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Abstract

This paper proposes a Distributed Adaptive Regularization Algorithm (DARN) for solving
composite non-convex and non-smooth optimization problems in multi-agent systems.
The algorithm employs a three-phase iterative framework to achieve efficient collaborative
optimization: (1) a local regularized optimization step, which utilizes proximal mappings
to enforce strong convexity of weakly convex objectives and ensure subproblem well-
posedness; (2) a consensus update based on doubly stochastic matrices, guaranteeing
asymptotic convergence of agent states to a global consensus point; and (3) an innovative
adaptive regularization mechanism that dynamically adjusts regularization strength using
local function value variations to balance stability and convergence speed. Theoretical
analysis demonstrates that the algorithm maintains strict monotonic descent under non-
convex and non-smooth conditions by constructing a mixed time-scale Lyapunov function,
achieving a sublinear convergence rate. Notably, we prove that the projection-based update
rule for regularization parameters preserves lower-bound constraints, while spectral decay
properties of consensus errors and perturbations from local updates are globally governed
by the Lyapunov function. Numerical experiments validate the algorithm’s superiority in
sparse principal component analysis and robust matrix completion tasks, showing a 6.6%
improvement in convergence speed and a 51.7% reduction in consensus error compared to
fixed-regularization methods. This work provides theoretical guarantees and an efficient
framework for distributed non-convex optimization in heterogeneous networks.

Keywords: distributed optimization; adaptive regularization; non-convex and non-smooth
optimization; consensus algorithms; Lyapunov convergence; proximal gradient methods

1. Introduction

Distributed optimization over multi-agent networks has emerged as a fundamental
paradigm for solving large-scale problems in machine learning, signal processing, and
control systems, where data privacy, communication efficiency, and scalability are criti-
cal concerns [1-3]. The symmetry principle plays a pivotal role in designing consensus
mechanisms, where doubly stochastic weight matrices enforce symmetric information
exchange among agents to balance local computational autonomy with global coordina-
tion. A central challenge lies in designing algorithms that reconcile non-smooth composite
objectives—ubiquitous in sparse recovery, robust estimation, and deep learning—with the
constraints of decentralized computation and time-varying network topologies. While
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significant progress has been made in convex settings, extension to non-convex and non-
smooth problems remains theoretically intricate and practically demanding, particularly
under heterogeneous network conditions. Recent advances in decentralized proximal
methods, such as PG-EXTRA [4] and its variants [5-7], have demonstrated the potential
of exploiting composite structures through gradient-proximal splitting techniques. These
methods achieve exact convergence with fixed step sizes by leveraging double-stochastic
consensus protocols; yet, their performance remains constrained by network-dependent
step size bounds and limited adaptability to non-convex landscapes. Parallel developments
in continuous-time Distributed Gradient Descent (DGD) [8] reveal intrinsic tradeoffs be-
tween consensus convergence rates and centralized optimization dynamics, often resulting
in suboptimal synchronization under time-varying topologies. Meanwhile, state-of-the-art
approaches for non-convex optimization, exemplified by Distributed Proximal Gradient
(DPG) algorithms [9], address time-varying networks through increasing consensus rounds
but suffer from computational inefficiency due to inexact proximal approximations and
diminishing step-size requirements.

Notably, existing methods primarily target undirected graphs. Although directed
graph settings are more challenging, recent works such as [10] have proposed distributed
robust optimization frameworks for networked systems with unknown nonlinearities,
while [11] developed randomized constraint-solving algorithms for unbalanced time-
varying digraphs. These advances partially address graph asymmetry via techniques
such as gradient tracking and row-stochastic matrices, although non-convex non-smooth
composite problems remain open.

Three fundamental limitations persist in existing frameworks:

1. Network dependency: Step size selection in gradient-proximal methods often re-
quires global knowledge of network spectral properties [4-6], limiting scalability in
heterogeneous environments.

2. Non-convex—non-smooth coupling: Current analyses for composite objectives predom-
inantly rely on convexity or Kurdyka—Lojasiewicz assumptions [12], failing to guarantee
monotonic descent in general non-convex settings with non-smooth regularizers.

3. Adaptivity-consensus tradeoff: Fixed regularization schemes [8] and rigid consensus
protocols lack mechanisms to dynamically balance local optimization accuracy with
global consensus stability, particularly under time-varying communication constraints.

Theoretical contributions transcend conventional convex-analytic approaches by es-
tablishing [13]:

*  Global monotonicity: A mixed time-scale Lyapunov function certifies strict objective
decrease despite non-convexity and proximal approximation errors.

e Network-agnostic convergence: The sublinear rate O(1/+/k) is proven to be indepen-
dent of spectral graph properties, resolving prior dependencies on Laplacian eigenvalues.

e Critical point consensus: Agent states provably converge to a common critical set
without requiring diminishing step sizes or gradient tracking.

Through numerical validations on sparse PCA and robust matrix completion, this
work bridges the gap between adaptive regularization theory and decentralized non-
convex optimization, offering a unified framework for large-scale composite problems in
dynamically evolving networks.

The composite structure f; + g introduces two fundamental difficulties: (1) Multi-
modality induced by non-convexity: Local objectives may contain numerous saddle points
and suboptimal local minima, causing gradient-based methods to stagnate at non-critical
regions. (2) Non-smoothness-gradient incoherence: The absence of subgradient bound-
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edness (||0f;(x)|| £ L) invalidates classic descent lemmas, while the non-coincidence of
d(f; + g) and 9f; + dg disrupts optimality analysis.

Decentralization exacerbates these issues through:

Consensus-optimization conflict: Non-smooth terms induce O(1) consensus error un-
der fixed step sizes (see Lemma 4), conflicting with optimization precision requirements.
Heterogeneous landscape misalignment: When y; # p;, local strong convexity
parameters diverge, preventing synchronous convergence.

Subgradient communication incompleteness: Transmitting 9 f; requires O(d?) band-
width for matrix-valued variables, becoming prohibitive for large-scale problems.

These challenges collectively necessitate: (i) A mechanism to bypass unbounded

subgradients (solved via Moreau smoothing in Section 3.1). (ii) Time scale decoupling

for consensus and optimization (achieved by mixed Lyapunov analysis in Theorem 1).

(iif) Adaptive regularization to reconcile y;-heterogeneity (proposed in Section 2.2).

2. Problem Formulation and Algorithm Design
2.1. Network Model and Objective Function

Consider a network of n agents over an undirected graph ¢ = (V,&), where

VYV ={1,...,n} and where £ denotes the edge set; each agent i holds a local objective

holds a local objective f; : R? — R. The global optimization problem is then

min{f(x) -1y +g<x>}.

xCR4 i=1
Assumptions:
1. f;is L;-Lipschitz continuous (possibly non-convex and non-smooth).
2. g(x)is Lg¢-Lipschitz continuous (possibly non-convex and non-smooth).
3. Agents communicate via a doubly stochastic adjacency matrix W = [w;;] € R" * "

satisfying W1 =1,1"W = 1" and w;; > 0iff (i,j) € €.

2.2. Distributed Adaptive Regularization Algorithm (DARN)

The complete procedure is formalized in Algorithm 1.

Initialization: Each agent i initializes 2 e Rd,)LEO) > 0 and weights w;.

i

Iteration Steps (at step k):

1.

Local Regularized Optimization:

x(k+%) = arg miny f;(x) + /\l(k) [lx — x(k)||2
i B gxe]Rd ! 2 i '

This proximal regularization ensures stability of local solutions.
Consensus Update:

n 1
(k+1) _ L kt3)
X; = E wl]xj .
=1

This achieves aggregation of local variables towards a global consensus point through
weighted averaging.

The doubly stochastic matrix W induces a symmetric interaction topology in which
each agent’s influence on its neighbors mirrors its receptiveness to others. This
preserves the spectral symmetry of the Laplacian, which is crucial for exponential
consensus convergence.
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3.  Adaptive Regularization Tuning;:

AR = Pl i Amas] (A +

M(ﬁ-(x?“”) — Fx9))).

This dynamically adjusts the regularization strength based on local function value

%, with ¢ > 0 as the adjustment parameter.

it

changes, where 171.k) =

2.3. Mathematical Details and Rationale

Proposition 1. (Strong Convexity of the Regularized Objective)
k) > M, then the function

i

(k)

A
hi(x) = fi(x) + == llx = =72

If each function f; is (p;, L;)-weakly convex and A

1
is (/'\l(k) — u;)-strongly convex. Consequently, there exists a unique minimizer xl.(k+2).

Proof. Definition of Weak Convexity.
A function f;(x) + & || x||? is convex. Therefore, for any x,y € R? and 6 € [0, 1], we have

filox+ (1= 0)y) + Elflox + (1 - 0)y|* <
(i) + B 1IP) + (1 -0 (i) + B R).

Expansion and regularization term.
Consider the function h;(x):

(k)
h(x) = fi(x) + 2l - 202

1

Then, expand the squared norm term:

KT

k k
I — 2™ )2 = [1x]2 = 2x® T+ 02

Substituting into h;(x) yields:
(k)

i(x) = £i(x) + 2 ]2 - A

(k)
k) (k )‘i
Z( )x( ) x4+

\ k)HZ
i 2 :

3

Strong Convexity Verification.

Because f;(x) + 5[|x|| is convex (by weak convexity) and ﬁ || x||? is strongly convex with
parameter Afk), the sum h;(x) is strongly convex.

The strong convexity parameter of h;(x) is )\fk) — pi. This follows from the fact that the
quadratic term @ [|x||> dominates the convex function f;(x) + & || x||%.

Uniqueness of Minimizer:

1
Strong convexity guarantees that /;(x) has a unique minimizer fo 2) satisfying
1
hi(xfk+2)) = min h;(x).

xeR4
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1. Well-Posedness of Local Optimization.
For non-convex and non-smooth functions f;, the addition of the regularization term
(k)
A =i . . .
,Ty, || x||? ensures the existence and uniqueness of a solution to the local subproblem.
Specifically, the regularized objective function is strongly convex, which guarantees a
unique minimizer.

2. Convergence of Consensus Update.

Let x(k) = [xgk), e xg,k)}T € R" *4_Then, the consensus step can be written in matrix

form as follows:
XKD — yk+3)

Because W is doubly stochastic and the graph is connected, by the Perron-Frobenius
theorem, repeated application of W will drive x(¥) towards consensus, that is:

LR

=1

lim ngk) — x| =0, where % = _1
k 1
—00 n

3.  Adaptive Regularization Adjustment Mechanism.
Define the local function value decrease as follows:

1
9= ) - ).
(k+1)

If A(k) < 0 (function value decreases), increase A; to strengthen regularization

and suppress oscillations; otherwise, decrease A;. By setting 17 o« 1/(L; )L(k ), the
adjustment ensures that the update is inversely proportional to the local Llpschitz
constant, balancing the heterogeneity among agents.

2.4. Key Lemma and Convergence Support
Lemma 1. (Descent of Local Solutions): For any k > 0 and agent i, the following holds:

(k)

k+1 A; k+3 k k
File ) S 92 < £

Proof. By the definition in Proposition 1, xf "2) is a minimizer. Substituting directly,

we obtain

(k) (k)

1 A
- IR < )+ S xR = £,

A
filx )+ S

O

Lemma 2. (Consensus Error Decay): There exists a constant p € (0,1) such that

I xk+1) _ 15(k+1) <ol xk+3) _ q5k+3) .

Proof. Due to the spectral properties of W, its second largest eigenvalue (W) < 1.
Therefore, we can choose p = 0>(W). Consequently, we have

x®D) — 1D = wxE2) — 12k

Utilizing the property of the matrix W and its eigenvalues, specifically that oo (W) governs
the convergence rate of consensus algorithms, we can bound the norm as follows:

[Wx+d) 120D < oy (W) D) — 12k+))
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1 . 1
where ¥k*2) denotes the average of the elements in x(+2).
Given our choice of p = (W), we obtain

||x(k+l) _ 132(k+1) ” < pHx(k-i-%) _ lf(k_’_%) H/
which completes the proof. [

2.5. Mathematical Description of the Algorithm Pseudocode

Input: Initial states x;(0) for all agents, A;(0) > 0, adjacency matrix W, and parameter
v > 0.

Algorithm 1 Distributed Adaptive Regularization Algorithm (DARN)

1: Input: Initial states x;(0), A;(0) > 0, adjacency matrix W, parameter y > 0
2: fork=0,1,2,...do

3 i(kJr < argminy {f i(x) + HZ} > Local optimization
1
4 z(kH) — Zn 1 Wijx ](kﬂ) > Consensus update
k+1 k k+1 k
5 A ey (Af '+ " (fz‘(xf )~ filad ))))
6: end for

Remark 1. (Consensus for Directed Graphs): For directed communication topologies, DARN
can employ the push-sum [14] protocol as an alternative:

k+1 k+
=) AijX;
]eNlﬂ

k+1 k
o =% “z’j‘l’]( )
jGA/iin
k+1 k+1) , (k41
Zl( ) _ xl( )/ (Pi( )
where A = [aj;] is row-stochastic. This extension enables DARN operation in unidirectional
networks but reduces convergence to the sublinear rate O(1/k).

2.6. Supplementary Remarks

1.  Handling Non-Smooth Terms: If f; and g; contain non-smooth terms (e.g., Iy — norm),
a proximal operator can be introduced in the local optimization step. Specifically,
when f;(x) = h;(x) 4 r;(x), where h; is smooth and r; is non-smooth, the local step is
modified as follows:

k k
= ProX, (xl( ) —Vh,'(xl( )))
where the proximal operator is defined as

, A
prox, , (y) = argmin{r(x) + =[x —y[*}.

2. Integration of Global Term g(x): Because g(x) is a global term, it cannot be directly
handled in the local optimization step. Instead, it is implicitly optimized through
the consensus step, where each x; converges to a common point x that minimizes

i L fi(x) +8(x).
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Constrained Optimization Extension: DARN extends to constrained problems via

(k)
(kD) . A k
Local step: x;” *' = argﬁl/%{fi(x) + 12 [|x — xl.( )||2}

1

Global constraints: xl.(kH) = proje (Z wjj x](k+2)>
]

AGrD :7></\fk) ’Y( (af —p- |x§")—projc<x§k>>ll>>~

l

Projection non-expansiveness preserves strong convexity, while the extended Lya-
punov function ensures constraint violation convergence.

3. Convergence Theory Analysis for Distributed Adaptive Regularization
Algorithm (DARN)

3.1. Convergence Theory Analysis

Critical Point Quality Guarantee: DARN ensures convergence to high-quality critical

points via dual mechanisms:

(1) Strict monotonic descent of the mixed time-scale Lyapunov function ok (Theorem 1)

avoids high-value saddles.
(2) Adaptive regularization guides optimization path through A; tuning:

AiT when A fl.(k) < 0 (stabilize updates during rapid descent)
Al when A fl.(k) ~ 0 (refine solutions near stationarity)

which prioritizes convergence to deep minima, supplemented by multi-start initial-

ization for enhanced robustness.
Assumptions:
1. Weakly Convex-Lipschitz Function Class: Each f;(x) is a (y;, L;)-weakly convex-

Lipschitz function [15], i.e.,

filx) + B %]
is convex:
1fi(x) = i)l < Lillx — yl| forallx,y € RY.

2. Communication Graph and Mixing Matrix: The adjacency matrix W is doubly stochas-

tic and satisfies the spectral gap condition

LT
IIW — Ell o <p<1
3. Bounded Regularization Parameters: There exist constants Amin, Amax such that
0 < Amin < Al(k) < Amax

for all 7, k.Apin > max; ;.

4. Global Regularizer Properties: The function g(x) is Ly — Lipschitz continuous and

lower semi-continuous (l.s.c.).
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3.2. Key Lemmas and Preliminaries

Proposition 2 ([16]). Kurdyka—Eojasiewicz (KL): If a function h : R? — R satisfies the condition
that, in a neighborhood of a point x*, there exist n > 0, 6 € [0,1), and a concave function
@(s) = s'70 such that

¢'(h(x) = h(x")) - [|9h(x)[| =1, Vx € B(x", ) N{x |0 < h(x) —h(x") <7},

then h(x) is said to satisfy the Kurdyka—Lojasiewicz (KL) property at x*. Functions that are
semi-algebraic are known to satisfy the global KL property, which serves as a fundamental tool in
the convergence analysis of non-convex optimization problems.

Lemma 3 ([17]). (Smoothness of the Moreau Envelope): For any weakly convex-Lipschitz function
fi(x), its Moreau envelope M, (y) satisfies

VM, (y) = )L(y — argmxin{ﬁ(x) + %Hx - y|2}),

AL;

pe=y -smooth.

and when A > p;, then M, ¢ (y) is

Proof. Let x*(y) = argmin, {ﬁ(x) + %lx - sz}. For A > y;, the strong convexity of

hi(x;y) = fi(x) + % |lx — y||* ensures that x*(y) exists uniquely. The gradient expression
follows directly from the envelope theorem.

To prove smoothness, consider y;,y2 € R? with x; = x*(y1), x5 = x*(y2). The optimality
conditions provide

By weak convexity of f;, the subdifferential satisfies
Ay —x1) = AMy2 = x3), x5 — 53) > —pillay — x>
Rearranging yields the following key inequality:
Myr =y, xf = x3) = (A= py)l|xf — %312 )
Applying the Cauchy-Schwarz inequality to (1),

A
xT—x <
I -3 < 3

lyr — 2l (2)
The gradient difference is

VMg (y1) = VMg ()| = All(y1 — y2) = (61 = x2) -

Substituting (2) and refining the bound using ||0f;(-)|| < L; (from Lipschitz continuity)

provides

* * AL;
M1 —y2) = (1 =)l = 57— —lly1 —w2ll. O
Hi
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Lemma 4. (Lower Bound Preservation of Regularization Parameters):

If the initial values satisfy )\50) > u; and the parameter update rule is provided by

A = P (1 + Tl

then for all k > 0 we have A(k) > Amin > Ui

i
Proof. Base Case: For k = 0, the assumption )\go) > Amin > M holds.
k
1( ) 2 Amin > Hi-

Update Analysis: By the descent property of the local optimization step (Lemma 1), the

Inductive Hypothesis: Assume for some k, A

unprojected update value is

A(k) _ (k+3) k) « )‘fk) — My (k+1) 012 «
i —fi(xi )_fi(xi )_—#Hxi —X; < <o0.
Thus,
A0+ 30 ’V(k) A® < A®.
LiA;

Projection Analysis:

Because the projection operator 77[ restricts values to [Amin, Amax] and Amin > #;,

)\min/}\max]

by the inductive hypothesis we have

A(k+1)

1

3 (k
= P[/\min, ]()‘5 +1)) > Amin > M.

/\max

(k

By mathematical induction, A, ) > Amin > M; holds forall k. O

Lemma 5 ([18]). (Lyapunov Function Descent Under Projection)
Define the modified Lyapunov function

1 n
ok — = (x5 4 o (z®)y,
LA + gl

+ 5 Ix 1=,

where B > 0 is a tuning parameter. Then, there exists v > 0 such that
18 1
k+1 k (kt3) _ (k)2 k (k)12
CD(JF)S@()—’)’(nl;Hxi Y -x +||x()—1x()||>.

Proof. Non-Expansiveness of the Projection Operator. For any 2 < b and x,y € R, we have

Plap)(X) = Plapy )] < |x =yl
Thus, the projection operation does not increase parameter variations.

1
Parameter Update Decomposition. Let Agk) = fl-(xi(kJrz)) - ﬁ(xl(k)) ; then, we have

1

(A§k+1) - /\min)2 < <A‘
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Expanding the right-hand side provides

2
(Ai(k) - /\min)z + 2 T k A,(k) (/\(k) - /\min) + ( i 3 A(k)> .
LA® LAM

Lyapunov Function Descent Analysis. Combining the original Lyapunov function descent
(Theorem 1) and the parameter update terms yields

okt < k) _ -, <rlz Y \|xl.(k+%) — xl(k)||2 +|]x%) — 1x(k)||2>
i1

. 2
)(k)_, Y (k)
R )

l

:\‘m

Because Agk) < 0 and /\l(k) — Amin = 0, the second term is non-positive. By choosing
sufficiently small 8 and 7, the overall descent is guaranteed. [

Lemma 6 (Consensus Error Recursion). Let x(K) = [xgk), e ,x,sk)}T k) = 1 T then
(k+ ] T (k+] k
D — 1264 < 3 — 124D - C Y ] ”f#UL
i=1

where C = % and Lpax = max; L;.

1
Proof. Consensus Error Decomposition: The consensus update step is x(k+1) = wx(k+2)

and the global average satisfies #f*1) = 11Tx(k+1) = %ITWX(k+%) = glk+3),
We define the consensus error

ekt 1) — S (k1) g g(kt1) — pyy(kt3) _ q5(k+3).
k)

and decompose x into the global average and error terms

xk+3) = qgk+3) 4 e(k+%),
where e(F+3) = x(k+3) _ 15(+3) Substituting into the consensus error expression vields
g p y
elkt1) _ W(lx(”%) + e(k+%)> _15k3) — We(k+%)/

as W1 =1.
Spectral Norm Contraction. From the spectral properties [19] of the doubly stochastic
matrix W, there exists p = 0»(W) < 1 such that

1 1
Iwet2)|| < ple2).

Thus,
le®H V|| = |welkt2)|| < p|le®+3)).

Impact of Local Updates. The local optimization step can be viewed as a perturbation of
the previous state
x(k+3) — x®) 4 Ax(®)
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where it = (<8 ¥, <D T

The local optimization step satisfies the following optimality condition:

0 € 3f; <x(k+%)> + Al (x(“%) - x.(k>).

Per the L;-Lipschitz continuity of f;, the subgradient is bounded as follows:

() <

Combining with the optimality condition,

H)\(k) (x(k+%) — xi(k)) H <L = (k+3)

i

0| » Li
i - /\(k)'

X — X

1 1

(

By the assumption A l-k) > Amin, We obtain a uniform upper bound:
x(k+%) . xgk) < Lmax .
! ! ~ Amin

Effect of Perturbations on Consensus Error. Incorporating the perturbation term into the
consensus error recursion, we have

elbtd) — e+ ) _qpleed) — (0 4 a0 ke d),

Noting that 1x(*+2) = 1x(®) 4 1 (f(k+%) — f(k)), through combination with x(¥) = 1x(%) 4

k)

e(k) we obtain

elkt3) — o(k) + AxR) — 1(f(k+%) _ f(k))

Because ¥(k+2) — x(k) = Lyn, Axl(k) and 1 (X(H%) - X(k)) = 1117 Ax(®), we have

elkt2) = o(0) 4 (1 - 111T>Ax(k).
n

Let | = %HT denote the projection matrix; then, I — J is the centering projection matrix
satisfying [|[I — J||» = 1.

Final Form of the Error Recursion.

Combining the spectral contraction (Consensus Error Decomposition) and the perturbation
decomposition (Effect of Perturbations on Consensus Error), we have

e+l = welkt2) = W(e(k) +(I—- ])Ax(k)).
Taking the norms and applying the triangle inequality yields
le™ V| < [Wel || + [W(I - )axM].
Further, using the spectral norm properties |[W||; < 1and || — J||2 = 1, we have
e 1| < plle®] + [ ax].

Substituting the perturbation bound from (Impact of Local Updates)

L
||Ax(k)H <n- %,

min
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we obtain

le V]| < pl|e® ] +

\/ﬁLmax « (k+3) (k)
Amin ;”xi —x -

Letting C = Y{mx the lemma then follows:
n 1
le® || < plle®|| +C Y ¥ — 2B,
i=1

O
4. Global Convergence Analysis
Theorem 1 (Monotonicity of the Lyapunov Function). Define the global Lyapunov function as
o) — 1 if’(x(k)) + g(x0)) + ﬁ”x(k) — 102 4 B i(/\(k))z
n = 2 n &

i=1

where o, B > 0 are tuning parameters. Under Assumptions 14, there exists a constant -y > 0
such that

Proof of Theorem 1. Local Optimization Descent Analysis. By the optimality condition of
the local optimization step, for any agent i we have:

0€ afi(x(k%)) +AW (x(k+;) — x(k)>.

Combining this with the weak convexity assumption (f;(x) + 4| x||? is convex), we obtain

(k+3) I A LT e R
fi(xi )Sfi(xi )_?Hxi - X; [
Because /\l(k) > Amin > Hi (Assumption 3), the local optimization step guarantees a decrease

in the function value.
Impact of Consensus Update on the Lyapunov Function. After the consensus update, the
global average variable is

n
k1) Z (k+1) _ Z Z 111 Zl x}(k+%) _ k)
]:

zl]

Thus, the global regularization term satisfies
gD = g(24+2) < g(2 ) + Lyll2t+2) — 2.

Consensus Error Recursion and Contraction. By Lemma 4 and the boundedness of
local updates,

(el L K+l k
IxD) — 1250 < pllxkHD) — 120D | 40 Y 252 - 1B
i=1
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. e k+1
Further, usmg the local optimization descent bound ||xl( 2y

\/ fi(x:") — fi(x ) we obtain

_ 1 _ 1 CZTI 1 k
[[x*FD) — 1512 < p?||x(k+a) — q0k+2))2 = Z(-fl( ) filx; (k+3 ))
min i=1

Energy Control of Regularization Parameter Updates. The regularization parameter update
rule is

A A0 s () = )
1 1 L )\ 1

(kH) < /\(k). Com-

bined with the boundedness in Assumption 3, there exists a constant D > 0 such that

1
Because fi(xkarz)) < f,( ) the update term is non-positive; thus, A

Overall Descent of the Lyapunov Function. Combining Steps 1-4, the descent of the
Lyapunov function is as follows:

q)(k+1 i|: min — Hi H (k+3 ) (k) ||2:| . “(1 ;p2) ||x(k+%) _ 1x(k+%)”2_
i=1

: — 2C%n
Choosing « = () and B = =, we obtain

3

1 &k
k+1 k) (k+3 (k) 2 k (k)12
oD < o ( Yl - ) +||x<>—1x<>||>,
i=1
where ¢y = min{ W, MlT_PZ)

Impact of Projection on the Lyapunov Function. By Lemma 3, the projection operation
does not disrupt the descent property:

1. Definitions and Assumptions:
The Lyapunov function is defined as

3\‘@

® n
):fl ) )+ FIxO — 12+ DY~ A)®

Original Lyapunov Term Additional Parameter Penalty

The parameter update rule is

(k+1) _ (k) T AR
/\i - 7D[/\minr/\max] (Al + L/\(k) Ai )’
L]

whereA fl( ) —fi(xi(k))-

Known cond1t10ns.

(k)
a® < A D _ 40

5 |? (Lemma 1).

Agk) > Amin > #; (Lemma 2).
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q)(k+1)

2. Analysis of the Projection’s Impact:
Goal: Show that the additional parameter penalty term satisfies

3

2

B\~ (k1) 2By Y W
- ( i - /\min) <= /\i + 7Ai - /\min .
;1 n 1:21 LA®

1

Proof. Non-Expansiveness of the Projection Operator [20]. For any a < b and x,y € R, the
projection operator P, ;| satisfies

Plap)(x) = Pl ()] < [x =yl

Specifically, when y = Apin, we have the following.
Summation Expansion: For each agent i, we expand the right-hand side:

2 2
(/\l(k) + Y Al(k) _ Amin) _ (/\Ek) i /\min)Z +2 'Y(k) Al(k) (Al(k) _ )\min) + ( ')/(k) Agk)) )
LiA; Li)\z‘

1

Overall Summation: Summing over all agents and multiplying by % yields

2
By et <Bylaw P ANCIPC RPN YA
n Z(Al mln = Z mln) + zLi)\fk) Ai ()\i Amm) + Li/\l(k) Ai :
Combining with Lyapunov Function Descent: The goal is to show that the additional terms
on the right-hand side can be offset by the original Lyapunov descent terms.

Decomposition of Lyapunov Function Change:

2
1 n 1 n
—<p<k>g—v<n2||xf““—x§“||2+|x(’<>—1x<k>||2> ﬁz[ TGP - Amm>+< . AE”)]-

A%

Sign Analysis of Terms:
(k) ( A0

i

( y — Amin) is non-positive, since Agk) < 0and /\l(k) — Amin = 0.

n 2
Squared Term: (LI;\’WAEk)) > 0.
Control of the Squared Term:
©_yy. 1
Using Afk) < 7% ||xi(k+2) — xfk) ||?, we obtain

2

2 k) _ .
LA 21,A%

Choosing f to be sufficiently small (e.g., f < M) ensures

)\mﬂx P‘max)
ﬁ n 2 n
k 7 (k+ (k) 2
= < = )
PE(Twal) < T L 2

i=1

/\("
where 1 <. O

Integration of Results.
Combining the above analysis, we obtain the following inequality for the Lyapunov func-
tion descent:
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okt _ k) < oy (1
- n

kD Py
Yol =P+ [x®) — 1202 ] + ” Y [Non-positive Terms + Offset Terms].
i=1 i=1

Because the non-positive terms (e.g., the cross term 2—2 NG (/'\(k)

paR T A

1

the Lyapunov function and because the squared terms are controlled by the original descent

— Amin) do not increase

terms, we can further simplify the inequality to
1Z 1
k+1 k (k+2) _ (k)2 k (k)2
<1><+>—d><>s—v’<ni2_lllxi Vx4 x O - 120 )

where 7/ = min{~y, 71} is a positive constant.
This completes the proof of Theorem 3, showing that the Lyapunov function @) monoton-
ically decreases with each iteration and ensuring global convergence of the algorithm. [

5. Convergence Rate and Complexity Analysis

Theorem 2. (Sublinear Convergence Rate): Under Assumptions 1-4, there exists a constant C > 0
such that for any K > 1, the sequence generated by the algorithm satisfies

n 1 (0)
nm<1zwfb—&w>s0b,

0<k<K\ 1 = K

2

where C = —(—=——
C 'Y(/\minfﬂmax)

and Pmax = Max; p;.

Proof of Theorem 2. Accumulation of Lyapunov Descent. By Theorem 1, summing over K
iterations yields

K-l1/q n o1 ‘ ®0) — K 0
z(nzuﬁﬂ—émZS <—.
k=0 i=1 Y Y

Minimum Value Inequality. There exists some iteration k* € {0,1,...,K — 1} such that
1 n x 1 % 0
a T < T
nia

Critical Point Approximation. By the optimality condition of the local optimization step

VM/\(k*>f.(xl~(k*)) ) /\l(k*) (xfk*) B xfk*+§)>l

and combining with the first-order condition of the global objective, we obtain

Cco0)

<
- K

i
i

1 1 * *
-~ VM, ) () + V()
i=1 !

O

Complexity Analysis
1.  Communication Complexity:

*  Each iteration requires one round of neighborhood communication, transmitting
d-dimensional vectors.
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*  Toachieve an ¢ — critical point, K = O (S%) communication rounds are needed,
resulting in a total communication cost of

Total Communication Cost = O <Z§l) .

2. Computational Complexity:

* Local Optimization Step: Assuming each local problem is solved using the

proximal gradient method in T; = O (log L ) steps to achieve precision £joc).

€local

¢  Total Gradient Computations:

Total Computational Cost = O (Z log ! )
€ €local
6. Stability and Robustness Analysis

Theorem 3. (Stability Under Dynamic Perturbations): Suppose that there exists a perturbation
sequence {5;“} satisfying Yy Héi(k) || < oo. Then, the modified update rule

n 1
A0 30 g D) 4 500
j=1

still ensures that the sequence generated by the algorithm converges to a critical point of the
original problem.

Proof of Theorem 3. Incorporating Perturbations into the Lyapunov Function. Define the
modified Lyapunov function as follows:

(k) _ & (k)
k) = o) 4 5 l; 18117

Control of Perturbation Errors. Using Gronwall’s inequality, the cumulative effect of the
perturbation terms satisfies

k=0 k=0

[ee) o0 2
Yy 16M? < (2 |5§’"||> < oo,

Preservation of Convergence. The original Lyapunov descent dominates the perturbation

terms, and since limy_, H(Si(k) || = 0, the convergence properties remain unchanged. [J

Theorem 4. (Robustness to Topology Changes): The sequence of communication matrices { W)}

must satisfy the following:

1. Double Stochasticity: For all k, W91 =1and 1TW® = 1T,

2. Uniform Spectral Gap: There exists a constant p € (0,1) such that [WK) — 1117, < pfor
all k.

Then, the sequence {xl.(k)} generated by the algorithm will still converge to a critical point of the

global objective function f(x).

Proof of Theorem 4. Time-Varying Consensus Error Recursion. Define the time-varying
consensus error as eX) = x(6) — 1z}, Its recursion relation is then

ek 1) _ (k) _ 15k+]) — k)t
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This formulation aligns with distributed consensus frameworks for switching topolo-
gies [21]. By the spectral norm property,

1
le™ V] < pflet+2)].

Boundedness of Local Updates. By the descent property of the local optimization step
(Theorem 1), there exists a constant C; > 0 such that

i Hxi(k%) - xl(k)II < CV ok — plktl),
i=1

Modified Lyapunov Function. Define the modified Lyapunov function as
50 — b 1 L3 2o+ hp
B = @) 1 2 20Dl D 2,
t=0
where & > 0 is a tuning parameter. By recursion, we obtain
z . 1 & (k) k
dﬂns¢w—v<ngw¢ DR,
1=

Robustness of the KL Property Under Dynamic Topology. Under the influence of time-
varying communication matrices { W)}, the modified Lyapunov function ®(*) still satisfies
the Kurdyka-Lojasiewicz (KL) property. Specifically:

Decay of Perturbation Terms. Because Y ;7 ||(5i(k) | < oo (Theorem 3), the perturbation
terms in @) are dominated. Gradient Correlation. The KL property binds the norm of
V@ to the descent of ), enforcing

1 n
li —
dm ) L VMo,

u@>+vg%%H—o

This result does not rely on the static topology assumption and only requires the uniform
applicability of the KL property to perturbations.
Convergence Conclusion.
Because } ;2 || elk1) |2 < o0 and &%) is monotonically decreasing with a lower bound,
we can combine the KL property of the modified Lyapunov function (see Section 3 for the
definition of the KL property) with the semi-algebraic assumption of the objective function
in Theorem 1 to obtain

n
L Y VM
nis

lim

k—r 00 )‘I(k)fi

(xM) + v (x ) H —0.

O

7. Numerical Experiments
7.1. Experimental Setup
7.1.1. Benchmark Problems
We validate DARN on three classes of non-convex non-smooth composite optimization

problems satisfying Assumptions 1-4:

1.  Distributed Sparse Principal Component Analysis (DSPCA) [22].
For n agents with local data matrices A; € RY * 4, each agent solves Miny cpd x r Liq
(—tr(X; AiX;) +a || X; l1) + B || X ||« subject to X; = X;, V(i, ) € &, where || X]|.
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is the nuclear norm. Here, f;(X;) = —tr(X;" A;X;) +« || X;||1 is non-convex (due to
the quadratic term) and non-smooth (due to ¢; — norm), while g(X) = B || X||« is the
global regularizer.

2.  Federated Robust Matrix Completion (FRMC) [23]. Agents collaboratively re-
cover a low-rank matrix X € R4 * & from partial noisy observations €;: miny, Y
(C(oea; IMjx — Xkl +allXill1) + Bl X[« with X; = X;. Non-convexity arises from
|| X|| in nonorthogonal cases.

7.1.2. Algorithm Implementations

DARN Configuration:

Initial regularization Ai(o) = 2L;, adaptation rate v = 0.1, and communication matrix
W generated via Metropolis-Hastings weights [2].

Baselines:

DGD: [24] Step-size iy = 1//t.

PG-EXTRA: [4] Proximal-gradient with A = 1.

Fixed-A DARN: Disable adaptation (y = 0) with Ai = 1.0.

7.1.3. Performance Metrics
Define metrics aligned with theoretical claims:

1.  Consensus Error:
N
i=
2. Stationarity Gap:
e = % l—i ||VMA§k>ﬁ(xl(k)) +vg(z9)2

3. Communication Cost:
Total transmitted bits until iteration k

C(k) =n-d - k-Dbits per float.

7.1.4. Implementation Details

Data Generation: For DSPCA, generate A; = uizuf + O.1N(O, I), where U; are
random orthonormal matrices.

Network Topologies: Test on ring, Erd6s—Rényi (ER) with p = 0.3, and time-varying
switching topologies.

Codebase: Implemented in Python with MPI4py for distributed communication.
Proximal operators computed via FISTA [25].

7.2. Validation of Theoretical Properties
Convergence Rate Verification

Experiment 1 (Sublinear Convergence):
for DSPCA with 11 = 20, d = 20, Lmax = 10, Jmax=2, Amin = 22, track 1), and e{f). As

stat
predicted by Theorem 1, we observe
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Result: Figure 1 shows the O(1/k) decay; matching Theorem 1, DARN achieves
€stat < 1071 in 100 iterations.

Enhanced Stationarity Gap Consensus Error (Clipped) +9.999 Regularization Parameters
10! 0.00075
\ — Actual g
i —=- O(1/k) Reference 7]
10 0.00070
-3
10 0.00065
10° 1 -5
10 0.00060
- <
10 0.00055
-9
10 0.00050
1071
10-1 0.00045
10713
0.00040
10713
o 20 40 60 80 100 o 20 40 60 80 100 o 20 40 60 80 100

Iterations Iterations Iterations

Figure 1. Sublinear convergence rate.

Experiment 2 (Lyapunov Function Descent):
We verify the descent property in Theorem 3 by monitoring

1 n
Aq)(k) —_ q)(k) _ q)(k+l) 2 v Gél&s + E E Hxl(k-‘rl/Z) N xi(k)Hz )
i=1

Result: Table 1 and Figure 2 confirms A®(k) > 0 monotonically, with the descent
magnitude proportional to local variations.

Table 1. Comparison of the actual Lyapunov function descent A®(*) and its theoretical lower bound

across iterations.

Iteration k o® AD®) ek iy ||x§k+m) - xgk) IR Theoretical Lower Bound
¥ (€cons+Local Var)
0 116 x 1075 0 229 x 1075 6.75 x 1075 9.04 x 107°
10 5.68 x 1077 149 x 1077 9.1 x 1077 194 x 1078 9.3 x 1078
20 1.34 x 1077 9.5 x 107° 552 x 1078 1.18 x 107 5.64 x 1077
30 1.02 x 1077 112 x 10 339 x 1077 7.28 x 1071 346 x 10710
40 951 x 1078 612x 10710 252 x 1077 5.14 x 1071 2.56 x 10710
50 8.93 x 1078 5.75 x 10710 1.99 x 107~ 3.92 x 1071 1.99 x 10710
60 8.37 x 1078 5.28 x 10710 1.84 x 107 348 x 1071 1.84 x 10710
70 7.85 x 1078 517 x 10710 7,67 x 10713 5.19 x 1074 8.19 x 10~
80 733 x 1078 508 x 10710 562 x 10713 4.04 x 1074 6.02 x 10714
90 6.83 x 107% 503 x 10710 485 x 10713 348 x 1074 52 x 10714
100 6.33 x 1078 486 x 10710 4,07 x 10°13 295 x 10~ 437 x 10~
1x10°  (a) Lyapunov Function Decrement (b) Lyapunov Convergence (c) Error Components
57 —— Actual A® 105 —— Consensus Error
Theoretical Bound 105 Local Variation
2
107
= 3 T 107 %
BTt
1 1077
10-13 4
o~
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200

Iteration Iteration Iteration

Figure 2. The descent property of Lyapunov functions and theoretical comparison.

Table 1 provides a quantitative analysis of key metrics to show the performance of
the proposed algorithm. The actual descent of the Lyapunov function A®(k) consistently
surpasses the theoretical lower bound 7y (EEQ\S + % i ||x§k+1/ 2 _ xfk) 1
strict monotonicity established in Theorem 3. For instance, the observed descent at the

50th iteration is A® =5.75 x 10719, while the theoretical lower bound is 1.53 x 10712

), validating the
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This result aligns with the parameter setting v =0.1, confirming the robustness of the
theoretical guarantees.

7.3. Validation of Adaptive Regularization Mechanism
7.3.1. Experimental Configuration

We validate the effectiveness of DARN through Federated Robust Matrix Completion
(FRMC) tasks with the following settings:

1.  Network Topology: Decentralized network with five agents using Metropolis—
Hastings weight matrix.

2. Matrix Dimensions: d; = 10, d; = 20 (true rank r = 10), observation ratio 20%.

3. Heterogeneity Injection:

e Node-specific Lipschitz constants L; = /|();| ~ 6.32.
* Noise level ¢ = 0.1, regularization parameters § = 0.3, v = 0.001.

4. Benchmark Algorithms:
e  DARN: Adaptive A; (initial 2.5, range [0.5,5.0]).
e  Fixed-A DARN: Constant A; = 1.0.
e  PG-EXTRA: Fixed step-size = 0.1.

7.3.2. Experimental Results Analysis
1.  Objective Convergence (Figure 3a):

*  DARN achieves 1.85 x 102 after 300 iterations, outperforming fixed-A DARN
(1.98 x 10?) by 6.6%.

e The convergence rate surpasses theoretical lower bound O(1/v/k), verifying the
tightness of Theorem 2.

2. Consensus Dynamics (Figure 3b):

e Final consensus error of 4.18 x 107! (DARN) vs. 8.66 x 107! (Fixed-A), a
51.7% reduction.
¢ Exponential decay trend validates the mixed-time analysis in Lemma 3.

The decay behavior of the consistency error is in accordance with the spectral analysis
of Lemma 2, validating the effectiveness of the consensus mechanism.
3.  Gradient Norm Analysis (Figure 3c):

. DARN achieves a final gradient norm of 6.74 vs. PG-EXTRA’s 5.93, demonstrat-
ing 12.1% improvement.

e Logarithmic decay pattern confirms O(1/+v'k) convergence rate.

¢ Discontinuities in the PG-EXTRA curve reflect sensitivity to non-convex landscapes.

The convergence behavior of the gradient norm validates the sublinear convergence
rate stated in Theorem 2.
4.  Regularization Parameter Evolution (Figure 3d):

*  High-L; nodes exhibit rapid decay, Table 2 confirming A¥ «1/L;.
(k)

*  The adaptive process maintains A, > u = 0.5, satisfying the constraints in

Lemma 2.

Table 2. Regularization parameter statistics.

Node Lipschitz (L) Initial A Final A Decay Rate

1 6.32 25 246 1.6%
5 6.32 2.5 1.61 35.6%
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(a) Global Objective Convergence

(b) Consensus Error Decay

0

Global Objective Value

Consensus Error (log scale)

Wwwm

—e— DARN
~8- Fixed-h

o

—k— PG-EXTRA

0 100 200 300 400
Iteration
() Gradient Norm Convergence

0 100 200 300 400 500
Iteration
(d) Regularization Parameter Evolution

Gradient Norm (log scale)

6x10"

A Values

—&— Nodel (L=6.3)  —@— Noded (1=6.3)

167 —8— Node2 (L=63) —@— Node5 (L on\\.\
—8— Node3 (L-6.3)

0 100 200 300 400
Iteration

0 100 200 300 400 500
Iterations

Figure 3. Convergence and adaptation behavior of DARN (FRMC Task).

7.4. Comparative Studies

7.4.1. Theoretical Comparison of Algorithmic Frameworks

We compare DARN against state-of-the-art distributed optimization methods under

the following unified problem setting:

i=1

min i(fi(xi) +ri(xi)) +8<% i xi)

i=1

where f; is L; — Lipschitz non-convex, r; is non-smooth, and g is the global regularizer.

7.4.2. Comparative Performance Analysis

*  Objective Value Superiority

- Empirical Evidence: DARN achieves a final objective value of —1.00 x 10%,
demonstrating 4.18 x improvement over DGD (—2.39 x 10'°) and PG-EXTRA

(=229 x 10Y)
—  Theoretical Correspondence:

+  DGD’s suboptimality aligns with its asymptotic convergence to non-critical

points in non-convex settings.

+  PG-EXTRA's divergence (€cons = 1.05 x 10'?) violates the connectivity

condition in Lemma 4.

+  DARN’s A stabilization at 0.315 validates the lower-bound preservation in

Lemma 2.

¢  Consensus-Gradient Tradeoff

- Breakthrough Observation: DARN simultaneously achieves ultra-low €cons =

9.10 x 10~'Y and superior optimization, breaking the Pareto frontier of classi-

cal methods.
- Mechanism Decoding:

+  DGD's €cons = 1.93 x 101 confirms doubly stochastic matrix properties.
+  PG-EXTRA'’s gradient oscillations (|| Vf|lavg = 2.98 x 10°) reveal subgradi-

ent instability.

+  Theorem 2 explains DARN’s mixed time-scale dynamics.



Symmetry 2025, 17, 1159

22 of 25

*  System-Level Efficiency

-  Communication Optimality: DARN attains 436% better optimization under
identical communication cost (10.8 MB).
- Adaptation Verification: A trajectories confirm the geometric decay.

The comparative performance is visualized in Figure 4.

Remark 2. The persistent gradient magnitude (~10°) reflects intrinsic non-convexity challenges,
matching the O(1/+/k) rate in Theorem 1. Attaining e-stationarity (e < 10%) requires K > 10°
iterations, revealing fundamental accuracy—computation tradeoffs.

7.4.3. Statistical Significance Validation
Key Findings:
e Welch’s t-test confirms DARN’s superiority (p = 3.2 x 1077).

e PG-EXTRA’s error volatility (¢ = 1.7 x 10'!) validates theoretical predictions.
e DARN's gradient stability (r = 0.02 x 10°) demonstrates adaptation effectiveness.

(a) Convergence Performance

1x10% 1 x10™ (b) Consensus Dynamics (c) Lambda Adaptation (DARN)
0.0 % 5 e e
Agent 2 Agent 5
o] 104 —-- Agent3
0.2 4
3 2 o
T -04 Y 308
: :
g -06 8 £
8 -0. 2 2- €06
o 8 =
-0.8 1 _@- DARN 1 0.4 4
DGD :
4.0 { & PeEXTRA old haaRtAstsbsasass
) T T T T T T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

lterations Iterations lterations
Figure 4. Comparative performance analysis of DARN, DGD, and PG-EXTRA.
The statistical significance analysis is summarized in Table 3.

Table 3. Statistical significance analysis (ten independent trials).

Metric DARN DGD PG-EXTRA
f;n;ggflectwe ~10.00 £ 0.15 ~2.394+0.07 ~22940.12
Consensus Error (9.10+£0.31) x 10710 (1.93+£0.05) x 10715  (1.05+0.17) x 10'?

Gradient Norm

(x 10°) 3.00 +£0.02 2.99+0.03 2.98 +0.04

7.5. Comparative Analysis of DARN and DPG

As demonstrated in Figure 5, our proposed DARN algorithm exhibits significant
advantages over the baseline DPG method.

e  Faster Convergence: DARN achieves a 0.2% lower final objective value (0.489 vs.
0.490 at iteration 190) with accelerated convergence after the 100th iteration. Specifi-
cally, DARN reaches the 0.49-level objective value fifteen iterations earlier than DPG.

*  Enhanced Stability: The gradient mapping norm of DARN is consistently reduced
by 3.2-5.7% compared to DPG during the final fifty iterations (0.0389 vs. 0.0402 at
iteration 190, p < 0.05 via paired t-test), indicating more stable optimization dynamics.

¢ Improved Network Coordination: DARN maintains 6.7% lower average consensus
error across all iterations (0.0193 vs. 0.0207), particularly showing superior adaptation
to topology changes during critical phases (2040 and 120-140 iterations).
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Optimization Trajectory Stationarity Measure Consensus Convergence
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Figure 5. Comparative performance in dynamic networks.

8. Large-Scale Scalability Analysis

The efficacy of DARN in thousand-agent networks is validated through theoretical
guarantees and numerical evidence:

1.  Network-Agnostic Convergence (Theorem 2): The O(1/k) convergence rate depends
solely on local Lipschitz constants L; and weak convexity parameters y;, and is
independent of spectral graph properties (Section 4).

2.  Controlled Communication Complexity: Per-iteration cost O(nd) yields total e-
stationarity cost O(nd/e?) (Complexity Analysis Section). For n ~ 103

*  Dimension compression via low-rank decomposition (e.g., sparse PCA).
¢ Relaxed € balances precision and efficiency.

3.  Robustness to Dynamic Topologies (Theorem 4 & Figure 5): Under switching
topologies (ER — Ring):
¢ Gradient norms reduced by 3.2-5.7%.
¢  Consensus error decreased by 6.7% vs. DPG.

Theorem 4 guarantees convergence when W) is doubly stochastic with a uniform
spectral gap p < 1 (Section 6).

9. Conclusions

This paper proposes the Distributed Adaptive Regularization Algorithm (DARN) for
non-convex non-smooth composite optimization in multi-agent networks. The algorithm
integrates three key innovations: (1) local proximal regularization to ensuring subproblem
stability through strong convexification; (2) doubly stochastic consensus with geometric
convergence guarantees; and (3) adaptive regularization to balance local progress and
global consensus. Theoretically, DARN establishes three advancements: a mixed-time-scale
Lyapunov framework enabling monotonic descent without Lipschitz gradients, O(1/k)
convergence independent of network spectral properties, and critical point convergence
under general non-convexity with fixed step sizes. Numerical experiments demonstrate
51.7% lower consensus error and 6.6% faster convergence in sparse PCA compared to fixed-
regularization baselines, along with 34.8% variance reduction in robust matrix completion
under dynamic topologies.

Our results assume undirected communication topologies. Extending to directed
graphs introduces fundamental challenges: (1) non-doubly-stochastic adjacency matrices
break symmetry, requiring techniques such as push-sum protocols for consensus error
analysis; (2) the adaptive regularization strength Afk)
tracking to handle information flow imbalance. While frameworks such as [10] for robust
optimization and [11] for randomized constraint solving offer promising directions, their

must be coupled with gradient

integration with non-convex non-smooth composite optimization merits further study.



Symmetry 2025, 17, 1159 24 of 25

Future directions include stochastic extensions with variance reduction and asyn-
chronous implementations for IoT applications. The framework provides new theoretical
insights into distributed non-convex optimization while achieving practical efficiency in
networked systems.

While local objectives exhibit heterogeneous (asymmetric) landscapes, the global
consensus protocol maintains Laplacian symmetry through doubly stochastic interactions.
This adaptive equilibrium between local nonlinearity and global symmetry provides a
novel paradigm for complex network optimization, extending symmetry principles to
dynamic regularization frameworks.
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