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Abstract: Essential neural-network operators are interpreted as positive linear operators,
and the related general theory applies to them. These operators are induced by a sym-
metrized density function deriving from the parametrized and deformed A-generalized
logistic activation function. We are acting on the space of continuous functions on a com-
pact interval of real line to the reals. We quantitatively study the rate of convergence of
these neural -network operators to the unit operator. Our inequalities involve the modulus
of continuity of the function under approximation or its derivative. We produce uniform
and Ly, p > 1 approximation results via these inequalities. The convexity of functions is
also used to derive more refined results.

Keywords: neural-network operators; positive linear operators; modulus of continuity;
quantitative approximation to the unit; logistic activation function
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1. Introduction

The author has extensively studied the quantitative approximation of positive linear
operators to the unit since 1985; see, for example, [1-4], which are used in this work. He
started from the quantitative weak convergence of finite positive measures to the Dirac unit
measure, with geometric moment theory as a method—see [2]—and he produced the best
upper bounds, leading to attaining sharp Jackson-type inequalities, e.g., see [1,2]. These
studies have gone in all possible directions, univariate and multivariate, though in this
work, we focus only on the univariate approach.

Since 1997, the author has been studying the quantitative convergence of neural-
network operators to the unit and has written numerous articles and books, e.g., see [3-5],
which are used here.

The wide range of neural-network operators being used by the author are, indeed, by
nature, positive linear operators.

Here, the author continues his study of treating neural-network operators as positive
linear operators. This is a totally new approach in the literature; see [6].

Different activation functions allow for different non-linearities, which might work
better for solving a specific problem. So, the need to use neural networks with various
activation functions is pressing. Thus, performing neural-network approximations using
different activation functions is not only necessary but fully justified. Furthermore, brain
non-symmetry has been observed in animals and humans in terms of structure, function,
and behavior. This lateralization is thought to reflect evolutionary, hereditary, develop-
mental, experiential, and pathological factors. Consequently, for our study, it is natural to
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consider deformed neural-network activation functions and operators. Thus, this work
is a specific study under this philosophy of approaching reality as close as possible. The
author is currently working on the long project of connecting neural-network operators to
positive linear operator theory. Some of the most popular activation functions derive from
the generalized logistic function, on which this article is based, and the hyperbolic tangent,
on which [6] is based. Both cases have different calculations and produce different results
of great interest and important application in my other papers.

All methods of positive linear operators apply here to our summation defined neural-
network operators, producing new and interesting results: pointwise, uniform, and L,
p > 1 kinds. Via the Riesz representation theorem, neural networks are connected to
measure theory. The convexity of functions produces optimal and sharper results.

The use of A-generalized logistic function as an activation function is well established
and supported in ([5], Chapter 16). The A-generalized logistic activation function behaves
well and is one of the most commonly used activation functions on this subject.

The author’s symmetrization method presented here aims for our operators to con-
verge at high speed to the unit operator using a half-feed of data.

This article establishes a bridge connecting neural-network approximation (part of Al)
to positive linear operators (a significant part of functional analysis).

So, it is a theoretical work aimed mainly at related experts.

The authors of [7,8] have, as always, been great inspiration. For classic studies on
neural networks, we also recommend [9-14].

For newer work on neural networks, we also refer the reader to [15-24]. For recent
studies in positive linear operators, we refer the reader to [6,25-30].

For other general related work, please read [31-38], with their justifications to follow:
Justification of [31]: Provides analogous weighted and pointwise error estimates for Kan-
torovich operators, enriching comparison with our symmetrized kernel bounds.

Justification of [32]: Develops Bézier—-Kantorovich constructions using wavelet tech-
niques, which is parallel to our symmetrization approach in handling deformed kernels.

Justification of [33]: Introduces a two-parameter Stancu deformation framework
analogous to our A-generalized logistic deformation.

Justification of [34]: Explores lacunary sequences and invariant means underlying
averaging arguments similar to our symmetrization sums.

Justification of [35]: Applies Appell-polynomial enhancement to beta-function kernels,
directly relating to our beta-based logistic symmetrization.

Justification of [36]: Combines Stancu deformation with Bézier bases, mirroring our
combination of deformation and symmetrization.

Justification of [37]: Presents modified Bernstein polynomials via basis-function tech-
niques, offering comparable convergence comparisons.

Justification of [38]: Integrates g-statistical methods with wavelet-aided kernels, paral-
leling our use of g-deformation and symmetrized densities.

2. Basics

Here, we follow ([5], pp. 395-417).
Our activation function to be used here is the g-deformed and A-parametrized function

Pg(x) xeR, gA>0 A>1 (1)

_ 1
14 gAY

This is the A-generalized logistic function.
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For more, read Chapter 16 of [5]: “Banach space valued ordinary and fractional
neural-network approximation based on g-deformed and A-parametrized A-generalized
logistic function”.

This chapter motivates our current work.

The proposed “symmetrization technique” aims to use a half-data feed to our
neural networks.

We will employ the following density function

1
G (x) == i(q)“(x+ 1) —¢ga(x—1)), xeR, q,A>0. )
We have
Gq,)\(_x) = G%,/\(x)r ®3)
and
G1,(=x) =Gya(x), Vx eR 4)
i

Adding (3) and (4), we obtain
Gy (=x) +G1,(—=x) = Gya(x) + G1,(x), Vx €R, 5)
q’ q’

which is the key to this work.

Therefore,
Gq,A(x) + Gl,)\ (x)
W(x) := 5 d (6)

is an even function, symmetric with respect to the y-axis.

The global maximum of G, , is given by (16.18), p. 401 of [5] as

log,q)  AM—1
G’M( A )_z(AA+1)' 7

In addition, the global max of G , is
g

log, & “lo AN -1
9\ _ a9\ _
GW( A ) N GW( A ) T 2(AM 1)’ ®

both sharing the same maximum at symmetric points.
By Theorem 16.1, p. 401 of [5], we have

Z Gua(x—i)=1,VxeR,Aq>0, A>1, )
I=—o00

and .
Y Gi,(x—i)=1,VxeR Aqg>0 A>1 (10)
i=—00 7’

Consequently, we derive that

i W(x—i)=1 YxeR (11)

1=—00

By Theorem 16.2, p. 402 of [5], we have

/ Gya(x)dx=1, A,q>0, A>1, (12)

—00
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similarly, it holds that

/00 Gi ,(x)dx =1, (13)
—co 4’
so that -

/ W(x)dx = 1, (14)

and therefore, W is a density function.
By Theorem 16.3, p. 402 of [5], we have:
Let0 < a < 1,and n € N with n1=% > 2. Then,

ad 1 1 A 170(72
) Gya(nx —k) < Zmax{q, Q}W =7A (n ), (15)
k= —o0
{ Inx —k| > nl=
where A, g >0, A > 1,7 := 2max{q,%}.
Similarly, we obtain that
Y Gy (nx —k) < yAM2), (16)
k= —o0 !
:nx — k| > nl=®
Consequently, we obtain that
Y W(nx —k) < yAM2), (17)

k= —o0
s nx —k| > nl—

where v 1= Zmax{q, %}

Here, [-] denotes the ceiling of the number, and |- | its integral part.

We mention (Theorem 16.4 p. 402 of [5]) let x € [a,b] C Rand n € N so that
[na] < [nb]. Forgq > 0,A > 0, A > 1, we consider the number A; > zy > 0 with
Gq,)\(Zo) = Gq,,\(O), and /\q > 1. Then,

1 1 1

< max , =: K(q). (18)
[nb] G A ()\ )
T A7 w06 (1)

Similarly, we consider A1 > z; > 0, such that G1 ,(z1) = G1 ,(0), and A1 > 1. Thus,
q q” q’ q

1 1 1
t] < max "G () = K(q). (19)
Y Gi,(nx—k) Gi, <A1> aA
k=[na] 7 i i
Hence,
[nb] 1
) Gya(nx —k) > — (20)
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[nb] 1
Gi,(nx—k) > —. (21)
L O )
Consequently, it holds
b (Gq,A(nx—k)—l—G;’/\(nx—k)) 5 1
> = , (22
k=[na| 2 2K(‘7> K(‘?) )
so that 1
< K(q), (23)
[nb] <Gq,A(nx—k)+GlA(nx—k)>
L YR
k=[na]
thatis, )
b] < K(q). (24)
Y W(nx—k)
k=[na|
We have proved

Theorem 1. Let x € [a,b] C Rand n € N, so that [na] < |nb|. Forq,A >0, A > 1, we
consider Ag > zg > 0 with Gy ) (z0) = Gg(0), and Ag > 1. Also consider A1 > z1 > 0, such
q

that G1 ,(z1) = G1,(0),and A1 > 1. Then
9 9 q

1
Y, W(nx—k)
k=[na|

We make the following remark:

Remark 1. (I) By Remark 16.5, p. 402 of [5], we have

Lnb]
lim Y Gga(nxy —k) #1, for some x; € [a, b], (26)
n—oo, ! o
and
nb]
lim Y Gi,(nxy—k) #1, for some x; € [a, b]. (27)
e k=[na] ’

Therefore, it holds that

nb] (Gq,A(nxl —k)+ G%’A(nxz — k))

lim £1. (28)
n—veo, ! ]
Hence, it is
nb] (Gq,A(nxl —k)+ G, (nxy — k))
lim ! £1, (29)

n—00 k=] 2
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even if
[nb)
lim Y Gi,(nx;—k)=1, (30)
e k=[na] q,/\
because then
L] Gq,/\(nxl - k) 1

lim 2 5 ts#L (31)
equivalently
] G y(nxg —k) 1
. qA 1 1
A k:%ﬂ 2 7o 2
true by
Lnb]
lim Y. Goa(nxy —k) #1. (33)
=[nal

(II) Let [a,b] C R. For large n, we always have [na] < |nb]. Alsoa < % < b, iff
[na] <k < |nb]. So, in general, it holds that

Y Wnx—k) <1. (34)

We need:

Definition 1. Let f € C([a,b]) andn € N : [na] < |nb|. We introduce and define the X-valued
linear symmetrized neural-network operators

Lnb]
ki%‘, : f(%)W(nx —k)
Si(f’x) = Lan =
Y, W(nx—k)
k=[na|
Lnb] ‘
. Y f(ﬁ) <Gq,)\(nx —k)+ G%,A(nx — k))
*(”TLH . (35)
v (Gq,)\(nx —k)+ G, (nx — k))
k=[na] q’
In fact, it is S5,(f) € C([a, b]); and S5,(1) = 1, S;, are positive linear operators.
The modulus of continuity is defined by
wi(f,0) = sup f(x) = f(y)l, 6>0. (36)
X,y € [a,b]
x—y| <o

The same is defined for f € C,p(R) (uniformly continuous and bounded functions)
and for f € Cg(R) (bounded and continuous functions) and for f € C,(R) (uniformly
continuous functions).

In fact, f € C([a,b]) or f € Cy(R), is equivalent to %ig%wl (f,9)=0.

In this work, 0 < &« < 1,7 € N:n!=* > 2, where |- ||, is the supremum norm.

3. Main Results

We present uniform, pointwise, L1, L, and monotone norm approximation results.
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Theorem 2. Let f € C([a,b]). Then,

1 —a_
1S5.(f) — flloo < 2w1 (f, */K(Q)\/nzlx +(b— a)zr)/A_)\(nl 2)) — 0, asn — +oo. (37)
So that 1i_r>n S5(f) = f, uniformly.
n o
Proof. We estimate that

L%J (k - x)ZW(nx —k)

n

(sa (= 272)) (0 = <

Y, W(nx—k)
k={[na

K(q) > (: - x) 2W(nx —k)+ (38)
k= [na]
|
> (k - x> Wi | 72
k= [na]
T
K(o) |z + (b= 02
That is,
(s3((t— 7)) (x) < k(o) { et (b apya () } (39)
Consequently, it holds that
S [N
K(q) \/nlza + (b — a)2yA M 2) (40)

By (Theorem 7.1.7, p. 203 of [2]), using the Shisha-Mond inequality [7] for positive
linear operators and S5 (1) = 1, we have

155 (f) = fllew < 21 (f, 6p)- (41)

Thus, it holds that

187(F) = fllo < 21 (f, VK e+ 0 a)sz-A<"”—2>), (42)
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proving the claim. O
It holds
Theorem 3. Let f : R — R be a continuous and 27t periodic function with modulus of continuity

wy. Here, ||-||, denotes the sup-norm over [a,b] C R, and the operators S, are acting on such f
over [a,b];n € N:n'=% > 2,0 < a < 1. Then,

I857) = oo < 21 (f, m/va an (s, 50 ) + WAA(””‘Z)). 3)

Proof. We want to estimate (x € [a, b]),

() o

[nb] o Ex
Y. sin (%)W(nx—k)
- k=[na] <
[nb) -
Y. W(nx—k)
k=[na] 0
Lnb] k_y ?
|| K(q) sm2<” 5 )W(nx—k) =
k=[na] o

b k_
T/ K(q) Y <sin2 <"§ 5 x) sin2(0)>W(nx —k)+ (44)

N—

5 sin? ( ﬁ _ x) W(nx —k)|| <
> <
k= [na]
>
b kx|
Ty /K(q) wy | sin?, 5 W(nx —k)+
k = [na]
: % x‘ < nia
%
b
1 ) W(nx—k)|| <
k= [na]
: %— x' > n%
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1 1—«a
.2 —A -2
m/K(q)\/w1<sm '271‘") +yA M ).
We have proved that
e, < my/K \/wl sm + YA~ Ant=e=2), (45)
Therefore, it holds that, by [8], the following inequalities are
153(f) = flleo = 21 (f,€n) <
2w (f /K \/wl sm + YA~ ("]a2)> , (46)
hence proving the claim. [
We need
Definition 2. Let f € C([a,b]). The Peetre ([39]) K1 functional is defined as follows:
Ki(f,t) :=1inf(||f — gl + t]|8]| ), & € C'([a,B]), t>0. (47)
We give
Theorem 4. Let f € C([a,b]). Then,
1300 =l < 260 (£, 52 5 + (b =ayya D] ) 50,

asn — +oo.
So that ngTwSZ (f) = f, uniformly.

For the proof of (48), we will use

Corollary 1 ([1]). (pointwise approximation) Let f € C([a,b]) and let L be a positive linear

operator acting on C([a, b)) satisfying L(1,x) =1, all x € [a, b].
Then, we have the attainable (i.e., sharp) inequality

1
LU0 = S <26 (£, 3Ly =51 %) ), Ve bl
Proof. of Theorem 4. We apply inequality (49). Clearly, we have
1
[Su(f ) = f)| < 2K f, 5501t = x[)(x) ),
2

which is attainable (i.e., sharp).
We estimate that

(49)

(50)
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lnbl g
K(g) Y |, —x[W(nx—k) =
k=[na]
L]
K(q) Y % — x|W(nx —k)+ (51)
k = [na]
: %— x’ < ,}7
L]
Y % —x|W(nx—k)| <
k= [na]
K@) [ + (0 a)ga 2]
That is,
Silt = x])(x) < K) |5 + (b= a)g a0 ). 62)
We have proved that
3060 — £ < 2K (£, 550 |+ 0=apa D)), e
Vx € [a,b]
Now, the validity of (48) is clear. O
This follows a trigonometric result.
Theorem 5. Here f € C2([a,b]), xo € [a,b], ¥ > 0, D3(xo) := (S;(! - x0|3> (xo)) . Then
(i)
1S5(F)(x0) = f(x0)| < [f(x0)[S3(sin(- — x0)) (x0) |+
Z‘f"(xo)‘ <qu (sin2 <_zxo>) (xo)> +
(" + frDs(x0))
1 . 0 >D§<x0)[l+;] (54)
(ii)
155(F) = Flleo < [1f'[loo IS5 (s (- = x0)) (x0) | o+
ATd R s;<sin2<' _2x0>)(x0) K
ol D),y g g
= B (14 5) )
(iii) if f'(x0) = f"'(xp) = 0, we obtain
(' + f,rDs(x0))
55900 s < — ) o320 (1+5)- 56)
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and

(iv)

55.0F) (x0) — F(x0) — F/(x0) S5 (sin(- — x0))(x0) — 2f” (x0)S; (sinZ(
wi (f"+ f,rD3(xq) ) _
< 1( - 3 0>D§(xo)<1+317)'

Proof. Direct application of (Theorem 12.3, p. 384 of [4]). O

Next, we give the hyperbolic version of the last result.

Theorem 6. All as in Theorem 5. Then,

! 1S5(f) (x0) = f(x0)| < [ £ (x0)[ IS (sinh(- = x0)) (x0) |+
2| f" (x0)] (s; (sinhz ( ;xo )) (x0)> +
cosh(b — a)wy (sz“ — f,7D(x0) ) 520) [1 N ;r]
(ii
155(F) = Flleo < [1f'[leo 1S5 (sinh(- = x0)) (x0) |+
2|35 (sinte (<52 ) ) )|+

cosh(b — a)w, (f” — f,r||D
2
(iii) if f'(x0) = f"(x0) = 0, xo € [a, b], we obtain

cosh(b — a)w (f” —f, rf)3(x0)) ~

[S(F) (x0) = flx0)] < g D) (1+

and

(iv)
SH(1)(x0) = £ (30) = ()85 sinh (- = 50)(x0) = 2f" (10} (sinte (52 ) ) )

ol

Proof. Direct application of (Theorem 12.5, p. 390 of [4]). O

Remark 2. We similarly have

(51— < gkt { s + 0-aPra ) o

asn — +oo.

(57)

(58)

(59)

(60)

(61)

(62)

Hence, by each of the above Theorems 5 and 6, we obtain that S5,(f) — f is uniformly

convergent asn — +o0, V f € C2([a,b]).
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Valid, by Theorem 12.4, p. 390, and Theorem 12.6, p. 395 from [4], respectively.

We make the following remark:
Remark 3. Let xg € (a,b), f € C([a,b]), here, S;, is a positive linear operator from C([a, b])
into itself.

Also, S5,(1) = 1. By the Riesz Representation theorem, there exists a probability measure jiy,
on [a,b], such that

Si(F)0) = [ Fdnsg(8), ¥ f & Cllab)). (63)

Assume here that | f(t) — f(xo)| is convex in t. We consider
1
~ 2 2
o)1= ([ (6= x0) s (1))
[a,b]

- ((sjZ ((t — xo)z)) (xo)) z (as earlier) (64)

< K(ﬂl)\/nlz,x + (b —a)2y AN 2) = (),

Clearly, here it is da(xo) > 0 (see (35)).
For large enough n € N, we obtain

(%) < min(xg —a,b — xg) < max(xg—a,b — xp).

That is,

dz(Xo) < min(xo — ll,b — XO>. (65)
By (Corollary 8.1.1, p. 245 of [2]), we obtain:

Theorem 7. It holds that

S3(F)(x0) = (x0)| < (f, Vg o+ - a)sz("l‘”)), (66)

for large enough n € N.

Remark 4. We have

Bi(ao) 1= [ 1= oldpng (1) = (1t~ x0]) (x0) < (©7)

K(g) {nl (b —a)yA 02| <min(x) —a,b —x0),

for large enough n € N.
By (8.1.8, p. 245 of [2]), we obtain

Theorem 8. Let r > 1, then
S30)00) ~ S| < rn (£, 1K) o + b= ga D),

for large enough n € N.
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By Theorem 8.1.2, p. 248 of [2], we can derive the following result.

Theorem 9. Here, we consider [a,b] C R, and xo € (a, ). Let L be a positive linear operator from
C([a, b)) into itself, such that L(1) = 1.
Denote by

Tuer(0) = (L1 = 20" () ™7, me

Consider f € C™([a, b)), such that ‘f(’”)(t) —f(m)(xo)‘ is convex in t.
Assume that

0< dﬁﬂ( 0) < (min(xg —a,b —xq))(m +1)!. (69)
Then,
IL(f)(x0) - il il ‘]L( (t=x0)) (x0)| < (70)
— xo["*") (x0)
w1 ( ( (m T 1) > )

We make the following remark:

Remark 5. We have

[nb] ' m+1
L | —xo‘ W(nx —k)
s (m+1) _ k=[na]
0 < (si(lt =0l ™) ) o) =
Y, W(nx—k)
k=[na]
2l k m+1
<K(q) Y |=—x| W(nx—k) (71)
k=[na] n

. (as earlier)

K(q) 1 +(b— a)mH'YA*A(”l_LZ) <min(xg —a,b—xp)(m+1)!,, (72)
n(m+1)a

for large enough n € N.
By Theorem 9 and Remark 5, we have proved the following:

Theorem 10. Here, it is [a,b] C R, and xo € (a,b). Consider f € C"([a,b])
’f(m)(t) —f('”)(xo)‘ is convex int, m € N.
Then, for sufficiently large n € N, we derive that

m f(k)(x )
1S5.(F) () — o) = 3 ’I{O‘

k=1

n (1) Gy e + 00" A ),

Next, we use (Theorem 18.1, p. 419 of [3]).

53 ((t = %0)) (x0)| < 73)
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Theorem 11. Denote (N € N)
1
B (=) O <+ o
where ||-|| , is the supremum norm.
Let f € CN([a,b]). Then,
N _
152 = flloo < 1 A HWH(SS =)0+ 75)
k=1
72
) = \gno1f (b—a) |y Fy
a)1(f ,FN)FN ((N—i—l) + N + 86 —a)(N—1)1 )’ VneN.
Furthermore, it holds that
Fy < V/K(g \/ =t (b —a)Nya A 2)) (76)
and for k=1,...,N, we have, similarly, that
_ 1 - —a
[(sae= 1) < A<ﬂ>{nm + (b —a)fya M) } (77)
By (Corollary 18.1, p. 421 of [3]), we obtain
Corollary 2. Here Fy := ||(S5(t —-))(-)|lo, < 0. Let f € C'([a,b]). Then,
153 = Flloo < Il 1(S2(E =D ) llot (78)
Lo (FE) (- + B+
er(fR) | (b-a)+ " ie—ay )
Here, it is
Fi <K(q) (nla +(b— a)’yA_A(”la_z)) (79)
By (Corollary 18.2, p. 421 of [3]), we obtain
1
Corollary 3. Here F, := H (Si(t - )2) ()||” < +oo. Let f € C2([a, b]). Then,
1
195 — Fle < 71l S DO o+ Ll (3= 2) 0. @0
I T\ L (b_a) E fzz
wl(f ’FZ)F2< 5 2T 10-a))
Here, they are
B < /K( \/+ PRyA M 2) (81)
and .
[(s5e- )0 < k@) (2 (- aPya ), )

By (Theorem 18.2, p. 422 of [3]), we obtain:
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Theorem 12. Let ¢ := H (Si(t - x0)2) (xo)H * < +oo,and r > 0. Let also f € C'([a,b]). Then

1S5f = Flleo = || oo 1 (S5 (t = x0)) (x0) oo < (83)
Q@+ ’wi(f,r9)p, ifr<2;

wi(f,re)e, ifr > 2.

The following results are with respect to ||-||;, ||-||, norms, which are with respect to
the Lebesgue measure.
By (Theorem 18.3, p. 424 of [3]), we obtain

Theorem 13. Let .
= || (S =N ) (@)]|) < e, (84)

n,N € N. Also let f € CN([a,b]). Then,

I3 =l < 1o %W“WJK%@—»%«WZ+;mQ*%wo7%1 (85)
-

b—a 7 Vb—a_ 3 2
{((N+1)!>'\/3(b_”)+ NI 7NJF4(N§1)! b—a}<+°°‘

By (Corollary 18.3, p. 426 of [3]), we obtain:

Corollary 4. Set
T = [1Sa([E =2 (x)]ly <Aoo (86)
Let f € C'([a,b]). Then,

1S5(F) = flly < [|F 1185 =)l + 1(]62//71)

b—a\ [7 ¥ [ 2
{( 3 > g(b—a)+<\/b—a)71+z b—a}' (87)
By (Corollary 18.4, p. 427 of [3]), we obtain

Corollary 5. Set

si((t=x) (x)H; < +oo. (88)

Y= |
Let f € C?([a,b]). Then

s fly < IS0l + 027 o (ram e

(559 Go-o+ (e=amBE )

Setting 1. In the following Theorems 14 and 15, we use:

Let ([a,b], B, i), a # b be a measure space, where B is the Borel o algebra on [a, b] and y is a
positive finite measure on [a, b]. (Please note that C([a,b]) C Ly([a,b], B, i), any p > 1). Here,
stands for the related L, norm with respect to . Let p,q > 1 such that % + % =1

111,
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Next, we apply Theorem 18.4, p. 428 of [3].

Theorem 14. Here n, N € N. Set
v (5 (e 0o < v o

Let f € CN([a,b]). Then

153 = Il Sékll\)f(k)ﬂpqﬂ(si“— 1)+ 1)
w (f(N),3N>3%*1 m + ff;l T ﬁ’!(b _a)] .
Remark 6. We have
(s3 (1t =x0l") ) () < K(‘”{nlw +(b— a)NvA“”l'”)} =7, (92)
and
[ (sile=1))0], =
</[u,b] ((Sf’(“ - xO|N)>(x°))pV(dx0)> ' = </[a,b] ﬁdﬂ) = u([a, b})% T (93)
(94)

Therefore, it holds that
5n < p(la, b))V R

By (Theorem 18.5, p. 431 of [3]), we obtain

Theorem 15. Here, n, N € N. We denote the following:

O = ‘ s;(|t - x|N,x) Hf < +oo. (95)
Let f € CN([a,b]). Then,
(k) _
IS5~ £, gi I k"‘mH(SZ(t—x)k,x)Hp+ (%)
k=1 :
wr (£, 55) ! (53:3' + % T ??!(b —a)]'

We need

Definition 3. Let f,g € C([a,b]), such that |f(x)| < |g(x)|, V x € [a,b]. A norm |-|| on
C([a, b)) is called monotone iff || f|| < ||g||. We denote a monotone norm by ||-||,,, e.g., Ly norms

in general (1 < p < 4o00), Orlicz norms, etc.

Finally, we apply (Corollary 18.5, p. 432 of [3]).
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Corollary 6. Let ||-||,, be a monotone norm on C([a, b]). Denote

1
s (1t= V%) HZ < +oo, m,N €N, (97)

EN = ‘
Let f € CN([a,b]). Then

I

[0 ‘
1525 = Fllu < 32 = (sae =)+
k=1 :

w; ( f<N>,'s“N)'5%—1

(b—a) € a2
(1\""1)!+211\\]“+4(N—13\[!(b—a)1' (98)

4. Conclusions

The author’s recent symmetrization technique presented here aims for our operators to
converge at high speed to the unit operator using half-feed of data. This fact is documented
by other authors’ forthcoming work, which includes numerical work and programming.
This article builds a bridge connecting neural-network approximation (part of Al) to
positive linear operators (a significant part of functional analysis). The author has been a
pioneer in the study of positive linear operators by the use of geometric theory since 1985
and the founder of quantitative approximation theory by neural networks in 1997. The
author recently was the first to connect neural networks to positive linear operators; see [6].
The list of references is complete, supporting the above.
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