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1. Introduction

In 1986, Drinfeld introduced the concept of a quasitriangular Hopf algebra and pro-
vided a way to construct a quasitriangular Hopf algebra D(H) from a finite-dimensional
Hopf algebra H. D(H) called the Drinfeld double (or quantum double) of H. The represen-
tation category of a quasitriangular Hopf algebra is a braided monoidal category, and the
braided structure can provide solutions to the Yang-Baxter equation. Drinfeld doubles of
finite dimensional Hopf algebras have attracted the interests of many scholars; see [1-4] for
more details.

The automorphism group of an algebra reflects the symmetry of its algebraic structure
and plays an important role in understanding and mastering the algebraic structure. Au-
tomorphism groups of finite-dimensional algebra are often used on the internet to model
social networks, as well as scenarios such as business transactions, recommender systems,
and financial data analyses. There are many profound results concerning the automorphism
groups of algebras. In [5,6], researchers studied the automorphisms of some quantum
enveloping algebras. Automorphisms of many kinds of quantum polynomial algebras
were obtained by researchers in [7-9]. In [10,11], researchers studied the automorphisms of
some special Hopf algebras, such as path coalgebras and solvable Lie algebras.

The automorphism group has been widely focused on in the study of algebra, but there
is no general way to obtain the automorphism group of any given Hopf algebra. Thus, it is
essential to study the automorphisms and automorphism groups of Hopf algebras. In this
paper, we will study the Hopf automorphism groups of the Drinfeld double D (R, (9)),
Radford Hopf algebra R, (q), and the Drinfeld double D(H;;) of the generalized Taft
algebra Hss. Both D(Ry,.(q)) and D(Hs;) are the Drinfeld doubles of pointed Hopf
algebras of rank one.

This paper is organized as follows: In Section 1, we will review some basic concepts
and the structure of D(Ry,»(q)). In Section 2, we will study the structure of Hopf algebra
D(Hs;). In Section 3, we will present a class of Hopf automorphisms of D(Ry,,(q)) and
a class of Hopf automorphisms of D(Hs;), respectively. In Section 4, we will present
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our main results, i.e., that the Hopf automorphism group Autpe,r(D(Rm,q(q))) is a finite
group, which is isomorphic to the direct sum Z, @ Z,, and the Hopf automorphism group
Autpopr(D(Hsy) is an infinite group, which is isomorphic to the semi-direct products
k* x Zd.

2. Preliminaries and Notations

Throughout the following, let k be an algebraically closed field and k* = k\{0}.
Unless otherwise stated, all algebras and Hopf algebras are defined over k. Our references
for basic concepts and notations about Hopf algebras are [12-14]. In particular, for a Hopf
algebra, we will use ¢, A, and S to denote the counit, comultiplication, and antipode,
respectively.

Definition 1. Let G be a group. If N is a normal subgroup of G and H is a subgroup of G, such that
(1) G=NH,

(2) NNH = {1},

then G is called the semidirect product of N and H.

Let 0 # g € k. For any nonnegative integer 7, define (1), by (0); = 0 and (n),; =
1+q+---+4q" !forn > 0. Observe that (n), = n when g = 1, and

when g # 1. Define the g-factorial of n by (0)!; = 1 and (n)!; = (n)g(n —1);--- (1), for
n > 0. Note that (n)!; = n! when g =1, and

(), = @ =@ D (g 1)
! (q-1)"

when n > 0 and q # 1. The g-binomial coefficients (';)q are defined inductively as follows

for0<i<mn:
(), 1-(0), oo
q /g

<n> :qi(n_,1> +<n—11> for0 <i<n.
t/q /g \t=1/y

It is well-known that (:‘)q is a polynomial in g with integer coefficients and with a value of

q = 1 equal to the usual binomial coefficient ('}), and that

when (n —1)!; #0and 0 < i < n (see [13,15])

Letn > 1 and m > 1 be integers and let 4 € k be a primitive n-th root of unity with
char(k) t mn. Then the Radford Hopf algebra R, ,(q) is generated as an algebra by g and
x subject to the following relations:

g =1 x"=g"—-1, xg =qgx.
The comultiplication A, counit ¢, and antipode S are given by the following:

Alx) =x®¢+1®x, e(x) =0, S(x) = —ngl,
Ag) =8®g, e(g) =1, S(g) =g~
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Rumn(q) has a k-basis { gixj li € Zmn,0 < j < n—1}. For more details, one can refer
to [2,16-18].

Let ¢ € k be a primitive mn-th root of unity with g = ¢". Then, by [2], the Drinfeld
double D(R,»(q)) can be described as follows: D(R;,,»(q)) is generated as an algebra by
a,b,c, and d subject to the following relations:

a=p" -1, " =1,"=1,4d"=0,
ab = &Mba, dc = &cd, bc = ¢b, bd = "db, ad —da = b — ",
n—1
ac = ¢ lea+ é(ﬂ — f) (¢ — EMpe)dnL.

The comultiplication, counit, and antipode of D(R,,»(q)) are given by the following:

Aa)=a@b+1®a, A(b) =b®b, A(d) =c"@d+d®]1,

Alc) =c@c+ (" —1) i |( o ML @ edt,
q
()—08() ,€(c) =1, e(d) =0,
S(a) = —ab™ !, S(b) = S(c) —c_1 S(d) = —c™™d.
D(Ru,n(q)) has a k-basis {alb]cldk|],l € Zun,0 < i,k < n—1}, and dim(D(Ry,n(q))) =
m2n®.

3. The Construction of Drinfeld Doubles of Generalized Taft Algebra

In this section, we recall the structure of generalized Taft algebra Hs; in [19] and
construct the Drinfeld double D(H;;), where s,t > 2, d > 1 are integers and s = td.
Assume that char(k) 1 t.

Let p € k be a primitive t-th root of unity. Then the generalized Taft algebra Hs, is
generated as an algebra by G and X subject to the following relations:

G =1, X'=0, XG = pGX.
The comultiplication, counit, and antipode of H;; are given by the following:

AX)=X®G+1®X, e(X) =0, S(X) = -XG,
AG)=G®G, e(G) =1, S(G)=GL

H; t has a k-basis {GiX7|i € Zs,0 < j < t—1}. For more details, one can refer to [1,19,20].

Definition 2 (Definition IX 2.2 in [13]). A pair (X, A) of bialgebras is considered matched if there
exist linear maps o : A® X — Xand p: A® X — A turning X into a module coalgebra over A,
and turning A into a right module-coalgebra over X, such that, if we set the following:

a(a®x)=a-xand f(a®@x) =a*
the following conditions are satisfied:

a-(xy) = Y (a1-x1)(a2-y), a-1=¢(a)l,
(a) (x)
(ab)* = Y a2, 17 = e(x)1,
(0)(x)

Z MM Qay - xy = Z a2 @ ay - x1
(a)(x) (a)(x)
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foralla,b e Aand x,y € X.

Lemma 1 (Theorem IX.2.3 in [13]). Let (X, A) be a matched pair of Hopf algebras. There exists a
unique Hopf algebra structure on the vector space X ® A, with a unit equal to 1 ® 1, such that its
product is given by the following:

(x@a)(y@b) =Y x(ar-y1) ®a¥?b,
(a)(y)

its coproduct by

its counit by
e(x®@a) = e(x)e(a),

and its antipode S given by the following:

S(x®a) =Y Sa(az) - Sx(x2) ® Sa(ar)Sx™1)
(x)(a)

where Sx and S 4 are antipodes of X and A, respectively. X @ A is called a bicrossed product of X
and A and denoted as X > A. Obviously, X and A are subalgebras of X 1 A under the injectives
ix(x) =x®1landip(a) =1®a.

Theorem 1 (Theorem IX.3.5 in [13]). Let (H,u,7n,A,¢,S,S™') be a finite-dimensional Hopf
algebra with an invertible antipode. Consider the Hopf algebra

X — (HOP)* — (H*)COP — (H*,A*,E*, (‘uop)*/’?*, (S*l)*/s*)
Leta : H® X — Xand B: H® X — H be the linear maps given by

aa®f)=a-f= Zf H(a2)ar)

and

Bla® f) —”f_Zf Yaz)ay)az

where a € H and f € X. Then the pair (H,X) of Hopf algebras is matched in the sense of
Definition 2.

Proposition 1 (Definition IX.4.1 in [13]). The Drinfeld double D(Hs ) of the Hopf algebra H s
is the bicrossed product of Hs s and (H{ ;).

D(Hst) = (H;)P pa H g
Proposition 2. The multiplication, comultiplication, and counit in D(Hs ;) are given by

(f®a g®b ng ﬂg 7&1)@02[7

ep(f @a) =e(a)f(1)

Ap(foa)= ) (i®a)® (HLRa)
(a)(f)

where f,g € (H;t)COP and a,b € Hgy, Y f1 ® fo are determined by the following: Y- f1(x) f2(y) =
f(yx) forall x,y € Hy .
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Note that Hs; and (H; ;)P are Hopf subalgebras of D(H;;) via the identifications
y=exy,y€ Hyyand f = f a1, f € (H;;)P, respectively, where ¢ is the unit element
of (Hs*lt)mp. Let {G!XJ/|0 < i <s—1,0<j<t—1} be the basis in H{; dual to the basis
{GX/|0 <i<s—1,0<j<t—1}of Hys Thatis, G'X/(GX/) = 1,and GIX/(G"X/') = 0
if (/,j') # (i,j), where 0 < 7,i’ <s—1,0<j,j <t—1

Lemma 2. The multiplication of H , is determined by the following:
' ("y GIXi*, ifj+1 < tandk =i+ j(mods),
GiXi « GkX! = I7p
0, otherwise.

where0 < i,k <s—1and0 <1<t -1

Proof. By the coalgebra structure of Hs;, we have A(G*X?) = (G"®G)(X® G +1®
Xy =yl (g)pcﬂxb—u ®GUThuXt for0<a<s—1and 0 < b <t—1.I0 < ik <s—1,

0 <j,I <t—1,then (GiXi* GKX!)(G*Xb) = ¥ _, (g)pcixf(cﬂxb—u)ckxl(Ga+h—uxu).
Hence, (G'X/ * GKX!)(G*X?) # Oifand only ifa = i,b = 4], j+1 < t,and k =
i+ j(mod s). Obviously, (GIX/ x GKX!)(G"X?) = (H].']) , and so we have the following:

P

(")) GiXIH, ifj+1 < tandk =i+ j(mod s),
GiXi«Gkxl ={ /7
0, otherwise.

This completes the proof. [

Obviously, Y~) G' = e is the identity of the algebra (Hs;)*. Let w € k be a primitive
s-th root of unity with w? = p. Puta = Y_} w'G/, p = T3] GIX.

Lemma 3. H;, is generated, as an algebra, by «, .

Proof. Let A be the subalgebra of H;, generated by «, f. By Lemma 2, we have the
following:

0o _ s—1 ~; __
= Y, G =€
_ s—1  i~i
x = Y ,wG
2 _ s—1, 2~
s = Y wG
3 _ s—1, 3i~i
= Y w'G
Pl Zf;(} w-Digi

For any 0 < i,i’ < s — 1, we have «' = w' if and only if i = i’. Hence, Gi € A for any
0 < i < s—1. Moreover, by GIf = G'X, G'X € Afor 0 < i < s—1. Consequently,
HfY, = A O

Corollary 1. The following holds in H,.
*=¢, B =0, fu = waB.

Proof. It follows from Lemma 2 and the proof of Lemma 3. [
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Corollary 2. H, has a k-basis {vci,Bj|0 <i<s—1,0<j<t—1}
Proof. It follows from Lemma 3 and Corollary 1. [J

Proposition 3. The comultiplication, counit, and antipode of (H¢ )P are given by the following:

Aa) =a®a, ela) =1, S(a) =al,
APB)=peeta’®p, e(B) =0, S(B) = —a""B.
Proof. In H;*t, forany 0 < a <s —1, we claim
A(G?) = Yy  Gedl.

(i+j)=a(mod s)

In fact, we assume the following: A(G®) = Y6k G Xk @ GIX!, where 6;; ;)
G7(G'X*G/X"). By a straightforward computation, one has that 6;jx; = 1if and only
ifk =1=0and (i +j) = a(mod s). Moreover, we have 6; ; ; ; = 0 for other cases. Similarly,
one can proof

AGX)= Y Gedx+ Y pGxed.
(i+j)=a(mod s) (i+j)=a(mod s)

Hence, by a straightforward computation, we have the following:
Aa)=a@a, AB) =exp+peal.
Consequently, in (H;)F, we have the following:

Aa)=a®a, AB)=BRe+a’®p.

(G‘X') 1, ifi=j=0,
e(GIX)) =
0, otherwise,

It is easy to see that

where0 <i<s—land0<j<t—1 Sonsequently, e(a) =1, e(B) = 0. Moreover, a
straightforward verification shows that S(G') = G5~ and S(G!X) = —p!*Gs—1-1X, where
0 < i < s —1. Hence, we have the following;:

S(a) = oc_l,SQ = a9,

This completes the proof. [

Proposition 4. Let A\, e and S be the comultiplication, counit, and antipode of D(Hs ). Then, we
have the following:

AlexX)= (exX)R(exG)+ (ex1)® (e X),

NexG)= (exG)®(exG),

Alaxl)= (axl)®(axl),

AB=l)= Bx1)@(exl)+(ax1)® (Bral).

e(exX)=0,¢e(exG)=1,eaxxl)=1,¢fr<x1) =0.
S(exiX) = —(exaX)(ex1G)™!, S(exiG) = (e G) 7Y,
Saal) = (axa1)™!, S(Br1) = —(axa1) "4 (Bral).

where € 11 is the unit element of D(Hs ).
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Proof. We only check the rules of the antipode since other rules can be easily obtained. By
the definition of the antipode given above, we have the following:

S(exaX) =G 1 ena(—XG )+ (—XG 1) el
=ex (—XG ) = (e X)(exG)7},
S(exiG) =G l-ex (G =(exG)},
S(aal)=1-a 11" =alxl=(ax1)},
S(Bra1)=1-Boal® P41 (—a9B)a1® " = (—a 9B) a1l = —(anx1) 9 (Ba1).
O
Let E be an algebra generated by x1, xp, x3 and x4, subject to the following relations:
=0x=12x=1x,=0,
0120 = whioxy, X103 = W lagxy, X3 = X307,

X4X3 = WX3X4, X1X4 — Xg4X1 = Xp — xg, XoXy = w"lx4x2.

Then E is a Hopf algebra with the comultiplication, counit, and antipode determined by

the following:
A(xl) =x1 Xxp+1Xxq, g(xl) =0, S(X1) :—Xlx; ,
A(x2) = x2 <4 x2, e(xp) =1, S(xp) = x;l,
A(x3) = x3 >4 x3, e(x3) =1, S(x3) = x3‘1,
A<X4) = xg[><1X4+X4l><11, S(X4) =0, S<x4) = _x?:dx4

One can easily check that E has a k-basis {xﬁxéxéxﬂj,l € Zs,0 < i,k < t—1}, and
dim(E) = s2£2.

Theorem 2. There is an algebra isomorphism ¢ from E to D(Hs ) given by the following:
p(x1) =ex X, p(x2) =exG, p(x3) =ax1, p(xg) =Bl

Proof. Let A =€ X,B=€exdG,C=axland D = < 1. Since Hs+ and (H{,;)“?
are Hopf subalgebras of D(H;) as stated before, we have At=0,B5=1,C=1,Df =0,
AB = w?BA and DC = wCD. By Proposition 2 and Lemma 2, we have the following:

(exaX)(Bral) = (Dg G X)(Xy G'X 1)

GG+ GX X —af
= exIGH+B=X—axl.

and L L
(Bral)(exX) = (L) GX = 1)(5) G X)
= Y aGXxX
= BxX.

Hence, we have AD — DA = B — C*. Similarly, one can check
BC = CB, BD = DB, AC = w™'CA.

It follows that there exists a unique algebra map ¢ : E — D(Hs;), such that §(x1) = A,
P(x2) = B, p(x3) = C,and ¥(y1) = D. By Lemma 3 and the definition of D(H;;), D(Hs)
is generated as an algebra by A, B, C, and D. Hence, ¥ is surjective. By comparing their



Symmetry 2023, 16, 735

8 of 15

dimensions, ¥ is an isomorphism. It is easy to see that ¢ is also a coalgebra morphism and,
consequently, i is a Hopf algebra isomorphism. [

4. Some Hopf Automorphisms of D(R,,,»(q)) and D(Hs )
4.1. A Class of Hopf Automorphisms of D(Ryu,n(q))
In this subsection, we provide a class of Hopf automorphisms W of D (R, (q))-

Proposition 5. Let B € k be a primitive n-th root of unity, i € Z, and s € Zy,. Then there is a
class of Hopf automorphisms of D(Ry,n(q)), such that

¢(a) = B'a, p(b) = b, ¢(c) =b"c, p(d) = p~d.
Denote these Hopf automorphisms of D(Ry,n(q)) by ¢ s.

Proof. One can easily check that ¢; ; is an algebra endomorphism of D (R, (q)). Obviously,
we have the following:

(@(a))" =a" =" —1 = (p(b))" — 1, (§(b))"n = b"n =1,
(@(c)™ = ™ =1, (p(d))" = d" =0,

and

¢(a)p(b) = p'ab = p'e"ba = E"p(b)p(a),
P(d)p(c) = pidb™c = B'¢b"ed = EPp(c)p(d).

Similarly, one can check the following:

P(b)gp(c) = P(c)p(b), ¢p(D)p(d) = {"p(d)¢(b),

571 _ gnfl 1 .
(,1_71)!17((4%0))’"+ —5"p(b)¢(c)) (@(d))" .

Since A is an algebra map of D(Ry;,,(q9)) to D(Ry,x(q)), both Ao ¢ and (¢ ® ¢) o A are
algebra maps of D(Ry,n(q)) to D(Ry,n(q)). Furthermore, we have the following:

pla)p(c) =& p(c)p(a) +

(Aog)(a) =A(Pla) =B (a@b+1®a) = ¢(a) ®P(b) + 1 ¢(a),
and
(p@¢)oA)(a) =(p@¢P)(axb+1®a) = ¢(a) (D) + 12 ¢(a).

Hence, we have (Ao ¢)(a) = ((¢ ® ¢) o A)(a). Similarly, one can easily check that (A

$)(b) = ((@@¢) 0 A)(b), (Aog)(c) = ((p@P)oh)(c)and (Ao ¢)(d) = ((p@P)oA)(d).
So we have (Ao ¢)(x) = ((¢®@¢) o A)(x) for any x € D(Ry,n(q)), then (Ao ¢p) = (¢ ®
¢) o A. Similarly, one can check that € o f = e. Therefore, ¢ is a coalgebra endomorphism of
D(Ryu,n(q)). Thus, it can be easily checked that ¢; ; is a Hopf homomorphism. [

Let W := {¢;s|i € Zy,s € L }.

4.2. A Class of Hopf Automorphisms of D(Hs,)
In this subsection, we give a class of Hopf automorphisms W’ of D (H ).

Proposition 6. Let v € k* and r € Z;. Then there is a class of Hopf automorphisms of D(Hs )
such that we have the following:

$(A) =7""A, 9(B) =B, $(C) = B"'C, (D) = 7D.
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Denote these Hopf automorphisms of D(Hs ) by -, ;.

Proof. It is similar to the proof of Proposition 5. [

Let W := {¢, |y € k*,r € Z;}.

5. The Hopf Automorphism Groups of Ry, ,(q) and D(H; )
5.1. The Hopf Automorphism Group of D(Ryu,n(q))
In this subsection, we prove that the Hopf automorphism group of D(Ry,»(q)) is

W and isomorphic to the direct sum Z, @ Z,, of cyclic groups Z,, and Z,. Throughout
the following, we denote D(R;,,»(q)) by H, and denote the Hopf automorphism group of

D(Ru,n(q)) by AutHopf(H)-

Lemma 4. Let ¢ : H — H be a Hopf automorphism. Then,

(1) $(G(H)) = G(H),

(2) 9(Phg () = Py ) (H).

where G(H) is the group consisting of all group-like elements of H, Py, ,(H) is the group consisting
of all (h,g)— primitive elements of H,and h,g € G(H).

Proof. It follows from a straightforward verification. [
Lemma 5. G(H) = {b/c"™|j € Zyn,s € Zn}.

Proof. Let x = Zi,j,l,k )»i,j,lrkaibfcldk € G(H), where j,I € Zyn, 0 < i,k < n—1. Let
| —1)(1-1)+£(1-1 —1)(1-2)+t(1-2 - _

Bri = m(g(” HU=D)+H(1=1) 4 g(n=(-2)+(1-2) ... 4 glr=DF 4 1) = e It

can be easily seen that forany 1 <t <n —1, f;; = 0if and only if | = ms for some s € Zj,.

Since x € G(H), we have the following:

Ax) =Y Ajik(a®@b+1®a) (b @)

ijlk
n—1
(Cl ® c + Z ﬁt,lcmtﬂdnft ® Cldt)(cm Rd+d® 1)k (1)
t=1
and
A(x) =xXx®x= ( Z /\i’]’,l,kaibjcldk) & ( Z )\i,j,l,kllibjcldk). (2)
i,jlk ijlk

By comparing (1) and (2), we have A;;;x = Oforany 0 <i<n-1,0<k <n-1land
j, 1 € Zyy. Hence, we have the following:

. . n—1
Ax) =Y Agjb @b)(d@c + Y By Ha o dd) (" @d+d@1)f, ()
jlk =1

and

A(x) = (Y Agjuxb/cld) @ (Y Agjub/cd). (4)
ik ik

By comparing (3) and (4), we have the following:

Y Agjiobc @bic) = (Y Agiob/c) @ (Y Agjpoblc)).
jil jih ji

It follows that there are two cases. The first case is that there only exists one array (jo, lp),
such that A ;1,0 = 1, and Ag jy ;0 = 0 for any (j, 1) # (jo, lo). The second case is that for
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any (j,1), we have Agj ;0 = 0. If the second case is true, then x = Y1k )\o,j,l,kbj ctdk, where
j,1 € Zyn and 0 < k < n — 1. Thus, ¢(x) = 0, which contradicts with x € G(H). Hence, the
first case must be true. For any j,! € Z;, and 0 < k < n — 1, we have the following:

x = bloch + Z /\Olj/[,kbjcldk.
jlLk

By (3) and (4) again, we have the following:

. . n—1
A(x) :(b]o ® b]o)(clo ® Clo + Z ﬁt/lcmt-&-l()dn—t ® Clodt)
t=1

) ) n—1
(X Aot @) (@ + Y BT @ dd') (" wd+d@ 1)k, (5)
jLk =1

and

A(x) = (Boclo + Y Ag 1 abicldb) @ (boc + Y Mg j b/l d"). (6)
jlk jlk

By comparing (5) and (6), it follows that

Z /\O,j,[,kbjcldk X bjCl = Z )Lolj,[’kbjcldk X bjOCZO
jlk jlk

and

Y Aot/ MR @ bicdk = bioch @ Y Ag bl

jlk jlk
Since 0 < k < n—1, Iy # lp — mk. Thus we have Ag;;x = 0 for any j,I € Zy, and
0 < k < n — 1. Consequently, x = bloclo. If Iy = ms for any s € Z,. Then it is easy to check
that A(x) = x®xand e(x) = 1. If [y = ms+ hforany s € Z,, 1 < h < m — 1, then one can

check that it contradicts with A(x) = x ® x. Therefore, by the discussion above, we have
G(H) ={V/c"™|j € Zyn,s € Zy}. O

Lemma 6. Let h = biic™1, ¢ = b2c™2 € G(H), and 0 # x € Py o (H) with ji,jo €
Zmn, $1,52 € L. Then x = a(h — g) + Pag + yhd, where a, B,y € kand (j1,51) # (jo,52). If
(j1,51) # (ja +1,52), then B = 0; if (j1,51) # (jo, 52 — 1), then v = 0; if (j1,51) # (j2 + 1,52)
and (jy,51) # (jo,50 — 1), then p = v = 0.

Proof. Let h = bic™1, ¢ = b2c™2 € G(H) with ji,jo € Zyn, 51,5 € Zn. Let x =
Yk Ai,j,l,kalbfcldkephlg(H), where j,1 € Zyy, 0 < i,k <n—1.Then we have

Ax) =Y Ajpa®b+1@a) (b @b)

i,j,lk
n—1
(Cl®cl+ Zﬁt,lcthdnit@Cldt)(Cm®d—|—d®1)k (7)
t=1
and
Alx) =x@h+g®x
= (Zl:k /\i,j,l,kaibjcldk) ® bl M1 | plaghsy (Zl:k /\i,]’,llkaibjcldk). )
ijl, ijl,

A straightforward computation shows that the coefﬁcients of bicHmd* =1 @ bicld and

a=1icldk @ abti—1cl in (7) are A, ik T %m and A respectively. Then it is easy

l]lk] % m s
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to check that )\O,j,l,k =0forany j,l € Zmy, 2 <k <n-1; )\i,j,l,k = 0forany j,I € Zmn,
2<i<n-10<k<n—-TLand Ay = 0forany jI € Zu,, 1 < k < n—1. Thus,
x=Yii )Li’]'llroﬂibjcl + Y )\O,j,mbfcld, where j,1 € Zyyu, 0 < i < 1. Then by comparing (7)
and (8), one has /\i,j,l,o = )‘O,j,l,l =0forany! =ms+h, j € Zyn, s € Zy, 0 <i < 1and
1 < h <m — 1. Moreover, we have the following:

ZAO,j,ms,Objcms X bijs = ZAO,j,ms,Objcms & b]] Cms]

’ iLS Zs Ao ms,0b2c™2 @ bIc™, 9)

Js
%/\urmsfoabicms @ bitlems — %Al,j,ms,oﬂbijs ® biicmst (10)
%Al,jrmsrob]'cms ® ablc™"s = %Al,j’mslobfzcmz ® ablc™, 11)
%/\O,]’,ms,l picms+m g picmsg — ]ZS Aoyjms b2 @ bl d, (12)
%Ao,j,ms,l be™d @ blc™ = %/\O,j,ms,lbj "Sd @ b, (13)

where j € Zmn, s € Zy. Consider (9), if (ji,51) = (j2,52), then Ay 50 = 0. Otherwise,
A0jymsi,0 = —A0,jpmsy,0, a0d Ag i mso = 0 for any j # ji, ja, or s # s1,s2. By (10) and (11),
if (ji,51) # (j2 +1,52), then Ay j 50 = 0. Otherwise, Ay j 50 = 0 for any j # jp or s # s5.
By (12) and (13), if (j1,51) # (j2,52 — 1), then Ay j ;5,1 = 0. Otherwise, A 51 = 0 for any
j # j1 and s # s1. By discussion above, one can obtain Lemma 6. [

Lemma 7. Let ¢ € Autp,,r(H). Then p(c™) = ", ¢(d) = ad, where & € k*.

Proof. Let ¢ € Autp,,r(H). It is easy to check that ¢ € G(H), and dc™ € P on. By
Lemmas 4-6, one can assume

P(c™) = bic™s, p(dc™) = a(b/c™ — VPP + Bab® P 4 qbic™ed,
where j € Zyy, s € Zy, and a, B, 7y are not all zeros. Thus,
¢(d) = a(1 — bic"™) + Bablc™ 4 g i=9)4.
Then, we have the following:

Alp(d)) =a(1®1—bc"™ @b ™) + 4"~ (" @d+d®1)
+ 'B(ubjcms ® ijrlcms + bjcms ® abijS)
and
(¢ @ ¢)(Ad)) =a(1®1 —bc"™ @™ + 40~ (W™ @d+d 1)
+ B(ablc™ @ 14 b/c™ @ ablc™).

Since ¢ is the Hopf automorphism of H, the above two equations are equal. It is easy to see
that there are three cases. The first case is p = v = 0. In this case, $(d) = a(1 — b/"™) =
a(1— (¢(c))™). Thus, ¢(d) can be generated by ¢(c), which is a contradiction. The second
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caseisy =s =0, j = mn — 1. In this case, (¢(c))™ = b~1, and (¢(c))™ = b~" # 1, which
is a contradiction. So the third case must be true. The third caseis p = j = 0,5 = 1. Then,
p(c™) =", ¢p(d) = a(1 — ™)+ vy ™d, where a and -y are not all zeros. By d" = 0, then
(p(d))" = (a(1 —c™) 4+ y&™d)" = 0. It is easy to know that the coefficient of ¢" is —na™,
thus & = 0. Consequently, ¢(d) = y¢~"d, where v # 0. O

Lemma 8. Let ¢ € AutHopf(H). Then ¢(a) = Ba, ¢p(b) =b, ¢p(d) = ﬁ’ld, where " = 1.

Proof. Let ¢ € Auty,,r(H). Itis easy to check thatb € G(H), a € Py ;. By Lemmas 4-6, we
can assume that ¢(b) = bic™, ¢(a) = a(bic™ — 1) + Ba + yb/c"™d, where j € Zyn,s € Ly,
and «, B, v are not all zeros. Then, we have the following;:

Ap(a)) =a(lc™ @bIc™ —191)+pla®b+1Ra)
+ (B @ B d 4 b ™ d @ 1)

and

(p@¢)(A(a) =a(b/ ™ @V ™ —121) +Ba@b/c™ +1®a)
+ (V™A@ b ™ +1® b "™d).

Since ¢ is the Hopf automorphism of H, the above two equations are equal. It is easy
to see that there are three cases. The first case is f = 7 = 0. In this case, ¢(a) =
a(bic™ —1) = a(¢p(b) — 1). Thus, ¢(a) can be generated by ¢(b), a contradiction. The
second caseis B = j =0, s = n — 1. In this case, ¢(b) = b™" ™. Thus, (¢(b))" = 1lisa
contradiction. So the third case must be true. The third caseis vy = s = 0,j = 1. Then,
$(b) =b, ¢p(a) = a(b— 1) + Ba, where « and B are not all zeros. By ab = "ba, we have
p(a)p(b) = ¢"Pp(b)¢p(a). It is easy to check that « = 0. Thus, ¢(a) = Ba. In a similar way,
we have (¢(a))" = (p(6))" — 1 and @(a)p(d) — P(d)p(a) = P(b) — ($(c))". By Lemma 7,
we have ¢(c™) = ", ¢(d) = Ad, where A € k*. Then a straightforward computation
shows that 8" = 1and ¢(d) = p~'d. O

Lemma 9. Let ¢ € Autp,,r(H). Then, ¢ € W.

Proof. Let ¢ € Autp,,r(H), p(c) = L)1k /\,',j,l,kaibfc’dk, where j,| € Zyu, 0 <i,k<n-1
We have the following:

AP(e) =Y Aijux(a@b+1®a)' (b @ b)
ik

n—1
(dod+ Y Byctatedd) (" od+do 1)k
t=1

and

(@®9)(Alc)) =( Y Ayjuxa'blcdd) @ (Y Ay pa'blcldb)
ik ik

+ 3 0k A pa bl R) @ (Y Ay palbicldtr),

=1 ij Lk ijLk
N (@"71)- tmk
Where 5t,k — m '
are equal. Next, it is similar to the proof of Lemma 5, we have ¢(c) = bioclo, where
jo, 1o € Zmn. By Lemma 7, we have ¢(c™) = ¢™. A straightforward computation shows that

¢(c) = psnclttn wheres, t € Z,,. By Lemma 8, we have ¢p(a) = pa, ¢(b) = b, ¢(d) = ‘B’ld,

. Since ¢ is the Hopf automorphism of H, the above two equations
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where " = 1. Note that ¢(d)¢(c) = E¢p(c)¢(d). Then it is easy to check that ¢(c) = b*"c. It
follows that ¢ is a Hopf automorphism of H. Consequently, ¢ € W. O

Given the cyclic group Z;; and the cyclic group Z,. Then we can construct the direct
sum Zy @ Zp, = {(i,s)|i € Zn, s € Zy}. The comultiplication is given by

(i1,81)(iz,82) = (i1 + 12,51 + $2).
Lemma 10. Autp,,r(H) = W = Zy @ Zn-

Proof. By Lemma 9, Autpy,,r(H) C W. Since W C Aut o, ¢(H), Autpyopr(H) = W. Then
there exists a linear map ¢ : Z, @ Z;, = W determined by (i,s) — f;,. It is easy to check
that ¢ is a group isomorphism. Therefore, we have Autyo,f(H) = W = Zy @ Zy. U

5.2. The Hopf Automorphism Group of D(H; )

In this subsection, we prove that the Hopf automorphism group of D(Hs) is W and
isomorphic to the semidirect products k* x Z;. Throughout the following, denote D (Hs )
by T, and denote the Hopf automorphism group of D(H;¢) by Autpyopr(T).

Lemma 11. Let ¢ : T — T be a Hopf automorphism. Then,

(1) p(G(T)) = G(T),

(2) Y(Pug(T)) = Pyn),pe)(T)-

where G(T) is the group consisting of all group-like elements of T, and Py o(T) is the group
consisting of all (h, g)— primitive elements of T, and h,g € G(T).

Proof. It follows from a straightforward verification. [

Lemma 12. G(T) = {B/C'|j,1 € Zs}.

Proof. It is similar to the proof of Lemma 5. [

Lemma 13. Let h = BiCh, ¢ = B2C € G(T), and 0 # x € Py o(T) with j1, o, 11,12 € Zs.
Then x = a(h — g) + pag + yhd, wherew, B,y € kand (j1,11) # (jo, 12). If (j1, 1) # (2 +1,12),
then B = 0;f (j1, 1) # (o, I —d), then y = 0;if (j1, 1) # (2 +1,1a) and (js, ) # (o, — ),
then p =y =0.

Proof. It is similar to the proof of Lemma 6. [

Lemma 14. Let € Autyy,pr(T). Then (C) = B"'C, ¢(D) = vd, where y € k*,r € Z.
Proof. It is similar to the proof of Lemmas 7 and 9. [

Lemma 15. Let ) € Autpyo,f(T). Then p(A) = v~ ta, (B) = B, (D) = vd, where y € k*.
Proof. It is similar to the proof of Lemma 8. [

Lemma 16. Let € Auty,¢(T). Then, p € W'

Proof. It follows from a straightforward verification. [

Define a left action of the cyclic group Z; on the multiplicative group k*:

rey=-,r€Zy vk
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So we can construct the semidirect products k* x Z; = {(v,r)|y € k*, r € Z;}. The
comultiplication is given by the following:

(v1,71)(r2,72) = (1172, 71 + 12)-
Lemma 17. Autp,,¢(T) = W = k* x Zy.

Proof. By Lemma 16, Aut o, ¢(T) € W'. Since W' C Autpyo,(T), Autpp(T) = W'. Then
there exists a linear map ¢ : k* x Z; — W’ determined by (-, r) — ;. Itis easy to check
that ¢ is a group isomorphism. Therefore, we have Autpyo,((T) = W 2 k* x Z;. O

6. Conclusions

We found that if H is a Hopf algebra and ¢ € Autp,,s(H), then ¢(G(H)) = G(H)
and ¢ (P, ¢(H)) = Py ¢(g)(H)- Based on the above results, we cleverly calculated all Hopf
automorphisms of D(R,,,(q)) and D(Hs ), and further obtained their Hopf automorphism
groups. This article provided a new method for the study of automorphism groups of finite-
dimensional Hopf algebras, which can lay a solid foundation for the study of automorphism
groups of infinite-dimensional Hopf algebras. The following questions deserve further
consideration:

(@) Can this work be solved from the perspectives of eigenproblem and molecular align-
ment?

(b) Which automorphism groups of infinite-dimensional Hopf algebras can be solved
using our method?
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