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Abstract: Essential neural-network operators are interpreted as positive linear operators,
and the related general theory applies to them. These operators are induced by a sym-
metrized density function deriving from the parametrized and deformed A-generalized
logistic activation function. We are acting on the space of continuous functions on a com-
pact interval of real line to the reals. We quantitatively study the rate of convergence of
these neural -network operators to the unit operator. Our inequalities involve the modulus
of continuity of the function under approximation or its derivative. We produce uniform
and Lp, p ≥ 1 approximation results via these inequalities. The convexity of functions is
also used to derive more refined results.

Keywords: neural-network operators; positive linear operators; modulus of continuity;
quantitative approximation to the unit; logistic activation function

MSC: 41A17; 41A25; 41A36

1. Introduction
The author has extensively studied the quantitative approximation of positive linear

operators to the unit since 1985; see, for example, [1–4], which are used in this work. He
started from the quantitative weak convergence of finite positive measures to the Dirac unit
measure, with geometric moment theory as a method—see [2]—and he produced the best
upper bounds, leading to attaining sharp Jackson-type inequalities, e.g., see [1,2]. These
studies have gone in all possible directions, univariate and multivariate, though in this
work, we focus only on the univariate approach.

Since 1997, the author has been studying the quantitative convergence of neural-
network operators to the unit and has written numerous articles and books, e.g., see [3–5],
which are used here.

The wide range of neural-network operators being used by the author are, indeed, by
nature, positive linear operators.

Here, the author continues his study of treating neural-network operators as positive
linear operators. This is a totally new approach in the literature; see [6].

Different activation functions allow for different non-linearities, which might work
better for solving a specific problem. So, the need to use neural networks with various
activation functions is pressing. Thus, performing neural-network approximations using
different activation functions is not only necessary but fully justified. Furthermore, brain
non-symmetry has been observed in animals and humans in terms of structure, function,
and behavior. This lateralization is thought to reflect evolutionary, hereditary, develop-
mental, experiential, and pathological factors. Consequently, for our study, it is natural to
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consider deformed neural-network activation functions and operators. Thus, this work
is a specific study under this philosophy of approaching reality as close as possible. The
author is currently working on the long project of connecting neural-network operators to
positive linear operator theory. Some of the most popular activation functions derive from
the generalized logistic function, on which this article is based, and the hyperbolic tangent,
on which [6] is based. Both cases have different calculations and produce different results
of great interest and important application in my other papers.

All methods of positive linear operators apply here to our summation defined neural-
network operators, producing new and interesting results: pointwise, uniform, and Lp,
p ≥ 1 kinds. Via the Riesz representation theorem, neural networks are connected to
measure theory. The convexity of functions produces optimal and sharper results.

The use of A-generalized logistic function as an activation function is well established
and supported in ([5], Chapter 16). The A-generalized logistic activation function behaves
well and is one of the most commonly used activation functions on this subject.

The author’s symmetrization method presented here aims for our operators to con-
verge at high speed to the unit operator using a half-feed of data.

This article establishes a bridge connecting neural-network approximation (part of AI)
to positive linear operators (a significant part of functional analysis).

So, it is a theoretical work aimed mainly at related experts.
The authors of [7,8] have, as always, been great inspiration. For classic studies on

neural networks, we also recommend [9–14].
For newer work on neural networks, we also refer the reader to [15–24]. For recent

studies in positive linear operators, we refer the reader to [6,25–30].
For other general related work, please read [31–38], with their justifications to follow:

Justification of [31]: Provides analogous weighted and pointwise error estimates for Kan-
torovich operators, enriching comparison with our symmetrized kernel bounds.

Justification of [32]: Develops Bézier–Kantorovich constructions using wavelet tech-
niques, which is parallel to our symmetrization approach in handling deformed kernels.

Justification of [33]: Introduces a two-parameter Stancu deformation framework
analogous to our A-generalized logistic deformation.

Justification of [34]: Explores lacunary sequences and invariant means underlying
averaging arguments similar to our symmetrization sums.

Justification of [35]: Applies Appell-polynomial enhancement to beta-function kernels,
directly relating to our beta-based logistic symmetrization.

Justification of [36]: Combines Stancu deformation with Bézier bases, mirroring our
combination of deformation and symmetrization.

Justification of [37]: Presents modified Bernstein polynomials via basis-function tech-
niques, offering comparable convergence comparisons.

Justification of [38]: Integrates q-statistical methods with wavelet-aided kernels, paral-
leling our use of q-deformation and symmetrized densities.

2. Basics
Here, we follow ([5], pp. 395–417).
Our activation function to be used here is the q-deformed and λ-parametrized function

φq,λ(x) =
1

1 + qA−λx , x ∈ R, q, λ > 0, A > 1. (1)

This is the A-generalized logistic function.
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For more, read Chapter 16 of [5]: “Banach space valued ordinary and fractional
neural-network approximation based on q-deformed and λ-parametrized A-generalized
logistic function”.

This chapter motivates our current work.
The proposed “symmetrization technique” aims to use a half-data feed to our

neural networks.
We will employ the following density function

Gq,λ(x) :=
1
2
(

φq,λ(x + 1)− φq,λ(x − 1)
)
, x ∈ R, q, λ > 0. (2)

We have
Gq,λ(−x) = G 1

q ,λ(x), (3)

and
G 1

q ,λ(−x) = Gq,λ(x), ∀ x ∈ R. (4)

Adding (3) and (4), we obtain

Gq,λ(−x) + G 1
q ,λ(−x) = Gq,λ(x) + G 1

q ,λ(x), ∀ x ∈ R, (5)

which is the key to this work.
Therefore,

W(x) :=
Gq,λ(x) + G 1

q ,λ(x)

2
(6)

is an even function, symmetric with respect to the y-axis.
The global maximum of Gq,λ is given by (16.18), p. 401 of [5] as

Gq,λ

(
logA q

λ

)
=

Aλ − 1
2
(

Aλ + 1
) . (7)

In addition, the global max of G 1
q ,λ is

G 1
q ,λ

(
logA

1
q

λ

)
= G 1

q ,λ

(− logA q
λ

)
=

Aλ − 1
2
(

Aλ + 1
) , (8)

both sharing the same maximum at symmetric points.
By Theorem 16.1, p. 401 of [5], we have

∞

∑
i=−∞

Gq,λ(x − i) = 1, ∀ x ∈ R, λ, q > 0, A > 1, (9)

and
∞

∑
i=−∞

G 1
q ,λ(x − i) = 1, ∀ x ∈ R, λ, q > 0, A > 1. (10)

Consequently, we derive that

∞

∑
i=−∞

W(x − i) = 1, ∀ x ∈ R. (11)

By Theorem 16.2, p. 402 of [5], we have∫ ∞

−∞
Gq,λ(x)dx = 1, λ, q > 0, A > 1, (12)
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similarly, it holds that ∫ ∞

−∞
G 1

q ,λ(x)dx = 1, (13)

so that ∫ ∞

−∞
W(x)dx = 1, (14)

and therefore, W is a density function.
By Theorem 16.3, p. 402 of [5], we have:
Let 0 < α < 1, and n ∈ N with n1−α > 2. Then,

∞

∑ k = −∞
: |nx − k| ≥ n1−α

Gq,λ(nx − k) < 2 max
{

q,
1
q

}
1

Aλ(n1−α−2)
= γA−λ(n1−α−2), (15)

where λ, q > 0, A > 1; γ := 2 max
{

q, 1
q

}
.

Similarly, we obtain that

∞

∑ k = −∞
: |nx − k| ≥ n1−α

G 1
q ,λ(nx − k) < γA−λ(n1−α−2). (16)

Consequently, we obtain that

∞

∑ k = −∞
: |nx − k| ≥ n1−α

W(nx − k) < γA−λ(n1−α−2), (17)

where γ := 2 max
{

q, 1
q

}
.

Here, ⌈·⌉ denotes the ceiling of the number, and ⌊·⌋ its integral part.
We mention (Theorem 16.4 p. 402 of [5]) let x ∈ [a, b] ⊂ R and n ∈ N so that

⌈na⌉ ≤ ⌊nb⌋. For q > 0, λ > 0, A > 1, we consider the number λq > z0 > 0 with
Gq,λ(z0) = Gq,λ(0), and λq > 1. Then,

1
⌊nb⌋
∑

k=⌈na⌉
Gq,λ(nx − k)

< max


1

Gq,λ
(
λq
) ,

1

G 1
q ,λ

(
λ 1

q

)
 =: K(q). (18)

Similarly, we consider λ 1
q
> z1 > 0, such that G 1

q ,λ(z1) = G 1
q ,λ(0), and λ 1

q
> 1. Thus,

1
⌊nb⌋
∑

k=⌈na⌉
G 1

q ,λ(nx − k)

< max


1

G 1
q ,λ

(
λ 1

q

) ,
1

Gq,λ
(
λq
)
 = K(q). (19)

Hence,
⌊nb⌋

∑
k=⌈na⌉

Gq,λ(nx − k) >
1

K(q)
, (20)
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and
⌊nb⌋

∑
k=⌈na⌉

G 1
q ,λ(nx − k) >

1
K(q)

. (21)

Consequently, it holds

⌊nb⌋

∑
k=⌈na⌉

(
Gq,λ(nx − k) + G 1

q ,λ(nx − k)
)

2
>

2
2K(q)

=
1

K(q)
, (22)

so that
1

⌊nb⌋
∑

k=⌈na⌉

(
Gq,λ(nx−k)+G 1

q ,λ
(nx−k)

)
2

< K(q), (23)

that is,
1

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

< K(q). (24)

We have proved

Theorem 1. Let x ∈ [a, b] ⊂ R and n ∈ N, so that ⌈na⌉ ≤ ⌊nb⌋. For q, λ > 0, A > 1, we
consider λq > z0 > 0 with Gq,λ(z0) = Gq,λ(0), and λq > 1. Also consider λ 1

q
> z1 > 0, such

that G 1
q ,λ(z1) = G 1

q ,λ(0), and λ 1
q
> 1. Then

1
⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

< K(q). (25)

We make the following remark:

Remark 1. (I) By Remark 16.5, p. 402 of [5], we have

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

Gq,λ(nx1 − k) ̸= 1, for some x1 ∈ [a, b], (26)

and

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

G 1
q ,λ(nx2 − k) ̸= 1, for some x2 ∈ [a, b]. (27)

Therefore, it holds that

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

(
Gq,λ(nx1 − k) + G 1

q ,λ(nx2 − k)
)

2
̸= 1. (28)

Hence, it is

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

(
Gq,λ(nx1 − k) + G 1

q ,λ(nx1 − k)
)

2
̸= 1, (29)
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even if

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

G 1
q ,λ(nx1 − k) = 1, (30)

because then

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

Gq,λ(nx1 − k)
2

+
1
2
̸= 1, (31)

equivalently

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

Gq,λ(nx1 − k)
2

̸= 1
2

, (32)

true by

lim
n→∞

⌊nb⌋

∑
k=⌈na⌉

Gq,λ(nx1 − k) ̸= 1. (33)

(II) Let [a, b] ⊂ R. For large n, we always have ⌈na⌉ ≤ ⌊nb⌋. Also a ≤ k
n ≤ b, iff

⌈na⌉ ≤ k ≤ ⌊nb⌋. So, in general, it holds that

⌊nb⌋

∑
k=⌈na⌉

W(nx − k) ≤ 1. (34)

We need:

Definition 1. Let f ∈ C([a, b]) and n ∈ N : ⌈na⌉ ≤ ⌊nb⌋. We introduce and define the X-valued
linear symmetrized neural-network operators

Ss
n( f , x) :=

⌊nb⌋
∑

k=⌈na⌉
f
(

k
n

)
W(nx − k)

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

=

⌊nb⌋
∑

k=⌈na⌉
f
(

k
n

)(
Gq,λ(nx − k) + G 1

q ,λ(nx − k)
)

⌊nb⌋
∑

k=⌈na⌉

(
Gq,λ(nx − k) + G 1

q ,λ(nx − k)
) . (35)

In fact, it is Ss
n( f ) ∈ C([a, b]); and Ss

n(1) = 1, Ss
n are positive linear operators.

The modulus of continuity is defined by

ω1( f , δ) := sup x, y ∈ [a, b]
: |x − y| ≤ δ

| f (x)− f (y)|, δ > 0. (36)

The same is defined for f ∈ CuB(R) (uniformly continuous and bounded functions)
and for f ∈ CB(R) (bounded and continuous functions) and for f ∈ Cu(R) (uniformly
continuous functions).

In fact, f ∈ C([a, b]) or f ∈ Cu(R), is equivalent to lim
δ→0

ω1( f , δ) = 0.

In this work, 0 < α < 1, n ∈ N : n1−α > 2, where ∥·∥∞ is the supremum norm.

3. Main Results
We present uniform, pointwise, L1, Lp and monotone norm approximation results.
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Theorem 2. Let f ∈ C([a, b]). Then,

∥Ss
n( f )− f ∥∞ ≤ 2ω1

(
f ,
√

K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2)

)
→ 0, as n → +∞. (37)

So that lim
n→∞

Ss
n( f ) = f , uniformly.

Proof. We estimate that

(
Ss

n

(
(t − x)2

))
(x) =

⌊nb⌋
∑

k=⌈na⌉

(
k
n − x

)2
W(nx − k)

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

(25)
≤

K(q)

 ⌊nb⌋

∑
k=⌈na⌉

(
k
n
− x
)2

W(nx − k)

 =

K(q)


⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ ≤ 1

nα

(
k
n
− x
)2

W(nx − k)+ (38)

⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ > 1

nα

(
k
n
− x
)2

W(nx − k)


(by (11), (17))

≤

K(q)
[

1
n2α

+ (b − a)2γA−λ(n1−α−2)
]

.

That is, (
Ss

n

(
(t − x)2

))
(x) ≤ K(q)

{
1

n2α
+ (b − a)2γA−λ(n1−α−2)

}
. (39)

Consequently, it holds that

δ∗n :=
∥∥∥(Ss

n

(
(t − x)2

))
(x)
∥∥∥ 1

2

∞
≤

√
K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2). (40)

By (Theorem 7.1.7, p. 203 of [2]), using the Shisha–Mond inequality [7] for positive
linear operators and Ss

n(1) = 1, we have

∥Ss
n( f )− f ∥∞ ≤ 2ω1( f , δ∗n). (41)

Thus, it holds that

∥Ss
n( f )− f ∥∞ ≤ 2ω1

(
f ,
√

K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2)

)
, (42)
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proving the claim.

It holds

Theorem 3. Let f : R → R be a continuous and 2π periodic function with modulus of continuity
ω1. Here, ∥·∥∞ denotes the sup-norm over [a, b] ⊂ R, and the operators Ss

n are acting on such f
over [a, b]; n ∈ N : n1−α > 2, 0 < α < 1. Then,

∥Ss
n( f )− f ∥∞ ≤ 2ω1

(
f , π

√
K(q)

√
ω1

(
sin2,

1
2nα

)
+ γA−λ(n1−α−2)

)
. (43)

Proof. We want to estimate (x ∈ [a, b]),

ε∗n := π

∥∥∥∥(Ss
n

(
sin2

(
t − x

2

)))
(x)
∥∥∥∥ 1

2

∞
=

π

∥∥∥∥∥∥∥∥∥∥


⌊nb⌋
∑

k=⌈na⌉
sin2

(
k
n −x

2

)
W(nx − k)

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)


∥∥∥∥∥∥∥∥∥∥

1
2

∞

≤

π

∥∥∥∥∥∥K(q)
⌊nb⌋

∑
k=⌈na⌉

sin2

(
k
n − x

2

)
W(nx − k)

∥∥∥∥∥∥
1
2

∞

=

π
√

K(q)

∥∥∥∥∥∥∥∥∥∥∥∥∥
⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ ≤ 1

nα

(
sin2

(
k
n − x

2

)
− sin2(0)

)
W(nx − k)+ (44)

⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ > 1

nα

sin2

(
k
n − x

2

)
W(nx − k)

∥∥∥∥∥∥∥∥∥∥∥∥∥

1
2

∞

≤

π
√

K(q)

∥∥∥∥∥∥∥∥∥∥∥∥∥
⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ ≤ 1

nα

ω1

sin2,

∣∣∣ k
n − x

∣∣∣
2

W(nx − k)+

1 ·
⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ > 1

nα

W(nx − k)

∥∥∥∥∥∥∥∥∥∥∥∥∥

1
2

∞

≤
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π
√

K(q)

√
ω1

(
sin2,

1
2nα

)
+ γA−λ(n1−α−2).

We have proved that

ε∗n ≤ π
√

K(q)

√
ω1

(
sin2,

1
2nα

)
+ γA−λ(n1−α−2). (45)

Therefore, it holds that, by [8], the following inequalities are

∥Ss
n( f )− f ∥∞ ≤ 2ω1( f , ε∗n) ≤

2ω1

(
f , π

√
K(q)

√
ω1

(
sin2,

1
2nα

)
+ γA−λ(n1−α−2)

)
, (46)

hence proving the claim.

We need

Definition 2. Let f ∈ C([a, b]). The Peetre ([39]) K1 functional is defined as follows:

K1( f , t) := inf
(
∥ f − g∥∞ + t

∥∥g′
∥∥

∞

)
, g ∈ C1([a, b]), t ≥ 0. (47)

We give

Theorem 4. Let f ∈ C([a, b]). Then,

∥Ss
n( f )− f ∥∞ ≤ 2K1

(
f ,

K(q)
2

[
1

nα
+ (b − a)γA−λ(n1−α−2)

])
→ 0, (48)

as n → +∞.
So that lim

n→+∞
Ss

n( f ) = f , uniformly.

For the proof of (48), we will use

Corollary 1 ([1]). (pointwise approximation) Let f ∈ C([a, b]) and let L be a positive linear
operator acting on C([a, b]) satisfying L(1, x) = 1, all x ∈ [a, b].

Then, we have the attainable (i.e., sharp) inequality

|L( f , x)− f (x)| ≤ 2K1

(
f ,

1
2

L(|y − x|, x)
)

, ∀ x ∈ [a, b]. (49)

Proof. of Theorem 4. We apply inequality (49). Clearly, we have

|Ss
n( f , x)− f (x)| ≤ 2K1

(
f ,

1
2

Ss
n(|t − x|)(x)

)
, (50)

which is attainable (i.e., sharp).
We estimate that

Ss
n(|t − x|)(x) =

⌊nb⌋
∑

k=⌈na⌉

∣∣∣ k
n − x

∣∣∣W(nx − k)

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

≤
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K(q)
⌊nb⌋

∑
k=⌈na⌉

∣∣∣∣ k
n
− x
∣∣∣∣W(nx − k) =

K(q)


⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ ≤ 1

nα

∣∣∣∣ k
n
− x
∣∣∣∣W(nx − k)+ (51)

⌊nb⌋

∑
k = ⌈na⌉

:
∣∣∣ k

n − x
∣∣∣ > 1

nα

∣∣∣∣ k
n
− x
∣∣∣∣W(nx − k)


≤

K(q)
[

1
nα

+ (b − a)γA−λ(n1−α−2)
]

.

That is,

Ss
n(|t − x|)(x) ≤ K(q)

[
1

nα
+ (b − a)γA−λ(n1−α−2)

]
. (52)

We have proved that

|Ss
n( f , x)− f (x)| ≤ 2K1

(
f ,

K(q)
2

[
1

nα
+ (b − a)γA−λ(n1−α−2)

])
, (53)

∀ x ∈ [a, b].
Now, the validity of (48) is clear.

This follows a trigonometric result.

Theorem 5. Here f ∈ C2([a, b]), x0 ∈ [a, b], r > 0, D̃3(x0) :=
(

Ss
n

(
|· − x0|3

)
(x0)

) 1
3 . Then

(i)
|Ss

n( f )(x0)− f (x0)| ≤
∣∣ f ′(x0)

∣∣|Ss
n(sin(· − x0))(x0)|+

2
∣∣ f ′′(x0)

∣∣(Ss
n

(
sin2

(
· − x0

2

))
(x0)

)
+

ω1

(
f ′′ + f , rD̃3(x0)

)
2

D̃2
3(x0)

[
1 +

1
3r

]
, (54)

(ii)
∥Ss

n( f )− f ∥∞ ≤
∥∥ f ′
∥∥

∞∥Ss
n(sin(· − x0))(x0)∥∞+

2
∥∥ f ′′

∥∥
∞

∥∥∥∥Ss
n

(
sin2

(
· − x0

2

))
(x0)

∥∥∥∥
∞
+

ω1

(
f ′′ + f , r

∥∥∥D̃3

∥∥∥
∞

)
2

∥∥∥D̃3

∥∥∥2

∞

(
1 +

1
3r

)
, (55)

(iii) if f ′(x0) = f ′′(x0) = 0, we obtain

|Ss
n( f )(x0)− f (x0)| ≤

ω1

(
f ′′ + f , rD̃3(x0)

)
2

D̃2
3(x0)

(
1 +

1
3r

)
, (56)
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and
(iv)∣∣∣∣Ss

n( f )(x0)− f (x0)− f ′(x0)Ss
n(sin(· − x0))(x0)− 2 f ′′(x0)Ss

n

(
sin2

(
· − x0

2

))
(x0)

∣∣∣∣
≤

ω1

(
f ′′ + f , rD̃3(x0)

)
2

D̃2
3(x0)

(
1 +

1
3r

)
. (57)

Proof. Direct application of (Theorem 12.3, p. 384 of [4]).

Next, we give the hyperbolic version of the last result.

Theorem 6. All as in Theorem 5. Then,
(i)

|Ss
n( f )(x0)− f (x0)| ≤

∣∣ f ′(x0)
∣∣|Ss

n(sinh(· − x0))(x0)|+ (58)

2
∣∣ f ′′(x0)

∣∣(Ss
n

(
sinh2

(
· − x0

2

))
(x0)

)
+

cosh(b − a)ω1

(
f ′′ − f , rD̃3(x0)

)
2

D̃2
3(x0)

[
1 +

1
3r

]
,

(ii)
∥Ss

n( f )− f ∥∞ ≤
∥∥ f ′
∥∥

∞∥Ss
n(sinh(· − x0))(x0)∥∞+

2
∥∥ f ′′

∥∥
∞

∥∥∥∥Ss
n

(
sinh2

(
· − x0

2

))
(x0)

∥∥∥∥
∞
+

cosh(b − a)ω1

(
f ′′ − f , r

∥∥∥D̃3

∥∥∥
∞

)
2

∥∥∥D̃3

∥∥∥2

∞

(
1 +

1
3r

)
, (59)

(iii) if f ′(x0) = f ′′(x0) = 0, x0 ∈ [a, b], we obtain

|Ss
n( f )(x0)− f (x0)| ≤

cosh(b − a)ω1

(
f ′′ − f , rD̃3(x0)

)
2

D̃2
3(x0)

(
1 +

1
3r

)
, (60)

and
(iv)∣∣∣∣Ss

n( f )(x0)− f (x0)− f ′(x0)Ss
n(sinh(· − x0))(x0)− 2 f ′′(x0)Ss

n

(
sinh2

(
· − x0

2

))
(x0)

∣∣∣∣
≤

cosh(b − a)ω1

(
f ′′ − f , rD̃3(x0)

)
2

D̃2
3(x0)

(
1 +

1
3r

)
. (61)

Proof. Direct application of (Theorem 12.5, p. 390 of [4]).

Remark 2. We similarly have

(
Ss

n

(
|· − x0|3

)
(x0)

) 1
3 ≤ 3

√
K(q) 3

√{
1

n3α
+ (b − a)3γA−λ(n1−α−2)

}
→ 0, (62)

as n → +∞.
Hence, by each of the above Theorems 5 and 6, we obtain that Ss

n( f ) → f is uniformly
convergent as n → +∞, ∀ f ∈ C2([a, b]).
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Valid, by Theorem 12.4, p. 390, and Theorem 12.6, p. 395 from [4], respectively.

We make the following remark:

Remark 3. Let x0 ∈ (a, b), f ∈ C([a, b]), here, Ss
n is a positive linear operator from C([a, b])

into itself.
Also, Ss

n(1) = 1. By the Riesz Representation theorem, there exists a probability measure µx0

on [a, b], such that

Ss
n( f )(x0) =

∫
[a,b]

f (t)dµx0(t), ∀ f ∈ C([a, b]). (63)

Assume here that | f (t)− f (x0)| is convex in t. We consider

d̃2(x0) :=
(∫

[a,b]
(t − x0)

2dµx0(t)
) 1

2

=
((

Ss
n

(
(t − x0)

2
))

(x0)
) 1

2 (as earlier) (64)

≤
√

K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2) = (∗).

Clearly, here it is d̃2(x0) > 0 (see (35)).
For large enough n ∈ N, we obtain

(∗) ≤ min(x0 − a, b − x0) ≤ max(x0 − a, b − x0).

That is,
d̃2(x0) ≤ min(x0 − a, b − x0). (65)

By (Corollary 8.1.1, p. 245 of [2]), we obtain:

Theorem 7. It holds that

|Ss
n( f )(x0)− f (x0)| ≤ ω1

(
f ,
√

K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2)

)
, (66)

for large enough n ∈ N.

Remark 4. We have

d̃1(x0) :=
∫
[a,b]

|t − x0|dµx0(t) = Ss
n(|t − x0|)(x0)

(52)
≤ (67)

K(q)
[

1
nα

+ (b − a)γA−λ(n1−α−2)
]
≤ min(x0 − a, b − x0),

for large enough n ∈ N.

By (8.1.8, p. 245 of [2]), we obtain

Theorem 8. Let r ≥ 1, then

|Ss
n( f )(x0)− f (x0)| ≤ rω1

(
f ,

1
r

K(q)
{

1
nα

+ (b − a)γA−λ(n1−α−2)
})

, (68)

for large enough n ∈ N.
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By Theorem 8.1.2, p. 248 of [2], we can derive the following result.

Theorem 9. Here, we consider [a, b] ⊂ R, and x0 ∈ (a, b). Let L be a positive linear operator from
C([a, b]) into itself, such that L(1) = 1.

Denote by

d̃m+1(x0) :=
(

L
(
|t − x0|m+1

)
(x0)

) 1
m+1 , m ∈ N.

Consider f ∈ Cm([a, b]), such that
∣∣∣ f (m)(t)− f (m)(x0)

∣∣∣ is convex in t.
Assume that

0 < d̃m+1
m+1(x0) ≤ (min(x0 − a, b − x0))(m + 1)!. (69)

Then,

|L( f )(x0)− f (x0)| −
m

∑
k=1

∣∣∣ f (k)(x0)
∣∣∣

k!

∣∣∣L((t − x0)
k
)
(x0)

∣∣∣ ≤ (70)

ω1

 f (m),
L
(
|t − x0|m+1

)
(x0)

(m + 1)!

.

We make the following remark:

Remark 5. We have

0 <
(

Ss
n

(
|t − x0|(m+1)

))
(x0) =

⌊nb⌋
∑

k=⌈na⌉

∣∣∣ k
n − x0

∣∣∣m+1
W(nx − k)

⌊nb⌋
∑

k=⌈na⌉
W(nx − k)

≤ K(q)
⌊nb⌋

∑
k=⌈na⌉

∣∣∣∣ k
n
− x0

∣∣∣∣m+1
W(nx − k) (71)

. . . (as earlier)

K(q)
{

1
n(m+1)α

+ (b − a)m+1γA−λ(n1−α−2)
}

≤ min(x0 − a, b − x0)(m + 1)!, (72)

for large enough n ∈ N.

By Theorem 9 and Remark 5, we have proved the following:

Theorem 10. Here, it is [a, b] ⊂ R, and x0 ∈ (a, b). Consider f ∈ Cm([a, b]) :∣∣∣ f (m)(t)− f (m)(x0)
∣∣∣ is convex in t, m ∈ N.

Then, for sufficiently large n ∈ N, we derive that

|Ss
n( f )(x0)− f (x0)| −

m

∑
k=1

∣∣∣ f (k)(x0)
∣∣∣

k!

∣∣∣Ss
n

(
(t − x0)

k
)
(x0)

∣∣∣ ≤ (73)

ω1

(
f (m),

K(q)
(m + 1)!

{
1

n(m+1)α
+ (b − a)m+1γA−λ(n1−α−2)

})
.

Next, we use (Theorem 18.1, p. 419 of [3]).



Symmetry 2025, 17, 746 14 of 18

Theorem 11. Denote (N ∈ N)

F̃N :=
∥∥∥(Ss

n

(
|t − ·|N

))
(·)
∥∥∥ 1

N

∞
< +∞, (74)

where ∥·∥∞ is the supremum norm.
Let f ∈ CN([a, b]). Then,

∥Ss
n f − f ∥∞ ≤

N

∑
k=1

∥∥∥ f (k)
∥∥∥

∞

k!

∥∥∥(Ss
n(t − ·)k

)
(·)
∥∥∥

∞
+ (75)

ω1

(
f (N), F̃N

)
F̃N−1

N

(
(b − a)
(N + 1)!

+
F̃N

2N!
+

F̃2
N

8(b − a)(N − 1)!

)
, ∀ n ∈ N.

Furthermore, it holds that

F̃N ≤ N
√

K(q) N

√
1

nNα
+ (b − a)NγA−λ(n1−α−2), (76)

and for k = 1, . . . , N, we have, similarly, that∥∥∥(Ss
n(t − ·)k

)
(·)
∥∥∥

∞
≤ ∆(q)

{
1

nkα
+ (b − a)kγA−λ(n1−α−2)

}
. (77)

By (Corollary 18.1, p. 421 of [3]), we obtain

Corollary 2. Here F̃1 := ∥(Ss
n(t − ·))(·)∥∞ < ∞. Let f ∈ C1([a, b]). Then,

∥Ss
n f − f ∥∞ ≤

∥∥ f ′
∥∥

∞∥(Ss
n(t − ·))(·)∥∞+ (78)

1
2

ω1

(
f ′, F̃1

)(
(b − a) + F̃1 +

F̃2
1

4(b − a)

)
.

Here, it is

F̃1 ≤ K(q)
(

1
nα

+ (b − a)γA−λ(n1−α−2)
)

. (79)

By (Corollary 18.2, p. 421 of [3]), we obtain

Corollary 3. Here F̃2 :=
∥∥∥(Ss

n(t − ·)2
)
(·)
∥∥∥ 1

2

∞
< +∞. Let f ∈ C2([a, b]). Then,

∥Ss
n f − f ∥∞ ≤

∥∥ f ′
∥∥

∞∥(Ss
n(t − ·))(·)∥∞ +

∥ f ′′∥∞
2

∥∥∥(Ss
n(t − ·)2

)
(·)
∥∥∥

∞
(80)

1
2

ω1

(
f ′′, F̃2

)
F̃2

(
(b − a)

3
+

F̃2

2
+

F̃2
2

4(b − a)

)
.

Here, they are

F̃2 ≤
√

K(q)

√
1

n2α
+ (b − a)2γA−λ(n1−α−2), (81)

and ∥∥∥(Ss
n(t − ·)2

)
(·)
∥∥∥

∞
≤ K(q)

(
1

n2α
+ (b − a)2γA−λ(n1−α−2)

)
. (82)

By (Theorem 18.2, p. 422 of [3]), we obtain:
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Theorem 12. Let φ̃ :=
∥∥∥(Ss

n(t − x0)
2
)
(x0)

∥∥∥ 1
2

∞
< +∞, and r > 0. Let also f ∈ C1([a, b]). Then

∥Ss
n f − f ∥∞ −

∥∥ f ′
∥∥

∞∥(Ss
n(t − x0))(x0)∥∞ ≤ (83)

1
8r (2 + r)2ω1( f ′, rφ̃)φ̃, if r ≤ 2;

ω1( f ′, rφ̃)φ̃, if r > 2.

The following results are with respect to ∥·∥1, ∥·∥2 norms, which are with respect to
the Lebesgue measure.

By (Theorem 18.3, p. 424 of [3]), we obtain

Theorem 13. Let

γ̃N :=
∥∥∥(Ss

n(t − x)N
)
(x)
∥∥∥ 1

N

2
< +∞, (84)

n, N ∈ N. Also let f ∈ CN([a, b]). Then,

∥Ss
n f − f ∥1 ≤

N

∑
k=1

1
k!

∥∥∥ f (k)
∥∥∥

2

∥∥∥(Ss
n(t − ·)k

)
(·)
∥∥∥

2
+

1
2

ω1

(
f (N), γ̃N

)
γ̃N−1

N (85)

{(
b − a

(N + 1)!

)
·
√

7
3
(b − a) +

√
b − a
N!

γ̃N +
γ̃2

N
4(N − 1)!

√
2

b − a

}
< +∞.

By (Corollary 18.3, p. 426 of [3]), we obtain:

Corollary 4. Set
γ̃1 := ∥Ss

n(|t − x|)(x)∥2 < +∞. (86)

Let f ∈ C1([a, b]). Then,

∥Ss
n( f )− f ∥1 ≤

∥∥ f ′
∥∥

2∥Ss
n(t − ·)(·)∥2 +

ω1( f ′, γ̃1)

2{(
b − a

2

)√
7
3
(b − a) +

(√
b − a

)
γ̃1 +

γ̃2
1

4

√
2

b − a

}
. (87)

By (Corollary 18.4, p. 427 of [3]), we obtain

Corollary 5. Set

γ̃2 :=
∥∥∥Ss

n

(
(t − x)2

)
(x)
∥∥∥ 1

2

2
< +∞. (88)

Let f ∈ C2([a, b]). Then

∥Ss
n f − f ∥1 ≤

∥∥ f ′
∥∥

2∥Ss
n(t − ·)(·)∥2 +

∥ f ′′∥2
2

γ̃2
2 +

1
4

ω1
(

f ′′, γ̃2
)
γ̃2 (89)

{(
b − a

3

)
·
√

7
3
(b − a) +

(√
b − a

)
γ̃2 +

γ̃2
2

2

√
2

b − a

}
.

Setting 1. In the following Theorems 14 and 15, we use:
Let ([a, b],B, µ), a ̸= b be a measure space, where B is the Borel σ algebra on [a, b] and µ is a

positive finite measure on [a, b]. (Please note that C([a, b]) ⊂ Lp([a, b],B, µ), any p > 1). Here,
∥·∥p stands for the related Lp norm with respect to µ. Let p, q > 1 such that 1

p + 1
q = 1.
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Next, we apply Theorem 18.4, p. 428 of [3].

Theorem 14. Here n, N ∈ N. Set

δ̃N :=
∥∥∥(Ss

n

(
|t − ·|N

))
(·)
∥∥∥ 1

N

p
< +∞. (90)

Let f ∈ CN([a, b]). Then

∥Ss
n f − f ∥p ≤

N

∑
k=1

1
k!

∥∥∥ f (k)
∥∥∥

pq

∥∥∥(Ss
n(t − ·)k

)
(·)
∥∥∥

p2
+ (91)

ω1

(
f (N), δ̃N

)
δ̃N−1

N

[
(b − a)
(N + 1)!

+
δ̃N

2N!
+

δ̃2
N

4(N − 1)!(b − a)

]
.

Remark 6. We have(
Ss

n

(
|t − x0|N

))
(x0) ≤ K(q)

{
1

nNα
+ (b − a)NγA−λ(n1−α−2)

}
=: τ̃, (92)

and ∥∥∥(Ss
n

(
|t − ·|N

))
(·)
∥∥∥

p
=

(∫
[a,b]

((
Ss

n

(
|t − x0|N

))
(x0)

)p
µ(dx0)

) 1
p
≤
(∫

[a,b]
τ̃pdµ

) 1
p
= µ([a, b])

1
p · τ̃. (93)

Therefore, it holds that

δ̃N ≤ µ([a, b])
1

Np τ̃
1
N . (94)

By (Theorem 18.5, p. 431 of [3]), we obtain

Theorem 15. Here, n, N ∈ N. We denote the following:

δ̃N :=
∥∥∥Ss

n

(
|t − x|N , x

)∥∥∥ 1
N

p
< +∞. (95)

Let f ∈ CN([a, b]). Then,

∥Ss
n f − f ∥p ≤

N

∑
k=1

∥∥∥ f (k)
∥∥∥

∞

k!

∥∥∥(Ss
n(t − x)k, x

)∥∥∥
p
+ (96)

ω1

(
f (N), δ̃N

)
δ̃N−1

N

[
(b − a)
(N + 1)!

+
δ̃N

2N!
+

δ̃2
N

4(N − 1)!(b − a)

]
.

We need

Definition 3. Let f , g ∈ C([a, b]), such that | f (x)| ≤ |g(x)|, ∀ x ∈ [a, b]. A norm ∥·∥ on
C([a, b]) is called monotone iff ∥ f ∥ ≤ ∥g∥. We denote a monotone norm by ∥·∥m, e.g., Lp norms
in general (1 ≤ p ≤ +∞), Orlicz norms, etc.

Finally, we apply (Corollary 18.5, p. 432 of [3]).
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Corollary 6. Let ∥·∥m be a monotone norm on C([a, b]). Denote

ε̃N :=
∥∥∥Ss

n

(
|t − x|N , x

)∥∥∥ 1
N

m
< +∞, n, N ∈ N. (97)

Let f ∈ CN([a, b]). Then

∥Ss
n f − f ∥m ≤

N

∑
k=1

∥∥∥ f (k)
∥∥∥

∞

k!

∥∥∥(Ss
n(t − x)k, x

)∥∥∥
m
+

ω1

(
f (N), ε̃N

)
ε̃N−1

N

[
(b − a)
(N + 1)!

+
ε̃N

2N!
+

ε̃2
N

4(N − 1)!(b − a)

]
. (98)

4. Conclusions
The author’s recent symmetrization technique presented here aims for our operators to

converge at high speed to the unit operator using half-feed of data. This fact is documented
by other authors’ forthcoming work, which includes numerical work and programming.
This article builds a bridge connecting neural-network approximation (part of AI) to
positive linear operators (a significant part of functional analysis). The author has been a
pioneer in the study of positive linear operators by the use of geometric theory since 1985
and the founder of quantitative approximation theory by neural networks in 1997. The
author recently was the first to connect neural networks to positive linear operators; see [6].
The list of references is complete, supporting the above.
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