3M2TSinh2ky

)
(k2 − M2T)2

(4k2 − M2T)
);

θ =

Br(
2
(
− C22e−2M

√
Ty

M2 − C12e2M
√

Ty

M2 −4C1C2Ty2+4(A+PrRd)T2(B1+B2y)
)

T2 +
k4TU2(2k2y2−Cosh2ky)Sechhk2

(k2−M2T)2

+
16e−M

√
Tyk3USechhk

(
2
(

C2−C1e2M
√

Ty
)

kM
√

TCoshky+
(

C2+C1e2M
√

Ty
)
(k2+M2T)Sinhky

)
(k2−M2T)3 )

8(A + PrRd)
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u = (G − e2hM
√

T H−eM
√

T(h−y)M
√

TD + eM
√

T(h+y)M
√

TE + 2π(K+ e2hM
√

Tm + eM
√

T(h+y)M
√

TI

−eM
√

T(h−y)M
√

TJ)αβδCos2πx − rSechhkRCoshky + (M
√

T + e2hM
√

T M
√

T

−eM
√

T(h−y)M
√

T − eM
√

T(h+y)M
√

T)Sinhhk))/S

+
1

48M5(A + PrRd)
Br(

1
T5/2 2(− 24C1C2GrLM3T3/2y2 + C22GrL

(
2e−2M

√
Ty M

√
T − 12M2Ty

)
+C12GrL

(
2e2M

√
Ty M

√
T + 12M2Ty

)
− 24e−M

√
Ty M4(A + PrRd)T2(A2 + A1 e2M

√
Ty

+eM
√

Ty M2T(A3 + A4y)) + 24e−M
√

Ty M3(A + PrRd)T3/2(2A1e2M
√

Ty M
√

T + A4eM
√

Ty M2T

+eM
√

Ty M3T3/2(A3 + A4y)))

+
Grk3LM3TU2(12k3(4k2 − M2T

)
y2 + 6kM2TCosh2ky

)
Sechhk2

s

−1
q

48e−M
√

TyGrk2LM4
√

TUSechhk((C1 + C2) eM
√

Tyty2

+2M2T
((

C2 + C1e2M
√

Ty
)

E5Coshky +
(

C2 − C1e2M
√

Ty
)

Z1Sinhky
)
)

+
1
q

48e−M
√

TyGrk2LM3USechhk((C1 + C2) eM
√

Tyty + (C1 + C2)eM
√

TyWy2

+2M2T(
(

C2 − C1e2M
√

Ty
)

wCoshky + 2C1e2M
√

Ty M
√

TVCoshky − 2C1e2M
√

TyZSinhky

+
(

C2 + C1e2M
√

Ty
)

kVSinhky])));

dP
dx

=
1

8M2(−k2 + M2T)3 ((16 M4π2
(

k2 − M2T
)2

αβδSin2πx(2 k2 − 2e2hM
√

Tk2 − Fk2M
√

T − e2hM
√

T Fk2M
√

T

−2M2T + 2e2hM
√

T M2T + FM3T3/2 + e2hM
√

T FM3T3/2 − 2k2TU + 2e2hM
√

Tk2TU

+2π(−M2
(
−4 + e2hM

√
T
(

4 + FM
√

T
)
+ FM

√
T
)

T + k2
(
−4 + FM

√
T + 2TU + e2hM

√
T(4

+FM
√

T − 2TU)))αβδCos2πx + 2
(

1 + e2hM
√

T
)

kMT3/2U(−1

+2παβδCos2πx)Tanhhk))/
((

1 + e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T
)
(−1 + 2παβδCos2πx)2

)
+(4 M4

(
k2 − M2T

)2
(−4 π2

(
−M2

(
−4 + e2hM

√
T
(

4 + FM
√

T
)
+ FM

√
T
)

T + k2( − 4 + FM
√

T

+2TU + e2hM
√

T
(

4 + FM
√

T − 2TU
)
))αβδSin2πx − 8(1

+e2hM
√

T)kMπ2T3/2 UαβδSin2πxTanhhk))/(
(

1 + e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T
)
(−1

+2παβδCos2πx)));

The constants obtained in routine calculations are given in Appendix A.

5. Results and Discussion

Figure 2a–e illustrate the variations in the velocity profile due to changes in different
parameters. The velocity of an ionic aqueous solution exceeds that of the SWCNT–water
ionic nanofluid. This result is consistent with the higher thermal conductivity of carbon
nanotubes, which facilitates faster heat dissipation compared to pure water. In the SWCNT–
water nanofluid, the reduced kinetic energy of fluid particles leads to a decrease in the
velocity profile. Table 1 enumerates the thermophysical properties of specific parameters
for SWCNTs and water, including specific heat capacity, density, thermal conductivity, and
thermal expansion coefficient. Assuming a relative permittivity of 80 for water and an
electric field strength of up to 1 kV/m, the Helmholtz–Smoluchowski velocity is approxi-
mately 2 m/s. The Debye length parameter (k) spans from O(1) to O(100) with bulk ionic
concentrations ranging from 1 µM to 1 mM. The impact of varying the nanoparticle volume
percentage from 0.1 to 0.3 vol% is depicted, with the particle number fixed at 0.2 vol%. The
Prandtl number for water ranges from 1.7 to 13.7.
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Figure 2. (a–g) illustrate the velocity profiles u(y) for different values of the k, M, Gr, U, Rd, Pr,
and Br.

In Figure 2a, an increase in the Debye length parameter (k) results in an increased
velocity. Physically, a higher (k) typically reduces the thickness of the electric double layer
(EDL), enhancing electroosmotic forces that drive the electroosmotic velocity in the direction
of peristaltic pumping. The fluid acceleration is a direct consequence of the elevated Debye
length parameter. The diagram shows that velocity reaches its maximum for a negative
value of (U) and minimum for a positive value of (U). This behavior is explained by U = −1
representing a supportive electric field (i.e., the electric field in the direction of peristaltic
pumping), U = 0 indicating no electric field, and U = 1 corresponding to opposing electric
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body forces. Figure 2b depicts the velocity profile’s response to different values of the
Helmholtz–Smoluchowski (HS) velocity parameter, which represents the velocity generated
by the acceleration of ionic species due to electroosmotic forces. Figure 2c shows that an
increase in the Hartmann number (M) leads to a decrease in the velocity field. A higher
Hartmann number generates strong opposing Lorentz forces that resist the acceleration of
fluid particles, reducing their velocity. In Figure 2d, an increase in the Grashof number (Gr),
indicative of buoyancy forces dominating over viscous forces, enhances the velocity profile.
A higher Grashof number is associated with a temperature difference within the fluid,
quantifying the prevalence of buoyancy forces over viscous forces. Figure 2e illustrates
that an increase in the Prandtl number (Pr) leads to a decrease in velocity. Figure 2f shows
the impact of the radiation parameter on axial velocity, where a higher Reynolds number
corresponds to a reduction in velocity. Finally, Figure 2g illustrates that an increase in the
Brinkman number results in an augmented velocity field.

Table 1. Thermophysical properties of pure water and single-walled carbon nanotubes (see ref. [51]).

Physical Properties H2O SWCNT

cp(J/kgK) 4179.0 425

ρ(kg/m3) 997.1 2600

k(W/mK) 0.613 6600

γ × 10−5(1/K) 21.0 1.9

Figure 3a–g illustrate the influence of various embedded parameters on the tempera-
ture distribution. In Figure 3a, an increase in the Debye length parameter (k) correlates with
a temperature rise. The graph shows a consistent temperature increase with the elevation
of (k), which aligns with the physical rationale that a higher (k) enhances the kinetic energy
of fluid particles, resulting in elevated temperatures. The presence of SWCNTs lowers
the temperature of the water ionic solution, due to the rapid heat dissipation facilitated
by the enhanced thermal conductivity of the nanotubes. This property makes carbon
nanotube suspensions effective coolants in industrial applications. Figure 3b demonstrates
a declining temperature distribution in relation to the radiation parameter. In Figure 3c,
the temperature distribution rises with an increase in the Brinkman number, reflecting
augmented heat generation due to viscous dissipation through shear stress. Consequently,
higher (Br) values result in elevated temperatures. In Figure 3d, an increase in the Prandtl
number reduces the temperature profile. Figure 3e shows that the temperature decreases for
positive values of the Helmholtz–Smoluchowski (HS) velocity parameter but increases for
negative values. This behavior is attributed to accelerated fluid particles generating more
heat in the presence of an assisting electric field U = −1. Conversely, at U = 1, the electric
field impedes fluid movement, reducing the kinetic energy of fluid particles and thereby
decreasing the temperature. Figure 3f illustrates the fluctuation in fluid temperature for
different values of the temperature slip parameter, showing an increase in temperature
with a rising thermal slip parameter (η). Finally, Figure 3g depicts the impact of the vol-
ume fraction of single-walled carbon nanotubes (SWCNTs) on (θ). As the quantity of
carbon nanotubes in the base fluid increases, there is a corresponding elevation in the
temperature profile.
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Figure 3. (a–g): temperature profile θ(y) for different values of the k, Rd, U, Br, Pr, η, and Φ.

One of the most essential fluid dynamics flow features is streamlining. Examining
the streamline patterns in light of the physical factors influencing the flow characteristics
is crucial. It is essential for flow visualization. An essential characteristic of peristaltic
flow pertains to the circulation of streamlines, known as trapping, and giving rise to a
confined volume of fluid known as a bolus. Peristaltic waves effectively transmit this
trapped bolus, significantly aiding fluid movement throughout the body. Figures 4–10
are constructed to investigate the occurrence of trapping under various conditions for
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SWCNTs + water nanofluid. The Debye length parameter (k) represents the characteristic
length scale over which charged particles in the fluid interact. Its impact on trapping is
evident in Figure 4a–c, where an increase in k leads to the enlargement of the trapping
bolus due to the mobilization of ionic species within the fluid medium. This is due to
the extended influence of electrostatic forces, affecting the distribution and movement of
charged particles. The Brinkman number (Br) characterizes the ratio of viscous to inertial
forces in a porous medium. A higher Brinkman number in Figure 5a–c signifies dominance
of viscous forces, which tend to resist the formation of trapping boluses. Consequently,
an increase in this number leads to a reduction in the size of the trapping bolus due to
enhanced viscous dissipation. The Prandtl number (Pr) relates the momentum diffusivity
to the thermal diffusivity of a fluid. As the Prandtl number increases (Figure 6a–c), the
thermal boundary layer becomes thicker than the momentum boundary layer. This results
in more trapping boluses being formed since heat transfer mechanisms influence fluid
motion, affecting the circulation of streamlines. When an electric field is applied in the
direction of peristaltic propulsion (Figure 7a–c), it significantly influences the behavior of
charged particles within the fluid. This leads to additional streamlines and trapped boluses
as the electric field interacts with the fluid medium, altering its flow pattern. The Grashof
number (Gr) signifies the ratio of buoyancy to viscous forces in a fluid flow. An increase in
the Grashof number Figure 8a–c indicates dominance of buoyancy forces, which promote
the formation of additional streamlines and trapped boluses. This occurs because higher
Grashof numbers lead to more vigorous fluid motion, enhancing the trapping phenomenon.
The Hartmann number characterizes the ratio of electromagnetic and viscous forces in a
conductive fluid subjected to a magnetic field. In Figure 9a–c, a higher Hartmann number
results in a decrease in the size of the trapping bolus. This is attributed to Lorentz forces
exerted on the fluid flow, which exert control over its velocity, causing retardation and
thus reducing the extent of trapping. The radiation parameter reflects the importance
of thermal radiation in a fluid flow. As depicted in Figure 10a–c, an increase in the
radiation parameter leads to a larger trapped bolus. This is because higher radiation
parameters imply a more significant influence of radiative heat transfer on fluid dynamics,
altering temperature distributions and consequently affecting the formation and size of
trapping boluses.
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Figure 11a–g illustrate the response of the pressure gradient to developments in var-
ious pertinent parameters. The influence of the Debye length parameter (k) on the pres-
sure gradient is presented in Figure 11a, where an increase in k corresponds to an eleva-
tion in the pressure gradient. A larger Debye length implies stronger electrostatic screen-
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Figure 11a–g illustrate the response of the pressure gradient to developments in
various pertinent parameters. The influence of the Debye length parameter (k) on the
pressure gradient is presented in Figure 11a, where an increase in k corresponds to an
elevation in the pressure gradient. A larger Debye length implies stronger electrostatic
screening, allowing more ionic species to mobilize within the fluid. This increased mobility
enhances the momentum transfer within the fluid, resulting in a higher pressure gradient.
The electrostatic interactions between charged particles influence the fluid’s ability to
transmit momentum, thereby affecting the pressure gradient. Similarly, Figure 11b shows
that the pressure gradient increases with a rise in the Grashof number. The Grashof
number reflects the ratio of buoyancy to viscous forces. As the Grashof number increases,
buoyancy-driven flow becomes more dominant, leading to stronger fluid motion and, thus,
a higher pressure gradient. This increase in pressure gradient is attributed to the enhanced
convective heat transfer and fluid mixing associated with higher Grashof numbers. In
Figure 11c, it is evident that the electric field’s facilitation of peristaltic transport results in
an advancement of the pressure gradient. However, the assisting pressure gradient tends
to decrease in the absence of an electric field or under an opposing electric field. In the
former, where peristaltic pumping is the sole source of pressure gradient generation, the
net assisting pressure gradient is lower. In the latter, the negative electroosmotic velocity
creates a retarding pressure gradient opposing peristaltic pumping, further reducing the
net assisting pressure gradient. Figure 11d explores pressure gradient variation with an
increased Hartmann number (M), revealing that the pressure gradient diminishes as M
magnifies. The Hartmann number represents the ratio of electromagnetic forces to viscous
forces. A higher Hartmann number indicates stronger electromagnetic forces, which can
suppress fluid motion and momentum transfer, thereby reducing the pressure gradient.
Examining the Brinkman number (Br) in Figure 11e, it is apparent that an increase in
Br corresponds to a rise in the pressure gradient. The Brinkman number characterizes
viscous to inertial forces ratio in a porous medium. A higher Brinkman number implies a
dominance of viscous forces, which resist fluid motion. Consequently, an increase in the
Brinkman number leads to enhanced viscous dissipation, resulting in a higher pressure
gradient. The impact of the Prandtl number (Pr) on the pressure gradient is demonstrated
in Figure 11f, showing a decrease in the pressure gradient as the Prandtl number increases.
The Prandtl number relates the momentum diffusivity to the thermal diffusivity of a fluid.
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As the Prandtl number increases, the thermal boundary layer becomes thicker than the
momentum boundary layer. This decreases the pressure gradient since the fluid’s ability to
transmit momentum is reduced due to the increased dominance of thermal effects. Finally,
in Figure 11g, the influence of the radiation parameter (Rd) on the pressure gradient is
depicted, indicating a drop in the pressure gradient with an increase in Rd. The radiation
parameter reflects the importance of thermal radiation in a fluid flow. An increase in the
radiation parameter implies a significant influence of radiated heat transfer, which can lead
to temperature gradients that hinder fluid motion. Consequently, the pressure gradient
decreases as the radiation parameter increases due to the reduced momentum transfer
within the fluid.
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Figure 11. (a–g): pressure gradient for variation in k, Gr, U, M, Pr, Br, and Rd. 

Table 1. Thermophysical properties of pure water and single-walled carbon nanotubes (see ref. 
[51]). 

Physical Properties  H2O SWCNT 

( / )pc J kgK  4179.0 425 

3( / )kg mρ  997.1 2600 

Figure 11. (a–g): pressure gradient for variation in k, Gr, U, M, Pr, Br, and Rd.

Tables 2 and 3 compare velocity and temperature between the study conducted by
Akram et al. [44] and the limiting case of the current problem. The tables show a clear, close
agreement between the solutions.
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Table 2. Comparison of the velocity profile from the current investigation with the results obtained
by Akram et al. [44].

y u(y) Current Results When
α = 0, β = 0, δ = 0

u(y) with Ref. [46], When
Br = 0, η = 0, γ = 0 and U = 0

−1.3 −1.000000000 0.0000000

−0.8 −0.63172607 −0.63172606

−0.3 −0.41884860 −0.41884861

0.2 −0.37340986 −0.37340986

0.7 −0.51919275 −0.51919276

1.0 −0.71329192 −0.71329191

1.3 −1.00000000 −1.00000000

Table 3. Comparison of the temperature profile from the current investigation with the results
obtained by Akram et al. [46].

y θ(y) Current Results When
α = 0, β = 0, δ = 0

θ(y) with Ref. [46], When
Pr = 0; Br = 0

−1.3 0.00000000 0.00000000

−0.8 0.19230768 0.19230769

−0.3 0.38461539 0.38461538

0.2 0.57692307 0.57692308

0.7 0.76923078 0.76923077

1.0 0.88461539 0.88461538

1.3 1.00000000 1.00000000

6. Conclusions

A theoretical investigation is underway in this model to examine the electroosmotically
controlled peristaltic pumping of SWCNTs + water ionic nanofluids through ciliated chan-
nels. Cilia influence fluid flow in biological systems and microfluidic devices by enhancing
propulsive mechanisms and sensing functions. The analysis also considers the impact of
heat dissipation due to viscous forces when assessing fluid flow in the presence of buoyant
forces. Ciliated boundary conditions for temperature and velocity are applied along the
channel walls. The regular perturbation technique helps simplify the nonlinear and cou-
pled set of equations, yielding an approximate solution to the problem. The noteworthy
outcomes of the current analysis, as elucidated in the discussion, include the following:

1. The velocity tends to increase as the Debye length parameter increases.
2. The temperature rises when the electric field is added and decreases when opposed.
3. As the magnitude of the Debye length parameter rises, the trapping bolus also in-

creases.
4. Adding and removing the electric field significantly impacts trapping phenomena.
5. The incorporation of SWCNTs tends to reduce the temperature profile, primarily due

to the heightened thermal conductivity of the base fluid.
6. The pumping and flow characteristics increase when an electric field is added and

decrease when it is opposed.
7. The addition or opposition of an electric field greatly influences the dynamics of

trapping phenomena.
8. The outcomes of this model find potential applications in biomicrofluidics, particu-

larly in the development of controlled medication delivery systems aimed at identify-
ing and targeting cancerous cells during treatment. Additionally, this model holds
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promise for enhancing the efficiency of solar heat collectors and various cooling
systems.
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12M4(A+PrRd)T2 − C1C2Grh2L
M2(A+PrRd)T+

C22GrL
(

2e−2hM
√

T M
√

T−12hM2T
)

24M5(A+PrRd)T5/2 + 2παβδCos2πx
−1+2παβδCos2πx − 2(C1+C2)Grhk4LUSechhk

M2(A+PrRd)(k2−M2T)2 + Grh2k6LTU2Sechhk2

4M2(A+PrRd)(k2−M2T)2 −
2e−hM

√
TGrk2LMT3/2U

((
C2+C1e2hM

√
T
)
(k4+9k2 M2T+2M4T2)+

(
C2−C1e2hM

√
T
)

kM
√

T(5k2+7M2T)Tanhhk
)

(A+PrRd)(k2−M2T)4
(−k2+4M2T)

+

2e−hM
√

TGrk2LTU(M
√

T
(

C2
(
5k4 + 7k2M2T

)
+ C1e2hM

√
T(−3k4 + 11k2M2T + 4M4T2))+ k

(
C2

(
k4 + 9k2M2T + 2M4T2)− C1e2hM

√
T( − k4 + k2M2T

+12M4T2))Tanhhk)
(A+PrRd)(k2−M2T)4

(−k2+4M2T)
+

Grk4LT2U2(1+Tanhhk2)
8(A+PrRd)(k2−M2T)2

(4k2−M2T)
))))/M

(
−1 + ehM

√
T − hM

√
T
)√

T(

(
− 1

M2T
+ e−hM

√
T

M2T
+ e−hM

√
T h

M
√

T

)
(k4−5k2 M2T+4M4T2)

(k2−4M2T)(k2−M2T) −(
− 1

M2T
+ e−hM

√
T

M2T
− e−hM

√
T h

M
√

T

)
(k4−5k2 M2T+4M4T2)

(k2−4M2T)(k2−M2T) ));

B1 =
1

8M2(A + PrRd)T2(−k2 + M2T)3 e−2hM
√

T(2C22
(

k2 − M2T
)3(

−1 + 2M
√

Tη
)

+2C12e4hM
√

T
(
−k2 + M2T

)3(
1 + 2M

√
Tη

)
+ e2hM

√
T M

√
T(− k2

+M2T)(2k4MT5/2U2 − 4C12
(

k2 − M2T
)2

(h + η) + 4C22
(

k2 − M2T
)2

(h + η)

+8C1C2hM
√

T
(

k2 − M2T
)2

(h + 2η) + k4MT3/2USechhk(16(C1 + C2)(h + η)

+TUSechhk
(
−1 − 2hk2(h + 2η) + 2kηSinh2hk

)
))

+16C2ehM
√

Tk3M2T2U(k
(

2M
√

T + k2η − M2Tη
)
+

(
k2 + M2T + M

√
T( k2

−M2 T)η)Tanhhk) + 16C1e3hM
√

Tk3M2T2U
(

k
(
−2M

√
T + k2η − M2Tη

)
+ ( k2

+M2T + M
√

T
(
−k2 + M2T

)
η)Tanhhk));
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B2 =
C12

2M(A + PrRd)T3/2 − C22

2M(A + PrRd)T3/2 − 2(C1 + C2)k4USech hk

(A + PrRd)(k2 − M2T)2 ;

C1 = −
F
2 + h

(
1 + k2TU

−k2+M2T + 2παβδCos 2πx
−1+2παβδCos 2πx

)
− kTUTanh hk

−k2+M2T

e−hM
√

T

M2T − ehM
√

T

M2T + e−hM
√

T h
M
√

T
+ ehM

√
T h

M
√

T

;

C2 =
(

ehM
√

T M2T
(

Fk2 + 2hk2 − FM2T − 2hM2T − 2hk2TU − 2Fk2παβδCos2πx

−8hk2παβδCos2πx + 2FM2πTαβδCos2πx + 8hM2πTαβδCos2πx

+4hk2πTUαβδCos2πx + 2kTUTanhhk − 4kπTUαβδCos2πxTanhhk))/(2(1

−e2hM
√

T + hM
√

TT + e2hM
√

ThM
√

T)
(
−k2 + M2T

)
(−1 + 2παβδCos2πx)

)
;

C3 = 0;

C4 =
(
−2k2 +2e2hM

√
Tk2 + Fk2M

√
T + e2hM

√
T Fk2M

√
T + 2M2T − 2e2hM

√
T M2T − FM3T3/2

−e2hM
√

T FM3T3/2 + 2k2TU − 2e2hM
√

Tk2TU + 8k2παβδCos2πx

−8e2hM
√

Tk2παβδCos2πx − 2Fk2Mπ
√

TαβδCos2πx

−2e2hM
√

T Fk2Mπ
√

TαβδCos2πx − 8M2πTαβδCos2πx

+8e2hM
√

T M2πTαβδCos2πx + 2FM3πT3/2αβδCos2πx

+2e2hM
√

T FM3πT3/2αβδCos2πx − 4k2πTUαβδCos2πx

+4e2hM
√

Tk2πTUαβδCos2πx + 2kMT3/2UTanhhk + 2e2hM
√

TkMT3/2UTanhhk

−4kMπT3/2UαβδCos2πxTanhhk

−4e2hM
√

TkMπT3/2 UαβδCos2πxTanhhk)/(2(1− e2hM
√

T + hM
√

T

+e2hM
√

ThM
√

T)
(
−k2 + M2T

)
(−1 + 2παβδCos2πx)

)
;

D = (F + 2h)
(

k2 − M2T
)
− 2hk2TU;

E = −(F + 2h)
(

k2 − M2T
)
+ 2hk2TU;

G =
(
−2 + FM

√
T
)(

k2 − M2T
)
+ 2k2TU;

H =
(

2 + FM
√

T
)(

−k2 + M2T
)
+ 2k2TU;
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I = (F + 4h)
(

k2 − M2T
)
− 2hk2TU;

J = −(F + 4h)
(

k2 − M2T
)
+ 2hk2TU;

K =
(
−4 + FM

√
T
)(

−k2 + M2T
)
− 2k2TU;

m =
(

4 + FM
√

T
)(

−k2 + M2T
)
+ 2k2TU;

N = e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T;

n = 2
(

1 + e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T
)(

k2 − M2T
)
(1 − 2παβδCos 2πx);

q =
(

k2 − M2T
)4(

−k2 + 4M2T
)

;

R = −k
(

1 + e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T
)

;

r = 2kTU(−1 + 2παβδCos 2πx);

S = 2
(

1 + e2hM
√

T
(
−1 + hM

√
T
)
+ hM

√
T
)(

k2 − M2T
)
(1 − 2παβδCos 2πx);

s =
(

k2 − M2T
)2(

4k2 − M2T
)

;

t = k2
(

k2 − 4M2T
)(

k2 − M2T
)2

;

V =
(

k4 + 9k2M2T + 2M4T2
)

;

W = k2M
√

T
(

k2 − 4M2T
)(

k2 − M2T
)2

;
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w = k2M
√

T
(

5k2 + 7M2T
)

;

Z = kM2T
(

5k2 + 7M2T
)

;

Z1 = kM
√

T
(

5k2 + 7M2T
)

;
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