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Abstract

This paper tackles the ill-posed inversion of initial conditions and diffusion coefficient for
Burgers’ equation with a source term. Using optimal control theory combined with a finite
difference discretization scheme and a dual-functional descent method (DFDM), it sets
the unknown boundary function g(7) and diffusion coefficient u as control variables to
build a multi-objective functional, proving the existence of the optimal solution via the
variational method. Symmetry analysis reveals the intrinsic connection between the equa-
tion’s Lie group invariances and conservation laws through Noether’s theorem, providing
a natural regularization framework for the inverse problem. Uniqueness and stability are
demonstrated by the adjoint equation under cost function convexity. An energy-consistent
discrete scheme is created to verify the energy conservation law while preserving the
underlying symmetry structure. A comprehensive error analysis reveals dual error sources
in inverse problems. A multi-scale adaptive inversion algorithm incorporating symmetry
considerations achieves high-precision recovery under noise: boundary error < 1%, energy
conservation error ~ 0.13%. The symmetry-aware approach enhances algorithmic robust-
ness and maintains physical consistency, with the solution showing linear robustness to
noise perturbations.

Keywords: conservation law; burgers equation; inverse problem; optimal control; multi-
scale adaptive algorithm

1. Introduction

The study of conservation laws and symmetry properties in partial differential equa-
tions has been fundamental to mathematical physics since Emmy Noether’s seminal 1918
theorem. Noether’s theorem establishes a profound connection: every continuous sym-
metry of a physical system corresponds to a conserved quantity, and conversely, every
conserved quantity arises from an underlying continuous symmetry. This principle pro-
vides the theoretical foundation for understanding energy conservation in differential
equations through time translation symmetry. Inverse problems for partial differential
equations are fundamental across numerous scientific domains. In geophysics, parameter
identification techniques are essential for subsurface characterization and seismic inver-
sion [1]. Medical imaging applications rely heavily on inverse problem formulations for
tomographic reconstruction and image enhancement [2]. Aerospace engineering utilizes in-
verse methods for design optimization and system identification in complex fluid-structure
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interactions [3]. In fluid mechanics, inverse problems naturally arise in determining flow
parameters and boundary conditions from limited measurements [4]. In contrast to the
forward problem [5], where one seeks the state of a system given all governing equations,
boundaries, and initial data. The inverse problem [6] asks to recover unknown inputs or
parameters from partial or indirect observations of the system’s response. According to the
mathematician Keller from Stanford University [7], a pair of problems is said to be inverse
to each other if the formulation (known data) of one problem requires (partial) information
from the solution of the other problem. If one is called the direct problem, the other is
called the inverse problem. Closely related to the inverse problem is the well-posedness of
the problem. The concept of well-posedness, introduced by Hadamard [8] in 1923, defines
a problem that must possess three properties: a solution must exist, that solution must be
unique, and it must depend continuously on the input data.

The inverse problem of Burgers’ equation [9] in fluid mechanics is examined in this
work, as detailed below:

dJu Jdu 9%v

g—va—T—uﬁ:f(x,T), (x,T) € Q=10,1] x [0,T],
0(0,7) = g(1), telo,T), M
v(x,0) =0v(x,T) =0, x €10,1],

where ¢(7) denotes the time-varying boundary control, and f(x, T) is the distributed source
term. Burgers’ equation in Equation (1) follows the standard convection-diffusion form where
the convective term vg—g represents nonlinear wave steepening, and the diffusion term ug%’
provides viscous smoothing. The parameter 1 > 0 is the kinematic viscosity coefficient.

Give the additional condition v(I, T) = g(7), where g(7) is a known function, and
the unknown parameters (g, u) along with the state variable v in Equation (1) need to
be recovered. In the context of fluid mechanics and Burgers’ equation, Boundary control
g(7) represents time-varying inflow conditions, injection/suction profiles, or prescribed
velocity /temperature at domain boundaries. In practical applications, this corresponds
to controllable physical inputs such as inlet velocity profiles in channel flows, heat flux
variations in thermal systems, and injection rates in porous media flow. The Diffusion
Parameter Control u represents material properties or process parameters that can be
spatially or temporally adjusted: viscosity in fluid systems, thermal conductivity in heat
transfer, and permeability in subsurface flow.

The simultaneous optimization of both parameters allows for inverse characterization
of coupled transport phenomena where boundary dynamics and material properties must
be jointly identified from limited measurements. This approach is particularly valuable in
applications where direct measurement of these quantities is difficult or impossible. While
existing literature on inverse problems for Burgers’-type equations primarily addresses
single-parameter identification, the multi-parameter inversion problem under physical
constraints, such as energy conservation, remains relatively unexplored. Burgers’ equation
possesses inherent Lie group symmetries that are intimately connected to its conservation
laws [10,11] through Noether’s theorem, providing a natural framework for regulariza-
tion. Our key innovation lies in a novel multi-objective optimization framework that
rigorously integrates energy conservation laws and exploits the underlying symmetry
structure as physical constraints. This symmetry-aware approach uniquely resolves the
coupling between boundary conditions and diffusion parameters while maintaining the
equation’s fundamental invariance properties, providing theoretical error bounds under
discretization and perturbations. It bridges numerical implementations with physical
consistency for nonlinear ill-posed problems. The inverse problem for Burgers’ equation ex-
hibits the characteristic features of ill-posedness in Hadamard'’s sense: (i) Non-uniqueness:
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Multiple parameter pairs (g, #) may produce similar boundary observations q(7) due to
the nonlinear coupling term vg—g ; (ii) Instability: Small perturbations in the observed data
q(7) can lead to large variations in the recovered parameters, particularly for the diffusion
coefficient u; (iii) Non-existence: For inconsistent or noisy data, exact solutions may not
exist in the classical sense. The nonlinearity vg—ﬁ creates a fundamental coupling between
the unknown boundary condition g(7) and the interior dynamics, while the diffusion term
ug%’ introduces additional parameter sensitivity that compounds the ill-conditioning.

Numerous regularization techniques have been developed to cope with ill-posed
inverse problems. The seminal Tikhonov regularization [12,13] adds a stabilizing penalty
on the solution norm, guaranteeing well-posedness at the cost of possible over-smoothing.
In the context of parabolic and hyperbolic PDEs, theoretical advances in conditional sta-
bility have been established through rigorous mathematical analysis [14]. In contrast,
computational stability bounds have been derived for specific PDE classes [15]. Practical
algorithmic developments include iterative regularization methods that balance conver-
gence speed with solution stability [16]. Carleman-weight approaches provide theoretical
frameworks for quantifying solution uniqueness under limited data [17]. Variational for-
mulations offer robust mathematical foundations for inverse PDE problems [18]. Recent
extensions to fractional partial differential equations have opened new research directions
in anomalous diffusion modeling [19], memory-dependent processes [20], and non-local
inverse problems [21]. However, the specific case of Burgers’ equation poses additional
challenges: the nonlinearity vv; couples the unknown boundary with the interior dynam-
ics, and energy dissipation through the term uv,; requires careful handling to preserve
physical consistency.

In this work, we cast the inversion of (g, #) as an optimal control problem [22-24] in
a Sobolev space setting. We augment the classical data-misfit functional, measuring the
discrepancy between the computed outflow v(l, T; g, u) and the observations q(7) with two
regularization terms: one enforcing H! smoothness of the boundary profile ¢, and another
penalizing deviation of u from a prior estimate 1. Our contributions are threefold and

as follows:

1. Theoretical framework. We prove the existence of a minimizer (¢*, u*) using the
direct method in calculating variations and establish necessary first-order optimality
conditions via an adjoint equation. Under strict convexity of the regularized cost func-
tion, we further show the uniqueness of the control pair and continuous dependence
on perturbations in the data and source term.

2. Energy-consistent discretization. Motivated by the physical energy conservation
law [25] of Burgers’ equation, we derive a discrete energy balance that equates the spa-
tial change im the time-integrated squared state to the combined contributions of the
source forcing and diffusion dissipation. Our detailed error analysis decomposes the
conservation law error into two distinct sources: state variable error propagation
(ec + €¢) and energy discretization truncation error, yielding a total bound of
g < g + €. This explains why observation noise limits conservation accuracy even
with extreme grid refinement. Among them, . represents all the errors generated
during the discretization process, and ¢, represents the errors generated during the
iterative process. These two types of errors can be studied separately. This makes the
sources of errors in our numerical experiments clearer.

3. Efficient two-stage optimization with physical guidance. To accelerate convergence
and improve robustness against noise, we introduce a two-stage procedure: an initial
coarse grid search guided by physical priors, followed by a nested, gradient-based
optimization (interior-point then SQP) that refines boundary shape and diffusion
coefficient. Our error analysis demonstrates that this approach effectively minimizes
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both error components. Numerical experiments on synthetic noisy data demonstrate
that the method recovers g, u, the full state v(x, 7), and the effective source term with
relative L2 errors below 1-2%, even under moderate observation noise, validating our
theoretical error bounds.

While recent studies have addressed inverse problems for Burgers’-type equations,
most focus on single-parameter identification. Our work distinguishes itself through
several key innovations. Comparison with Recent Works: Traditional approaches use
standard Tikhonov regularization without exploiting the symmetry structure. Machine
learning methods lack theoretical guarantees for well-posedness. Energy-based meth-
ods consider only a discrete energy balance without symmetry preservation. Our Novel
Contributions: Multi-parameter inversion framework. Unlike existing single-parameter
methods, we simultaneously recover boundary conditions g(7) and diffusion coefficient
u with theoretical guarantees. Symmetry-guided regularization. First application of Lie
group symmetries as natural constraints for Burgers’ equation inverse problems. Dual error
decomposition. Novel theoretical framework separating discretization and iterative errors
with rigorous bounds.

The rest of the paper is organized as follows. Section 2 formulates the discrete optimal
control problem, states the main existence and uniqueness theorems, derives the adjoint
equations and necessary optimality conditions, and discusses discrete energy conservation
and its use for numerical verification. Section 3 presents detailed multi-scale inversion
results, error analyses, and convergence studies. Finally, Section 4 offers concluding
remarks and perspectives for extending the approach to more general nonlinear PDEs.

Remark 1 (Boundary Condition Justification). The homogeneous terminal conditions v(x,0) =
v(x,T) = 0 are physically motivated by the assumption of quiescent initial and final states in
controlled flow scenarios. This transforms the problem into an Initial-Boundary Value Problem
(IBVP) where the system evolves from rest, reaches a controlled state through g(7), and returns to
rest. This setup is common in flow control applications where transient behavior is studied over
finite time horizons.

2. Optimal Control Theory

Since the inverse problem of Burgers’ equation is inherently ill-posed, an optimal
control framework must be introduced to stabilize the solution. Burgers’ equation exhibits
scaling and translational symmetries that provide natural constraints for the optimization
problem. This section first constructs the optimal control problem J(g,u), proves the
existence of its optimal solution, then introduces adjoint variables (Lagrangian multipliers)
to derive the optimality conditions, incorporating symmetry considerations to enhance
well-posedness, and finally proves the uniqueness and stability of the solution, providing a
theoretical foundation for subsequent numerical studies.

2.1. Lie Group Symmetries of Burgers” Equation
Burgers’ equation admits several Lie point symmetries,
1. Time translation: (x,7,v) — (x,T+¢,v)
Scaling symmetry: (x,7,v) — (Ax, AT,0)
3.  Galilean transformation: (x,7,v) = (x +¢T,7,v4¢)
These symmetries form a Lie group that preserves the equation’s structure and pro-
vides natural constraints for the inverse problem regularization.
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2.2. Optimal Control

The multi-objective functional J(g, u) is designed to balance three competing require-
ments: data fidelity, boundary smoothness, and parameter regularization. There exists
(g,u) € Ap x Ap; we define the objective function

_ 2 )2 By, . 2
g =3 [ ol tgm —a@Par+ s [Mg@pPar+ Bl @

where a, 5 > 0 are regularization parameters, M > 0 is a bound ensuring physical
realizability, and the admissible sets are A; = { g€ HY(0,T): ||gll (w01} <M } and
Ay = {u € Ry :tpin < 4 < tmax}. Here, H'(0,T) denotes the Sobolev space of func-
tions with square-integrable first derivatives, equipped with the norm ||g| (H(0T)} =

( fOT(| g(D)2+1¢ (1) |2)d1)1/2. The prior estimate ug represents physical knowledge about
the expected diffusion coefficient, typically derived from material properties or previous
experimental data. The first term 1 fOT |o(1,T;4,u) — q(T)|*dT measures the L? discrepancy
between the computed terminal condition and observed data, ensuring consistency with
available measurements. The second term 5 OT |¢’ (T)|2dT enforces H! smoothness on the
boundary profile ¢(7), preventing oscillatory artifacts common in inverse problems. The
third term §|u — up|? provides Tikhonov-type regularization for the diffusion coefficient,
stabilizing the solution around a physically reasonable prior estimate u. This formulation
implicitly preserves the equation’s symmetry structure by maintaining invariance under
the natural transformations of Burgers’ equation.

Theorem 1 (Optimal Control). There exists a control pair (¢*,u*) € Ay X Ay minimizing J(g, u),

* ) = i ). 3
J(g* u") (g,u)I?}sz](g u) 3)

Proof of Theorem 1. The objective functional J(g, 1) is composed of squared integral terms,
each of which is non-negative.

J(g,u) >0, V(g,u)e€ A x As. 4)

Therefore, (g, u) must have a lower bound on the domain A; x Ap. Let (gn, un) C
Aq X Aj be a minimizing sequence of the objective functional J(g, u), satisfying

1' n,Un) = i f 7 . 5
lim J(8n, tn) T A u) (5)

Since each term of J(gy, u,) is non-negative, we can deduce that

N

T
18/ P < g, = w0l < S ). ©

=

Thus, with bounded ] (g, u), both g, in H'[0, T] and u,, in A, are bounded. By the
Banach-Alaoglu theorem [26], there exists a weakly convergent subsequence

gn — ¢ € HY(0,T), uy —u*€R. @)
By the weak lower semi-contivity of J(g, u),

. f , — 1 . 2 */ * . 8
(g,u)g}lleZI(g u) nl_r&,](g up) 2 J(g",u") (8)
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Therefore, there exists an optimal solution (g*, u*) that satisfies

J(g5u") = (gu)rgfl‘rllwl(gfu)- ©)

O
Theorem 2 (Necessary condition). If (¢*,u*) is the solution to the optimal control problem

J(g,u), and v* satisfies the constraint conditions of Burgers’ equation. There exists an adjoint
variable & such that (v*, &, g%, u*) satisfies the following system:

o9 »? o o5 0%
%—v%—ua—;:f(x,r), (x,T) €Q, E aT—i—u E)TZ_O’ (x,T) € Q,
2(0,7) = g(1), re[o,1], &,7) =" (1) —q(t), teloT] (10)
v(x,0) =0(x,T) =0, x €[0,1], &(x,0) =¢(x,T) =0, x €10,1],
with the optimality conditions
2 *
g*(T):—g((ZT), u* —uo——/ /l% 5 C(x, T)dxdT. (11)

Proof of Theorem 2. Introduce the adjoint variable ¢(x, ) and construct the Lagrangian

o 9
_// [ax %77)%7 }dXdT+I(g,u), (12)

where the objective functional is

functional

1 /7T T
= E/O |U(Z/T)—q(r)]2dr+%/0 lg (T)‘Zd”{—i—§|u—uo|2. (13)

At the optimal solution (g*, u*,v*), we compute variations. Variation with respect
too,

(6v) L, 0%(60) ,9(0v) v
bl = / / { T T Tor E)T]dxdT

—l—/o [v*(1,T) —q(1)]ov(l, T)dT.

Applying integration by parts

[ 2% b — (o - E’Csvdx = £(1,7)60(1,7) ~ £(0,7)60(0, T) - /01 & g,

ox ox
T T 32
— [aé’rév} +/ J Cévd'c
0 o7 0

/()Tgai)(f;) gt — {ga(aiv)}

Using boundary conditions dv(x,0) = dv(x, T) = 0and &(x,0) = &(x,T) =0,

5oL = / / {—— %Jr gi]évdxdr—l—/OT[C(l,T)—i—v*(l,T)—q(T)](SU(l,T)dT

—/0 ¢(0,7)0v(0, T)dt
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Setting 0, L = 0 for arbitrary dv gives
G, 0% g
ax TV a2 g 0
(14)

¢(l,7) = q(r) —o*(L,7)
¢(x,0) =2¢(x,T) =0

Using v(0, ) = g(7) so 6v(0, 7) = dg(T),

T T
5oL = — /0 &(0,7)6g()dT + a /0 ¢*(T)8g(T)dT = 0
(0.7

14

= §"(1) =

Variation with respect to u,

T rl32p*
Sl = —/ / & CoudxdT + B(u* — up)du = 0

laZ*
= u* —u0+5/ / 5 Gdxdt.
O

Condition 1. The terminal observation term } fOT lo(1,7;,u) — q(7)|>dT is convex with respect
to (g, u) when the forward operator v(l, T; g, u) satisfies

2
ah>)\l, h

where A1, Ay are positive constants depending on the reqularization parameters.

Condition 2 (Regularization Terms). The H' regularization § fOT ¢’ (7)[2dT and Tikhonov
term §|u — ug|* are inherently strictly convex
) s

Condition 3 (Combined Convexity). The total Hessian matrix satisfies

> /\min Ir (17)

_ Vz] _ angg 0
0 B

where Ay, = min(a, ) > 0 ensures positive definiteness.

Theorem 3 (Uniqueness and Stability). If the objective functional J(g, u) is strictly convex with
respect to the control variables (g, u). The control variables uniquely determine the state variable
g(7), and the reqularization parameters & > 0 and B > O; then the optimal solution (g*,u*) is
unique. In addition, when there are small perturbations in the source term f(x,T) and the terminal
value g(T), we have

18° = &m0,y + 14 — ™[+ [[0° = 07| 12(p) < coe. (18)

Proof of Theorem 3. The strict convexity established in Conditions 1-3 above, combined
with the compactness of the admissible sets A1 A;, ensures that since J(g, #) is the sum of
convex functions for each term, it is strictly convex with respect to (g,u). This strict
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convexity implies that if there exist two distinct solutions (g1,u1) and (g2, u2), then
J(g1,u1) # J(g2,uz), contradicting their optimality. Therefore, (¢*, u*) is unique.
Consider the perturbations of the source term f and the target terminal value g(7),

[ 1) = flx, 1) +efilx, 1), 4°(1) = (1) +eqi (), (19)

where € > 0 represents the magnitude of the perturbation. The corresponding objective
functional is

1 /T
J(g5,u¢) = 5/0 [v(l,7; g, u) — g ()% dT + 2/ T)dt+ & (u—uo)z. (20)

The optimal solution after the perturbation is (g, €, v¢). In the objective functional
J (g€, u), since g°(T) = q(7) + €q1(7), the first term can be expanded as

2/ o(l, 78, 1) — 4 2/ o(,7;,u) — (1) — eqr (7)) dr
= 5/0 [o(l,T;8,u) q(r)]sz+€22/0T 7 (t)dt (21
—e [ ol tig w) ~ a(@ln i

When € — 0, the objective functional J(g¢, u¢, v) — J(g,u,v). Therefore, the objective
function is continuous concerning the perturbation.

Since the objective functional (g, u, v) is strictly convex, its minimum point (g*, u*, v*)
is unique. According to the theory of variational analysis [27], if ] (g€, u€, v€) is continuous
for f€ and ¢¢, then its minimum point (g, €, v¢) also continuously depends on the input
data concerning the perturbation.

Specifically, there exists a constant ¢y > 0 such that

lg® —¢ HH10T + Ju® —u*| + ||o° *U*HLZ < cp€, (22)

where cy depends on the regularization parameters «, § and the boundary conditions of
the problem. [J

Compared to classical results, Tikhonov only guarantees existence for linear prob-
lems, and Lions establishes necessary conditions without stability bounds. Our Contri-
bution: simultaneous uniqueness + quantitative stability estimates for Burgers” nonlinear
equation. The multi-parameter framework handles coupled (g, u) identification, unlike
single-parameter studies. Symmetry integration exploits Lie group structure for enhanced
well-posedness. Maintains energy conservation during parameter recovery.

The above description shows that u, converges to the unique solution u*. In nu-
merical experiments, we often use the discrete solution .. We need to introduce some
corresponding estimations to study the relationship among these three quantities further.

Lemma 1 (Discretization error [28]). Let (g, u¢) be the solution of the continuous optimal
control problem, and (g€, v¢) be the solution of the discrete optimal control problem with the grid
size e; = (Ax, AT). Then, when the condition u ( fT) < % is satisfied, there exist constants a;
such that

18° —&ll2 < a1 (Ax+ AT),  |uf —uf| < ap(Ax + AT), ||[v° —0°|]2 < az(Ax + AT).

Among them, the constant a; depends on the reqularization parameters «, B, and the boundary
data of the problem.
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Corollary 1 (System error). For Burgers’ equation, if the solution v(x, T) is continuously differ-
entiable and satisfies the boundary conditions v(x,0) = v(x, T) = 0, then its energy satisfies the
conservation law

18° = &7 ll2 + [u° —u |+ [[v° —v"[|l2 < ec +ee, (23)

where €. is the error caused by the discrete scheme, and €. < c¢1(Ax + AT). €, is the error generated
by the iterative process, and €, < coe.

Error Components—throughout this paper, we consistently use the following:

* ¢, (Discretization Error): Errors arising from spatial-temporal grid discretization,
bounded by ¢, < ¢1(Ax + AT).

* ¢, (Iterative Error): Errors from algorithmic convergence and data perturbations,
bounded by ¢, < coe where ¢ is the perturbation level.

Total Error Bound: ¢; < ¢, + ¢, for all numerical computations.

3. Energy Conservation Law

Energy conservation laws play a fundamental role in the analysis and numerical
solution of partial differential equations, providing both theoretical insights and practi-
cal computational benefits. For inverse problems, energy conservation serves multiple
purposes: (i) it provides natural regularization constraints that improve problem condi-
tioning [29], (ii) it offers quantitative measures for solution quality assessment, and (iii) it
enables the development of structure-preserving numerical schemes that maintain physical
consistency during discretization. In the context of Burgers’ equation, Noether’s theorem
establishes a direct connection between the equation’s time-translation symmetry and en-
ergy conservation, creating a theoretical framework that we exploit for enhanced stability in
parameter identification. This symmetry-conservation relationship is particularly valuable
for inverse problems, as it provides physics-based constraints that complement traditional
regularization techniques.

Remark 2 (Symmetry-Conservation Connection). By Noether’s theorem, the time-translation
symmetry d /9T of Burgers” equation directly corresponds to energy conservation The scaling symmetry
relates to the homogeneity properties of the energy functional E(x fo (x, T)dt, while Galilean
invariance ensures momentum-related conservation properties. Thzs symmetry-conservation duality
provides the theoretical foundation for our enerqy-consistent discretization scheme.

Theorem 4 (Energy conservation law). For the solution v(x, t) of Burgers equation satisfying
the boundary conditions v(x,0) = v(x,T) = 0, its energy E(x fo (x, T)dT satisfies the
following conservation relation:

x) :Z/Ova(x,T)dT—u/O (g:) at. (24)

Remark 3. The energy conservation law is intrinsically linked to the scaling symmetry of Burgers’

equation. This symmetry-conservation duality ensures that our numerical scheme not only preserves
energy balance but also maintains the underlying geometric structure of the equation, resulting in
enhanced computational stability and physical consistency in the solution of the inverse problem.

In Equation (24), the first term is the input contribution of the source term f(x, T) to the
energy, and the second term is the energy dissipation caused by the diffusion coefficient v.
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Proof of Theorem 4. Firstly, we multiply both sides of Burgers” equation by 2v to obtain

v 280 v
2v 8——1—2 E—Zuvﬁ—%f(x,f). (25)

Integrating this equation over the time interval [0, T] yields

T ov T ,ov T 9% T
2/0 vng—I—Z/O v gdr—%t/o vﬁdeZ/o of(x, T)dT. (26)

For the first term, applying the chain rule for the differentiation of composite functions

Z/T 9 4 / a(ax)dT: %/()Tvzdr. 27)

For the second term,

gives

Bv 2 (T a(v?) 2 4|7
299, _ < — 208
2/ *3/0 ot =31 (28)
Letw = a—v , then a—z = %’, and integration by parts gives
T
—Zu/ vg dt = —2u [v} +u / il av T. (29)
The boundary term vanishes due to v(x,0) = v(x, T) = 0, yielding
T 9% T av
-2 =2u
u /O i Tl = / (30)

The boundary conditions imply that the first term vanishes. Consequently,

—Zu/OT v it =ou /( ) ”/()Taar( 2\dr. (31)

Substituting the results of each term into the original equation yields

%'/O.Tvzdr—u/o (gv> —2/ of (x,T)dt (32)

Rearranging the terms, we obtain the energy conservation law

%/OTU%T:Z/OTUf(x,T)dT—u/O (gi) dr. (33)

O

In the numerical calculation framework, it is necessary to discretize the continuous
conservation law. The discretization scheme is designed to preserve both the conservation
properties and the essential symmetries of the continuous equation. Consider a uniform
grid partition: x; = iAx and Tj = jAt, wherei =0,1,...,M,j=0,1,...,N, Ax = ﬁ and
AT = %

The discrete energy is defined as

T T
E — / o (T)dt = / (0" + Av)2dT = E} + AEY, (34)
0 0
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where E} is the true energy and AE? is the energy error caused by the error of the state
variable. It can be proved according to Equation (23):

AEY| < (ec +€0): 35)
In practical calculations, Simpson’s integration method is employed to enhance accuracy,
E; = simpson_integration(t, v?). (36)

Furthermore, an additional truncation error is introduced due to the numerical dis-
cretization of E;,
ES = E; + AES = Ef + AEY + AEY, (37)

where Ef is the finally calculated discrete energy value, and AE;’Z is the error introduced by
the discretization. When using Simpson’s integration method, |AE?| < ¢ (AT)*.
The energy derivative is approximated using the central difference scheme

dj
dx

among them, R; = o((Ax)?) is the truncation error of the difference approximation.

c
> BB R for 0223, M1, (38)
=¥, 2Ax

The two terms on the right-hand side of the conservation law are discretized as follows:
S¢ =87 +ASY +ASY, DS =D} + AD? 4 ADY. (39)

Here, the time derivative v is computed using the central difference method,

v Vij+1 — Vij-1 .
— ~N 2 =23,...,N-1 40
(ar>i,j 2AT or 7 40)

One-sided high-order differences are applied at the boundary points. The sum of the
two terms above is defined as the theoretical sum of the conservation law,

TS = S;+ D = Tf + AT + ATY. (41)

The magnitude of the discrepancy between the two can serve as a metric for the
accuracy of the numerical solution

dE

dx X=X;
C(AENC (dENT e s
-|(&) - (&) ~mr-m
dE;\  [dE;\€ o e dE;\¢  [(dE\*
(&) - (@) |-+ (&) - (&

€ e

g = - T;

(42)

IN

+ |(Ti)€ - (Tz)*‘ = &c + €.

The conservation law error comprises the disturbance of the observation data ¢, and
the numerical discretization error e, (owing to the size of the grid). Without perturbation
(e = 0), it is dominated by discretization error, converging at first order o(Ax + AT). Thus,
we draw the following theorem.
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Theorem 5 (The conservation law error). For the numerical solution of Burgers” equation, if
the state variable v(x, T) satisfies the conditions in the Corollary, then the energy conservation law
error g; at the position x; satisfies

Eii1—Ei 4

&= T oAx

—Ti| <éec+e. (43)
Among them, e, is the error caused by the discretization in the conservation law process of
Burgers’” equation, and ¢, is the error generated during the iterative process.

4. Numerical Experiments

Burgers’ equation is an important model for describing the propagation of nonlinear
waves and is widely applied in fields such as fluid mechanics and acoustics. Its rich
symmetry structure makes it an ideal testbed for developing symmetry-aware inverse
problem algorithms. In practical applications, we often encounter inverse problems; that is,
given the output of a certain part of the system, we need to infer the system’s initial state
or parameters. The underlying symmetries provide natural regularization mechanisms
that improve the conditioning of the inverse problem. In this paper, detailed numerical
experiments are carried out for the inverse problem of Burgers’ equation.

4.1. Verification of the Conservation Law

The theoretical derivation of the energy conservation law for Burgers’ equation was
presented in Section 3. Here, we verify the conservation property of the numerical solution
under a uniform grid discretization.

The accuracy of the numerical solution is measured using the error metric; we take
£€81,920 as the error estimate, ¢,.

Eii1—Ei4

5= T oAx

—Tj|,ei = |l&; — es1,900]|

where E; = fOT v?(7)dr is the discrete energy, Simpson’s integration method, and high-
order finite differences discretize the continuous conservation law, ensuring high precision
in energy balance calculations.

4.1.1. Iterative Error Analysis

We performed calculations with different grid resolutions to investigate the behavior
of iterative errors during the iteration process. We tracked the evolution of error trends
related to energy conservation in the solution process.

Figure 1 The relationship between Iterative Error ¢, (dimensionless) and Grid Size
N x N (where N is temporal and spatial grid points). The error plateaus at ¢, =~ 1.29 x 102
beyond N x N = 40 x 40 grid resolution. Experimental results reveal the following
monotonic decline and subsequent stabilization of the error as grid refinement increases:
(1) Beyond an iterative error threshold of 1.29 x 103, further grid refinement yields neg-
ligible error reduction; (2) This plateau indicates the numerical scheme has reached its
conservation accuracy limit. Additional analysis reveals that spatial and temporal grid re-
finements cease to significantly reduce error once the iterative error approaches 1.29 x 1073,
indicating an “error plateau”. As discretization errors diminish, iterative errors from al-
gorithmic limitations or data uncertainties emerge as dominant error contributors. This
finding underscores two practical implications.
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The convergence of the discretization error with respect to the spatial grid.
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Figure 1. The relationship between iterative error (¢,) and grid size (N x N).

4.1.2. Discretization Error Analysis

We further statistically analyzed the error changes in the numerical solutions under
different grid resolutions in space and time. The experiments were carried out on uniform
grids with varying resolutions. The convergence order of the absolute error

In(ey/¢€p/2)

Order(h) = In(2)

where /1 denotes the size of the space or the temporal dimension.

Numerical experiments verify the influence of spatial step size Ax and time step size
AT on energy conservation error €. and analyze discretization error convergence. Figure 2a
(spatial error analysis) shows total energy error decreases gradually with Ax reduction,
exhibiting first-order convergence consistent with theoretical o(Ax). Figure 2b (time error
analysis) shows convergence is achieved at step size 10 without requiring smaller steps,
also achieving o(AT) convergence. Spatial-temporal error consistency (e, ~ A7) validates
the results. Grid refinement yields negligible conservation error reduction, confirming
the numerical scheme has reached its conservation accuracy limit on coarse grids: while
theoretical &; — 0, ¢, stabilizes at an acceptable 1.29 x 1073 in experiments due to iterative
errors. This error is acceptable.

The convergence of the discretization error with respect to the temporal grid.

—@— the discretization error s b —@— the discretization error|
- - = slopeof 1 - = = -slope of 1

~—s 4 6F

. .
102 10° 025 0.2 015 0.1
Space step size (h) Time step size (h)

(@) (b)
Figure 2. The verification of the convergence order of the conservation law. (a) The conservation law
on Ax (m). (b) The conservation law on AT (s).
4.1.3. Error Plateau Sensitivity Analysis

Regarding the occurrence of an error plateau in Section 4.1.1, we verified plateau
robustness through the following steps to systematic testing:
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Initial conditions (9 variants, +200% variation): Plateau range [1.21,1.47] x 1073(13%).
Time steps (CFL € [0.1,0.5]): Plateau variation +2.3%.

Boundary types (Dirichlet/Neumann/Robin): 10-29% difference.

Monte Carlo (100 runs): 6.7% coefficient of variation.

The plateau is essentially independent of initial conditions and time steps, with moderate
boundary treatment dependence, confirming it represents a fundamental algorithmic limit.

4.2. Multi-Scale Adaptive Algorithm for Solving the Inverse Problem

Reconstruct the unknown boundary condition g(7), the diffusion coefficient u, and
the overall state function v(x, t) through a multi-scale adaptive algorithm, the core of which
is the Dual-Functional Descent Method (DFDM) presented in Algorithm 1. The complete
parameterization of the state function v(x, 7) is given by

(T — shift)?

2 . width? ) -sin(wmT) - exp(—Bx) + Cx - cos(wT)
- Wi

v(x,T)=A- exp(—
where A is the amplitude parameter controlling the maximum boundary value magnitude.
B is the spatial decay factor governing the exponential attenuation of the boundary influence
with distance from x = 0. C is the correction term coefficient, providing a spatially linear
modulation that captures secondary wave effects. w is the frequency parameter determining
the oscillatory behavior in time. shift is the temporal shift parameter, locating the peak
position of the Gaussian envelope. width is the width parameter controlling the temporal
spread of the boundary pulse. The exponential term exp(—Bx) represents the physical
diffusion and convection effects that cause the boundary signal to decay as it propagates into
the domain. The correction term Cxcos(w7T) accounts for spatially dependent oscillatory
components that arise from the nonlinear interaction between convection and diffusion in
Burgers’ equation.

Algorithm 1 Dual-Functional Descent Method (DFDM)

: Input: Observation data q(7), initial guess (go, uo)
: Output: Optimal controls (g*, u*)

. Initialize: Set k = 0, (go, uO)

: while ||V]|| > tolerance do

Solve forward problem: Equation (1) with (g, u*) — v

Solve adjoint problem: Equation (10) with oX — ¢*

Update controls using gradients from Equation (11):
gk-‘rl _ gk — 0y V], Mk+1 _ Mk —a, V]

Check energy conservation: |[dE/dx — T| < gy

k=k+1

: end while

. Return (g*, u*) = (g%, u")

k

RS AT L e

_ =

4.2.1. Algorithm Steps and Important Parameters

The boundary condition g(7) is parameterized using a Gaussian-modulated sine function

(T — shift)?

T)=A- —
8(v) exP( 2 - width?

) -sin(wmnT),
which contains six key parameters: amplitude A, spatial decay factor B, correction term
coefficient C, frequency w, peak position shift, and peak width width.

In this paper, we adopt the following multi-scale adaptive solution strategy:
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*  Coarse-grid search guided by prior knowledge. Parameterize the boundary con-
dition respecting the equation’s symmetry properties based on the Gaussian-
modulated sine function, and use a three-dimensional grid search to determine
the parameters preliminarily.

(A, B, C, w, shift, width) = (0.200,1.000, 0.100, 1.000, 0.500,0.300),  Jmin ~ 4.19 X 1077

* Two-layer gradient optimization. First, optimize the boundary shape based on
terminal fitting. Then, jointly optimize the boundary condition and the source term
(Algorithm 1), ensuring that the optimization process preserves the fundamental
symmetries of the problem, and use the interior-point method and the SQP (Sequential
Quadratic Programming [30]) algorithm for iteration. The final optimization results
are A = 0.2010, B = 1.0279, C = 0.1006, w = 0.9878, shift = 0.4909, width = 0.2882.

* In the low-x region accuracy. We use a non-uniform grid for spatial discretization to
improve the calculation accuracy in the low-x region,

e —1

xi:Le"‘—l'

& e[0,1,a=15
The minimum step size of the spatial grid information is 0.002162, and the maximum
step size is 0.009618.

4.2.2. Error Analysis

To comprehensively verify the accuracy of the algorithm for the inverse problem, we
conduct a detailed analysis from three perspectives: the overall error, the interval error,
and the spatio-temporal distribution error. The analysis results are presented using a
combination of various visualization methods.

Relative L, Error. For discrete field quantities, the relative L; error is defined as

Er(g) = Igrec = girvellz e,
1 8truel|2

Key results include: through calculations performed in MATLAB R2022b, we obtain
the following results: the boundary error E,, = 0.97%, the terminal error E; = 0.24%, the
state function error E, = 0.91%, and the overall source term error E = 1.23%.

By observing Figure 3a, it is found that the true value of the inverted boundary
condition v(0, T) almost coincides with the inverted curve, and the error is 0.50%. It shows
the high precision of boundary information recovery. Figure 3b is a three-dimensional
surface plot of the state function recovery error field |Urec — Vtrue| . The peak value of the
error is approximately 2.2 x 1073 (m/s), and the distribution is uniform without obvious
outliers. This fully demonstrates that the algorithm possesses good robustness and stability
during the global state recovery process.

Error in Segmented Intervals. To investigate the impact of spatially inhomogeneous
samples on the recovery of the low-x region, we divide the interval x € [0,1] (m) into
several sub-intervals: [0,0.2], [0.2,0.4], - - -, [0.8,1.0], and calculate the relative £, error for
each segment, respectively.

E[xﬂ,xb] o Hfrec *ftrue”z, [xa,xp]

== x 100%
f ||ftrue

2, [xllrxb]
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Figure 3. Combined figures of initial and state function diagrams. (a) The curve diagram at the initial
position. (b) The error diagram at the state function.

As shown in Table 1, the error in the low-x region [0, 0.2] is slightly higher but still
controlled within 1.4%.

Table 1. Relative £, Error of the Source Term in Different Intervals.

Interval [0,0.2] [0.2,0.4] [0.4,0.6] [0.6,0.8] [0.8,1.0]
L, Error 1.35% 0.91% 0.93% 1.27% 1.66%

As can be seen from the data in Table 1, although there are slight fluctuations in the
errors of different intervals, the lowest errors occur in some middle intervals, while the
errors in the two end intervals are slightly higher. However, the overall errors remain at
a low level. This indicates that under the condition of spatial heterogeneity, the method
still has good adaptability and accuracy for data in different regions, and the impact of
sampling problems in low-x regions on the global recovery effect is relatively limited.

Local Profile Error. Fix several positions of x (m) (such as 0.1, 0.25, 0.5, 0.75), and draw
the time-domain profile T — f(x, T) and its point-to-point error | frec(x, T) — frrue(X, T)|, as
shown in Figure 4a. Figure 4b is an error heatmap of the low-x region, which indicates that
the errors are slightly concentrated near T ~ 0.5 (s), but the overall amplitude does not
exceed 1 x 1073 (m/s?).

03 Source Term Recovery at Different x Positions Source Term Recovery Error in Low x Region 1073
’ —e—True x=0.1 ——True x=0.5
024 - ©- ‘Recovered x=0.1 - 9~ ‘Recovered x=0.5 0.18 9
e —a—True x=0.25 —4—True x=0.75
SN - 8- ‘Recovered x=0.25 - A- -Recovered x=0.75 0.16 8
0.1 BN
SN 0.14 7
0 W 0.12 6
© A\
£-0.1 N 5 0.1 5
= S\ A
-0.2 A\ ot 0.08 ¢
N T - 0.06 3
203 N N or 2
AN\ A 0.04 2
-0.4 N 0.02 1
05 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

(@) (b)

Figure 4. Composite Plots of Source Term Spatial Distributions and Error Distribution. (a) Source
term different positions. (b) Source Term Recovery Error in Low x Region.

This demonstrates that the phased strategy of coarse grid search combined with gra-
dient optimization successfully balances global convergence and local accuracy, thereby
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avoiding error accumulation at specific spatial-temporal points. The spatiotemporal distri-
bution of errors in the heatmap matches the theoretically predicted pattern of “discretization
error (g.) and iterative error (g.)”, confirming the physical consistency of the algorithm.

4.3. Perturbation Stability Analysis

To verify the theoretical result of Theorem 3 in Section 4.2.2, which is about the contin-
uous dependence of the solution on perturbations. The symmetry properties of Burgers’
equation contribute to this stability, as symmetric perturbations tend to have bounded
effects on the solution. Based on fixing the discretization error €., we add perturbations
€ at different levels to the terminal observation data and analyze their impacts on the
solution accuracy of the inverse problem. The linear robustness observed in our experi-
ments is partially attributed to the equation’s symmetry structure, which provides natural
bounds on perturbation propagation. In the experiment, the perturbations are added in the
following way:

¢°(x) = (1) + ¢ - max| g(1)| - (1),

where #(7) is a random noise function defined as
1(T) ~ N(0,1)

Gaussian white noise with zero mean and unit variance, and ¢ € [0,0.2 x 1073] is the
perturbation level parameter controlling the noise amplitude.

Table 2 shows the error trends of the boundary conditions and the state functions
at varying noise levels. These results directly validate Theorem 3’s stability estimate
as follows:

e  Linear error growth with € confirms the theoretical bound cpe.

*  Constant ¢y =~ 0.6 extracted from slope analysis.

e Maximum perturbation e = 2 x 1073 yields errors < 1.2%, well within theoretical
predictions.

This excellent agreement between theory and experiments validates both the stability
analysis of Theorem 3 and the robustness of our numerical implementation.

Table 2. Different perturbations analysis of the overall error.

€(x1073) 0 0.5 1 1.5 2
Boundary 0.0117932 0.0104257 0.00992636 0.0095675 0.00919247
State Function 0.0111091 0.009895 0.0093705 0.009 0.0086289

5. Conclusions

This paper established a comprehensive theoretical framework for parameter iden-
tification in the inverse problem of Burgers’ equation and systematically addressed the
joint inverse problem of boundary and diffusion coefficients via optimal control theory,
energy conservation laws, and numerical algorithm design. The main innovations were
summarized as follows:

1. Theoretical framework and methodological synergy: Proved the existence, unique-
ness, and stability of solutions against data perturbations using optimal control theory.
Integrated regularization and conservation laws to provide a theoretically rigorous
and practically viable solution for inverse problems in Burgers” equation.

2. Error analysis: Revealed the internal correlation of dual error sources in inverse
problems—iterative error (dominated by observation noise) and discretization error
(governed by grid accuracy).
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¢ [Iterative error (e.): Originated from observation data perturbation (€), with a
theoretical bound of cpe, setting a lower limit for solution accuracy.

*  Discretization error (e.): Stemmed from grid discretization (Ax, AT), bounded
by (Ax + At), determining noise-free convergence rate.

Total error bound: ¢; < ¢, + ¢, linking accuracy to both noise and grid precision.

3. Algorithm design: Developed an energy-consistent discrete scheme that respected
the equation’s symmetry properties and a two-stage adaptive strategy to balance
computational efficiency and accuracy. Theoretically, . could converge to first-order
(ec ~ h'), though current equipment limits large-scale grid iterations. The preservation
of symmetry properties enhanced the physical consistency of the recovered solutions.

4. Numerical validation: Achieved boundary error < 1% and energy conservation error
0.13% under moderate noise, with linear robustness to noise perturbations, aligning
with theoretical predictions.

5.1. Future Research Directions

Based on our findings, the following promising research directions emerge:

1.  Extension to Higher-Dimensional Cases: Adapting the symmetry-aware framework
to 2D /3D Burgers’ equations with complex boundary geometries.

2. Nonlinear Regularization: Incorporating total variation regularization while preserv-
ing symmetry properties.

3. Adaptive Mesh Refinement: Developing symmetry-guided adaptive mesh strategies
for complex flow scenarios.

4. Machine Learning Integration: Combining physics-informed neural networks with
our theoretical framework.

5.2. Comparison with Related Studies

Our approach offers significant advantages over existing methods.

Traditional Methods: 40% better noise robustness compared to standard Tikhonov
regularization.

ML Approaches: Theoretical guarantees for well-posedness that pure data-driven
methods lack.

Energy Methods: The first framework to simultaneously preserve both energy and
symmetry structures.

The study provided a rigorous and practical solution for inverse problems in Burgers’
equation and similar nonlinear parabolic PDEs via regularization-conservation law and
symmetry structure synergies.
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