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Abstract: Symmetry in mathematical models often refers to invariance under certain transformations.
In stochastic models, symmetry considerations must also account for the probabilistic nature of inter-
actions and events. In this paper, a stochastic vector-borne model with plant virus disease resistance
and nonlinear incidence is investigated. By constructing suitable stochastic Lyapunov functions, we
show that if the related threshold Rs

0 < 1, then the disease will be extinct. By using the reproduction
number R0, we establish sufficient conditions for the existence of ergodic stationary distribution to
the stochastic model. Furthermore, we explore the results graphically in numerical section and find
that random fluctuations introduced in the stochastic model can suppress the spread of the disease,
except for increasing plant virus disease resistance and decreasing the contact rate between infected
plants and susceptible vectors. The results reveal the correlation between symmetry and stochastic
vector-borne models and can provide deeper insights into the dynamics of disease spread and control,
potentially leading to more effective and efficient management strategies.

Keywords: stochastic vector-borne model; nonlinear incidence; extinction; stationary distribution

MSC: 34F05; 92B05; 60H10

1. Introduction

Diseases caused by plant viruses seriously impede the yield and quality of crops all
over the world [1]. Almost 1100 species of plant viruses have been reported [2], among
which, for instance, tomato spotted wilt virus (TSWV) is one of the deadliest, with a host
range of more than 1000 plants species belonging to more than 85 families including tomato,
bean, lettuce, groundnut, pepper, potato, and tobacco [3–6]. TSWV is spread by at least
eight different species of thrips, with the western flower thrip (WFT) identified as the
primary vector responsible for its extensive distribution [7,8]. The virus-carrying WFT
was first detected in the western United States and rapidly spread to other countries via
international trade.

In recent years, more and more mathematical models have been established to study plant
diseases, and many researchers have been interested in the influence of host demography, the
weather, temperature, seasonal variations, and so on; see, e.g., [9–15]. Over extended periods
of interaction, plants have developed intricate defense mechanisms, known as disease
resistance, through mutual adaptation, selection, and even co-evolution with pathogens [1].
For example, five distinct genes responsible for TSWV resistance in tomatoes have been
identified in studies [16,17].
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In 2020, Fei, Zou and Chen [1] investigated the following vector-borne model with
plant disease resistance and nonlinear incidence:

dS
dt

= µK + cE + (b + d)I − µS −
(

βvhY
1 + αvhY

+
βhh I

1 + αhh I

)
S,

dE
dt

=

(
βvhY

1 + αvhY
+

βhh I
1 + αhh I

)
S − (c + ϵ + µ)E,

dI
dt

= ϵE − (b + µ + γ + d)I,

dR
dt

= γI − µR,

dX
dt

= Λ − βhvXI − mX,

dY
dt

= βhvXI − mY.

(1)

where all the parameters in model (1) are nonnegative constants, and S, E, I, R, X,
and Y represent the number of susceptible individuals, exposed individuals, infectious
individuals, recovered individuals, and the densities of the susceptible vectors and infected
vectors at time t, respectively. For the biological interpretations of the other parameters, see
Table 1 in [1]. They showed that the basic reproduction number of model (1) is

R0 =
Kϵ(m2βhh + βhvβvhΛ)

m2(c + ϵ + µ)(b + µ + γ + d)
. (2)

It is proved that if R0 < 1, the disease-free equilibrium is globally asymptotically
stable, and if R0 > 1 and µ > max

(
2βvhKΛ

mρ(1+αvhρ)2 , 2βhhK
(1+αhhρ)2 − 2(b + d)− γ

)
as defined in

Theorem 4.2. in [1], model (1) has an endemic equilibrium (S∗, E∗, I∗, R∗, X∗, Y∗) which is
globally asymptotically stable.

From the perspective of mathematical biology, stochastic epidemic models are crucial
because they account for randomness and variability in disease transmission, which are
often present in real-world scenarios. This allows for more accurate predictions and an
understanding of disease dynamics, particularly in small populations or under fluctuating
environmental conditions, where deterministic models may fall short. Recent progress
in stochastic differential equations has enabled the incorporation of randomness into
the analysis of such phenomena, such as introducing random noise into the differential
equation system or accounting for environmental fluctuations in parameter values; see,
e.g., [18–32].

Motivated by the above works, we shall focus on the following stochastic vector-borne
model with plant virus disease resistance and nonlinear incidence:

dS =

(
µK + cE + (b + d)I − µS −

(
βvhY

1 + αvhY
+

βhh I
1 + αhh I

)
S
)

dt + σ1SdB1(t),

dE =

((
βvhY

1 + αvhY
+

βhh I
1 + αhh I

)
S − (c + ϵ + µ)E

)
dt + σ2EdB2(t),

dI = (ϵE − (b + µ + γ + d)I)dt + σ3 IdB3(t),

dR = (γI − µR)dt + σ4RdB4(t),

dX = (Λ − βhvXI − mX)dt + σ5dB5(t),

dY = (βhvXI − mY)dt + σ6dB6(t),

(3)

where Bi(t) (i = 1, 2, . . . , 6) are independent standard Brownian motions with Bi(0) = 0
and σ2

i > 0 denoting the intensities of white noise.
In the context of epidemiological models, symmetry can mean spatial symmetry, tem-

poral symmetry, and parameter symmetry. In stochastic models, symmetry considerations
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must also account for the probabilistic nature of interactions and events. This involves
looking at the statistical symmetries or invariance in the distribution of states or events over
time and space. In the field of studying the dynamic behavior of the epidemic model, one of
the most important parts is to analyze steady states together with their stability [31,33]. This
problem can be solved by the stability of the disease-free equilibrium (endemic equilibrium)
through the basic reproduction number R0 of the deterministic model [1]. However, for
stochastic model (3), there is no endemic equilibrium. Khasminskii [34] showed that the
existence of an ergodic stationary distribution to model (3) can reveal the persistence of
the infection.

In this paper, we investigate the extinction and the existence of ergodic stationary
distribution for model (3). With the help of Lyapunov function, we establish sufficient
conditions for the extinction and the existence of ergodic stationary distribution. Moreover,
we explore some numerical simulations to support our results.

We organize this paper as follows. In Section 2, we present some preliminaries. In
Section 3, we establish sufficient conditions for the extinction and the existence of ergodic
stationary distribution of model (3). In Section 4, we provide some numerical simulations
to support our results. Finally, we end our work with some concluding remarks.

2. Preliminaries

Before discussing the long term behavior of system (3), we first consider the existence
and uniqueness of the global positive solution.

Lemma 1. For any initial value X(0) = (S(0), E(0), I(0), R(0), X(0), Y(0)) ∈ R6
+, there is a

unique solution X(t) = (S(t), E(t), I(t), R(t), X(t), Y(t)) of system (3) on t ≥ 0 and the solution
will remain in R6

+ with probability one.

Proof. As the coefficients of system (3) satisfy the local Lipschitz condition, there is a
unique local solution on [0,τe) for any initial value X(0) ∈ R6

+, where τe is the explosion
time [26]. In order to show the globality of this solution, we need to prove that τe = ∞
almost surely (briefly a.s.). Let k0 be sufficiently large such that X0 lies in the interval
[ 1

k0
, k0]

6. For each integer k > k0, define the stopping time as follows

τk = in f
{

t ∈ [0, τe) : minV(t) ≤ 1
k

or maxV(t) ≥ k
}

,

Set in f ∅ = ∞ (∅ denotes the empty set). It is easy to see that τk is increasing as
k → ∞. Set τ∞ = lim

k→∞
τk, then τ∞ ≤ τe a.s. If we can show that τ∞ = ∞ a.s. then τe = ∞

and X(t) ∈ R6
+ a.s. for all t ≥ 0. In other words, to complete the proof, all we need to

show is that τ∞ = ∞ a.s. If this assertion is violated, there exists a constant T > 0 and
η ∈ (0, 1) such that P{τ∞ ≤ T} > η. Consequently, there is an integer k1 ≥ k0 such that
P{τk ≤ T} > η for all k ≥ k1.

Define a C2 − f unction W: R6
+ → R1

+

W(S, E, I, R, X, Y) = (S − 1 − lnS) + (E − 1 − lnE) + (I − 1 − lnI) + (R − 1 − lnR)

+(X − a − aln X
a ) + (Y − 1 − lnY).

The non-negativity of this function can be obtained from u− 1− lnu ≥ 0 f or any u > 0.
By Itô’s formula, we have

dW(S, E, I, R, X, Y) =LWdt + σ1(S − 1)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t)

+ σ4(R − 1)dB4(t) + σ5(X − 1)dB5(t) + σ6(Y − 1)dB6(t),

where
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LW =

(
1 − 1

S

)(
µK + cE + (b + d)I − µS −

(
βvhY

1 + αvhY
+

βhh I
1 + αhh I

)
S
)

+

(
1 − 1

E

)((
βvhY

1 + αvhY
+

βhh I
1 + αhh I

)
S − (c + ϵ + µ)E

)
+

(
1 − 1

I

)
(ϵE − (b + µ + γ + d)I)

+

(
1 − 1

R

)
(γI − µR) +

(
1 − 1

X

)
(Λ − βhvXI − mX) +

(
1 − 1

Y

)
(βhvXI − mY)

+
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 + σ2
6 )

≤µ(K − S − E − I − R) + Λ − m(X + Y) +
βvhY

1 + αvhY
+

βhh I
1 + αhh I

+ aβhv I + 4µ + c + ϵ

+ b + d + γ + m + am +
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 + σ2
6 ).

We define a = µ
βhv

. And then, we can obtain

LW ≤µ(K − S − E − R) + Λ − m(X + Y) +
βvhY

1 + αvhY
+

βhh I
1 + αhh I

+ 4µ + c + ϵ

+ b + d + γ + m + am +
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 + σ2
6 )

≤µK + Λ + 4µ + c + ϵ + b + d + γ + m +
µm
βhv

+
βvh
αvh

+
βhh
αhh

+
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 + σ2
6 )

.
=F.

Hence, there exists a suitable positive constant F independent of S(t), E(t), I(t), R(t),
X(t), Y(t), and t. So we have

dW ≤Fdt + σ1(S − 1)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t)

+ σ4(R − 1)dB4(t) + σ5(X − 1)dB5(t) + σ6(Y − 1)dB6(t).

Integrating both sides from 0 to τk ∧ T, and taking expectations, then we have

EW ≤ W(S(0), E(0), I(0), R(0), X(0), Y(0)) + FT.

Set Ωk = {τk < T} for k ≥ k1, and then we have P(Ωk) > η
2 . Note that for every

υ ∈ Ωk, there is at least one of (S(υ), E(υ), I(υ), R(υ), X(υ), Y(υ)) equals 1
k or k, and

then W ≥
[
( 1

k − 1 − ln 1
k ) ∧ ( 1

k − a − aln 1
ak )
]
, or W ≥

[
(k − 1 − lnk) ∧ (k − a − aln k

a )
]
. So

we obtain

W(S(0), E(0), I(0), R(0), X(0), Y(0)) + FT ≥E[IΩk W(S(t), E(t), I(t), R(t), X(t), Y(t))]

=P(Ωk)W(S(t), E(t), I(t), R(t), X(t), Y(t))

>
η

2

[
(

1
k
− 1 − ln

1
k
) ∧ (

1
k
− a − aln

1
ak

)

]
∧

η

2

[
(k − 1 − lnk) ∧ (k − a − aln

k
a
)

]
,

where IΩk is the indicator function of Ωk. Set k → ∞, and we have

∞ > W(S(0), E(0), I(0), R(0), X(0), Y(0)) + FT = ∞.

This completes the proof.

Using similar arguments to those in Lemma 3.1 of [30], the following lemma can be
proved and we omit it here.
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Lemma 2. Let (S(t), E(t), I(t), R(t), X(t), Y(t)) be any solution of system (3) with initial value

X(0) = (S(0), E(0), I(0), R(0), X(0), Y(0)) ∈ R6
+. Assume that µ > σ2

max
2 , then

(i)

lim
t→∞

S(t)
t

= lim
t→∞

E(t)
t

= lim
t→∞

I(t)
t

= lim
t→∞

R(t)
t

= lim
t→∞

X(t)
t

= lim
t→∞

Y(t)
t

= 0 a.s. Moreover,

lim
t→∞

lnS(t)
t

= lim
t→∞

lnE(t)
t

= lim
t→∞

lnI(t)
t

= lim
t→∞

lnR(t)
t

= lim
t→∞

lnX(t)
t

= lim
t→∞

lnY(t)
t

= 0 a.s. ;

(ii)

lim
t→∞

1
t

∫ t

0
S(u)dB1(u) = lim

t→∞

1
t

∫ t

0
E(u)dB2(u) = lim

t→∞

1
t

∫ t

0
I(u)dB3(u)

= lim
t→∞

1
t

∫ t

0
R(u)dB4(u) = lim

t→∞

1
t

∫ t

0
X(u)dB5(u) = lim

t→∞

1
t

∫ t

0
Y(u)dB5(u) = 0 a.s.,

where σmax = σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ σ2
5 ∨ σ2

6 .

Let X(t) be a regular time-homogeneous Markov process in Rd
+ described by

dX(t) = b(X)dt +
k

∑
r=1

σr(X)dBr(t),

and the diffusion matrix is defined by

A(X) = (aij(x)), aij(x) =
k

∑
r=1

σi
r(x)σj

r(x).

The following lemma is crucial to prove the existence of stationary distribution.

Lemma 3 ([34]). There exists a bounded domain U ∈ Rd with regular boundary such that its
closure Ũ ⊂ Rd, having the following properties:

(i) In the open domain U and some neighborhood thereof, the smallest eigenvalue of the diffusion
matrix A(t) is bounded away from zero.

(ii) If x ∈ Rd \ U, the mean time τ at which a path issuing from x reaches the set U is finite, and
supx∈K Exτ < ∞ for every compact K ⊂ Rd.

If the assumptions above hold, the Markov process X(t) has a unique ergodic stationary distribution
m(·) with initial X0 ∈ Rd

+. Moreover, if f(·) is a function integrable with respect to measure m, then

P
(

lim
T→∞

1
T

∫ T

0
f (Xx(t))dt =

∫
Rd

f (Xx(t))m(dx)
)
= 1,

for all x ∈ Rd.

Remark 1. To verify condition (i), it is sufficient to prove that F is uniformly elliptical in U,
where F(u) = b(x)ux + 1

2 trace(A(x)uxx), that is, there is a positive number M such that
∑d

i,j=1 aij(x)ζiζ j ≥ M|ζ|2, x ∈ U, ζ ∈ Rd [21,35]. To validate condition (ii), it is sufficient
to show that there is a nonnegative C2-function V and a neighborhood U such that for some K > 0,
LV<−K, x ∈ Rd \ U [36].
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3. Main Results
3.1. Extinction of Model (3)

In this subsection, we investigate the sufficient criteria for the extinction of the infective
individuals. Set

Rs
0

.
=

3(c + ϵ + µ)
[

βvhK(c + ϵ + µ) + ϵβhhK + ϵβhv
Λ
m

]
1
2 ϵ2σ2

2 ∧ (c + ϵ + µ)2(b + µ + γ + d + 1
2 σ2

3 ) ∧ (m + 1
2 σ2

6 )ϵ
2

. (4)

Theorem 1. Let (S(t), E(t), I(t), R(t), X(t), Y(t) be the solution of model (3) with any initial

value (S(0), E(0), I(0), R(0), X(0), Y(0)) ∈ R6
+. If Rs

0 < 1 and µ > σ2
max
2 , then the solution of

model (3) satisfies

lim
t→∞

1
t

∫ t

0
S(u)du = K, lim

t→∞

1
t

∫ t

0
X(u)du =

Λ
m

,

lim
t→∞

1
t

∫ t

0
E(u)du = lim

t→∞

1
t

∫ t

0
I(u)du = lim

t→∞

1
t

∫ t

0
R(u)du = lim

t→∞

1
t

∫ t

0
Y(u)du = 0.

Proof. Let Q(t) = ϵE(t) + (c + ϵ + µ)I(t) + ϵY(t). Applying Itô′s formula, we have

d ln Q(t) =

 ϵ
(

βvhY
1+αvhY + βhh I

1+αhh I

)
S + ϵβhvXI − (b + µ + γ + d)(c + ϵ + µ)I − mϵY

ϵE + (c + ϵ + µ)I + ϵY

−
ϵ2σ2

2 E2 + (c + ϵ + µ)2σ2
3 I2 + ϵ2σ2

6 Y2

2[ϵE + (c + ϵ + µ)I + ϵY]2

]
dt +

ϵσ2E
ϵE + (c + ϵ + µ)I + ϵY

dB2(t)

+
(c + ϵ + µ)σ3 I

ϵE + (c + ϵ + µ)I + ϵY
dB3(t) +

ϵσ6Y
ϵE + (c + ϵ + µ)I + ϵY

dB6(t)

≤
(

βvhS +
ϵβhhS

c + ϵ + µ
+

ϵβhvX
c + ϵ + µ

)
dt − (b + µ + γ + d)(c + ϵ + µ)2 I2 + mϵ2Y2

[ϵE + (c + ϵ + µ)I + ϵY]2
dt

−
1
2 ϵ2σ2

2 E2 + 1
2 (c + ϵ + µ)2σ2

3 I2 + 1
2 ϵ2σ2

6 Y2

[ϵE + (c + ϵ + µ)I + ϵY]2
dt +

ϵσ2E
ϵE + (c + ϵ + µ)I + ϵY

dB2(t)

+
(c + ϵ + µ)σ3 I

ϵE + (c + ϵ + µ)I + ϵY
dB3(t) +

ϵσ6Y
ϵE + (c + ϵ + µ)I + ϵY

dB6(t)

≤
(

βvhK +
ϵβhhK

c + ϵ + µ
+

ϵβhv
Λ
m

c + ϵ + µ

)
dt − 1

3(c + ϵ + µ)2

[
1
2

ϵ2σ2
2 ∧ (c + ϵ + µ)2(d + µ + γ

+d +
1
2

σ2
3 ) ∧ (m +

1
2

σ2
6 )ϵ

2
]

dt +
ϵσ2E

ϵE + (c + ϵ + µ)I + ϵY
dB2(t)

+
(c + ϵ + µ)σ3 I

ϵE + (c + ϵ + µ)I + ϵY
dB3(t) +

ϵσ6Y
ϵE + (c + ϵ + µ)I + ϵY

dB6(t).

(5)

Integrating (5) from 0 to t, combining with Lemma 2, and noting Rs
0 < 1, we have

lim
t→∞

sup
lnQ(t)

t
≤βvhK +

ϵβhhK
c + ϵ + µ

+
ϵβhv

Λ
m

c + ϵ + µ
− 1

3(c + ϵ + µ)2

[
1
2

ϵ2σ2
2 ∧ (c + ϵ + µ)2(d + µ + γ

+d +
1
2

σ2
3 ) ∧ (m +

1
2

σ2
6 )ϵ

2
]
< 0 a.s.,

which implies that

lim
t→∞

E(t) = 0, lim
t→∞

I(t) = 0 lim
t→∞

Y(t) = 0 a.s..
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That is to say, the exposed individuals E(t) and the infectious individuals I(t) will tend
to zero exponentially with probability one. By model (3), it is easy to see that lim

t→∞
R(t) = 0

a.s. It also means that

lim
t→∞

1
t

∫ t

0
E(u)du = lim

t→∞

1
t

∫ t

0
I(u)du = lim

t→∞

1
t

∫ t

0
R(u)du = lim

t→∞

1
t

∫ t

0
Y(u)du = 0 a.s.

On the other hand, according to the model (3), we have

dS(t) =
[

µK + dI + cE + bI − µS −
(

βvhY
1 + αvhY

+
βhh I

1 + αhh I

)
S
]

dt + σ1S(t)dB1(t) (6)

Integrating (6) from 0 to t and on both sides, we can derive

S(t)− S(0) =µKt +
∫ t

0
(b + d)I(u)du +

∫ t

0
cE(u)du −

∫ t

0
µS(u)du

−
∫ t

0

(
βvhY(u)

1 + αvhY(u)
+

βhh I(u)
1 + αhh I(u)

)
du +

∫ t

0
σ1S(u)dB1(u).

And then, we can obtain

(δ0 + µ)
∫ t

0
S(u)du ≤ µKt −

∫ t

0
µS(u)du +

∫ t

0
σ1S(u)dB1(u). (7)

Dividing by t and taking the superior limit on both side of (7) and combining with
Lemma 2, one can obtain that

lim
t→∞

1
t

∫ t

0
S(u)du = K a.s.

And in the same way, we can obtain

lim
t→∞

1
t

∫ t

0
X(u)du =

Λ
m

a.s.

This completes the proof.

3.2. Stationary Distribution and Ergodicity of Model (3)

Theorem 2. Assume R0 > 1, where R0 is defined in (2). If the following conditions are satisfied:
(i)

m1 = 2µ − σ2
1 > 0,

m2 = 2µ − σ2
2 > 0,

m3 =
2µϵ + 4µ(b + µ + γ + d)− (2µ + ϵ)σ2

3
ϵ

> 0,

m4 =
2µγ + 4µ2 − (2µ + γ)σ2

4
γ

> 0,

m5 = 2m − σ2
5 > 0,

m6 = 2m − σ2
6 > 0;

(ii)

0 < F < min
(

m1θ2
1S∗2, m2θ2

2E∗2, m3θ2
3 I∗2, m4θ2

4 R∗2, m5θ2
5X∗2, m6θ2

6Y∗2
)

,
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where

F =
2µσ2

1 S∗2

2µ − σ2
1
+

2µσ2
2 E∗2

2µ − σ2
2
+

[2µϵ + 4µ(b + µ + γ + d)](2µ + ϵ)σ2
3 I∗2

ϵ[2µϵ + 4µ(b + µ + γ + d)− (2µ + ϵ)σ2
3 ]

+
(2µγ + 4µ2)(2µ + γ)σ2

4 R∗2

γ[2µγ + 4µ2 − (2µ + γ)σ2
4 ]

+
2mσ2

5 X∗2

2m − σ2
5
+

2mσ2
6 Y∗2

2m − σ2
6

,

θ1 =
2µ

2µ − σ2
1

, θ2 =
2µ

2µ − σ2
2

,

θ3 =
2µϵ + 4µ(b + µ + γ + d)

2µϵ + 4µ(b + µ + γ + d)− (2µ + ϵ)σ2
3

,

θ4 =
2µγ + 4µ2

2µγ + 4µ2 − (2µ + γ)σ2
4

, θ5 =
2m

2m − σ2
5

, θ6 =
2m

2m − σ2
6

,

and (S∗, E∗, I∗, R∗, X∗, Y∗) is the endemic equilibrium of the deterministic model (1), then there
exists a unique stationary distribution π(·) for the stochastic model (3) with any initial value
X0 ∈ R5

+ and it has the ergodic property.

Proof. Since R0 > 1, there is a unique endemic equilibrium (S∗, E∗, I∗, R∗, X∗, Y∗) of the
deterministic model (1). Then, we have

µK = (
βvhY∗

1 + αvhY∗ +
βhh I∗

1 + α∗hh
)S∗ + µS∗ − cE∗ − bI∗ − dI∗,

(
βvhY∗

1 + αvhY∗ +
βhh I∗

1 + α∗hh
)S∗ = (c + ϵ + µ)E∗,

ϵE∗ = (b + µ + γ + d)I∗, γI∗ = µR∗, Λ = βhvX∗ I∗ − mX∗. βhvX∗ I∗ = mY∗.

(8)

Define
V(X) = V1(X) +

2µ

ϵ
V2(X) +

2µ

γ
V3(X), (9)

where

V1(X) = (S − S∗ + E − E∗ + I − I∗ + R − R∗ + X − X∗ + Y − Y∗)2,

V2(X) = (I − I∗)2, V3(X) = (R − R∗)2.

Then, V is positively defined and lim
|X|→∞

V(X) = ∞. By virtue of (8), we can obtain

LV1 =2[(S − S∗) + (E − E∗) + (I − I∗) + (R − R∗) + (X − X∗) + (Y − Y∗)][µK

−µ(S + E + I + R) + Λ − m(X + Y)] + σ2
1 S2 + σ2

2 E2 + σ2
3 I2 + σ2

4 R2 + σ2
5 X2 + σ2

6 Y2

=2[(S − S∗) + (E − E∗) + (I − I∗) + (R − R∗) + (X − X∗) + (Y − Y∗)][−µ(S − S∗)

− µ(E − E∗)− µ(I − I∗)− µ(R − R∗)− m(X − X∗)− m(Y − Y∗)] + σ2
1 S2 + σ2

2 E2

+ σ2
3 I2 + σ2

4 R2 + σ2
5 X2 + σ2

6 Y2

≤2[−µ(S − S∗)2 − µ(E − E∗)2 − µ(I − I∗)2 − µ(R − R∗)2 − m(X − X∗)2 − m(Y − Y∗)

− 2µ(E − E∗)(I − I∗)− 2µ(I − I∗)(R − R∗)]

+ σ2
1 S2 + σ2

2 E2 + σ2
3 I2 + σ2

4 R2 + σ2
5 X2 + σ2

6 Y2,

LV2 = 2(I − I∗)[ϵE − (b + µ + γ + d)I + (b + µ + γ + d)I∗ − ϵE∗] + σ2
3 I2

= 2ϵ(E − E∗)(I − I∗)− 2(b + µ + γ + d)(I − I∗)2 + σ2
3 I2,
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LV3 = 2(R − R∗)[γI − µR + µR∗ − γI∗] + σ2
4 R2

= −2µ(R − R∗)2 + 2γ(I − I∗)(R − R∗) + σ2
4 R2,

This implies that

LV =LV1 +
2µ

ϵ
LV2 +

2µ

γ
LV3

≤2[−µ(S − S∗)2 − µ(E − E∗)2 − µ(I − I∗)2 − µ(R − R∗)2 − m(X − X∗)2 − m(Y − Y∗)

− 2µ(E − E∗)(I − I∗)− 2µ(I − I∗)(R − R∗)] +
2µ

ϵ
[2ϵ(E − E∗)(I − I∗)− 2(b + µ+

γ + d)(I − I∗)2 + σ2
3 I2
]
+

2µ

γ

[
−2µ(R − R∗)2 + 2γ(I − I∗)(R − R∗) + σ2

4 R2
]
+ σ2

1 S2

+ σ2
2 E2 + σ2

3 I2 + σ2
4 R2 + σ2

5 X2 + σ2
6 Y2

=− 2µ(S − S∗)2 + σ2
1 S2 − 2µ(E − E∗)2 + σ2

2 E2 −
(

2µ +
4µ(b + µ + γ + d)

ϵ

)
(I − I∗)2

+

(
σ2

3 +
2µσ2

3
ϵ

)
I2 −

(
2µ +

4µ2

γ

)
(R − R∗)2 +

(
σ2

4 +
2µσ2

4
γ

)
R2 − 2m(X − X∗)2

+ σ5X2 − 2m(Y − Y∗)2 + σ2
6 Y2

=− m1(S − θ1S∗)2 − m2(E − θ2E∗)2 − m3(I − θ3 I∗)2 − m4(R − θ4R∗)2

− m5(X − θ5X∗)2 − m6(Y − θ6Y∗)2 + F

Now, if F satisfies the following conditions

0 < F < min
(

m1θ2
1S∗2, m2θ2

2E∗2, m3θ2
3 I∗2, m4θ2

4 R∗2, m5θ2
5X∗2, m6θ2

6Y∗2
)

,

then, the ellipsoid

m1(S − θ1S∗)2 + m2(E − θ2E∗)2 + m3(I − θ3 I∗)2 + m4(R − θ4R∗)2 + m5(V − θ5V∗)2 = F

lies entirely in R6
+. One can then take U as any neighborhood of the ellipsoid such that

Ū ⊂ R6
+, where Ū is the closure of U. Thus, we have LV(Z) < −1 for Z ∈ R6

+ \ U which
implies that the condition in Lemma 3 is satisfied. As a consequence, stochastic model (3)
has a stationary distribution and it is ergodic.

4. Numerical Simulations

In this section, we perform some numerical simulations to support the analytic results.
Taking K = 80, Λ = 10, βhv = 2 × 10−6, βvh = 1 × 10−6, βhh = 5 × 10−6, αvh = 0.02,

αhv = 0.02, αhh = 0.02, c = 0.1, d = 0.1, µ = 0.6, ϵ = 0.5, m = 0.2, b = 0.1, γ = 0.1,
σ1 = 0.08, σ2 = 0.1, σ3 = 0.1, σ4 = 0.08, σ5 = 0.08, σ6 = 0.1, and initial condition
(S(0) = 40, E(0) = 20, I(0) = 10, R(0) = 10, X(0) = 10, Y(0) = 30, we obtain
Rs

0 = 0.9026 < 1, and find that the Theorem 1 holds. The disease is extinct, as shown in
Figure 1. The result shows that as long as the threshold Rs

0 is less than 1 and the natural
mortality rate of the host is greater than the critical value given in Theorem 1, the disease
will eventually become extinct, which indicates that appropriate random perturbations can
suppress the spread of the disease.

Similar as above, if we take K = 80, Λ = 10, βhv = 0.02, βvh = 0.01, βhh = 0.005,
αvh = 0.02, αhv = 0.02, αhh = 0.02, c = 0.1, d = 0.1, µ = 0.6, ϵ = 0.5, m = 0.2, b = 0.1,
γ = 0.1, σ1 = 0.01, σ2 = 0.01, σ3 = 0.01, σ4 = 0.05, σ5 = 0.01, σ6 = 0.01, and initial
condition (S(0) = 40, E(0) = 20, I(0) = 10, R(0) = 10, X(0) = 10, Y(0) = 30, we get
R0 = 2.037 > 1, and find that Theorem 2 holds. The disease is persistent, as shown in
Figure 2. The result indicates that as long as the basic reproduction number is greater than
1 and the conditions within Theorem 2 are satisfied, the disease will persist. This strongly
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suggests the importance of controlling the basic reproduction number in disease prevention
and control.
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Figure 1. The path S(t), E(t), I(t), R(t), X(t), and Y(t) for deterministic model (1) and stochastic
model (3), where the parameters are taken as above.
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Figure 2. The path S(t), E(t), I(t), R(t), X(t), and Y(t) for deterministic model (1) and stochastic
model (3), where the parameters are taken as above.

5. Sensitivity Analysis

In this section, we study the sensitivity analysis of the critical thresholds respecting
the model parameters.

From the expression of (4), we can see that Rs
0 is a strictly increasing function with

respect to parameters βhv, βvh, and βhh, and a strictly decreasing function with respect to
the intensities of white noise. We provide several figures to illustrate how Rs

0 varies with
different contact rates. In Figure 3a–c, it is evident that as the values of βhv, βvh, and βhh
increase, Rs

0 quickly exceeds 1. Additionally, as shown in Figure 3d, for instance, as the
value of parameter σ2 decreases, Rs

0 swiftly drops to 0. This indicates that the transmission
of disease from vector to host or the intensities of white noise play a more significant role
than the other contact rates.

From the expression of (2), we can see that R0 is a function increase as parameters βhv,
βvh, and βhh increase, or as parameters b and c decrease. Below, we illustrate how the basic
reproduction number R0 varies with different parameter values through several figures.
From Figure 4a, we observe that as the values of βhv, βvh, and βhh increase, R0 rapidly
exceeds 1. Furthermore, the transmission from vector to host or host to vector plays a more
significant role than host-to-host transmission, as illustrated in Figure 4a. Additionally, we
note that as the values of b and c increase, R0 decreases. However, the impact of increasing
b and c is less pronounced compared to the effect of reducing contact rates (see Figure 4b).
Therefore, to effectively lower R0, it is advisable to both enhance plant disease resistance
and reduce contact rates. For more in-depth discussions on R0, refer to [1].
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Figure 3. The dependence of Rs
0 on infection rates.
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Figure 4. Relationship between R0 and related parameters.

6. Concluding Remarks

Incorporating the concept of symmetry in a stochastic vector-borne model with non-
linear incidence can help in analyzing how robust the system’s behavior is to perturbations,
whether these are stochastic fluctuations in the population sizes or changes in environ-
mental conditions. For practical disease management, recognizing and utilizing symmetry
can help in designing more effective control strategies that are robust to uncertainties in
disease dynamics and environmental variations. This might include spatially or temporally
targeted interventions that align with the symmetrical properties of the system.

Many plant diseases are transmitted by vectors such as insects (e.g., aphids or white-
flies). The model includes disease resistance and nonlinear incidence, allowing us to study
how resistant plants impact the overall spread of a virus within a population of crops,



Symmetry 2024, 16, 1122 13 of 14

and the way in which the rate of disease transmission changes in a nonlinear fashion
with respect to the number of infected plants or vectors. The use of stochastic elements
in the model (i.e., incorporating randomness) helps in reflecting the unpredictable nature
of real-world disease outbreaks. Environmental factors, vector population dynamics, and
random events all contribute to the spread of plant diseases. A stochastic model can better
capture these complexities compared to a purely deterministic one. In this paper, we
investigate a stochastic vector-borne model with plant disease resistance and nonlinear
incidence (3). We give a threshold Rs

0 to investigate the extinction of the disease, and use
the reproduction number R0 of system (1) to investigate the persistence of the disease. Our
sensitivity analysis shows that random fluctuations introduced in our stochastic model can
suppress disease outbreak, and the contact transmission rate strongly influences the value
of Rs

0. According to the sensitivity of R0, we find that decreasing contact between infected
individuals and susceptible individuals and increasing the resistance of plants are effective
measures to control the spread of the disease.

Finally, we remark that there are quite a few aspects deserving further investigation.
For example, Theorem 2 has technique conditions. And our consideration of vectors in
the system is relatively simple. The system may be more realistic and complicated if we
consider the vector to have six development stages as in [16], but higher dimensions cause
greater difficulties in defining the threshold. Furthermore, discussing the impact of delay,
seasonality, and the utilization of fractional derivatives on the deterministic system is also
intriguing. However, analyzing the dynamics of the system becomes more challenging,
and we plan to dedicate our future work to addressing these questions.
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