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Abstract

In this paper, we establish several new operator inequalities for generalizations of the joint
numerical radius and joint operator norm for pairs of operators in complex Hilbert spaces,
as well as for the classical numerical radius of a single operator. One of our main tools is the
well-known Pecari¢’s Theorem. As applications, we derive a series of power inequalities for
the operator norm and for the generalized numerical radius, which refine and generalize a
number of existing results in the literature. Our approach considers two key symmetric
pairings: the Cartesian decomposition (R({/), J(U)) and the operator-adjoint pair (U, U*).

Keywords: bounded linear operators; Hilbert space; operator norm; numerical radius;
Pecari¢ inequality; operator inequalities; symmetry

MSC: 47A30; 47A12; 47A63; 46C05; 26D15

1. Introduction

The study of the numerical radius, a central concept in operator theory [1], has a rich
history dating back to foundational works like Kato [2]. In recent decades, significant
progress has been achieved in establishing sharp bounds, with the inequalities developed
by Kittaneh [3] being particularly influential. These bounds have found wide applica-
tion, for instance, in the analysis of operator matrices [4]. The ongoing quest for more
accurate [5] and extended [6] estimates continues to motivate new research, and in
this paper, we contribute to this effort by introducing a new framework based on
operator symmetries.

Let K be a complex Hilbert space equipped with an inner product (-, -) and its induced
norm || - ||. The algebra of all bounded linear operators on K is denoted by £(K). For any
given operator U € L(K), its adjoint is denoted by &/*, and its positive square root is defined
as |U| = (U*Z/I)%. The real and imaginary parts of U are defined as R(U) = L (U +U*)
and J(U) = 5 (U — U*), respectively. The numerical range of U/, denoted by W(U(), is the
set {(U¢,¢) - ¢ € K [[¢]| =1}

Let K be a complex Hilbert space equipped with an inner product (-, -) and its induced
norm || - ||. The algebra encompassing all bounded linear operators on K is denoted by
L(K). For any given operator Y € L(K), its adjoint is signified by &*, and its positive
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square root is defined as |U| = (U*U) 2. The real and imaginary parts of U are specified
as R(U) = (U +U*) and 3(U) = % (U — U*), respectively. The numerical range of U/,
denoted by W(U), is the set of all values {(U¢,¢) : ¢ € K, ||E]| = 1}.

The operator norm ||/|| and numerical radius w(U/) of an operator U are given by:

U] = sup{|{UZ1,E2)| : G1,G2 € K, [|C1]| = [|G2]| = 1},
wU) =sup{|(U,E)|: ¢ € K, [[g]| =1}

It is widely recognized that the numerical radius w(-) defines a norm on £(K) that is
equivalent to the operator norm || - ||. The following sharp inequalities are satisfied:

1
SIUll < wd) < . (1)

The first inequality becomes an equality if /%> = 0, whereas the second becomes an
equality if ¢/ is a normal operator, meaning that U*U = UU*. Kittaneh [3] further refined
these bounds, showing that

1 2
5 |\u*u+uu*\|gw(mgg U +uu|. 2)

For more extensive discussions regarding (1) and (2), readers are encouraged to consult
references [7-13].

For a pair of operators (U, V) in L(K), the Euclidean operator radius, denoted by
we(U, V), is defined as

we(U,V) = SUP{\/|<U§/C>|2 +1(VE,0) 1P ¢ e K gl =1}

Additional details can be found in [14]. According to [15], the function w,(-,-) :
L(K) x L(K) — [0,00) constitutes a norm that satisfies

V2
= VIUPHVPI < wed, V) < \JI1UP+ VP

V2

Here, the constants ;= and 1 are optimal. For self-adjoint operators ¢/ and V), this
inequality simplifies to

ﬁ 2 2
7 VI + V2 < weh, V) < y/|[U? + V2.

Notably, when U/ and V are self-adjoint, w. (U, V) = w(U +iV), a result easily derived
from the definition of w, (U, V).
In a previous study [16], the second author derived the following lower bound:

2
L@ + V) < w0, V). ®
The constant 4 in (3) has been demonstrated to be the best possible. The same work

presented other results, such as

? max{w(U + V), 0¥ — V)} < we(U, V) < §\/w2(u FV) (U V),
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where @ is sharp in both inequalities. Further, the following sharp inequalities were
established:
wp (U, V) < max{ U IV} + w(V'U),

and
wp (U, V) < %[Hu*u VY| + [UU = VY] +w(VU).

By substituting the pair (i, V) with either (U,U*) or (R(U),I(U)) for an operator
U € L(K), the second author in [16] obtained several inequalities for the norm and
numerical radius of a single operator. For enhancements of these results, one may refer
to the recent work [17], in which S. Jana, P. Bhunia, and K. Paul introduced significant
findings, including:

1
W (U, V) < min{@? U +V), U = V)} + S IIVP + U P+ o),
2 _ 2\ < ()2
gfélw(vu + (1 =7)V7) Sw: (U, V),
and
WG U,Y) < @ (VAU VT= V) + (VI qU +/7V),

for any v € [0,1].
For a given v > 1, we examine the generalized expressions for a pair of operators
U,V e L(K) from [18]:

~I=

w (U, V) = HS;HJ_Pl(|<U§,€>I’+ Vel

along with the generalized s-r norm from [18]:

1

U= sup (UG, E2)|" + [(VE1,82)]")7-
[¢111=]1E2][=1

When r = 2, these definitions correspond to the Euclidean numerical radius [15]:

we(U, V) = lS;g(WC, &R +1ve R,

and the Euclidean norm [15]:

@ V)le= swp  (1e @)+ 1V )"

When r = 1, we use the notations

wU, V)= HS;Hl_Pl(KUC,é)I +1{VE 01,

and

@)= sup  ([{UG1, &2)[ +[(VE1,E2)])-
I l=lig2l=1

These definitions can be extended to r € (0, 1), although in that range, they no longer
satisfy the properties of a norm.
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In 2017, Moslehian et al. [14] established fundamental inequalities for the s—r numerical
radius of an operator pair 4,V € L(K), which include the following;:

Wy (U, V) < wy(U, V) <21 Few,(U, V) forp > q > 1,

20 UL + VY| < w,(U, V), p>2,

27 " max{w(U + V), wU — V)} < w,(U, V), and
27 max{w(U), w(V)} < w, (U, V), p > 1,

and
-1 10 30
2 w2 (U V) <Swp (U, V), p 21,

among others. They further applied these findings to the Cartesian decomposition of an
operator.

In 1992, J. E. Pecari¢ [19] (see also [20], p. 394) established a general inequality for inner
product spaces. It states that for any vectors o, C1,...,Gs € Kand scalars Aq,...,A, € C,
the following inequality holds:

n 2

Y AilCo, i)

n
i=1 i

<[&I*Y W(Z |<ci,§,->|>- (4)
1 j=1

1=

Setting n = 2 in (4), we find that

(80, E1) + A2(&0, 82)
< gl [ (12 + 1@ &2)1) + P (162l + (@, 221 ©)
= 1120l [IA1PllE I + A2 Pllgal? + (A1 + 12212) (61, &)1

for any ¢o, 61,62 € Kand Ay, Ap € C.
Motivated by these findings and by applying (5), we derive multiple inequalities. For
a single operator ¢/, these include:

U+ U
2

led]|? < 2’”{ p+2’”w’”(3(u)%(u))],

and

W (U) <27 WP (IUIRWU))
IR@)>+ 3P,

4oLy ) IRU)P +3U) P/ forr > 1,
~ ~ P
(BIR@) + 3@ + 3IRm@)? - 32 )

forallp > 1.
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Furthermore, for an operator pair (i, V) in £(K), with p > 1 and r > 1, we establish:

’ - r r b r— *
IV <20 (Ul + VP + 1@V e )|
- r % r— —1D\P «
<23 (P + VIR (2 e ),

and for the caser =1,
P
l@ )P < 207 |l + V2| +28ewr (viun)).
Moreover, ford,V € L(K), p > 1,and r > 1, we have

W (U, V)

<2 U [(@r D U + 2D W) VIR) + @l Ve (V)|

<271 (P V@) U+ 2D ) ||V||2)p
+<w2(7—1)(u) n w2(r71)(v))pwp(v*u)]

We also conduct a detailed investigation of instances where the pair (i, V) is specified
as (U, U*) or (R(U),T(U)) for some operator U.

Symmetry is a foundational concept in many operator-theoretic studies. The pairs
(U, U*) and (R(U),T(U)) represent fundamental symmetries: the former illustrates the
duality between an operator and its adjoint, while the latter signifies the Cartesian decompo-
sition into real and imaginary parts. These structures exhibit a balanced and complementary
nature, positioning them as ideal subjects for deriving more refined inequalities. This work
demonstrates how such symmetric properties can extend Pecari¢’s inequality to operator
theory, yielding more acute bounds for norms and numerical radii.

Throughout this paper, the significance of symmetry in operator inequalities is consis-
tently emphasized. When inequalities are developed for pairs like (U, U*), or (R(U),T(U)),
we highlight the corresponding symmetric relationship. This underscores the duality and
symmetry inherent in these decompositions, mirroring the intrinsic symmetry of operator
adjoints. Adopting this perspective not only simplifies several proofs, but also clarifies how
bounds can be transferred from one symmetric context to another.

Section 2 introduces the primary inequalities and their proofs. Section 3 is dedicated
to applications involving s—r-norm inequalities, while Section 4 outlines the implications
for the s—r-numerical radius. The paper concludes with a discussion on the sharpness of
these bounds and provides illustrative examples.

2. Main Results

In this section, we present our main results. The subsequent theorem establishes
several vector inequalities for a linear combination of operators. These will serve as a
foundation for deriving the various norm and numerical radius inequalities below.

Theorem 1. LetU,V € L(K) and v, 6 € C. Then, for p > 1, the following inequality holds:

(2 + V), &)
<2l [(( PP + 0P en ) + (19 +16) | 7uca) ] @

forall ¢1,8, € K.
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For the specific case where p = 1, we have:

[((yU +0V)en, &)
< el [( (1Pl + 1821V P) & &) + (1P + 1612) [ (V" Uen, )]

forall ¢1,82 € K.

Proof. Let/,V € £(K)and v, § € C. From the inequality (5), we can deduce that
(e +0vE, @)
<&l [Pl + 161 1va P + (v + 161 [(uen, v |
= &l [P e ue) + 6P (va, va) + (WP + 0P ) [vuaa)l] @
= G2 [l Pen a) + 0PV P &) + (192 +162) (vt &)
= 1GIP [ (I + 18P V2) &, &) + (192 + 1612 [(vUgs, &) ]

forall ¢y,¢r € K.
By taking the power p > 1 and applying the elementary inequality

(m+n)P < 2P~ Y(mP 4 nP) form, n >0,
we can infer from (7) that

(YU +0VEr, &) [

<&l [( (1P + 182V &) + (1P + 107 [V, &)

<27 2 [ (I U + 6P VR) &, &) + (112 + 1612) (v ugn, &) ]
for any &, & € K, which confirms the inequality (6). [

Remark 1. If we take the supremum over all unit vectors ¢y (i.e., |C2|| = 1) in the inequality (6),
we obtain:

vt +ove |
p—1 217712 21v2 p 2 2\P 1 7y p
< (I Pl + 18P V1) e a)” + (1P +168)  [(vuen e ']
Consequently, this leads to

sup |[vUE + 6vE | ¥
e =1

— P *
<27 sup (1P + 1821V P) &, &) + (1P + 1612) | (vt )]
G1ll=1
p—1 207412 2152 P 2 2\P * p
<27 sup (PP +18P1VP )1, 6) + (1P +181) sup (Vi &)
¢1ll=1 &1||=1
_ P P *
= 22|l Pul + 6P VP [+ (I + 161) "eor (v

which yields the main inequality of interest:

Intd +vIP? <207 [| Pl +16P VP + (0 +167) wrven] @
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forp > 1.
In the case of p = 1, we obtain

vt + VI < |l Pl + 18PV + (171 + 1o ) w (V).
If we set V = U* in Theorem 1, then for p > 1, we have
(U1 + oUEy, &) |
_ p P
< 277 [ (I Pl + 0P )&, 1)’ + (Inf + 161) | @, )]
forall ¢1,¢r € K.
For p = 1, this simplifies to
’<’)’u§1 +(5u*§1,§2>’2
<@l [ (1P + 18P P ) gn) + (112 + 16 ) | (e, &)
forall ¢y,¢r € K.
The corresponding norm inequalities are
_ p P
v+ o 77 < 207 ||y PP + 18P P+ (1 + 10P) ewor ()]
and
lytd + 8| < || [Pl + 6P| + (1 + 161 ) (42)

for any 1, 6 € C. The pair (U, U*) effectively highlights the adjoint symmetry between
an operator and its conjugate counterpart; the resulting bounds quantify this duality. By

1
2i’ 0= 21’

max{ [(R@)en, &), [(3@)en, &) [}
< 2P| |12 [<<|u|+|u*|>g &)+ ‘(Uzé‘lré‘ﬁ‘ ]

forall ¢y,¢r € K.
For the case p = 1, we obtain

choosing v =46 = % and ¥ = we obtain

4

max{\<%(U)€1,€z> ? <3(U)§1,§z>|2}
§;||§2||2[<<|u|+|u*|>€ SIS (]

forall &1,¢ € K.
These vector inequalities yield the following norm inequalities:
1
—wP (U?
T (u )]

3 |+ ||
max{||9‘i(bl)||2p,”J(umzrl} < 2F 2 |||||

and
U+ U

5 + 1«)(242) .

~ 1
max{ |0, [300|°} < 5 2




Symmetry 2025, 17, 1765

8 of 23

Let U € L(K) have the Cartesian decomposition Y = R(U) +iJ(U). For p > 1, we
can deduce from (6) with v = 1 and § = i that

(U, &)

2 %2
<21l [< (w) by 2P;<j(u)m(u)§1,§1>|”]

for all &1, &> € K. This Cartesian decomposition makes the symmetry between R (i) and
J(U) explicit, and several of our inequalities can be interpreted as measures of the balanced
contribution from these symmetric parts. For p = 1, we obtain

2 *12
Uz @) < lal? [< ('“T“')aﬁ,m +z|<s<u>m<u>cl,§1>|]

for all ¢1,¢r € K.
These relations lead to the following norm inequalities

i 2 *12 [|?
o) < 2071 H'”Z'u' +2Pwp<3<U>m<u>>],
and forp =1,
u 2 u* 2
e < "'Z" 20 (EURW))

For an operator’s Cartesian decomposition, a corresponding result for the numerical
radius can also be stated. Here, the pair (3(U/), J(U)) represents a Cartesian symmetry,
while (U, U*) displays the adjoint symmetry; both of these perspectives will be leveraged
in the estimates that follow.

Theorem 2. For any operator U € L(K), the following numerical radius inequality is satisfied:

WP (U) < 271w (FU)RWU))

[%@)? +3@)*|]"

7

+or b R + J(Ll)erp/rforr >1, (9)
(3@ + 3002 + Hn@)? - 3@
forallp > 1.

Proof. We employ the well-known representation of the numerical radius, as detailed for
instance in [21], Theorem 2.2.11:

wlth) = sup|r(<2)|

It can be observed that

Hi)‘i(eieu) H = ||9%((cos(8) + isin(0)) (R(U) + i3U)))|
= ||cos(O)R(U) — sin(6)I(U)]
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for any 6 € R. The formulation cos(6) R(U) — sin(0) J(U ) demonstrates rotational symme-
try in the (R(U), I(U)) plane, a viewpoint we utilize throughout our analysis. From (8),
we have

et +avIP? < 2 [l Pl + 18PV + (1P + 16?) P (020,

By setting v = cos(f), 6 = —sin(f), U = R(U) and V = J(U) in this inequality, we
find that

[o8 (26) [ = fcos(é)si(ze) — sin(eyaea)
< op-1 [HCOSZ(G)m(u)Z + sinz(e)j(u)2Hp + wv(g(u)m(u))}

forall 0 € R.
Taking the supremum over 6 € R then yields

w?P (U)

< op-1 [Zu]chos )m(u>2+sm2<9)3(u>2H” +w”(3(u)9f{(u))1. (10)

Consider a vector ¢ € K with ||{|| = 1. An application of the elementary Holder’s
inequality allows us to state that
( [COSZ(G)%(Z/{) + sin? Z/{)z} Z,e)
= cos?(0) (R(U)?¢, §> +sin?(0)(3(U)?¢, &)
max{cos?(6),sin? (0 )} [(RU)?e,¢) + (IU)%E, )],

(cos?(6) +sin(0)) " 9%( ree) + aureey]” a1
| forgr>1 w1th 1/q—|— 1/r =
(cos () + sin? ) max{< > <3(u)2§, €>}

for any ¢ € Kwith |||| =1and 0 € R.
We now observe that
max{cosz(Q),sinz(G)} <1,

and, for g > 1, it follows that
cos?1(0) + sin®1(0) < cos?(6) + sin?(0) = 1.

Furthermore, by applying the McCarthy inequality for a non-negative operator P and
a unit vector ¢ € K,

(PE,&)" < (P'E8),
we can establish for § € K with ||]| = 1 that

(RWU)*¢, &) + (o)) < <m<u)2fc 5> +(3U)PEE)
= ([m@ +30)*]e,)

< Hm(u)” +J(u)2f .
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Moreover,
max{ (KU, &), (3%, 8)
= 3 ((r@e.2) + 0. ) + 5] (3w e. ) — Gue.d)
=%<[%(U)2+J } 5\ [muz—j(mz}g@‘
< %H%(U)z + 3| + EHz)%(z/t)z 3w

Using (11), we can then deduce that

[ + 33,
|cos?(@)R(@)? + sin(0)3u)? | < Joxey + () ",
LIR@)? + 32| + IR - 3U)?

and by raising this to the power p > 1, we obtain

[~ + 3",
|cos? (@) ()2 +sm2(e)3(u>2H” < |R@)¥ + 3@ || for p > 1,
(B0 + 3@ + 3@ - 5@n?] )’
forany 6 € R.

By taking the supremum over 6 € R and utilizing (10), we arrive at the desired result (9). O

Remark 2. Ifwe set p = 1in (9), we obtain

|R(U)*+3I(U)?

W U) < w@BURU)) +{ [|R@U> +3U)Z | forr > 1,

HIR@)? + 32| + 3|~ W) - 3W)?

4

while for p = 2, the inequality becomes

2

4

[R(U)? +3(U)?

WHU) < 2P EURU)) +2 x 4 |RUF + 3@ | forr > 1,

(Im@? + 302 + bl —3@?])

Let us now define the operator

The following result holds.

Theorem 3. For any operator U € L(K), we have the following numerical radius inequality:

2 2P 2|2 w22 12
wzp(u)S% U] J;W* = +’(u ) ’

+2'7 . n Zl—pw” (u‘*) (12)
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forallp > 1.
Proof. Note that the operator Hy can be expressed as
‘ 1/ . ‘
_ i0 _ (0 —i09 /%
Hng)R(e U) f2<e U+e U ),
which implies that

12— %(ezwuz + e 200 4 U + |Z/I*|2)
for any 0 € R.

By taking the norm and then the power p > 1, the convexity of the power function
ensures that

. P
|4 =

(13)

1 621‘9]/[2_,_6721‘9(”*)2 N |LI|2 + |L{*|2
2 2 2

<5

From inequality (8), taking the square root gives for p > 1 that,

P

621'9[/{2 + e—2i9 (u*)z N

2

P+
2

N

p)
1/2

7+ 8] <27 [[n1AR + 6P1BP | + (1 + 16P) (B )] s

for A, Be L(K)and v, s € C. ' '
Applying (14) with the substitutions y = #, J = #, A =U?and B = (U*)?,
we obtain

o a1 u2|2+] ” 2’2 p 1/2
o204 +ez*1(u*) <ot | 4( ) +21pwp(u4)
for any 0 € R.
From (13), it then follows that
1/2
3252 [
for any 0 € R.

By taking the supremum over 6 € R in the above inequality, we arrive at (12). O

Remark 3. For the case p = 1in (12), we have:

1 |Z/[2‘2+ ‘(U*>2‘2 ) 1/2

U + U+ s
T3 1 +§“’(u)

2

1
2 < =
WU < 5
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For the case p = 2, we find that:

1/2

N

2112
i [
T 4

1| U + U
4 < |2
w*(U) < 5 >

+ %wz (Z/{4>

We also present the following theorem.

Theorem 4. For any operator U € L(K), the subsequent numerical radius inequality holds:

W (U)
< 2P LwP ((sin(B)R(U) + cos(8)T(U)) (cos(0)R(U) — sin(8)T(U)))
+2r 1
[R@)2+ 33?7,
/
| (cos(8)R () — sin(6)3(U))* + (sin(B)R(U) -+ cos(0)I (1)) P
y fo: r>1, (15)
(3lm@? + 3wy
+3 [[cos (20) (R(U)? = 3(U)?)
—sin(20) [R(U)IU) + IU)RWU)]|)P
where p > 1and 6 € R.
Proof. We utilize the following identity from [22], also found in [21], p. 34:
Ho+g = cos(P)Hg +sin(P)Hg, 1
for any ¢, 6 € R.
From (8) with y = cos(¢), & = sin(¢), U = Hpand V = H;, 5, we obtain
_ . P
[Hog | < 277 |[cos? (@)H5 + sin(9)H3, 5 | + 0P (Hor g Mo )] (16)
for any ¢, 6 € R.
In a similar manner to the proof of Theorem 2, we can show that
|76 +93, |
0T Morsll -
. p p/r
Hcosz(gb)’}{g + smz(cp)HéJrg < Hy' + MY« forp > 1,
1 1 P
(8 + 5 5 + 345 - 7.5 )
forall ¢, € R.
By employing (16), we arrive at
[Hor I (17)

14
2 2
H?—LG +H2, o

p=1.,p x p-1 2 2 ||P/T
<2 lw <H9+7H9)+2 x HHBw'He;% forp > 1,
1 1
<§HH§+H§+% +§HH§—H2

0+7%

4

)P

forany ¢,0 € R.
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We note the identities:

Hgyz = cos(6 + g)%(L{) —sin(6 + g)j(U) = —sin(0)R(U) — cos(0)I(U),

HE = (cos(0)R(U) — sin(0)I(U))*
= cos?(0)R(U)? — sin(B) cos(8) [R(U)I(U) + F(U)R(U)] + sin(0)T(U)?,

(sin(8)R(U) + cos(8)I(U))?
= sin?(0)R(U)? + sin(0) cos(0)[R(U)I(U) + F(U)RU)] + cos?(0)T(U)?,

+”_

from which it follows that
My + Hy,x = RU?+3U)?
and
H; — H§+% = (COSZ(B) — sin?(# ))%(U) (sm () — cosz(B))J(Z/l)2

— 2sin(0) cos(0) [RU)I(U) + T(U)R(U)]
= cos(260) (R(U)? = 3(U)?) — sin(20)[R@U)IU) + IU)RU)]

for any 6 € R. By substituting these into (17) and taking the supremum over ¢ € R, we
obtain the desired result (15). O

Remark 4. For the case p = 1, we derive the inequalities:
w*(U)
< w((sin(0)R(U) + cos(0)I(U))(cos(0)R(U) — sin(0)T(U)))
[RU)>+3(U)3,

| (cos(e) (@) — sin(8)3@)% + (sin(@)R(W) + cos(@)32)||”
forr > 1
2[R+ 3|

2Hcos 29)( U? —-3(U )) sin(29)[9%(l/{)3(1/1)+3(U)9‘{(U)]H.

Also, if we take § = 1t/4 in (15), then we obtain

)
WP ((RU) +3(W0) (RU) = IWU)))

8@ + a2’
oty ) F|| @@ =300+ @) + 3wy

forr>1,
o ([[RQ)? + 3| + IR@)IWU) +3U)RWU)|)°

g
¥
<

<

N =

p/r

forany p > 1.
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For p = 1, this gives the simpler bounds:

WP(U) < Je((R(U) +3U))(RU) ~3))
[9R(@)>+3WU)?|,
1/r
L) 3@ =3 + e + 3w |
forr>1,

F(IR@O? + 3UY?|| + |RU)IU) + IU)RWU)|)).

3. Applications for s—r-Norm Inequalities

This section demonstrates the application of our main inequalities to the specific
case of the s—-r-norm. We will emphasize the symmetric pairs (U, U*) and (R(U),TI(U))
where appropriate, clarifying how bounds can be translated between these corresponding
frameworks. Here, we introduce several power inequalities pertaining to the s—r-norm. By
setting the operator pair (U, V) to be (U, U*) or (R(U),I(U)) for an operator U € L(K),
we establish norm inequalities for a single operator. In particular, these choices make the
adjoint and Cartesian symmetries explicit, a fact we leverage in the following results. Our
first main result in this section is as follows.

Theorem 5. Let U,V € L(K). For p > 1and r > 1, we have:
(A%
_ P 2p(r—1 *
<2 (WP + VP + 1@ o (vu)) (18)
<2l + V1) + (2 + v e wr v
For the case r = 1, we have:
J@V)IP <2t + PR + 2 wr o). (19)
For r = 2, we obtain the following inequality for the Euclidean norm:
[[ZAa%]xs
_ P
<27 (Jul* + V1) + @)t ()]
_ P 4
<27 (Jull + IvIt)" + (0P + VIR) @ u) .
Proof. Let ¢1,¢» € K. For r > 1, we define the scalars
—2.
7= (US, &) (UG, §1)| 7 if (UG, &) #0
and
—2.
§:= (V&2 &) (V& &) " if (V&2 &1) #0.
Then, it follows that

|y = |<U§2,§1>\r_1 and [6] = ‘<V§2,§1>\r_1'

Also, we have

72 = [ &)Y, 1812 = (Ve a) Y,
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and

(YU +6V)E2, E1)| = [T{UE2, &1 ) + 6(VEr, E1)|
= [(U&, o) + (Ve ér)|

forr > 1.
From the inequality (6), we have

(U + 6V, 1) [
< ey |2 [ P 22) + OV RER 22)) + (P + 1) |0 taza 22 ], @

By substituting the expressions for y and ¢ defined above, we obtain

(e el +(veal)”

< 27 7jgq ||
< [ a) P (Pen, @) + | (Ve &) [ (Ve 22)) 1)
(e e + e ) (s ).

This inequality remains valid even if (U&,&1) = 0or (V&5 &1) =0
For unit vectors 1,8 € K (i.e., ||¢1]| = [|C2]] = 1), we have

(U, &) P (U, &) + |(va, &) P (VPR &)
< UIPCI U+ VIPCY VIR = )+ v

and

(e )" + [(vez e PY) (vt &)

2 1) * r— r— P *
< U wr v U) < ([P + VIPCY) wrvtu).

Using (21), we obtain

(e el +|veel)”
< () + V)" + 1@ V) I wr )]

<2 () + 1vIF) + (R + e wr v

for any unit vectors ¢, ¢ € K.
By taking the supremum over all unit vectors {1, ¢, € K, we arrive at the desired result (18).

For the case r = 1, let &, & € K. If we choose y = ‘< Gb) (for (UZ,&1) # 0) and

21)|

(for (V&2,&1) # 0) in (20), we obtain

(’<U§2,§1>| + |<V€2/Cl>|)2p
<2 el ((ule i) + (Vi) 2| (Vs e @
= 2P iz P [((JUl + VP )2 22)” + 27 (Ve @),
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which holds true even when (U&,&1) = 0 or (Vé2,&1) = 0.
Taking the supremum over all unit vectors ¢1,¢> yields the inequality (19). The
remaining claims follow directly. [

Remark 5. Setting p = 1 in Theorem 5, we obtain for r > 1:

[[ZAR] [
< U+ VIP+ 1@ V) 1w (VU
< U+ VI + (e + P o(vu).

Forr = 1, we obtain:
I@W)IP < [l + VP | + 2000 w).
For r = 2, the inequality for the Euclidean norm is:

U2 < [U*+ IIVI*+ 11U V) 2o (ViU)
< (el + I+ (Il + V1) o (v u).

Consider an operator 4 € L£(K). Let us define the quantity

o (U) = [|(U,U)

Iy

= swp (J@een] + (@)
lal=l2ll=1

<27 ||| for r > 1.

1
r

The function 6, (i) acts as a symmetric two-component gauge that captures the duality
between an operator and its adjoint. For r = 1, we denote

S(U) == [, U]

T H—l<’<u§2’§1>| +[(Ue2,81)|) < 20U,

and for r = 2, we consider

)y =@ ule= swp (e )+ |eraa))’

< vV2|u].

From Theorem 5, we deduce for p > 1 and r > 1 that

o () <207t 2 U P+ " wer ()]
< op-1 [2P\|m|2f” + 2P ||| Db (uZ)]

Forr = 1, we have

() < 2|+ |u*\2Hp +20wf (u)].
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For r = 2, we obtain the inequality

o () < 207 27U + 03 Uy (U2)]
<207 27U 4 27 fu | Peo? () ]

For p =1, we derive for r > 1 that

8 (W) < 2|+ o —y) W (UP) < 2]+ 20| P Ve (U?).

Forr =1, we have

S < |lup +

| +20(?).

And for r = 2, the inequality is

oHU) < 2U* + 2w (U2) < 2u* + 2l Peo (UP).

Now, let i € L(K) be given by its Cartesian decomposition U = R(U) + iJ(U). For
r > 1, we can introduce the following quantities:

nr(U) = [|(RU), 3L,

— wp ((EE @R )
¢1lI=lIg21I=1
< (IR@)|"+ 3@ N

Thus, 1,(U) provides a measure of the balanced (Cartesian) symmetry between the
real and imaginary parts of /. For r = 1, we obtain

n(U) = [|(RU), IWU))||

= sup  ([(RU)E, )| +[(3U)E, 1))
lé1l=lI¢2lI=1

<RI + 3@,
We can observe that
(R )] + | (0WE, &)
= [ Wea) + e a) P+ (Ue, &) - @a )]
= [[We e + e e ]

N\P—‘

forany ¢1,62 € K.
Therefore,

(1R@0z ) + | (300E ) )
Hé]H Hé‘zH 1

N\'—‘

HélH HCzH 1(
< (Im@ P+ aeoP) .

= 25w

1/2
(UG, 1 | + [(U*E2, E1)| D = \f
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From Theorem 5, we deduce for p > 1 and r > 1 that

n ) <207 (IR + 30|

+ 20l U)er ()R W)
<2 | +||J<u>u2f)”

+ 2 (RO 1P + 30 1P ) W (3@)R@)).
For r =1, we have
) <2 ||m@? + 3| + 2w GeoRw)))
For r = 2, we obtain the following inequality
5" ()
<21 [(ImOl + 900 1) + a2 @er o))
<20 (Im@n) |t + aeo)t)
+(IR/@)P +13@0)1?) WP (enRw))].
The case p = 1 gives for r > 1:
B2 (W) < IRQOIP + [3Q) I + 13 3) ) (FURWU)).
For r = 1, this becomes:
PU) < ||RUP+300| + 20 ()R W),
while for » = 2, we have:
o) < 4[”%(@0”4 + 3@ + ;azwcu(z(u)m(u))}
< 4| |R@O[*+ 1PN+ (IREOIP + 3@ )w @G)R@))|

4. Applications for s—r-Numerical Radius Inequalities

This section applies the preceding results to the s—r-numerical radius. We continue to
emphasize the symmetry perspective to clarify how a bound for one decomposition can
immediately yield its symmetric analogue. Here, we present several power inequalities for
the s—r-numerical radius. By specifying the pair (U, V) as either (U, U*) or (R(U),T(U))
for an operator U € L(K), we derive various norm and numerical radius inequalities for a
single operator.
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Theorem 6. Let U,V € L(K). For p > 1and r > 1, we have:
w2’ (U, V) (23)
<ot
< [(@2r Do) + D)) +w D @ v)er )]
<2 (2 D2+ 2D W) )
+@Pr D) + 2D W)) W (U,
For the case r = 1, we have:
W) <2 |+ VR + 2w ru)). (24)
For r = 2, we obtain the following inequality for the Euclidean numerical radius:
w" (U, V)
<2 1 [P+ PV)IVIP) + @i U V)l (VU)|
<2 (PP + W) VIE)
+(PW) + V) W (vu)).
Proof. From (21), by setting & = &, = &, we have:
(jweal +1veal)”
<27 Yg|*
< [(Jwe o) P iz ) + v o vz 25)

+(Jwg e v ) v gl
forany ¢ € K.
Observe that for a unit vector ¢ € K, we have
(e o) (uPe )+ |(ve )T (vPee)
<PV U+ D W) V)P

and

[UE PV + (Ve Y < @il U, V) < D U) + D).

From (25), we can then derive

r r 2
(o) +1veal)”
<ot
x [PV @ + VW) VIR) + 0h D @ V)er (V)]
<21 [(W2r D) + D) P

+ (VU + VW) Wb (V)]
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for any unit vector ¢ € K.
For the case r = 1, we have from (22) that

(.ol +[(ve.a))
<2 (P + VP e) +2r [(vug o)l ]

for any unit vector ¢ € K.
By taking the supremum over all unit vectors ¢ € K, we obtain the desired results (23)
and (24). O

Remark 6. Forany U,V € L(K), when p =1, we obtain for r > 1:

w? (U, V)
< W <u)||un2+w2<f DW)VIP + whr—3) U, V) (VU)
< V) U + D W) V)P

+ (w FDU) + VW) w(VU).
Forr =1, we have:
WU V) < U+ P+ wvu).
For r = 2, the inequality for the Euclidean numerical radius is as follows:

wi(U,V)
< WU + P W)V + @ U, V)0 (VU)
< PUUIP + POV + (WPU) + (V)0 (VU).

For r > 1 and the special case V = U*, we have that

U U) = é‘.ipl(“”m'r +lwreol) = 2w

If we set (U, V) = (U,U*) for an operator U in Theorem 6 and carry out the calcula-
tions, then for p > 1 we find that:

1
2p - 2p v, .0(71,2
WU < 5 el +28eor ()]
For the case p = 1, this simplifies to:
1
2 <2 2 2\]
W (U) < 2[||24|| +2w(u )}
For p = 2, we also obtain the inequality:

W) < 2 [JU] + 40? (1)),
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Now, let i € L£(K) have the Cartesian decomposition Y = R(U) +iJ(U). Forr > 1,
we can introduce the quantities:

or(U) == w (R(U),IU))
1
= sup (Im@e o)l +|aeal)’

gl=1
1/
< (I:/EON"+ 3@l "
In the same vein, p,(U) encodes the symmetric contribution of R(U/) and J(U) to the
numerical radius. For r = 1, we denote:
p(U) :=w(R(U),3U))

)
_”?Hlpl(|<m(u)g§>|+|< U, g)|)

< IR + 13@)],
while forr = 2,
pe(U) 1= w.(R(U),IU))

= sup ([(R@)e ) F +](0@z o))

lgli=1

= sup [(UE,E)| = w(ld).
Igl=1

N—

If weset (U, V) = (R(U),I(U)) for an operator U in Theorem 6, then for r > 1:

2’”«4)

(/@) + 130 1*) + o3 @) (Ge)RW))|
<21 [(Imen > + e’

+(Ir@0 P + 3@ PV) Wb (enRw))] -

For r = 1, we obtain:
) <27 @) + 3@ + 20wt enma)),
while forr = 2:

W (U)
<271 (Im@o)* + j3@))*)
<2 (Imen)* + [aen))’

+ (IR 1>+ 13@)IP) w? (eomw)).
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If we take p = 1, then for r > 1, we obtain:

T3+ o5 e GU)RW))

o (W) < IR -
2

< IR@) P + @)
+ (IR@) P + 3@ P ) w0 BUHRMU)).

Forr =1:
PPU) < [ R + 3P|+ 20(G)RW)),

and forr = 2:

W U) < R+ 13" + @ U@ (IURWU))

< [R@)I* + 130" + (H%(U)H2 + IIJ(U)IIZ)w(U(U)%(U))-

In conclusion, the inequalities developed in this paper not only refine classical operator
bounds, but also demonstrate the essential role of symmetry in Hilbert space analysis. By
uncovering symmetric structures between adjoints, real and imaginary parts, and opera-
tor pairs, our results provide new perspectives on how symmetry governs the interplay
between norms and numerical radii.

5. Conclusions

This paper established a unified framework for deriving operator inequalities by
leveraging the concept of symmetry. Our approach, based on an extension of Pecari¢’s
inequality, yields several new and sharpened bounds.

Key results include refined estimates for a single operator ¢/ € £(K), such as:

nwﬁsﬂll

UP + U+
2

P
+ ZPwP(S(U)%(u))]

and
WP U) <2 P (GURWU)) + 27 [ R@)? + I H”
We also extended these ideas to an operator pair (i, V), leading to general inequalities
for the s—r-norm, including:

— p 2p(r—1 *
NI < 227 [ (U + VIP) + 1@ ) 0 5 wf (vu) .

These inequalities highlight the power of exploiting the adjoint and Cartesian sym-
metries. This work serves as a starting point for applying these symmetric methods
to explore new inequalities for different classes of operators or within other functional
analysis settings.
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