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Abstract: In this paper, we have provided a mathematical analysis of an empirical result, namely,
the Fahraeus–Lindqvist effect, a phenomenon that occurs in capillary tubes with a diameter lower
than 0.3 mm. According to this effect, in capillary tubes under 0.3 mm in diameter, the apparent
viscosity of blood decreases as the diameter of the tube decreases, making flow possible in these
vessels. A two-phase blood flow mathematical model for human capillaries has been presented here.
According to Haynes’ theory, blood is separated into two layers when it flows from the capillary. It is
assumed that the first layer is plasma, and the second layer is the core layer. The plasma layer flows
near the wall of the capillary, and the core layer flows along the axis of the capillary. Further, the core
layer is assumed to be a mixture of two phases: one is the plasma, and the other is that of RBCs. For
mathematical modeling purposes, a curvilinear coordinate system has been adopted, with physical
quantities used in tensorial form. Derived equations are solved to find the effective viscosity, which
depends upon the radius of the capillary; that is, it reduces viscosity to make blood flow possible. A
comparative study was conducted with the experimental result of this effect, and it was observed
that the proposed two-phase blood flow model is much closer to the experimental data than the
single-phase blood flow model, and both have the same trends. After validation of the model with
the experimental result, this model was applied to human capillaries (diameter lower than 10 µm)
to show the F-L effect, and the impact of various physiological quantities that are relevant to the
flow of blood into human capillaries are also discussed here. The impact of hematocrit on various
parameters has been demonstrated explicitly.

Keywords: Fahraeus–Lindqvist effect; effective viscosity; two-layered blood flow model; capillaries;
Newtonian blood flow model

1. Introduction

Capillaries are the smallest vessel in the human body [1]. They are tiny branches
of the arterioles. Their internal diameter is about 4 to 10 µm, less than 1/3 of a hair’s
width [2,3]. They are composed of a single layer of flat cells. This layer not only forms
the walls of the capillaries but also lines the other blood vessels and the heart, so all the
blood in the body is contained within a single continuous envelope. Capillaries permeate
every tissue of the body; indeed, no cell is more than a few thousandths of an inch from a
capillary. The primary functions of the circulatory system take place in the capillary, i.e.,
the continuous unloading of cargo for the cells and the carrying away of the products of
the cellular metabolism [3–5].
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Capillaries are far away from the heart and narrow enough. Blood flow is already
very low in arterioles due to the low heart pumping effect and high viscosity, so how is
blood flow into capillaries possible? This happens due to the F-L effect [1]. It is a situation
that happens in capillary-like tubes (diameter lower than 0.3 mm) [1]. The F-L effect was
described independently by two Swedish scientists, Robin Fahraeus and Torsten Lindqvist,
in 1931. According to this effect, when blood flow in a vessel with a diameter lower than
0.3 mm decreases in viscosity as the radius of the vessel decreases, flow is possible. When
blood flows into microvessels like capillaries, resistance to blood flow increases, but the
F-L effect reduces this resistance [6,7]. The F-L effect phenomenon was again repeated in
1931 by Martini et al. [8] and reinvestigated by Pries et al. [9]. This theory was improved by
Haynes [10]. It describes the distribution of RBC over the vessel cross section area changes
when it flows into a vessel with diameter lower than 0.3 mm. RBCs migrate to the center of
the vessel and plasma close to the walls [10].

There are a large number of studies related to the F-L effect available. Most researchers
have analyzed this effect and present different interpretations in their own ways. In many
references, the F-L effect has been explained using Haynes’ marginal theory. Blood is
assumed to be a two-layered fluid: one layer is a cell-free layer of plasma, and the other is a
core layer, which is made from RBC. It is a suspended and deformable particle surrounded
by a plasma layer [11–21]. A slower marginal layer reduces resistance and increases
discharge but does not reduce the rates of energy dissipation [13], and a less-viscous,
plasma-free layer of RBC flows close to the wall [19]. Sharan et al. [12] have assumed that
the viscosity of the cell-free layer is different from that of plasma. This provides energy
dissipation near the wall caused by RBC motion near the cell-free layer. They estimate
effective viscosity in the cell-free layer and the F-L effect, depending upon the apparent
viscosity, hematocrit, and tube diameter. The thickness of the marginal layer has also been
determined [6]. This work was extended by Chebbi [14] with the help of a shear-induced
model. The size of the core layer can be obtained with the help of this model. Hematocrit
and the apparent viscosity level in the marginal layer can be determined. A fully developed
hematocrit profile has also been obtained [15]. Consistency of the model with experimental
results has also been given [16]. A continuum model with which to describe rheological
properties, depending on the vessel’s diameter being less than 10 µm, has been given by
Medvedev [22]. For this, a generalized solution has been obtained. The effect of suspended
deformability in capillaries of 8–11 µm in diameter has been numerically simulated by
Wang et al. [20]. A mesoscale simulation of blood in microvessels has been given by
Bagchi [23]. About 2500 RBCs are considered as liquid capsules, allowing for deformation
and migration in the microvessels with diameter 20–500 µm. Botkin [11] assumed that a
constant hematocrit level and plasma lubrication between RBCs and the capillary wall was
dependent upon the wall and not the bifurcation effect. With the use of the finite element
method, the analytical formula for the hydraulic resistance of the capillary depends upon
the hematocrit level. Some authors have used the Casson law model to discuss flow into
the capillary [18], but the Casson model is more applicable for the veins [24].

It is observed that several researchers have worked on the mathematical explanation
of the F-L effect and have validated their results with experimental data. They have also
discussed several physiological phenomena like the velocity profile of the core layer, the
role of hematocrit in viscosity, and the thickness of the cell-free layer. They mostly assumed
that blood is a two-phase fluid: one phase is the core (cell) layer, which is suspended in
plasma; and the other phase is the cell-free layer, which is made from plasma. The plasma
layer surrounds the suspended cell layer. Few researchers have considered the blood as
single phase [24–26]. The constitutive equation for the single-phase blood flow model is
τ = ηe, where τ is stress, η is the viscosity coefficient, and e is the strain rate. The F-L effect
for the single-phase blood flow model [24] is determined by

ηe = ηc

[
1 − 4δ

R

(
ηc

ηp
− 1

)]
, (1)
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where ηe—effective viscosity; ηc—viscosity of core layer; ηp—viscosity of plasma; R—radius
of capillary; and δ—thickness of plasma [24]. The constitutive equation for two-phase blood
flow model is given by

τ = ηe, (2)

where η—viscosity of blood; τ—stress tensor; and e—strain rate tensor [27]. For capillaries,
the strain rate lies between 5 to 200 per second [24,28].

Blood is not an ideal fluid. In the usual case, the volume of its formed elements is 55%
plasma and 45% other blood cells and particles. RBC covers 98% of the rest of the blood
volume, and the remaining other 2% consists of WBC (white blood corpuscles), platelets,
and other formed elements [29]. It is assumed that blood is separated into two layers when
it enters the capillaries. These layers are plasma and the core layer. The plasma layer floats
near the wall, and the core layer floats along the axis of the capillary [10]. The core layer is
a homogeneous mixture of two phases, which are plasma and RBC. Without plasma, RBCs
are not able to move; a low volume of plasma is necessary [3]. Plasma and RBCs are both
liquid phases. RBCs are liquid in form, packed in a semipermeable membrane, capable of
changing its shape and size, which reveals the nature of the liquid. The density of RBCs is
higher than that of plasma. RBCs aggregate along the axis of the vessel and are capable of
flow when mixed with plasma. Rouleax (plug) formation can be seen in the capillary. The
core layer flows along the axis of the vessel, but plasma flows near the wall (see Figure 1).
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Figure 1. Schematic diagram of blood flow in the capillary.

A two-phase blood flow model is used to explain the F-L effect. Since capillaries are
far away from the heart and near the tissue, their pumping effect can be neglected. The
flow pattern has taken steady, laminar, and axial symmetry, with equal velocities of both
the phases into the core layer. Physical quantities are expressed with the help of tensors, as
a few quantities, like stress and strain rate, cannot be expressed in vector form.

Here, we discussed the model; extend the previous results; produce a comparative
study of the results obtained from the model, including effective viscosity depending
upon the radius of the capillary; and simulate results for human capillaries. In addition,
the impact of various physiological parameters relevant to the flow are shown through
various graphs.

2. Real Model

The whole model of blood flow in the capillary is presented in the following subsections.

2.1. Choice of Frame of Reference

Capillaries have taken approximately cylindrical tubes, although they are not perfectly
cylindrical. An orthogonal curvilinear coordinate system is selected for the modeling [30].
All the physical quantities are expressed into tensorial form as biological law holds accu-
rately in the given coordinate system.

2.2. Two-Phase Blood Flow

Let Y be the volume portion covered by the blood in unit volume, and Y can be
replaced by Ha

100 , where Ha is the hematocrit (the volume percentage of blood cells) [3].
Then, the volume portion covered by plasma will be (1 − Y). If the mass ratio of blood cells
to plasma is mr, then
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mr =
Yρc

(1 − Y)ρp
,

where ρc and ρp are the densities of the blood cells (core layer) and the plasma layer,
respectively. Usually, this ratio is not constant; but in the case of the capillary, it is supposed
to be constant [31].

2.3. Choice of Parameters

The following quantities are taken as parameters:

(a) vk = vk
(

xl , t
)

; l = 1, 2, 3; and k = 1, 2, 3, which is the velocity of blood at a given

point xl in a space at a given time t.
(b) p = p

(
xl , t

)
; l = 1, 2, 3, which is the pressure of blood at a given point xl in a space

at a given time t.

2.4. Constitutive Equation

The constitutive equation of the two-layered blood flow model for capillaries is
as follows:

τlk = ηm

(
elk

)
− pglk,

⇒ τlk = ηm

(
gki vl

,i

)
− pglk,

(3)

where ηm = Yηc + (1 − Y)ηp; ηm, ηc, and ηp are the viscosity of the mixture, core layer, and
plasma layer, respectively; and vl

,i is the covariant derivative of the velocity tensor [32].

2.5. Boundary Conditions

Two boundary conditions (see Figure 2) have been taken for modeling purposes, given
as follows:

(a) Maximum velocity of blood flow at the axes; i.e., when the radius of vessels is r = 0,
the velocity of blood flow is at a maximum, i.e., v = v0 (say).

(b) No slip condition (velocity on the boundary is zero); i.e., when theradius is r = R,
then v = 0.
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3. Mathematical Formulation

The formulation of the proposed problem combines the equation of continuity and
the equation of motion. Details are given in following subsections.

3.1. Equation of Continuity

When there is no source and sink in any flowing fluid region, the mass of the fluid
is conserved in that region. As there is no source and sink in the human circulatory
system [33], the law of conservation of mass can be applied here, which means the mass
of blood that enters into the system is equal to the mass of blood that exist outside the
system [28].

It is assumed that both phases in the core layer move with common velocity into the
capillary. From the principle of conservation of mass, the equation of continuity for RBC
phase is given as follows:

∂(Yρc)

∂t
+

(
Yρcvl

)
,l
= 0. (4)
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The equation of continuity for plasma phase is also given as follows:

∂(1 − Y)ρp

∂t
+

(
(1 − Y)ρpvl

)
,l
= 0, (5)

where v is the common velocity of both phases, ρc and ρp are densities of core layer and

plasma layer, respectively.
(

Yρcvl
)

,l
is a covariant derivative of

(
Yρcvl

)
with respect to

Xl . In the same way,
(
(1 − Y)ρpvl

)
,l

with respect to Xl [3,34,35].

We define the uniform density ρm as follows:

1 + r0

ρm
=

r0

ρc
+

1
ρp

. (6)

Above Equations (4) and (5) can be combined together as follows:

∂ρm

∂t
+

(
ρmvl

)
,l
= 0. (7)

As we know, blood is an incompressible fluid; hence, ρm is constant. Thus, the equation
of continuity (7) for blood flow takes the following form:

vl
,l = 0,

i.e., ∂vl

∂Xl +
vl ∂

√
g

√
g∂Xl = 0,

⇒ 1√
g

(√
gvl

)
,l
= 0.

(8)

3.2. Equation of Motion

The total momentum of any system is conserved in the absence of external force. The
effect of external force in our human circulatory system is zero in normal situations. So,
the law of conservation of momentum can fully apply to this system. The hydrodynamical
pressure p between the two phases of blood can be supposed to be uniform because both
layers, core and plasma, are always in an equilibrium state in the blood. Now, applying the
principle of conservation of momentum, we obtain the equation of motion for the phase of
red blood cells as follows [3,34,35]:

Yρc
∂vl

∂t
+

(
Yρcvk

)
vl

,k = −Yp,kglk + Yηc

(
gkivl

,i

)
,k

. (9)

In a similar manner, the equation of motion for plasma in the core layer will be
as follows:

(1 − Y)ρp
∂vl

∂t
+

{
(1 − Y)ρpvk

}
vl

,k = −(1 − Y)p,kglk + (1 − Y)ηp

(
gkivl

,i

)
,k

. (10)

Now, adding Equations (9) and (10) and using relation (6), the equation of motion for
blood flow with the combination of both phases will be reduced as follows:

ρm
∂vl

∂t
+

(
ρmvk

)
vl

,k = −p,kglk + ηm

(
gkivl

,i

)
,k

, (11)

where ρm = Yρc + (1 − Y)ρp is the density and ηm = Yηc + (1 − Y)ηp is the viscosity of a
mixture of blood (blood cells and plasma), respectively.

Equations (8) and (11) are transformed in cylindrical form.
For cylindrical coordinates, x1 = r, x2 = θ, x3 = z.
Components of metric tensor [glk]3×3 are g11 = 1, g22 = r2, g33 = 1, and the rest of

the entries are zero.
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The determinant of metric tensor is g = r2. The conjugate metric tensor [30] is
as follows:

glk =
cofactor of glk

g
.

Again, components of the conjugate metric tensor are g11 = 1, g22 = 1
r2 , and g33 = 1,

and the rest of the entries are zero.

Christoffel’s symbol of the second kind, i.e.,
{

l
i j

}
= glk[ij, k] = 1

2 glk
(

∂gjk
∂xi +

∂gik
∂xj −

∂gij

∂xk

)
,

is as follows:{
1

2 2

}
= −r,

{
2

2 1

}
=

{
2

1 2

}
= 1

r , and the rest are zero [30,36].

The relationship between the physical components and contravariant components [30]
of the velocity of blood flow are as follows:

√
g11v1 = vr ⇒ vr = v1,

√
g22v2 = vθ ⇒ vθ = rv2 ,

and
√

g33v3 = vz ⇒ vz = v3 ,

−p,kglk ⇒ −√
gll p,kglk.

Now, the governing equations of blood flow are taken in the following form:
Equation of continuity:

1
r

∂(rvr)

∂r
+

1
r

∂vθ

∂θ
+

∂vz

∂z
= 0. (12)

The equation of motion is given in r, θ, and z components, as below:
r component is

ρm

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r
∂vr

∂θ
− vθ

2

r
+

∂vr

∂z

)
= −∂p

∂r
+ ηm

(
∂

∂r

{
1
r

∂(rvr)

∂r

}
+

1
r2

∂2vr

∂θ2 − 2
r2

∂vθ

∂θ
+

∂2vr

∂z2

)
; (13)

θ component is

ρm

(
∂vθ

∂t
+ vr

∂vθ

∂r
+

vθ

r
∂vθ

∂θ
− vrvθ

r
+ vz

∂vθ

∂z

)
= −1

r
∂p
∂θ

+ ηm

(
∂

∂r

{
1
r

∂(rvθ)

∂r

}
+

1
r2

∂2vθ

∂θ2 +
2
r2

∂vr

∂θ
+

∂2vθ

∂z2

)
; (14)

z component is

ρm

(
∂vz

∂t
+ vr

∂vz

∂r
+

vθ

r
∂vz

∂θ
+ vz

∂vz

∂z

)
= −∂p

∂z
+ ηm

(
1
r

∂

∂r

{
r

∂vz

∂r

}
+

1
r2

∂2vz

∂θ2 +
∂2v z

∂z2

)
. (15)

4. Solution of the Problem

The blood flow is symmetric with respect to the axis of the capillary, i.e., ⇒ vθ = 0,
and vr , vz, and p are not, depending on θ. Since only one component of velocity along the
axis is effective, we have vr = 0, vθ = 0, and vz = v (say).

Since the flow is steady, ∂p
∂t = ∂vr

∂t = ∂vθ
∂t = ∂vz

∂t = 0 [33].
Hence, the equation of continuity (12) reduces as follows:

∂vz

∂z
= 0 ⇒ vz = v(r). (16)

The transformed equations of motion, along with the r, θ, and z components, are
given as follows:

The r component of equation of motion reduces to

ρm × (0) = − ∂p
∂r + ηm(0),

⇒ ∂p
∂r = 0 ⇒ p = p(z).

(17)
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The θ component of equation of motion vanishes because blood flow is free from
rotation, and applied pressure is in the normal direction.

Similarly, the z component of the equation of motion reduces to

ρmvz(0) = − ∂p
∂z + ηm

[
1
r

∂
∂r

{
r ∂v(r)

∂r

}]
,

0 = − ∂p
∂z + ηm

[
1
r

∂
∂r

{
r ∂v(r)

∂r

}]
,

ηm

[
1
r

d
dr

{
r dv(r)

dr

}]
= −P,

(18)

where the pressure gradient is

−
(

∂p
∂z

)
= P. (19)

Now, we solve Equation (18) using boundary conditions v = v0 at r = 0 and v = 0 at
r = R (no slip condition) and obtain the velocity of mixture of blood flow, i.e.,

v =
P

4ηm

(
R2 − r2

)
. (20)

Therefore, the velocity of the plasma layer (as if the whole capillary was filled with
plasma) is

vp =
P

4ηp

(
R2 − r2

)
, R − δ ≤ r ≤ R. (21)

Similarly, velocity of the core layer (if core the layer was filled in the whole capillary
and the relative velocity of both layers was also added) is

vm =
P

4ηm

(
R2 − r2

)
+

P
4ηm

(
R2 − (R − δ)2

)(ηm

ηp
− 1

)
, 0 ≤ r ≤ R − δ, (22)

where R is the radius of the capillary and δ is the thickness of the plasma layer (see in
Figure 3) and is supposed to be independent of R.
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5. Result and Discussion (Biophysical Interpretation)

The flow flux of blood in the capillary [24] is defined as

Q =
∫ R−δ

0 vm2πr dr +
∫ R

R−δ vp2πr dr,

=
∫ R−δ

0

[
P

4ηm

(
R2 − r2)+ P

4ηm

(
R2 − (R − δ)2

)(
ηm
ηp

− 1
)]

2πr dr +
∫ R

R−δ

[
P

4ηp

(
R2 − r2)]2πr dr.

Using (20) and (21) in the above expression, we obtain

Q =
πPR4

8ηp

[
1 −

(
1 − δ

R

)4(
1 −

ηp

ηm

)]
(23)
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If the whole capillary is supposed to be filled with only one Newtonian blood, whose
effective viscosity is ηe, then the flow flux of the blood [24] is

Q =
πPR4

8ηe
. (24)

Comparing Formulae (23) and (24), we obtain the effective viscosity as follows

ηe = ηp

[
1 −

(
1 − δ

R

)4(
1 −

ηp

ηm

)]−1

, (25)

which depends upon the radius R of the capillary. Since δ
R ≪≪ 1, the Formula (25) can be

expanded in the higher power of δ
R , taking first approximation of δ

R ; then, it is reduced in
the following form:

ηe = ηm

[
1 − 4δ

R

(
ηm

ηp
− 1

)]
. (26)

It is observed from Equation (26) that the effective viscosity decreases with the de-
crease in the radius of the capillary R. Thus, the Fahraeus–Lindqvist effect is explained
mathematically.

5.1. Numerical Simulation

A comparison and validation have conducted between the results obtained from the
two-phase blood flow model and the experimental data after validation of the results
simulated for the human capillary. To validate our model with the experimental result [1],
the following numerical values were given to different parameters:

δ = 2
3 R, ηc = 0.0249 Pascals, ηp = 0.00158 − 0.00172 Pascal s, Ha = 11.6−26 [31]. For

validation of the model value of the R taken from the experimental data, it is simulated on a
human capillary of 4–10 µm [3]. MATLAB2020a software is used for numerical simulation
and to draw all figures.

P = ∆p
∆z =

presure drop
length of the capillary =

p f −pi
z f −zi

,

p f =
2
3

(
S+D

2 +D
3

)
= pressure at venules, pi =

S+D
2 +D

3 = pressure at arterioles,

S ≤ 110 mmhg(Systolic pressure), D ≤ 70 mmhg = (Diastolic pressure).

Tables 1–4 for different series have been taken from the experimental data [1]. Series
1, 2, and 4 of the experiments were given by Torsten Lindqvist, and Series 3 was given by
Robin Fahraeus, shown below.

Table 1. Experiment Series 1, Torsten Lindqvist (T.L.).

Series 1

Relative Viscosity of Plasma ηp = 1.63× 10−3 Pascal−S

S. No. Length of Tube (m) Diameter (m) Relative Viscosity (Pascal-S)

1 0.1265 5.05 × 10−4 4.60 × 10−3

2 0.1210 3.11 × 10−4 4.54 × 10−3

3 0.0456 1.75 × 10−4 4.22 × 10−3

4 0.0500 1.20 × 10−4 3.98 × 10−3

5 0.0326 8.10 × 10−5 3.65 × 10−3

6 0.0118 6.50 × 10−5 3.38 × 10−3

7 0.0118 4.70 × 10−5 2.95 × 10−3

8 0.0126 4.00 × 10−5 2.79 × 10−3
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Table 2. Experiment Series 2, Torsten Lindqvist (T.L.).

Series 2

Relative Viscosity of Plasma ηp = 1.65× 10−3 Pascal−S

S. No. Length of Tube (m) Diameter (m) Relative Viscosity (Pascal-S)

1 0.1255 2.77 × 10−4 4.96 × 10−3

2 0.0456 1.75 × 10−4 4.54 × 10−3

3 0.0500 1.20 × 10−4 4.22 × 10−3

4 0.0118 4.70 × 10−5 3.98 × 10−3

Table 3. Experiment Series 3, Robin Fahraeus (R.F.).

Series 3

Relative Viscosity of Plasma ηp = 1.60× 10−3 Pascal−S

S. No. Length of Tube (m) Diameter (m) Relative Viscosity (Pascal-S)

1 ---- 4.60 × 10−4 5.21 × 10−3

2 0.1000 2.77 × 10−4 5.10 × 10−3

3 0.0850 1.05 × 10−4 4.28 × 10−3

4 ---- 5.20 × 10−5 3.52 × 10−3

Table 4. Experiment Series 4, Torsten Lindqvist (T.L.).

Series 4

Relative Viscosity of Plasma ηp = 1.72× 10−3 Pascal−S

S. No. Length of Tube (m) Diameter (m) Relative Viscosity (Pascal-S)

1 0.1225 2.77 × 10−4 6.80 × 10−3

2 0.0456 1.75 × 10−4 6.28 × 10−3

3 0.0500 1.20 × 10−4 5.59 × 10−3

4 0.0279 8.10 × 10−5 5.08 × 10−3

5 0.0070 6.50 × 10−5 4.71 × 10−3

6 0.0118 4.70 × 10−5 4.28 × 10−3

5.2. Validation of Two-Phase Blood Flow Model

Figure 4 shows the graph between ηe and R. The effective viscosity ηe is obtained
from a single-phase model (from Equation (1)), a two-phase-model (from Equation (26)),
and the experimental data of series-1. For Ha = 15.6, the two-phase model is much closer
to the experimental data in Series 1 than the single-phase model. So next, the impact of
different physiological parameters relevant to the flow, with help of the two-phase blood
flow model, was analyzed.

Figure 5 shows variation in ηe and R, which are obtained from the two-phase blood
flow model and experimental Series 1 to 4. In the figures of each series, ηe decreases with
radius R. For Ha =15.6, 18.2, 19.8, and 27.6, the proposed model is much closer to the
experimental Series 1, 2, 3, and 4, respectively (see Figure 5).

The proposed two-phase blood flow model gives a better approximation than the
single-phase blood flow model. This model will be used for further studies on the human
capillary. The internal diameter of the capillary lies between 4 and 10 µm [3]. For this
purpose, a capillary with radius R = 5 µm, length ∆z = 6 µm, and thickness of plasma
layer δ = 2

3 R was used [37].
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Figure 4. Comparison of single-phase and two-phase blood flow models with experimental data [1]
when P = 0.2591 pascal, ηp = 0.00158 pascal − s, ηc = 0.0216 pascal − s, and Ha = 15.6.
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5.3. Effect of Ha, ηp, and P on ηe

For a capillary F-L effect, as shown in Figure 6a–c, the radii were taken from 0 < r ≤ R.
ηe decreases rapidly in the capillary with a radius less than 3 µm. In Figure 6a,b, ηe decreases
with decreasing values of r. Figure 6a shows variation in ηe with radius 0 < r ≤ R for
different values of Ha. From Figure 6a, it is observed that ηe decreases with the higher
concentration of Ha. The concentration of RBC in the capillaries increases but it decreases ηe
along with r; hence, flow is possible. Figure 6b shows the impact of ηp on ηe; it decreases
with higher values of viscosity of the plasma layer. Figure 6c shows the impact of pressure
drop P on ηe. It is assumed that the capillaries are far away from the heart and proximate
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to the tissue; hence, its pumping effect has been negligible. This effect can also be seen in
Figure 6c. Increasing the value of P does not much affect ηe.
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5.4. Effect of Ha,ηp, and P on v, vm, and vp

The velocity profile v for the mixture of blood is shown in Figure 7a–c. In each figure
, v increases with the decreasing radius of the capillary, tending to zero at r = R. Figure 7a
shows the effect of Ha on v. It can be observed from Figure 7a that a higher volume
percentage of RBC decreases v. The impact of pressure drop P on whole blood is shown
in Figure 7b. Although the heart pumping effect in not very effective into the capillaries,
its larger value increases blood velocity. Figure 7c shows the effect of plasma viscosity on
v. ηp slightly affects velocity v. Higher values of ηp decrease v, but they do not greatly
influence it.

Blood is separated into two layers when it flows from the capillary. Graphs of com-
bined velocity profiles have been plotted for the core layer vm (for radius 0 ≤ r ≤ R − δ)
and the plasma layer vp (R − δ ≤ r ≤ R) (see Figure 8a–c). Figure 8a shows the impact of
the volume percentage of RBC on both layers. As the plasma layer is free from RBC, which
flows near the wall of the capillary, the impact of Ha cannot be seen in the velocity profile of
the plasma layer. Its effect can be seen only on the core layer. vm decreases as Ha increases.
The pressure drop also increases the velocity of both layers (see Figure 8b). The impact of
the viscosity of the plasma layer on both layers is shown in Figure 8c. The velocity of both
layers increases as plasma viscosity decreases.

5.5. Effect of Ha, ηp, and P on Q

Variation in Q with respect to radius r is shown in Figure 9a–c. In each figure, Q
decreases rapidly with the decreasing radius r, and after the radius 2 µm changes in Q
cannot be seen explicitly; it becomes stable for radii less than 2 µm. The impact of Ha
is shown in Figure 9a. The graphs between Q and r for different values of Ha overlap,
which that means Q is not much affected by Ha. Figure 9b shows the effect of the pressure
drop on Q. Increasing values of P also increase Q, but for radii less than 2 µm, the curves
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coincide, which means that for small- radius vessels, changes in Q become static. Figure 9c
shows the impact of plasma viscosity on Q. The effect of ηp on Q can be seen explicitly for
the vessel with a radius larger than 2 µm. Q increases as ηp decreases, but for a radius less
than 2 µm, Q does not change as much.
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6. Conclusions

A two-phase microcirculation model that explains the F-L effect has been presented
here. For the validation of the model, the obtained results are compared with the experi-
mental data and single-phase blood flow model, respectively. Further, we simulated these
results on the human capillary. The effects of various physiological parameters have been
shown through different graphs. We present the conclusions of this study as follows:

• A mathematical expression has been obtained between ηe and R which successfully
explains the F-L effect.

• We have obtained effective, rather than apparent, viscosity.
• With the help of this model, extension of Haynes theory is possible because for the

relative momentum of RBC, the plasma is mixed in the core layer, and both phases are
homogeneously distributed in the core layer.

• Experimental data and the results obtained from the presented model have the same
trends, but this model provides an extension of the F-L effect.

• The presented model successfully explains all the physical phenomena which occur in
the capillary.

• The flow flux and velocity of the blood decreases in the capillary due to the higher
concentration of Ha, but flow is possible because effective viscosity decreases as the
radius of the capillary decreases.

• The pressure gradient can increase the effective viscosity and flow flux, but it is not
very effective in terms of blood flowing into capillaries as they are remote from the
heart and proximate to the human tissue.

There are several two-phase blood flow models of the F-L effect, but uses of tensors
and the RBCs of the core layer considered are liquid in form and packed in a semipermeable
membrane, capable of changing its shape and size, which demonstrates the nature of the
liquid, not of a suspended particle, moving the model closer to the reality. This model not
only successfully explains the F-L effect but is also able to determine the impact of several
physiological parameters on blood flow in the capillary.
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Nomenclature

τlk Stress tensor [N/m2]
elk Strain rate tensor [S−1]
glk Metric tensor
glk Conjugate metric tensor{

l
i j

}
Christoffel’s symbol of second kind

p Pressure [N/m2]
η Viscosity constant [Pascal s]
Y Volume portion covered by the blood cells in unit volume
Ha Hematocrit [volume percentage of RBC]
δ Thickness of plasma layer
ρc Density of core layer [kg/m3]
ρp Density of plasma layer [kg/m3]
ρm Density of mixture of blood [kg/m3]
mr Mass ratio of blood cells to plasma
ηm Viscosity of mixture [Pascal s]
ηc Viscosity of core layer [Pascal s]
ηp Viscosity plasma layer [Pascal s]
ηe Effective viscosity [Pascal s]
v Velocity of mixture of blood [m/s]
vp Velocity of plasma [m/s]
vm Velocity of core layer [m/s]
vr Radial component of velocity [m/s]
vθ Angular component of velocity [m/s]
vz Axial component of velocity [m/s]
D Diameter of capillary [m]
P Pressure gradient [Pascal/m]
∆p Pressure drop [Pascal]
R Radius of capillary [m]
L Length of capillary [m]
Abbreviations
F-L Fahraeus–Lindqvist
T.L. Torsten Lindqvist
R.F. Robin Fahreaeus
RBC Red blood corpuscle
WBC White blood corpuscle
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