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Abstract: As the power unit of an aircraft, the engine’s primary task is to provide the demanded
thrust, making research on direct thrust control crucial. However, being a complicated multivariable
system, effective multivariable direct thrust control methods are currently lacking. The main content
of this paper is threefold. First, it presents a dual-loop multivariable µ-synthesis direct thrust control
scheme for mixed-exhaust low-bypass turbofan engines, which is a typical rotationally symmetric
machine. The scheme adjusts fuel flow for thrust control and nozzle area to control the turbine
pressure ratio, ensuring thrust tracking while maintaining the engine’s key parameters within safe
limits. Second, a fast, accurate thrust estimation algorithm based on aerodynamic thermodynamics
and component characteristics is introduced. At last, considering the model uncertainties between
off-design and design points, a weight function frequency shaping µ-synthesis control design method
is proposed to address internal loop coupling and external disturbance suppression. Nonlinear
simulations within the flight envelope show that µ-synthesis direct thrust control achieves robust
servo tracking and disturbance rejection, with a maximum steady-state thrust error of no more than
0.1%, and the key parameters are not over their safety boundaries.

Keywords: direct thrust control; thrust estimation; dual-loop µ-synthesis control; weight function
frequency shaping

1. Introduction

With the advancement of aero-engine control technology, direct thrust control has
become a hot and challenging topic [1–3]. Previously, indirect thrust control schemes
based on rotor speed were used due to the inability to measure thrust [4]. Thrust should
correspond linearly with the power lever angle, but the nonlinear relationship between
rotor speed and thrust only allows for an approximate linear relationship, increasing the
pilot’s workload [5]. Moreover, as engine performance degrades over its service life, these
nonlinear characteristics become even more pronounced [6].

Scholars worldwide have extensively researched direct thrust control for engines. Litt
et al. proposed a Kalman filter thrust estimator [7]. They used an indirect thrust control
method, correcting fan speed commands based on the deviation between the desired thrust
and the Kalman filter estimate [8]. However, this approach cannot ensure a linear rela-
tionship between thrust and the power lever. Lu et al. studied methods for estimating
engine health parameters under sensor uncertainty [9,10]. Francisco et al. proposed a
direct thrust control scheme for turbojet engines using an optimal linear quadratic (LQ)
fuel consumption index and an optimal thrust estimator [11]. With the development of
artificial intelligence (AI) technology, data-driven thrust estimation methods have emerged.
Algorithms such as support vector machines [12,13], multilayer feedforward neural net-
works [14], extreme learning machines [15,16], radial basis function neural networks [17,18],
deep convolutional neural networks [19], and long short-term memory neural networks [20]
have been applied to engine thrust estimation. However, these methods require extensive
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thrust data covering the entire flight envelope and various environmental conditions, which
are nearly impossible to obtain, making practical application challenging.

Wang developed a turbofan engine thrust estimator using the optimal unknown input
observer (UIO) method and proposed a model-based dual-loop thrust control structure
with closed-loop feedback [21]. The inner loop employs H-infinity loop-shaping rotor speed
control, while the outer loop uses anti-windup proportional–integral (PI) thrust control.
Zheng et al. proposed a real-time optimization control method to enhance engine thrust
response during emergency flights [22]. They later introduced a nonlinear model predictive
control method for direct thrust, improving thrust response speed by 50% [23]. Additionally,
they developed an inverse mapping model for direct thrust control [24], which ensures
desired thrust and rapid response even with engine degradation. Jin et al. proposed an
aircraft engine direct thrust prediction control method based on a composite propulsion
system dynamic model–state variable model [25]. This approach allows for simultaneous
estimation of unmeasured parameters and model predictive control, improving steady-
state control accuracy and effectiveness. Zhu et al. [26] proposed a direct thrust control
structure based on linear parameter varying (LPV) for turbofan engines. Their robust
filtering estimator effectively suppresses sensor noise, and the designed optimal controller
shows ideal performance above idle. However, these methods may not perform as expected
in the face of uncertainties and external disturbances.

There are many ways to cope with uncertainties and external disturbances, such as
robust control, adaptive control, etc. [27,28]. Liu et al. [29] proposed a multi-variable
adaptive control method for turbofan engines to deal with the dynamic and input un-
certainties. Shi et al. [30] studied supervisory control of multiple switching laws with
performance guidance for aero-engines. Xiao [31] proposed a novel nonlinear tracking
control for aero-engines to suppress the effects of uncertainties and disturbances. In addi-
tion, the H∞ and µ-synthesis techniques show strong robustness and ability to suppress
external disturbances [32,33]. Wang et al. designed a two-degrees-of-freedom H∞ con-
troller for aero-engines to improve the tracking performance while maintaining stability
and robustness [34]. Compared to H∞ control, the µ-synthesis control is able to deal with
uncertainties directly. However, µ-synthesis has been less studied in direct thrust control
of aero-engines.

In order to solve these issues mentioned above, the research presented in this paper
provides the following main contributions:

1. To address the issue of poor linearity between power lever angle and thrust in indirect
thrust control schemes, this paper proposes a multivariable direct thrust control
structure that ensures thrust tracking while using nozzle adjustments to regulate the
pressure ratio, preventing key performance parameters from exceeding their limits.

2. To solve the problem of unmeasurable thrust and to avoid the difficulty in obtaining
thrust data for data-driven algorithms, a fast thrust estimation algorithm based on
measurable parameters and engine thermodynamic characteristics is introduced to
act as a virtual thrust sensor.

3. To tackle external disturbances and uncertainties in direct thrust control, a dual-loop
µ-synthesis multivariable direct thrust control method is designed.

This study explores direct thrust control in mixed-exhaust small bypass ratio turbofan
engines. Firstly, it analyzes the impact of nozzle area changes on engine operation and
proposes a dual-loop direct thrust control scheme. The nozzle control loop adjusts the
nozzle area to maintain the turbine pressure ratio relative to changes in inlet total tempera-
ture, while the fuel control loop adjusts fuel flow to maintain thrust relative to inlet total
temperature changes. Secondly, it introduces a rapid thrust estimation algorithm based
on engine principles using aerodynamic thermodynamics and component characteristics.
Thirdly, a weighted function frequency domain shaping µ-synthesis control method is
proposed to address uncertainty between non-design and design operating points in the
engine’s full envelope. This method ensures robustness for controllers designed at design
points within the uncertainty range, providing robust and anti-disturbance performance for
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direct thrust control across flight envelopes. Finally, simulation verification on a nonlinear
engine platform validates the servo and anti-disturbance performance.

2. Design Methods
2.1. Augmented Engine Model

The state space nonlinear model of a small bypass ratio dual-axis turbofan engine (the
schematic diagram is shown in Figure 1) is described [3,4] as{ .

x(t) = f (x(t), u(t))
y(t) = g(x(t), u(t))

(1)

where state variable x =
[
x1 x2

]T
=

[
N1 N2

]T; N1 (unit: rpm) and N2 (unit: rpm) are
the low-pressure and high-pressure rotor speeds of the engine, respectively; input variable
u =

[
u1 u2

]T
=

[
Wf A8

]T (units: kg/s and m2), Wf means the fuel flow rate and A8

means the nozzle throat area; the output variable y =
[
FN πT yex

]T, where FN (unit: N)
is engine net thrust, πT is turbine pressure ratio, and yex represents other monitoring out-
puts, including some engine aerodynamic and thermal parameters; f represents nonlinear
mappings from x, u to

.
x; and g represents nonlinear mappings from x, u to y.
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Figure 1. Schematic diagram and cross-section definition of the engine.

The transformation matrix of state, input, and output is defined as

TMx = diag(x−1
design), TMu = diag(u−1

design), TMy = diag(y−1
design) (2)

where the subscript “design” represents the design point of the engine.
We can transform the state vector, input vector, and output vector as follows:

.
x(t) = TMx

.
x(t), x(t) = TMxx(t), u(t) = TMuu(t), y(t) = TMyy(t) (3)

Equation (1) can be transformed into the following normalized state space nonlinear model:{ .
x(t) = f (x(t), u(t))
y(t) = g(x(t), u(t))

(4)

where f is a nonlinear mapping function from x, u to
.
x, and g is a nonlinear mapping

function from x, u to y.
Linearizing the nonlinear model at a steady-state point and expanding Equation (4) in

terms of the Taylor series of multivariate functions yields the linear model.

Gengine :

{
∆

.
x(t) = A∆x(t) + B∆u(t)

∆y(t) = C∆x(t) + D∆u(t)
(5)
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where

A =

 ∂ f 1
∂x1

∂ f 1
∂x2

∂ f 2
∂x1

∂ f 2
∂x2


|x0,u0

, B =

 ∂ f 1
∂u1

∂ f 1
∂u2

∂ f 2
∂u1

∂ f 2
∂u2


|x0,u0

C =

 ∂g1
∂x1

∂g1
∂x2

∂g2
∂x1

∂g2
∂x2


|x0,u0

, D =

 ∂g1
∂u1

∂g1
∂u2

∂g2
∂u1

∂g2
∂u2


|x0,u0

Considering that both dual-loop actuators engage a small closed-loop control mode,
their equivalent first-order inertial modules are

GWf(s) =
1

τWf s + 1
, GA8(s) =

1
τA8 s + 1

(6)

τWf is the equivalent inertia time constant of the fuel actuator and τA8 is the equivalent
inertia time constant of the nozzle actuator.

Direct engine thrust control has servo performance requirements. According to the
automatic control principle, it is necessary to contain an integrator in the forward channel
of the control loop; therefore, the following integrator is embedded:

GWf,inte(s) =
1
s

, GA8,inte(s) =
1
s

(7)

So far, the augmented controlled object model is constructed as follows:

GAug = Gengine ·
[

GWf 0

0 GA8

]
·
[

GWf,inte 0

0 GA8,inte

]
(8)

2.2. Direct Thrust Dual-Loop Control Scheme

At present, the thrust control of an aircraft engine is completed by an indirect thrust
control mode, which utilizes the rotor speed closed-loop. With this traditional control
scheme, it is difficult to ensure that the thrust linearly corresponds to the power lever angle.
With the growing engine operating cycles, the nonlinearity between the thrust and the
power lever angle becomes more obvious, aggravating the pilot’s maneuvering load.

In the process of engine transition state and steady-state operation, the change in the
nozzle throat area directly affects the position of the common operating point. In order
to ensure the safe operation of the engine, the operating point should maintain a certain
safety margin with the safety boundaries, such as the fan, compressor unstable boundaries,
the high-pressure turbine inlet temperature limitation boundaries, and the combustor lean
blowout boundaries. Considering this characteristic, a direct thrust dual-loop control
scheme is proposed, as shown in Figure 2.
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In Figure 2, the upper loop receives the thrust command corresponding to the angle of
the power lever and adopts the closed-loop structure of adjusting the fuel flow to control
the thrust; the lower one receives the turbine pressure ratio command corresponding to
the angle of the power lever and adopts the closed-loop structure of adjusting the nozzle
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throat area to control the turbine pressure ratio, and the internal coupling of loops 1 and 2
is solved by the multivariable controller to realize dynamic decoupling.

2.3. Thrust Estimation Algorithm

In Figure 2, the direct thrust dual-loop closed-loop control system scheme requires a
thrust sensor; however, considering that the actual thrust is not measurable, the following
thrust estimation algorithm based on measurable parameters and engine thermodynamic
characteristics is proposed here.

We use the low-pressure rotor speed N1 and fan inlet total temperature T2 (unit: K) to
calculate the low-pressure rotor corrected speed:

N1,cor = N1/
√

T2/288.15 (9)

Knowing the fan inlet total pressure P2 (unit: kPa) and the fan bypass outlet total
pressure P13 (unit: kPa), the fan bypass pressure ratio can be obtained:

πfanduct = P13/P2 (10)

Based on the fan bypass component characteristics,

[Wfanduct,cor, ηfanduct] = ffanduct(N1,cor, πfanduct) (11)

Wfanduct,cor (unit: kg/s), ηfanduct can be calculated, and thus the fan bypass inlet air
flow rate Wfanduct(unit: kg/s) is

Wfanduct = Wfanduct,cor ·
√

288.15/T2

101.325/P2
(12)

The fan bypass outlet total temperature is

T13 = T2(1 +
π

k−1
k

fanduct − 1
ηfanduct

) (13)

where k represents the air insulation index. Summarizing the above leads to a computational
module for Wfanduct, W13, T13 (units: kg/s, kg/s and K).

[Wfanduct, W13, T13] = Funfanduct(N1, P2, P13, T2) (14)

4. The fan core thermal parameter calculation is similar to Step 1. From N1, P2, fan core
outlet total pressure P25 (unit: kPa), T2, and fan core component characteristics, we
can obtain the inlet flow rate Wfancore (unit: kg/s), outlet flow rate W25 (unit: kg/s),
and outlet total temperature T25 (unit: K).

[Wfancore, W25, T25] = Funfanc(N1, P2, P25, T2) (15)

5. The fan inlet air flow rate is obtained from Equations (14) and (15).

W2 = Wfanduct + Wfancore (16)

6. Considering the extracted air flow rate Wextr (unit: kg/s) from the compressor, then

W3 = W25 − Wextr (17)

The calculation of other thermal parameters is similar to Step 1. From the high-
pressure rotor speed N2, P25, the total pressure at the outlet of the compressor P3
(unit: kPa), T25, and the characteristics of high-pressure compressor components, the
inlet air flow rate of the compressor W25, the outlet air flow rate of the compressor W3



Symmetry 2024, 16, 944 6 of 20

(unit: kg/s), and the total temperature at the outlet of the compressor T3 (unit: K) can
be obtained.

[W25, W3, T3] = Funhpc(N2, P25, P3, T25, Wextr) (18)

7. From W3, P3, T3, and the fuel flow rate Wf, we obtain the fuel–air ratio and the gas
flow rate at the outlet of the combustion chamber.

FAR4 = Wf/W3 (19)

W4 = W3 + Wf (20)

The combustion efficiency ηB and the low-level calorific value Hu (unit: J/kg) of the
fuel are known, from which the total temperature at the outlet of the combustion
chamber is calculated.

T4 =
ηB · FAR4 · Hu + Cp3 · T3

(FAR4 + 1) · Cp4
(21)

where Cp3 (unit: J/K) is the constant-pressure specific heat capacity of air and Cp4
(unit: J/K) is the constant-pressure specific heat capacity of gas; then, the combustion
chamber calculation module is

[W4, T4, FAR4] = Funburner(W3, P3, T3, Wf) (22)

8. Considering the high-pressure turbine cooling air flow rate is Whpt,cool (unit: kg/s),
then the high-pressure turbine outlet gas flow rate is

W45 = W4 + Whpt,cool (23)

The fuel–air ratio at the high-pressure turbine outlet is

FAR45 = Wf/(W45 − Wf) (24)

The corrected high-pressure turbine rotor speed is calculated from N2, T4 (units: K):

N2,cor,hpt = N2/
√

T4/288.15 (25)

From the high-pressure turbine inlet total pressure P4 (unit: kPa) and outlet total
pressure P45 (unit: kPa), the high-pressure turbine pressure ratio is calculated:

πhpt = P4/P45 (26)

Based on the characteristics of the high-pressure turbine components, N2,cor,hpt (unit: rpm),
and πhpt, parameters of the high-pressure turbine can be obtained:[

Whpt,cor, ηhpt

]
= fhpt(N2,cor,hpt, πhpt) (27)

T45 = T4 ·

1 − ηhpt ·

1 − 1

π
kg−1

kg
hpt


 (28)

where kg is the gas insulation coefficient. In summary, the module for calculating the
thermal parameters of the high-pressure turbine can be obtained:

[W45, T45, FAR45] = Funhpt(N2, W4, P4, P45, T4, FAR4) (29)
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9. The calculation of thermal parameters of the low-pressure turbine is the same as in
Step 6. From N1, W45 (unit: kg/s), high-pressure turbine outlet total pressure P45, low-
pressure turbine outlet total pressure P5 (unit: kPa), high-pressure turbine outlet total
temperature T45 (unit: K), and low-pressure turbine component characteristics, we
can obtain the low-pressure turbine outlet flow rate W5 (unit: kg/s), the low-pressure
turbine outlet temperature T5 (unit: K), and the low-pressure turbine outlet fuel–air
ratio FAR5.

[W5, T5, FAR5] = Funlpt(N1, W45, P45, P5, T45, FAR45) (30)

10. The calculation of thermal parameters at the bypass duct outlet is as follows. Consid-
ering the air flow rate of anti-surge air into the bypass duct as Wbleed (unit: kg/s), the
air flow rate at the bypass duct outlet is

W15 = W13 + Wbleed (31)

Let the total pressure recovery factor of the bypass duct be σduct, then the total
pressure is

P15 = σduct · P13 (32)

According to the conservation of energy, the total temperature at the outlet of the
bypass duct is

T15 = T13 (33)

In summary, the module for calculating the thermal parameters of the bypass duct
can be obtained:

[W15, P15, T15, FAR15] = Funexduct(W13, P13, T13) (34)

11. The calculation of mixing chamber outlet thermal parameters is as follows. According
to the conservation of mass in the mixing chamber, the gas flow rate (unit: kg/s) at
the outlet of the mixing chamber is given by

W6 = W15 + W5 (35)

Then, the fuel–air ratio at the outlet of the mixing chamber is

FAR6 = Wf/(W6 − Wf) (36)

According to the conservation of energy and impulse (units: K and kPa),

T6 =
Cp15 · T15 + Cp5 · T5

Cp6
(37)

P6 =
P15 · W15 + P5 · W5

W6
(38)

In summary, the module for calculating the thermal parameters of the mixer can
be obtained:

[W6, P6, T6, FAR6] = Funmixer(W5, P5, T5, FAR5, W15, P15, T15, FAR15) (39)

12. The calculation of the thermal parameters of the nozzle module is as follows. By
conservation of mass,

W8 = W6 (40)
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Let the nozzle total pressure recovery coefficient be σn, then the outlet total pressure is

P8 = σn · P7 (41)

We define the nozzle critical pressure ratio and nozzle pressure ratio as

πn,cr =

(
kg
2

+ 1
) kg

kg−1
(42)

πn =
P8

Pamb
(43)

We calculate the nozzle exit static pressure in two cases:
(1) Ps8 = Pamb, πn ≤ πn,cr

(2) Ps8 = P8 ·
(

2
kg+1

) kg
kg−1 , πn > πn,cr

The velocity coefficient can be obtained:

λ8 =

√
kg + 1
kg − 1

{
1 − [π(λ8)]

kg−1
kg

}
(44)

where π(λ8) = Ps8/P8, and the nozzle outlet gas velocity is

V8 = CV · λ8 ·
√

2 · kg
kg + 1

· Rg · T7 (45)

In summary, the module for calculating the nozzle parameters is as follows:

[W8, P8, V8] = Funnozzle(W7, P7, T7, FAR7) (46)

13. Finally, the thrust (unit N) of a mixed-exhaust twin-rotor turbofan engine is calculated
as follows:

FN = [W8 · V8 + (P8 − Pamb) · A8]− W2 · V0 (47)

where W8 (unit: kg/s) represents the nozzle outlet gas mass flow rate, P8 (unit: kPa)
is the outlet total gas pressure of the nozzle, Pamb (unit: kPa) means ambient pressure,
and V0 (unit: m/s) is the flight velocity.

The thrust estimation algorithm described above calculates the estimated value of
thrust using the sensor’s measurable signals under known component characteristics. Due
to the noniterative calculating process, it is fast in calculation.

2.4. µ-Synthesis Control Design
2.4.1. Robust Stability and Robust Performance

For the dual-loop control architecture in Figure 2, we define

Gact =

[
GWf 0

0 GA8

]
, Ginte =

[
GWf,inte 0

0 GA8,inte

]
(48)

A weighted function frequency domain shaping model following the µ-synthesis
control structure is proposed, as shown in Figure 3.
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Figure 3. Model following the µ-synthesis control structure based on weight function frequency
domain shaping.

In the figure, Gref represents the reference model transfer function matrix, Wu is the
weighting function matrix for controlling output energy suppression, WP is the weight-
ing function matrix for tracking model error sensitivity, ∆ is the unstructured uncer-
tainty matrix with an H∞ norm of at most 1, and WI is the weighting function matrix
for the upper boundary of the uncertainty. rref =

[
rFN rπT

]T is the reference com-

mand vector, u =
[
uWf uA8

]T is the controller output vector, z =
[
zp zu

]T is the per-

formance evaluation vector, y =
[
FN πT

]T is the engine measurement output vector,

yref =
[
FN,ref πT,ref

]T is the reference model output vector, and d =
[
dFN dπT

]T is the
external disturbance input vector.

The closed-loop system with uncertainty depicted in Figure 3 is transformed equiva-
lently into a µ-synthesis standard ∆-P-K framework structure, illustrated in Figure 4.
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The expression for the ∆-P-K control system is as follows:y∆

z

yK

 =

P11(s) P12(s) P13(s)
P21(s) P22(s) P23(s)
P31(s) P32(s) P33(s)


u∆

w

uK

 (49)
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u∆ = ∆(s) · y∆ (50)

uK = K(s) · yK (51)

Performing a low fractional transformation on P(s) and GK(s), the constructed M(s)
is as follows:

M(s) = Fl(P(s), GK(s))

=

[
M11(s) M12(s)

M21(s) M22(s)

]
=

[
P11(s) P12(s)

P21(s) P22(s)

]
+

[
P13(s)

P23(s)

]
GK(s)[I − P33(s)GK(s)]

−1[ P31(s) P32(s)
] (52)

Then [
y∆

z

]
=

[
M11(s) M12(s)

M21(s) M22(s)

][
u∆

ω

]
(53)

Equation (53) can be represented by Figure 5.
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The closed-loop stability of the ∆ − M system under the perturbation of uncertainty ∆
is measured by σ(∆), which is

µ(M) =
1

min
∆

{σ(∆)|det(I − M∆) = 0, for structured ∆} (54)

Thus, a quantitative µ-test method for robust stability under uncertainty is provided.
If both M(s) and ∆ are stable, the system is robustly stable for all allowable uncertainties
when σ(∆(jω)) < 1, ∀ω, if and only if

µ(M(jω)) < 1, ∀ω (55)

By embedding the performance uncertainty matrix ∆P into the ∆ − M system, the
extended uncertainty matrix is defined:

∆̂ =

[
∆ 0

0 ∆P

]
(56)

Thus, the ∆̂ − M control system is constructed, as shown in Figure 6.
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A quantitative µ-test method for the robust performance of the extended uncertainty
∆̂ is given. For the ∆̂ − M system, where M is internally stable and satisfies

∥F∥∞ = ∥Fu(M, ∆̂)∥∞ = ∥M22(s) + M21(s)∆̂(s)
[
I − M11(s)∆̂(s)

]−1M12(s)∥∞ < 1

∀∆̂, ∥∆̂∥∞ < 1
(57)

if and only if
µ∆̂(M(jω)) < 1, ∀ω (58)

2.4.2. Weighted Function Frequency Domain Shaping Design

When the engine operates at non-design points, its dynamic characteristics deviate,
and the resulting uncertainty can be characterized by multiplicative uncertainty, as shown in
Figure 7. In the figure, WI represents the uncertainty weighting function, and ∆ represents
arbitrary non-structural uncertainty, satisfying ∥∆∥∞ < 1.
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Let ru0 denote the steady-state relative uncertainty, ωI represent the frequency at
which the relative uncertainty reaches 100%, and ru∞ be the amplitude of the weight
function at high frequencies. Then, WI can be expressed as the following minimum-phase
rational function:

WI(s) =
s

ωI
+ ru0

s
ru∞ωI

+ 1
(59)

For good model tracking servo performance in the low-frequency range and effective
suppression of low-frequency disturbances, WP is designed:

WP(s) =
α

εP

s
ωP

+ 1
s

ωPεP
+ 1

, (0.1 < α ≤ 1, 0 < εS << 1) (60)

where α and εP are the weighting function performance adjustment factors, and ωP is the
closed-loop system bandwidth.

To suppress control output saturation, Wu is designed as follows:

Wu(s) = γ
s

ωu
+ 1

s
(ωu/εu)

+ 1
(61)
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where γ, ωu, and εu are control energy suppression adjustment factors.
Once the weighting functions are established, they are used in the D–K iteration

algorithm [22] to compute the dual-loop µ-synthesis controller.

3. Design Example
3.1. Plant Description and Controller Design

According to Section 2.1, the normalized linear model for the small bypass ratio
turbofan engine design point is given by

A =

[
−6.44 5.62

0.30 −3.74

]
, B =

[
0.48 2.09

0.66 −0.012

]

C =

[
1.77 0.042

−0.87 1.13

]
, D =

[
0.38 −0.70

7.5 × 10−4 0.74

]

The parameters at the design point are as follows:

PLA = 65◦ dPs = 0 kPa dTs = 0 K

H = 0 km Ma = 0 Wf = 1.144 kg/s A8 = 0.2984 m2

N1 = 10080 rpm N2 = 12910 rpm FN = 51071.22 N πT = 8.701

T4 = 1664.18 K SMFD = 13.93 % SMFC = 18.23 % SMC = 30.51 %

PLA stands for throttle angle, SMFD represents the surge margin for the fan outer
duct, SMFC is the surge margin for the fan inner duct, and SMC refers to the surge margin
for the compressor.

The given equivalent transfer function for the dual-loop actuator is

Gact =

[
1

0.16s+1 0

0 1
0.14s+1

]

The augmented controlled plant is

GAug =

 2.336(s2+12.47s+48.41)
s (s+6.96) (s+6.078) (s+3.216)

−5.1578 (s+0.6457) (s+4.245)
s (s+6.96) (s+7.359) (s+3.216)

0.0045646 (s+453.8) (s+0.6065)
s (s+6.96) (s+6.078) (s+3.216)

5.4506 (s+4.695) (s+3.007)
s (s+6.96) (s+7.359) (s+3.216)


According to the thrust estimation algorithm mentioned in Section 2.3, the maximum

thrust estimation error compared to the nonlinear model thrust is within 0.013%. The
corresponding comparison curves can be seen in the subsequent simulation result plots.

Let the model uncertainty exist at low, mid, and high frequency ranges with uncertain-
ties of 10%, 100%, and 1000%, respectively. The uncertainty weighting function mentioned
in Section 2.4.2 is

WI =

[
10s+20
s+200 0

0 10s+20
s+200

]
Design performance sensitivity function tuning parameters are α = 0.6, εP = 10−6,

ωP = 3 rad/s, then

WP(s) =

[ 1.8s+5.4
3s+9×10−6 0

0 1.8s+5.4
3s+9×10−6

]
The designed control energy suppression adjustment factors are γ = 0.01, ωu = 20 rad/s,

εu = 0.002, then

Wu(s) =

[
100s+2000

20s+200000 0

0 100s+2000
20s+200000

]
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We design the reference model as

Gref(s) =

 25
(s2+9s+25) 0

0 25
(s2+9s+25)


Using the D–K iteration method [27], an 18th-order µ-synthesis controller based on

the analysis of Section 2.4.1 is obtained.
The singular value curves µ∆(M(jω)) and µ∆̂(M(jω)) in the closed-loop system are

shown in Figure 8.
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Figure 8. The robust stability and robust performance of the closed-loop system. (a) Robust stability
curve: µ∆(M(jω)); (b) robust performance curve: µ∆̂(M(jω)).

Figure 8a shows that sup µ∆(M(jω)) < 1, indicating that the closed-loop system is
robustly stable. Figure 8b shows that sup µ∆̂(M(jω)) < 1, indicating that the closed-loop
system has robust performance.

3.2. Simulation Test Procedure

Next, nonlinear simulation verification of the designed µ-synthesis controller is per-
formed. The trajectory of flight altitude and flight Mach number is shown in Figure 9.
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Figure 9. Flight height and Ma input versus time.

The simulation lasts 500 s. Altitude H stays at 0 km from 0 to 150 s, ascends at
0.07 km/s from 150 to 220 s, stays at 5 km from 220 to 280 s, descends at −0.07 km/s from
280 to 350 s, and remains at 0 km from 350 to 500 s.
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From 0 to 105 s, the flight Mach number (Ma) remains at 0. From 105 to 170 s,
Ma increases at 0.0062 per second. From 170 to 330 s, Ma stays at 0.4. From 330 to 395 s,
Ma decreases at 0.0062 per second. From 395 to 500 s, Ma remains at 0.

The curve of PLA variation is shown in Figure 10. It stays at 15◦ from 0 s to 25 s (idle
state), gradually increases to 65◦ (military power) from 25 s to 85 s, remains at 65◦ from 85 s
to 415 s, gradually decreases to 15◦ from 415 s to 475 s, and stays at 15◦ from 475 s to 500 s.

Symmetry 2024, 16, x FOR PEER REVIEW 15 of 22 
 

 

 

Figure 10. PLA input of the controller. 

3.3. Closed-Loop Simulation Results 

The closed-loop system is constructed according to the structure shown in Figure 2 

and closed-loop simulations are carried out with the parameters and input conditions 

shown in Section 3.1. 

Thrust command, thrust estimation, and thrust response curves are shown in Figure 

11. The three lines are closely matched with a maximum steady-state error below 0.1%. 

The results show that the estimated thrust maintains high accuracy within the flight en-

velope. Additionally, the designed μ-synthesis multivariable controller ensures precise 

servo tracking of the thrust command despite disturbances from changing flight condi-

tions. 

 

Figure 11. Engine thrust command, feedback signal, and thrust estimation response to external in-

put variations. 

The comparison of the T  response and command is in Figure 12. It can be seen that 

the T  command and response match well, with a maximum steady-state error below 

0.13%. Combined with the results of Figure 11, the designed μ-synthesis controller ensures 

servo tracking and decoupled control of thrust and turbine pressure ratio under varying 

flight conditions. This implies that the engine can maintain relatively stable operating 

points while meeting thrust requirements, thus avoiding dangerous conditions. 

Figure 10. PLA input of the controller.

3.3. Closed-Loop Simulation Results

The closed-loop system is constructed according to the structure shown in Figure 2
and closed-loop simulations are carried out with the parameters and input conditions
shown in Section 3.1.

Thrust command, thrust estimation, and thrust response curves are shown in Figure 11.
The three lines are closely matched with a maximum steady-state error below 0.1%. The
results show that the estimated thrust maintains high accuracy within the flight enve-
lope. Additionally, the designed µ-synthesis multivariable controller ensures precise servo
tracking of the thrust command despite disturbances from changing flight conditions.
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Figure 11. Engine thrust command, feedback signal, and thrust estimation response to external
input variations.

The comparison of the πT response and command is in Figure 12. It can be seen that
the πT command and response match well, with a maximum steady-state error below
0.13%. Combined with the results of Figure 11, the designed µ-synthesis controller ensures



Symmetry 2024, 16, 944 15 of 20

servo tracking and decoupled control of thrust and turbine pressure ratio under varying
flight conditions. This implies that the engine can maintain relatively stable operating
points while meeting thrust requirements, thus avoiding dangerous conditions.
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The fuel flow rate and nozzle throat area curve are shown in Figure 13.
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Figure 13. Fuel flow rate and nozzle throat area response curve with input conditions. (a) Wf input of
the engine. (b) A8 input of the engine.

The turbine inlet temperature (T4) response curve is shown in Figure 14. The result
shows that the T4 is always (except the model initialization phase) below the limited
temperature of 1800 K. This means that under the control of this µ-synthesis controller, it
can satisfy the servo tracking of thrust and turbine drop pressure ratio while ensuring that
the hot components do not exceed limiting temperature, which prolongs its service life. In
addition, the application of the thrust estimation algorithm in Section 2.3 can also be used
to estimate other unmeasurable parameters such as T4 and the surge margin, etc. It can
also be seen from the results in Figure 14 that the estimated value of T4 matches well with
the calculated one from the nonlinear model, which further proves the effectiveness of the
estimation algorithm.
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Figure 14. Response curves of turbine inlet temperature (T4) and estimation with respect to
input conditions.

The fan bypass surge margin response curve is shown in Figure 15, with a minimum
surge margin of 8.1% of the fan bypass, which is no less than the set limited surge margin.
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Figure 15. Response curves of the fan bypass surge margin (SMFD) and its estimated value with
respect to the variation of input conditions.

The fan core surge margin response curve is shown in Figure 16, and it can be observed
that the minimum surge margin of the fan core is 8.7%, staying above the limit line
throughout the simulation.
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The high-pressure compressor surge margin response curve is shown in Figure 17.
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Figure 17. Response curves of the high-pressure compressor surge margin (SMC) and its estimated
value with respect to the variation of input conditions.

The minimum surge margin of the high-pressure compressor is 22.9%, as shown in
Figure 18a. Surge margins of the fan and compressor are also estimated by applying the
thrust estimation algorithm, and it can be seen from Figures 15–17 that the estimated
values of the three surge margins are consistent with the values calculated by the nonlin-
ear model and do not fall below the set minimum surge margin boundaries during the
simulation process.

High-pressure rotor speed and low-pressure rotor speed responses are shown in Figure 18b.
Neither the high- nor low-pressure rotor speeds of the engine within the flight envelope exceeded
the maximum physical speed of the limitations, ensuring mechanical integrity.
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Figure 18. Response curves of the engine rotor speeds. (a) High-pressure rotor speed response.
(b) Low-pressure rotor speed response.

Figures 14–18 demonstrate that employing the µ-synthesis controller ensures that the
closed-loop system maintains thrust servo tracking performance without encountering
issues such as over-temperature, over-speed, or surging.

4. Discussion

For the direct thrust control requirements, a dual-loop multivariable direct thrust
control method is proposed for turbofan engines. The conclusions drawn through nonlinear
system simulations are as follows:

1. During external disturbances and changes in flight conditions, this dual-loop control
scheme, which uses fuel flow to control thrust and nozzle area to control turbine
pressure ratio, effectively ensures thrust command tracking while guaranteeing no
overheat (T4 < 1800 K), surge (SMFD > 8%, SMFC > 8%, and SMC > 8%), or
overspeed (N1 < 11592 rpm, N2 < 14000 rpm).

2. Compared to the nonlinear model, the proposed thrust estimation algorithm is both
fast and accurate, with a maximum relative error in thrust estimation of no more
than 0.013%.

3. Within the specified flight envelope, the dual-loop direct thrust µ-synthesis control
achieves both servo performance and anti-disturbance capabilities for direct thrust
control, with a maximum steady-state thrust relative error of less than 0.1%. The
designed µ-synthesis controller demonstrates robust stability and performance within
the uncertainty range, both stability and performance indicators below 1.

In the future, the subsequent research should consider adding control variables such
as the guide vane angle to realize the control of the surge margin, as well as realizing
the fusion of the steady state and transition state without switching control through the
µ-synthesis method.
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Nomenclature

LQ Linear quadratic AI Artificial intelligence
UIO Unknown input observer PI Proportional–integral
LPV Linear parameter varying x State variable vector
.
x Differential of x f Nonlinear functions
u Input variable vector y Output variable vector
g Output nonlinear functions N Engine rotor speed (unit: rpm)
W Mass flow rate (unit: kg/s) A Cross-section area (unit: m2)
F Thrust (unit: N) π Pressure ratio
V Velocity (unit: m/s) SM Surge margin (unit: %)
TM Transformation matrix G Linear model
A State matrix B Input matrix
C Output matrix D Feed-forward matrix
T Total temperature (unit: K) P Total pressure (unit: kPa)
η Efficiency k Air insulation index
kg Gas insulation index FAR Fuel–air ratio
Fun Integral component nonlinear function Cp Constant-pressure specific heat capacity (unit: J/K)
H Calorific value (unit: J/kg) λ Velocity coefficient
σ Total pressure recovery factor R Air constant (unit: J*kg/K)
CV Velocity correction coefficient ∆ Unstructured uncertainty matrix
Rg Gas constant (unit: J*kg/K) z Performance evaluation vector
W Weighting function matrix ru Relative uncertainty
r Reference input vector α Performance adjustment factors
d External disturbance input vector γ Control energy suppression adjustment factor
ω Frequency (unit: rad/s) ε Weighting function adjustment factor
rpm Revolutions per minute
subscript
N Net T Turbine
ex Exception x State
u Input y Output
design Design point f Fuel
inte Integrator Aug Augmented
P Performance matrix I Input uncertainty
K Controller fanduct Fan bypass component
cor Corrected extr Extracted air flow rate
fancore Fan core component n Nozzle
hpc High-pressure compressor amb Ambient
hpt High-pressure turbine act Actuator
lpt Low-pressure turbine cool Cooling air flow rate
cr Critical s Static
ref Reference
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