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Abstract

The maximum principle is a widely used qualitative property of linear (and not only)
elliptic boundary value problems. A natural goal for developing numerical methods is for
the approximate solution to have a similar property. In this case, we say that a discrete
maximum principle holds. In many cases, such a requirement is critical to ensuring the
reliability of computational models. Here, we consider multidimensional linear elliptic
problems with diffusion and reaction terms. Such problems have been studied and ana-
lyzed for many decades. Since relatively recently, scientists have faced conceptually new
challenges when considering anomalous (fractional) diffusion. In the present paper, we
concentrate on the case of spectral fractional diffusion. Discretization was carried out using
the finite difference method and the finite element method with a lumped mass matrix. In
large-scale multidimensional problems, the computational complexity of dense matrix op-
erations is critical. To overcome this problem, BURA (best uniform rational approximation)
methods were applied to find the efficient numerical solutions of emerging dense linear
systems. Thus, along with the need to satisfy the discrete maximum principle associated
with the mesh method applied for discretization of the differential operator, the issue
of the monotonicity of BURA numerical solution arises. The presented results are three-
fold and include the following: (i) maximum principles for fractional diffusion–reaction
problems; (ii) sufficient conditions for discrete maximum principles; and (iii) sufficient con-
ditions for monotonicity of the investigated BURA- or BURA-like approximation methods.
A novel, systematic theoretical analysis is developed for sub-diffusion with a fractional
power α ∈ (1/2, 1) and a constant reaction coefficient. The theoretical findings are further
supported by numerical examples.

Keywords: maximum principle; non-negativity preserving; fractional diffusion; rational
approximation

1. Introduction
1.1. Motivation

The maximum principle is an important qualitative property of the solution of second-
order elliptic boundary value problems. This is one of the most useful approaches applied
for solving a wide range of problems in the study of partial differential equations over
the years. A basic fact of calculus is that if a function has a positive second derivative on
a given interval, then it can only attain its maximum at the end points of that interval.
Essentially, the same idea applies to partial differential equations. The theory of the
maximum principle for second-order differential equations is well developed, including,
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for example, the cases of linear convection–diffusion–reaction problems, elliptic systems,
as well as generalizations to quasilinear equations; see, e.g., [1–7]. In this paper, we
consider multidimensional diffusion–reaction boundary value problems. The present study
is motivated by the challenges when standard (local) diffusion is replaced by anomalous
(non-local) diffusion.

Let Ω ⊂ Rd, d ∈ {2, 3}, be a bounded Lipschitz domain, where ∂Ω is a polygo-
nal/polyhedral boundary. Also, let a(x) be a d × d symmetric and positive definite (SPD)
coefficient matrix that is uniformly bounded in Ω. We consider the bilinear form on V × V

A(w, v) :=
∫

Ω

(
a(x)∇w(x) · ∇v(x)

)
dx, (1)

where V := {v ∈ H1(Ω) : v(x) = 0 on ∂Ω}. We denote by A the self-adjoint and positive
definite diffusion operator defined by the bilinear form (1). We begin by considering the
diffusion–reaction operator A+ q, where the constant q ≥ 0 is a reaction coefficient.

As is known, the maximum principle applies to the diffusion–reaction problem. Given
the formulation above, it is equivalent to the following statement: suppose that Au(x) +
qu(x) ≥ 0 in Ω, then u(x) ≥ 0 for every x ∈ Ω. This is why we say that the operator
preserves non-negativity. Preserving the maximum principle in the discrete model is one of
the main requirements for numerical methods. In this study, we consider a (2d + 1)-point
finite difference stencil or a linear finite element discretization. The discrete maximum
principle is valid if from (A+ qI)u ≥ 0 it follows that u ≥ 0 . In the finite difference case,
A is the matrix arising from the discretization of the diffusion operator, I is the identity
matrix, and u is the vector of nodal unknowns. A similar representation applies in the finite
element case if the standard matrix equation is multiplied by M−1, leading to A = M−1S,
where S and M are the stiffness and mass matrices, respectively. Here, as everywhere else
where the context implies, the inequalities are in a pointwise sense. Sufficient conditions
for the mesh under which this discrete maximum principle holds are known.

There are several non-equivalent definitions of fractional diffusion. We will con-
sider the case of the spectral fractional diffusion (sub-diffusion when α ∈ (0, 1)) operator
associated with the bilinear form (1) given by

Aαu(x) =
∞

∑
i=1

λα
i ciψi(x), where u(x) =

∞

∑
i=1

ciψi(x). (2)

Here, {ψi(x)}∞
i=1 are the eigenfunctions of A, orthonormal in L2-inner product and {λi}∞

i=1
are the corresponding eigenvalues that are real and positive.

After introducing the operator Aα, we are ready to define the spectral fractional
diffusion–reaction equation studied in this paper:

Aαu(x) + qu(x) = f (x), x ∈ Ω, (3)

where Ω ⊂ Rd, d ∈ {2, 3} is a bounded Lipshitz domain with a polygonal/polyhedral
boundary ∂Ω, α ∈ (1/2, 1), q > 0 is a constant, and f (x) ∈ L2(Ω) is a given function.

The finite difference method (FDM) and finite element method (FEM) are employed
for discretization. Then, in the discrete setting, the symmetric and positive definite matrix
A ∈ RN×N represents the diffusion operator. Its spectral decomposition is given by

A = WDWT ,
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where W is the matrix whose columns are the eigenvectors of A and D is the diagonal matrix
containing the corresponding eigenvalues. The fractional power of A is then defined by

Aα = WDαWT ,

In the case of finite element discretization, the eigenpairs are obtained by solving the
generalized eigenvalue problem SΨ = λMΨ.

In the following sections, the interrelated maximum principles for fractional diffusion–
reaction problems and the corresponding discrete maximum principles will be investigated.
The fractional diffusion matrix is dense. Thus, along with the need to satisfy the discrete
maximum principle, we will discuss the issue of an efficient numerical solution of such
dense linear systems that preserves non-negativity.

1.2. Overview of Existing Related Results

The relationships between fractional and standard diffusion are important for under-
standing the qualitative and quantitative properties of the non-local operator. The spectral
definition of the operator Aα provides such a dependence in an explicit form. Unfortu-
nately, the formula (2), as well as its discrete analogue, are not very useful in the analysis,
as well as in the numerical solution of multidimensional fractional diffusion problems in
computational domains with general geometry. A key role in this area is played by the
results in [8,9], where it is shown that the solution of the fractional diffusion problem in
Ω ⊂ Rd can be expressed by the solution of a standard (local) elliptic boundary values
problem in Ω × (0, ∞) ⊂ Rd+1. In our work, we use the elliptic extension in the analysis of
the maximum principle and corresponding monotonicity properties.

It is known that the (2d + 1)-point stencil finite difference method (FDM) preserves
the non-negativity of the numerical solution of diffusion–reaction problems. In the classical
paper by [10], it is shown that, for the case of a scalar isotropic diffusion coefficient,
the linear finite element method (FEM) satisfies the discrete maximum principle on weakly
acute-angled meshes. In the general case, the discrete maximum principle is valid for
Stieltjes matrices. It is also known that element stiffness matrices for isotropic problems
with constant coefficients have non-positive off-diagonal coefficients if there are no obtuse
angles in the finite elements. It is also important to note that if A is a Stieltjes matrix, then
Aα is also a Stieltjes matrix if α ∈ (0, 1); see [3].

There are relatively few publications that deal with topics that are directly related to
our research. Among them, we would like to mention [11], which studied strong maximum
principles for fractional elliptic and parabolic problems with mixed boundary conditions.
The authors use the integral definition of the fractional Laplacian, where the boundary
conditions are over the entire domain Rd \ Ω. We note that this is a conceptually different
task, and the obtained results and approaches cannot be applied to the case of spectral
fractional diffusion.

Most likely influenced by [8], several numerical methods with exponential conver-
gence rates have been developed in the last decade to solve spectral fractional diffusion
problems in complex domains. As has been shown in [12], they can all be represented via a
rational approximation of A−α. The BURA (best uniform rational approximation) method,
originally introduced in [13], also belongs to this group.

Our study is in the spirit of BURA. In [14], a significant improvement in the method
was made, as the exponential convergence rate of the new variant is independent of the
condition number κ(A). Computational complexity estimates of almost optimal behav-
ior of order O(log2 N N) have been derived, with numerical tests indicating a possible
improvement to O(log N N); see, e.g., [15,16] and the references therein. More recently,
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specialized multilevel iterative methods for the auxiliary linear systems arising in BURA
have been presented in [17].

A general principle for BURA methods is that they use the best uniform rational
approximation of some scalar function in the interval [0, 1]. For more information on the
concept of the methods and some comparative analyses, we recommend the review pa-
per by [15] (see also [16]). A computationally stable numerical solution of the corresponding
min–max problem is presented in [18], and the method is implemented in the open access
software BRASIL [19].

Preliminary results closest to the topic of this study were presented in [20]. There,
the application of the initial version of BURA from [13] to a positive approximation of the
inverse of the fractional degree of Stieltjes matrices was discussed. The obtained results can
be used, for example, in the case of finite difference approximation of a fractional diffusion
problem. In this regard, we note that, in the case of finite element approximation, A is not a
Stieltjes matrix. The provided numerical examples illustrate the behavior of the currently
available rational approximation, which is not robust in respect to κ(A).

1.3. Our Approach, Contributions and Organization of this Paper

The maximum principle, the discrete maximum principle, and the monotonicity-
preserving BURA methods are interrelated qualitative properties. Non-local problems have
peculiarities that do not allow for direct generalization of the techniques, developed for
standard elliptic equations. In this context, we note the following two specific approaches
that are systematically used: (i) elliptic extension problems in Ω× (0, ∞) related to fractional
problems in Ω ⊂ Rd; and (ii) approximation of A−α by a positive linear combination of the
inverses of positive diagonal perturbations of A. In analysis, the approach is not always
followed, whereby a qualitative property in the continuous case is preserved using the
numerical method.

This paper provides new results on the maximum principle for fractional diffusion–
reaction problems. It is proven that the (2d + 1)-stencil finite difference method and the
linear finite element method satisfy discrete maximum principles. The condition for the
finite element mesh is that it does not contain obtuse angles, in which case the stiffness
matrix is an M-matrix. However, A and Aα are not Stieltjes matrices. Sufficient conditions
for preserving the non-negativity of BURA solution methods are obtained. These are new
results, the starting point of which is the BURA method from [14], which is robust with
respect to κ(A). Here, we note that qualitatively new difficulties arise in the case when a
reactive term is added to the fractional diffusion.

The main contributions of this paper are summarized as follows:

• We develop a unified framework for the maximum principle in both continuous
and discrete settings for fractional diffusion–reaction problems, leading to sufficient
conditions for discrete maximum principles in finite difference and finite element
discretizations. In the FEM case, non-negativity preservation is ensured through the
use of lumped mass matrices. The results are documented in Theorem 1 and Remark 1
for the continuous setting and in Lemmas 5 and 6 for the discrete setting, respectively.

• We employ best uniform rational approximation (BURA) techniques for discrete
fractional diffusion problems and provide a detailed analysis of monotonicity preser-
vation for rational approximations of fractional operators. Identifying conditions that
guarantee non-negativity is essential for obtaining numerically stable and physically
meaningful solutions. The results are documented in Theorem 2 and Remark 2.

• Comprehensive numerical experiments validate the theoretical analysis and demon-
strate its practical relevance. In particular, comparisons between uniform rational
approximation (URA) and BURA methods for discrete fractional diffusion–reaction

https://doi.org/10.3390/sym18020272

https://doi.org/10.3390/sym18020272


Symmetry 2026, 18, 272 5 of 21

problems reveal their complementary strengths in terms of accuracy and monotonic-
ity preservation. In Theorem 3, monotonicity preservation for the URA numerical
solution method is proven.

• Finally, we propose a hypothesis on the interlacing behavior of BURA elements for
fractional diffusion–reaction problems. Although currently unproven, it is strongly
supported by numerical evidence and points to promising directions for future re-
search. Experimental results are documented in Table 1 and Figures 1 and 2.

f BURA, α = 0.5, q = 1, k = 8 BURA, α = 0.5, q = 100, k = 8

f BURA, α = 0.75, q = 1, k = 8 BURA, α = 0.75, q = 100, k = 8

Figure 1. Numerical examples: The two choices for the right-hand-side of (5) and their corresponding

BURA solutions u(2)
8 , with respect to the indicated parameters α, q on [h, 1 − h]× [h, 1 − h], h = 2−10.

The remainder of the paper is organized as follows: The finite difference method
and finite element method discretizations of the spectral fractional diffusion operator are
discussed in the next section. The feasibility of lumping the mass matrix is justified. Max-
imum principles for fractional diffusion and diffusion–reaction problems are proven in
Section 3. The main results of this study are presented in the following two sections. Dis-
crete maximum principles for the cases of finite difference and finite element discretizations
and monotonicity-preserving BURA methods are analyzed. First, the fractional diffusion
problem is addressed in Section 5. Then, the case of fractional diffusion–reactions is stud-
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ied separately. Perhaps surprisingly to some readers, and unlike the case of a standard
elliptic equations, here, the addition of the reactive term led to significant new difficulties.
Numerical examples in Section 6 illustrate the obtained theoretical results. Experimental
results are also presented, based on which a hypothesis has been formulated, which at this
stage has not been proven. Brief concluding remarks are given at the end.

α = 0.5, q = 1, k = 4 α = 0.5, q = 1, k = 8 α = 0.5, q = 100, k = 4 α = 0.5, q = 100, k = 8

α = 0.75, q = 1, k = 4 α = 0.75, q = 1, k = 8 α = 0.75, q = 100, k = 4 α = 0.75, q = 100, k = 8,

Figure 2. Numerical examples: Plots of the difference function u(2)
k − u(1)

k for the considered choices
of α, q, k. In each group, for α ∈ {0.5, 0.75}, the first row of plots corresponds to f1 and the second
to f2.
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Table 1. An illustration of the interlacing property for the BURA and URA elements.

Zeros/Poles i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

r0.5,1,6(z)
{ζ̃i}6

i=1 −5.27 × 10−8 −1.14 × 10−5 −3.30 × 10−4 −4.94 × 10−3 −5.41 × 10−2 −6.10 × 10−1

{d̃i}6
i=1 −1.26 × 10−6 −6.83 × 10−5 −1.31 × 10−3 −1.52 × 10−2 −1.34 × 10−1 −1.21 × 100

r̄0.5,1,6(z)
{ζ̄i}6

i=1 −8.14 × 10−8 −1.75 × 10−5 −5.02 × 10−4 −7.28 × 10−3 −7.47 × 10−2 −7.72 × 10−1

{d̄i}6
i=1 −1.95 × 10−6 −1.05 × 10−4 −1.95 × 10−3 −2.15 × 10−2 −1.73 × 10−1 −1.45 × 100

r0.75,1,6(z)
{ζ̃i}6

i=1 −3.70 × 10−7 −6.84 × 10−5 −1.29 × 10−3 −1.28 × 10−2 −9.67 × 10−2 −7.82 × 10−1

{d̃i}6
i=1 −2.69 × 10−5 −6.69 × 10−4 −7.39 × 10−3 −5.59 × 10−2 −3.33 × 10−1 −1.53 × 100

r̄0.75,1,6(z)
{ζ̄i}6

i=1 −4.84 × 10−7 −8.95 × 10−5 −1.68 × 10−3 −1.65 × 10−2 −1.20 × 10−1 −9.27 × 10−1

{d̄i}6
i=1 −3.52 × 10−5 −8.73 × 10−4 −9.51 × 10−3 −6.94 × 10−2 −3.86 × 10−1 −1.68 × 100

r0.5,100,6(z)
{ζ̃i}6

i=1 −6.05 × 10−10 −1.36 × 10−7 −4.38 × 10−6 −8.61 × 10−5 −1.66 × 10−3 −4.99 × 10−2

{d̃i}6
i=1 −1.44 × 10−8 −7.75 × 10−7 −1.42 × 10−5 −1.60 × 10−4 −2.06 × 10−3 −5.27 × 10−2

r̄0.5,100,6(z)
{ζ̄i}6

i=1 −8.14 × 10−8 −1.75 × 10−5 −5.02 × 10−4 −7.28 × 10−3 −7.47 × 10−2 −7.72 × 10−1

{d̄i}6
i=1 −1.59 × 10−6 −5.32 × 10−5 −7.00 × 10−4 −7.95 × 10−3 −7.66 × 10−2 −7.80 × 10−1

r0.75,100,6(z)
{ζ̃i}6

i=1 −2.44 × 10−8 −4.57 × 10−6 −9.05 × 10−5 −1.04 × 10−3 −1.09 × 10−2 −1.50 × 10−1

{d̃i}6
i=1 −1.78 × 10−6 −4.47 × 10−5 −4.68 × 10−4 −2.35 × 10−3 −1.29 × 10−2 −1.54 × 10−1

r̄0.75,100,6(z)
{ζ̄i}6

i=1 −4.84 × 10−7 −8.95 × 10−5 −1.68 × 10−3 −1.65 × 10−2 −1.20 × 10−1 −9.327× 10−1

{d̄i}6
i=1 −3.38 × 10−5 −6.32 × 10−4 −3.21 × 10−3 −1.83 × 10−2 −1.23 × 10−1 −9.33 × 10−1

2. Discretization of Fractional Diffusion Operator
We consider the fractional diffusion–reaction problem

Aαu(x) + qu(x) = f (x), x ∈ Ω (4)

u(x) = 0, x ∈ ∂Ω,

where q > 0 is a constant, f (x) ∈ L2(Ω) is a given source term, and Aα is the fractional
diffusion operator defined by (2). In this section, we will briefly discuss some basic
properties of matrices arising when discretizing (4) by finite differences on a rectangular
grid with N points or an N-dimensional finite element space Vh.

2.1. Finite Difference Discretization

In the case of finite difference discretization, we assume that Ω is a bounded domain
with a rectangular polygonal/polytopic boundary ∂Ω. We also assume that diffusion is
isotropic, that is, that the coefficient matrix a(x) is replaced by a scalar positive function
a(x). Now let ωh be a rectangular mesh consistent with ∂Ω. Then the discrete fractional
diffusion–reaction problem is described by the linear system

(Aα + qI)u = f, (5)

where A ∈ RN×N approximates the diffusion operator A, u is the vector in RN of the
approximation of u(x) at the interior N grid points of ωx, and f ∈ RN denotes the vector of
the values of f (x) at the interior grid points.

The simplest two-dimensional example corresponds to Ω = (0, 1) × (0, 1), where
ωh is a (n + 1)× (n + 1) square grid with grid size h = 1/(n + 1) and a(x) = 1. Then,
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the five-point stencil approximation of the Laplacian gives the matrix A ∈ RN×N , N = n2,
which has the following block structure

A =
1
h2



A1,1 −I
−I A2,2 −I
· · · · · · · · · · · · · · ·

−I Ai,i −I
· · · · · · · · · · · · · · ·

−I An,n


, Ai,i =


4 −1
−1 4 −1
· · · · · · · · · · · ·

−1 4 −1
−1 4

.

Here, Ai,i ∈ Rn×n, i = 1, · · · , n and I is the identity matrix in Rn.
In the general case, we consider the finite difference approximation obtained by the

balanced method. Then the three-point approximation on xi−1 < xi < xi+1 is written in
the form

−(a(xi)u′(xi))
′ ≈ 2

hi + hi+1

(
ai+ 1

2

u(xi)− u(xi+1)

hi+1
− ai− 1

2

u(xi−1)− u(xi)

hi

)
, (6)

where hi = xi − xi−1, hi+1 = xi+1 − xi, and ai− 1
2
= a(xi − hi/2) or ai− 1

2
= 1

hi

∫ xi
xi−1

a(x)dx.
We apply the same formula in each of the coordinate directions, thus obtaining the
(2d + 1)-point stencil approximation A of A. We note that, for smoothly varying meshes,
the balanced finite difference stencil provides approximately second-order accuracy for the
diffusion operator.

A common property of the considered examples of finite difference approximation on
a (2d + 1)-point stencil is that the diffusion matrix A is symmetric and positive definite. We
note in particular that it has in each row/column at most 2d nonzero elements, all of which
are negative. These properties are of course also valid for the diffusion–reaction matrix
A+ qI. In the fractional case, a significant change occurs. The matrix Aα + qI is symmetric
and positive definite, but dense.

2.2. Finite Element Discretization

Here, Ω is a polygonal/polytopic domain partitioned into triangles/tetrahedra that
form the quasi-uniform mesh Th. We use conforming finite dimensional space Vh ⊂
V of piece-wise linear functions. Let {ϕj(x)}N

j=1 denote the standard nodal basis of Vh.
The definition (2) of the fractional power of A is carried over to the finite-dimensional
operator Ah, replacing V with Vh. The finite element approximation uh ∈ Vh of u(x) is then
given by

Aα
huh(x) + quh(x) = fh(x),

where fh ∈ Vh is defined by the nodal values of f (x). Then the discrete fractional diffusion–
reaction problem is described by the linear system

(Aα + qI)u = f, (7)

where u, f ∈ RN are the vectors of the values of uh(x) and f (x) at the interior nodes of Th,
respectively. Here,

A = M−1S,

where S and M are the stiffness and mass matrices; see for more details, e.g., [21]. We note
that the matrix A defined in this way is symmetric and positive definite with respect to the
energy scalar product (·, ·)M generated by the mass matrix. Equivalently, M−1S is similar
to M−1/2SM−1/2, which implies that A is diagonalizable with positive real eigenvalues,
thereby justifying the definition of Aα.
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The stiffness and mass matrices have a similar structure of nonzero elements. In the
case of linear finite elements, the signs of the off-diagonal entries of the stiffness matrix
depend on (are controlled by) the angles of the triangles/tetrahedra of the mesh Th. This
does not apply to the mass matrix, which has only non-negative elements.

We also consider a finite element method with a lumped mass matrix M̃, defined as
follows:

(z, w)ℓ =
1

d + 1 ∑
e∈Th

d+1

∑
i=1

|e|z(Vi)w(Vi) and M̃ = {(ϕi, ϕj)ℓ}N
i,j.

Here, V1, . . . , Vd+1 are the vertexes of the d-simplex (triangle or tetrahedral) element e and
|e| is its d-dimensional measure. Thus, the alternative discrete fractional diffusion–reaction
problem with a lumped mass matrix takes the form

(Ãα + qI)u = f, (8)

with
Ã = M̃−1S.

The lumped mass matrix is diagonal, which on the one hand allows for some reduction in
computations. However, the more important goal here is to better preserve non-negativity.

2.3. Assumptions

The assumptions for FDM and FEM discretizations are summarized in the table below.
It is important to note that mass lumping is necessary to ensure the discrete maximum
principle. Simple one-dimensional counterexamples are well known for unstructured
meshes with linear finite elements applied to the standard local equation, e.g.,

−u′′(x) + u = 1, x ∈ (0, 1), u(0) = u(1) = 0.

Property FDM FEM

Domain geometry Rectangular polygonal/ Arbitrary polygonal/
polyhedral domains polyhedral domains

Diffusion type Isotropic Anisotropic

Mesh Uniform, structured grid Unstructured, possibly
adaptive

Discretization (2d + 1)-point stencil Linear triangles (2D)/
in d dimensions tetrahedra (3D)

Mass lumping Not applicable Standard mass lumping

In this setting, even a coarse mesh with only four interior nodes is sufficient to demon-
strate a violation of the discrete maximum principle when the mass matrix is not lumped.
Analogous counterexamples can also be constructed for the case of fractional diffusion.

3. Maximum Principle for Fractional Diffusion–Reaction Problems
It is well known that the diffusion–reaction operator A+ qI satisfies the maximum

principle. Owing to the homogeneous boundary conditions, this property is equivalent
to non-negativity preservation and monotonicity. More precisely, consider the equation
Au(x) + qu(x) = f (x). If f (x) ≥ 0, then the corresponding solution satisfies u(x) ≥ 0.
Moreover, if f1(x) ≥ f2(x), then the associated solutions satisfy u1(x) ≥ u2(x). Con-
sequently, under homogeneous boundary conditions, these three notions may be used
interchangeably. The corresponding definitions extend naturally to the discrete case. In this
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section, we will prove that a similar property is also valid in the case of fractional diffusion;
see equation (4).

Lemma 1. The solution of fractional diffusion–reaction problem is obtained from the relation
u(x) = U (x, 0) where U : Ω ×R+ → R is a solution of the equation

−div
(

y1−2αA(x)∇U (x, y)
)
= 0, (x, y) ∈ C := Ω ×R+. (9)

Here, as well as later in the article, A(x) = diag(a(x), 1), U (·, y) satisfies the homogeneous
boundary conditions in (4), and, in addition,

lim
y→∞

U (x, y) = 0 as well as lim
y→0+

(
−y1−2α Uy(x, y) + dαq U (x, y)

)
= dα f (x), x ∈ Ω, (10)

where

dα = 21−2α Γ(1 − α)

Γ(α)
> 0

is a dimension-independent constant involving the gamma function.

Proof. The boundary condition (10) is analogous to the corresponding condition in [22],
where a parabolic fractional diffusion equation is considered. The only modification
consists in replacing the time derivative by the reaction term. With this observation,
the proof of the lemma follows by repeating the arguments of ([22], Section 2.4), and we
may therefore utilise the solution representation described below. We recall that {λi, ψi(x)}
are the eigenpairs of the operator A (see (2)). If

u(x) =
∞

∑
i=1

ukψk(x)

solves (4), then its extension is given by

U (x, y) =
∞

∑
i=1

ukψk(x)ζk(y),

where each function ζk(y) satisfies

ζ ′′k (y) + (1 − 2α)y−1ζ ′k(y) = λkζk(y), ζk(0) = 1, lim
y→∞

ζk(y) = 0.

The variational formulation of the Equations (9) and (10) is posed in the weighted
Sobolev space

Ṽ := {V ∈ H1
C,yα : V(x, y) = 0 if x ∈ ∂Ω},

where
H1
C,yα = {w :

∫
C

y1−2α(|∇w|2 + w2)dxdy < ∞}.

Then the weak formulation of (9) reads as follows: find U ∈ Ṽ such that∫
C

y1−2αA∇U (x, y) · ∇V(x, y)d(x, y) +
∫

Ω
dαq U (x, 0)V(x, 0)dx =

∫
Ω

dα f (x)V(x, 0)dx ∀ V ∈ Ṽ. (11)

Theorem 1. Assume that 1/2 < α < 1 and f (x) ≥ 0 in Ω. Then u(x) = U (x, 0) ≥ 0 in Ω,
i.e., the fractional diffusion–reaction problem satisfies the maximum principle.
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Proof. To proceed, we truncate the infinite interval R+ to (0, L), where L > 0, and introduce
the auxiliary space ṼL := {VL ∈ H1

Ω×(0,L) : VL(x, y) = 0 if x ∈ ∂Ω and VL(x, L) = 0, x ∈
Ω}. Then, the equation corresponding to (11) takes the following form: find UL ∈ ṼL such
that∫

Ω×(0,L)
y1−2αA∇UL(x, y) · ∇VL(x, y)d(x, y) +

∫
Ω

dαqUL(x, 0)VL(x, 0)dx =
∫

Ω
dα f (x)VL(x, 0)dx ∀ VL ∈ ṼL. (12)

We now consider the one-dimensional selfadjoint positive definite eigenvalue problem:
find {νL, ϑL(y)}, ϑL ∈ Ḣ1

(0,L), such that∫ L

0
y1−2α

L ϑ′
L(y)v

′
L(y)dy = νL

∫ L

0
y1−2α

L ϑL(y)vL(y)dy ∀vL ∈ Ḣ1
(0,L). (13)

Here, Ḣ1
(0,L) := {vL ∈ H1

(0,L) : vL(L) = 0}. The eigenvalues of (13) are real and positive,
and we assume that the eigenfunctions {ϑL,k(y)}∞

k=1 are normalised, i.e.,

∫ L

0
y1−2αϑL,i(y)ϑL,j(y)dy = δij,

where δij is the Kronecker symbol.
Now, we apply a spectral decomposition of (12) over the extended variable y ∈ (0, L).

We recall that, in the discrete case of fractional Laplacian, diagonalization based on such a
spectral decomposition was introduced in [22]. Thus, the solution of the d + 1 dimensional
truncated problem is expressed by the solutions of a series of d dimensional problems in Ω.
In this way, we get the representation

UL(x, y) =
∞

∑
i=1

ϑ2
L,i(y)[A+ (dαq + νi)I ]−1dα f (x)

and, therefore,

uL(x) =
∞

∑
i=1

ϑ2
L,i(0)[A+ (dαq + νL,i)I ]−1dα f (x). (14)

Since the standard (local) diffusion–reaction equation satisfies the maximum principle,
i.e., preservers monotonicity, [A+ (dαq + νL,i)I ]−1dα f (x) ≥ 0, and therefore uL(x) ≥ 0.

We now exploit the exponential decay of U (x, y) as y → ∞, which implies the con-
vergence of UL(x, y) to U (x, y) in a Sobolev space of order α; see, for example, [22,23] .
Consequently,

lim
L→∞

||Ux −Ux,L||Hα(0,∞) = 0.

Here, Ux(y) := U (x, y), for y ∈ (0, ∞), while Ux,L(y) := UL(x, y) for y ∈ (0, L) and
Ux,L(y) := 0 for y ∈ [L, ∞). Therefore,

lim
L→∞

(Ux −Ux,L) = 0.

We note that the final consequence holds if and only if α > 0.5, which follows from the
one-dimensional Sobolev embedding theorem, where the L∞ norm is controlled by the Hα

norm. Consequently,
lim

L→∞
||u − ul ||L∞(0,∞) = 0

with rate e−L. Hence,
u(x) = lim

L→∞
uL(x) ≥ 0,

which completes the proof of the theorem.
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Remark 1. It should be noted that the restriction α > 1/2 stems from the method of proof employed
in Theorem 1 and may therefore be viewed as a limitation of the argument rather than a definitive
threshold. To the best of our knowledge, no counterexamples to the maximum principle are currently
known for α ≤ 1/2. While heuristic considerations suggest that the scope of Theorem 1 might
extend to α ∈ (0, 1), a rigorous justification of this conjecture is presently unavailable and remains
an open problem.

4. Discrete Fractional Diffusion Problems
4.1. Discrete Maximum Principle: Finite Difference Case

For standard (local) elliptic boundary value problems, Stieltjes matrices are the most
often used tool to prove the discrete maximum principle. This is the class of real sym-
metric positive definite matrices with non-positive off-diagonal elements. In other words,
these are symmetric M-matrices. We recall that the inverse of every Stieltjes matrix is
elementwise non-negative.

Here and further in the article, we assume that the finite difference approximation is
defined on the (2d + 1)-point stencil. Thus, A is a Stieltjes matrix.

Sufficient conditions for functions which preserve the class of Stieltjes matrices are
studied in [3]. As a conclusion from the main theorem, three examples of nontrivial
functions which map Stieltjes matrices into Stieltjes matrices are presented. The first of
them is Aα for α ∈ (0, 1). Therefore, the following lemma holds:

Lemma 2. Let Ω be a bounded domain with a rectangular polygonal/polytopic boundary ∂Ω and ωh

be a rectangular mesh consistent with ∂Ω. We assume also that the finite difference approximation
is obtained by balanced method applying (6) in each of the coordinate directions. Then the discrete
fractional diffusion problem

Aαu = f

satisfies the maximum principle and if f (x) ≥ 0 in Ω (i.e., f ≥ 0), then u ≥ 0.

4.2. Discrete Maximum Principle: Finite Element Case

We consider discretization by linear finite elements defined on the mesh Th, which
partitions Ω into triangles/tetrahedra. When analysing the finite element case, here and
further in the paper we assume that there are no obtuse e ∈ Th. Under such a condition,
the stiffness matrix S is a Stieltjes matrix. This property follows from the representation of
the element stiffness matrices in explicit form for both triangles and tetrahedra, where, up to
a scaling constant, all off-diagonal elements are cotangents of the corresponding angles.

The mass matrix is positive regardless of the mesh e ∈ Th, thus preserving the sign
of the right-hand side of the discrete problem. However, this is not enough to guarantee
the discrete maximum principle. This is the reason why we consider a finite element
approximation with a lumped mass matrix M̃, as already defined in the previous section.
Then the discrete fractional diffusion problem is written in the form Ãαu = M̃f,Ã = M̃−1S.

Although it has only non-positive off-diagonal elements, Ã is not a Stieltjes matrix.
This is particularly due to the fact that the matrix is not symmetric. Regardless of the
former, the following lemma holds:

Lemma 3. Let Ω be a bounded domain with a polygonal/polytopic boundary ∂Ω, and let Th

be a mesh of non-obtuse triangles/tetrahedra that is compatible with ∂Ω. We also assume that
finite element discretization with a lumped mass matrix is applied. Then the discrete fractional
diffusion problem

Ãαu = f,
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satisfies the maximum principle and if f (x) ≥ 0 in Ω, then u ≥ 0.

At the end of the next section, we will show how the proof of the lemma follows from
the properties of the best uniformly rational approximation of Ã−α.

4.3. Monotonicity-Preserving BURA Numerical Solution

Here, we apply the rescaled BURA as presented in [14]. First, some basic properties of
the method are presented. Let us consider the set of rational functions

Rk = {rk(z) := Pk(z)/Qk(z), Pk ∈ Pk, and Qk ∈ Pk},

where Pk is the set of algebraic polynomials of degree k with real coefficients. The best
uniform rational approximation (BURA) rα,k(z) of zα on [0, 1] is then defined as

rα,k(z) := min
rk(z)∈Rk

max
z∈[0,1]

|rk(z)− zα|.

Then the BURA approximation of the solution of fractional diffusion system is given by

u ≈ uk = µ−α
1 rα,k(µ1A−1)f

where µ1 > 0 is the first eigenvalue of A. The roots ζi and poles di of rα,k(z) satisfy the
interlacing inequalities (see, e.g., [24]):

0 > ζ1 > d1 > ζ2 > d2 > · · · > ζk > dk. (15)

Lemma 4. Let Pk(z) and Qk(z) be polynomials of degree k with real coefficients. Suppose that the
roots {ζi}k

1 and {di}k
1 of Pk and Qk, respectively, satisfy the interlacing property

0 > ζ1 > d1 > ζ2 > d2 > · · · > ζk > dk.

Let rk(z) = Pk(z)/Qk(z) and rk(1) > 0. Then

(i) rk(z) = c0 + ∑k
i=1

ci
z−di

, c0 > 0; ci < 0, i = 1, . . . , k;

(ii) rk(µz−1) = c̃0 + ∑k
i=1

c̃i
z−d̃i

, µ > 0; c̃i > 0, i = 0, . . . , k; d̃i < 0, i = 1, . . . , k.

Proof. The claim is similar to Proposition 2.1 in [14], but, for the sake of completeness, we
will provide a slightly different proof here, as well. Denote by sgn(x) the sign of the real
number x and extend the definition also for ±∞, i.e., sgn(±∞) = ±1. Further, denote by
rk(d+) the right-hand limit of rk(z) at d, respectively, by rk(d−) the left-hand limit of rk(z)
at d.

Since all roots of Qk(z) are real and simple, and the degree of Pk(z) is equal to the
degree of Qk(z), we know that partial fraction decompositions of the types (i) and (ii)
exist. Thus, we just need to compute the signs of the coefficients. Due to the interlacing
property, we have that sgn(rk(z)) is constant in the interval (ζ1,+∞). But rk(1) > 0 and
1 ∈ (ζ1,+∞); thus, the sign function is one on the above interval. Now, in the interval
(d1,+∞), there is only one zero of Pk(z) and no zeros of Qk(z), which gives rise to

sgn
(
rk(d+1 )

)
· sgn(rk(1)) = −1 =⇒ rk(d+1 ) = −∞.

The latter implies sgn(c1) = −1. Repeating the above procedure, we get

sgn
(
rk(d−1 )

)
· sgn

(
rk(d+1 )

)
= −1 & sgn

(
rk(d−1 )

)
· sgn

(
rk(d+2 )

)
= −1 =⇒ rk(d+2 ) = −∞,
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and sgn(c2) = −1. By induction, we conclude that sgn(ci) = −1 for all i = 1, 2, . . . , k.
Finally, r′k(z) = ∑k

i=1 −ci/(z − di)
2 is strictly positive when z ∈ (d1,+∞). Therefore,

c0 = lim
z→+∞

rk(z) > rk(1) > 0.

For (ii), direct computations lead to

rk(µz−1) = c0 +
k

∑
i=1

ci

µz−1 − di
=

(
c0 −

k

∑
i=1

ci
di

)
+

k

∑
i=1

−µci/d2
i

z − µ/di
.

Thus c̃0 = c0 − ∑k
i=1 ci/di = rk(0) > 0, due to 0 ∈ (ζ1,+∞), c̃i = −µci/d2

i > 0, and d̃i =

µ/di < 0 for all i = 1, . . . , k. The proof is completed.

Since |rα,k(1) − 1| = Eα,k ≪ 1, where Eα,k is the BURA error, (15), together with
Lemma 4 (ii), ensures that the BURA approximation of A−αf can be written in the form

u ≈ uk = c̃0f +
k

∑
i=1

c̃i(A− d̃iI)−1f :=
k

∑
i=0

u(i)
k , (16)

where c̃0 > 0, and c̃i > 0, d̃i < 0 for 1 ≤ i ≤ k.
In the case of finite difference discretization and under the assumptions already made,

A− d̃iI is a Stieltjes matrix. Therefore, if f (x) ≥ 0 in Ω, i.e., f ≥ 0, then u(i)
k ≥ 0. In other

words, the BURA method preserves monotonicity.
The situation changes when discretizing by the finite element method, where the

matrix Ã = M̃−1S is not Stieltjes. In this case, however, we can rewrite (16) as follows:

u ≈ uk = c̃0f +
k

∑
i=1

c̃i(M̃−1S− d̃iI)−1f = c̃0f +
k

∑
i=1

c̃i(S− d̃iM̃)−1M̃f :=
k

∑
i=0

u(i)
k . (17)

Here, S− d̃iM̃ is a Stieltjes matrix and, therefore, if f (x) ≥ 0 in Ω, i.e., f ≥ 0 and M̃f ≥ 0,
then u(i)

k ≥ 0, and again the BURA method preserves monotonicity.
We summarize the results, and thus we obtain the following theorem:

Theorem 2. Let the fractional diffusion problem be discretized using the finite difference method or
the finite element method, whereby the conditions of Lemma 2 or Lemma 3 are satisfied, respectively.
Then the BURA numerical solution method, defined by (16) or (17), preserves the monotonicity of
the corresponding fractional diffusion linear system.

Remark 2. As shown in [14], the BURA numerical solution of fractional diffusion system (ex-
ponentially) converges to the exact solution, i.e., limk→∞ uk = u. Therefore, if the assumptions
regarding the finite element method discretization in Lemma 3 are satisfied, and if f (x) ≥ 0, then
uk ≥ 0, hence u ≥ 0.

5. Discrete Fractional Diffusion–Reaction Problems
5.1. Discrete Maximum Principle: Finite Difference Case

The result in the finite difference case follows directly from the arguments in Section
4.1. We recall that the approximation is defined on the (2d + 1)-point stencil; then A is a
Stieltjes matrix and, consequently, Aα is a Stieltjes matrix.

From the definition, it is clear that the sum of two Stieltjes matrices is another Stieltjes
matrix. The same applies in particular if consider a positive diagonal shift. Therefore, the
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finite difference diffusion–reaction matrix Aα + qI is a Stieltjes matrix. Thus we obtain that
the following lemma holds:

Lemma 5. Let Ω be a bounded domain with a rectangular polygonal/polytopic boundary ∂Ω and ωh

be a rectangular mesh consistent with ∂Ω. We assume also that the finite difference approximation
is obtained by balanced method applying (6) in each of the coordinate directions. Then the discrete
fractional diffusion–reaction problem

(Aα + qI)u = f

satisfies the maximum principle and if f (x) ≥ 0 in Ω (i.e., f ≥ 0), then u ≥ 0.

5.2. Discrete Maximum Principle: Finite Element Case

Here, we strictly adhere to the finite element discretization framework from Section 4.2.
However, to prove the maximum principle, we will need an alternative approach.

Lemma 6. Let Ω be a bounded domain with a polygonal/polytopic boundary ∂Ω, and let Th

be a mesh of non-obtuse triangles/tetrahedra that is compatible with ∂Ω. We also assume that
finite element discretization with a lumped mass matrix is applied. Then the discrete fractional
diffusion–reaction problem (

Ãα + qI
)

u = f,

satisfies the maximum principle and if f (x) ≥ 0 in Ω, then u ≥ 0.

Proof. Let us consider the elliptic extension problem introduced in Lemma 1, and let us
replace V ⊂ H1(Ω) with the finite element space of piecewise linear functions Vh ⊂ V
corresponding to Th. Then, the finite element approximation of the solution of the fractional
diffusion–reaction problem is obtained from the discrete representation of (14), i.e.,

Uh(x, y) =
∞

∑
i=1

ϑ2
i (y)[Ah + dαq + νi)I ]−1dα fh(x)

and

uh(x) =
∞

∑
i=1

ϑ2
i (0)[Ah + (dαq + νi)I ]−1dα fh(x). (18)

Thus, in the case of finite element discretization with a lumped mass matrix, from (18)
we obtain

u =
∞

∑
i=1

ϑ2
i (0)[Ã+ (dαq + νi)I]−1dαf =

∞

∑
i=1

ϑ2
i (0)

[
S+ (dαq + νi)M̃

]−1
dαM̃f ≥ 0, (19)

which completes the proof. We note that in the last inequality we used that S+ (dαq + νi)M̃
is a Stieltjes matrix, which is not true if the mass matrix is not lumped.

5.3. Monotonicity-Preserving URA and BURA Numerical Solution

Let us write formula (19) in the form

u = Rq(Ã)f

where
Rq(t) =

∞

∑
i=1

ϑ2
i (0)

t + dαq + νi
, t ∈ [µ1, ∞).

Then, when the infinite sum is truncated, e.g., keeping the first k terms, we will obtain a
rational approximation of u of degree k. It is easy to see that such a rational approximation
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preserves monotonicity. However, it is not so easy to find the coefficients ϑi and νi. Such a
rational approximation may also not be the best. This is the reason why methods based on
uniform rational approximation are preferred here.

We will now consider the URA and BURA methods introduced in [21] for numerically
solving the fractional diffusion–reaction system [Ãα + qI]u = f. They are based on the two
rational approximations of

g(z) =
1

z−α + q
=

zα

1 + qzα

on z ∈ [0, 1]. We first introduce

r̄α,q,k(z) :=
rα,k(z)

1 + qrα,k(z)
,

where rα,k(z) is the best uniformly rational approximation of zα, which we analyzed in
Section 4.3. Second, we introduce the best uniformly rational approximation rα,q,k(z) ∈ Rk.
Then, the following two approximations of u = [Ãα + qI]−1f were proposed, thus defining
the following two alternative numerical methods:
(a) URA method: u(1)

k := r̄α,q,k(Ã−1)f & (b) BURA method: u(2)
k := rα,q,k(Ã−1)f.

We stress that the BURA method uses the best uniform rational approximation, while
URA is based on an otherwise constructed rational approximation. Specifically, the URA
is obtained by the best uniform rational approximation of the zα terms in the right-hand
representation of g(x). For a given q > 0, both methods have an exponential rate of
convergence with respect to k. However, as might be expected, error estimates show the
better accuracy of BURA, which is also confirmed by the numerical tests conducted.

From a theoretical point of view, one of the advantages of the URA method is that
the corresponding roots and poles satisfy interlacing inequalities similar to (15) (see [21]).
Therefore, the analogues of the representations (16) and (17) are valid, which, in conclusion,
leads to the following theorem:

Theorem 3. Let the fractional diffusion–reaction problem be discretized using the finite difference
method or the finite element method, whereby the conditions of Lemma 2 or Lemma 3 are satis-
fied, respectively. Then the URA numerical solution method preserves the monotonicity of the
corresponding fractional diffusion–reaction linear system.

The validity of interlacing inequalities for roots and poles but without theoretical proof
has also been experimentally observed for the BURA method. This issue will be discussed
in the next section. If we assume that such a property holds, from Lemma 4, we immediately
obtain that the BURA numerical solution method for fractional diffusion–reaction systems
also preserves monotonicity.

6. Numerical Examples
In this section, we demonstrate the monotonicity preservation of the URA solution

method for fractional diffusion–reaction systems, and we also provide numerical evi-
dence that the corresponding BURA solution method also preserves monotonicity. Thus,
the experimental study has two primary objectives: first, to validate the theoretical results,
and second, to illustrate phenomena that extend beyond the current theory. The latter
objective specifically concerns the case α = 0.5, noting that the rigorous analysis based on
Theorem 1 applies to the sub-diffusive regime with strictly α ∈ (0.5, 1).
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6.1. The Interlacing Property for Roots and Poles of BURA Elements

Using the BRASIL software [19], we have computed the zeros and poles of all BURA
elements rα,q,k(z) and all URA elements r̄α,q,k(z) for all choices of α ∈ {0.25, 0.50, 0.75},
q ∈ {1, 2, 4, 8, 16, 32, 100, 200, 400}, and 1 ≤ k ≤ 10. For each one of the 270 computed
BURA elements, the interlacing property (15) holds true. Four particular examples (α ∈
{0.50, 0.75}, q ∈ {1, 100}, k = 6), together with their URA counterparts, are documented in
Table 1.

Let us recall that, by {ζi}k
1 and {di}k

1, we denoted the zeros and poles of rα,k, respec-
tively. Analogously, we denoted, by {ζ̄i}k

1 and {d̄i}k
1, the zeros and poles of the URA

element r̄α,q,k. In [21], it was proven that

0 > ζ̄1 = ζ1 > d̄1 > d1 > ζ̄2 = ζ2 > d̄2 > d2 > · · · > ζ̄k = ζk > d̄k > dk > −∞, (20)

which is numerically validated in Table 1. Similarly, if we denote by {ζ̃i}k
1 and {d̃i}k

1
the zeros and poles of the BURA element rα,q,k, all the numerical experiments satisfy the
interlacing property

0 > ζ̃1 > ζ1 > d̃1 > d̄1 > d1 > ζ̃2 > ζ2 > d̃2 > d̄2 > d2 > · · · > ζ̃k > ζk > d̃k > d̄k > dk > −∞. (21)

Furthermore, we observe that, for fixed α and k, the distances ζ̄i − d̄i and ζ̃i − d̃i

monotonically decrease when q monotonically increases. For example, when α = 0.75,
q = 100, k = 6, we have ζ̄6 − d̄6 ≈ 3 · 10−3 and ζ̃6 − d̃6 ≈ 4 · 10−3.

6.2. Monotonicity Preservation

We demonstrate the monotonicity preservation of the BURA/URA solution meth-
ods for fractional Laplacian reaction systems on a couple of 2D examples. For de-
tailed explanation of the experimental setup and the derivation of the presented results,
please see Appendix A. A uniform rectangular mesh with h = 2−10 is introduced in
Ω = [0, 1] × [0, 1]. Consequently, the size of the discrete problem (i.e., the number of
unknowns) is N = (210 − 1)× (210 − 1) = 1046529. In this formulation of the problem,
finite difference discretization on a five-point stencil and linear finite element discretization
with a lumped mass matrix are equivalent. Both considered variants of the right-hand-
side f (x) are piecewise constant functions. Such examples are representative due to the
Runge’s phenomenon, i.e., the inability of nonlinear interpolatory polynomials to preserve
monotonicity on such data.

The first choice f (x) = f1(x) consists of the constant one, apart from the patch
[1/4, 1/2]× [1/4, 1/2], where the function is zero. In the second case, f (x) = f2(x) is a
4 × 4 chessboard-type of function, where the values 0, 1 alternate (see Figure 1). In both
cases, the solution is characterized by boundary and interface layers whose steepness
decreases with increasing α or q.

We consider α ∈ {0.50, 0.75}, q ∈ {1, 100}, and k ∈ {4, 8}. When q = 1, the diffusion
effect of Aα is well represented, as can be seen in the second column of Figure 1. When
q = 100, the reaction term dominates and the shape of the solution resembles the shape
of the right-hand side. This effect is further and further enhanced with the increment of q.
Similar behaviour is observed when q is fixed and α decreases.

According to the theory, which has also been confirmed by numerical tests, the non-
negativity preservation of URA is independent of k. As observed, this behavior is likewise
confirmed experimentally by the BURA numerical tests.

For all considered setups, both URA and BURA numerical solutions are positive and
well separated from zero. Actually, for all 3 ≤ k ≤ 8 and both α ∈ {0.5, 0.75}
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min u(1,2)
k = O

(
10−4

)
, f = f1, q = 1; min u(1,2)

k = O
(

10−7
)

, f = f2, q = 1;

min u(1,2)
k = O

(
10−5

)
, f = f1, q = 100; min u(1,2)

k = O
(

10−9
)

, f = f2, q = 100.

The difference functions u(2)
k −u(1)

k are plotted on Figure 2. The order of the magnitude
of every difference function is smaller than the order of the magnitude of the corresponding
BURA/URA solutions, which agrees with [21]. As expected, the largest difference values
are around the discontinuities of the right-hand-side and the boundary condition–f values
disagreements. As q increases, so does the above dependence and its visualization.

7. Discussion
This paper contains results that qualitatively and quantitatively characterize the spec-

tral fractional diffusion–reaction problems. In short, the main contributions are identified
by the presented systematic analysis. We show first that the maximum principle is valid in
both the continuous and discrete cases, and then that the considered rational approxima-
tions of the BURA and URA type preserve the monotonicity of the numerical solution. It is
well known that such a chain of properties is not unconditionally valid, for example, in the
non-fractional case. The fractional diffusion term makes the problem non-local, which
generally complicates the analysis.

The theoretical results presented are based on assumptions, with the aim being to
minimize the imposed requirements. For example, in Theorem 1, where the maximum
principle is proven for fractional diffusion–reaction problems, there are no additional
requirements compared to the non-fractional case. This is particularly case because the
elliptic extension introduced in Lemma 1 is valid under most general assumptions. Both
finite difference stencils and finite element meshes guarantee that the corresponding FDM
matrix A and the FEM stiffness matrix S belong to the Stieltjes class. In the simpler
case of standard (local) diffusion, this is sufficient to comply with the discrete maximum
principle. We emphasize that this holds for the FEM discretization of the fractional diffusion
equation if and only if the mass matrix is lumped. Then the BURA numerical solution
of the corresponding dense linear systems preserves the monotonicity due to interlacing
inequalities of roots and poles of the rational approximation of zα. A more in-depth
analysis was needed in the case of a fractional diffusion reaction, where the highest value
contributions are also contained. Here, the URA and BURA numerical solutions have
some complementary properties. Thus, the final result for preserving monotonicity (see
Theorem 3) is obtained for the URA case. Consistent with theory, BURA outperforms URA
in terms of accuracy, although both methods have an exponential convergence rate with
respect to the power k. This is confirmed by numerical experiments. However, experimental
results also show interlacing behaviour of the roots and poles of the best uniformly rational
approximation of g(z) = 1/(z−α + q). This led to the hypothesis that the monotonicity
preservation statement from Theorem 3 also holds for the BURA method.

Theorem 1 plays a central role in the present analysis. It also raises the question
of whether a maximum principle for fractional diffusion–reaction problems can hold for
positive powers α ≤ 0.5. The proof of the theorem relies on the one-dimensional Sobolev
embedding theorem, in which the L∞ norm is controlled by the Hα norm. It is well known
that this embedding holds only for α > 0.5. Consequently, extending the proof of the
maximum principle to smaller values of α would necessitate a fundamentally different
analytical approach.

This article also addresses a number of new issues regarding the BURA and URA
methods. Qualitatively, new constructive results have been obtained. These, in turn, lead to
new challenges and open questions. Such examples are the following two specific questions
for fractional diffusion–reaction problems: (a) proof of interlacing inequalities for the roots
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and poles of the best uniform rational approximation of g(z), z ∈ [0, 1]; (b) improving the
convergence of the URA and BURA methods by appropriate scaling in the definitions of
the approximations u(1)

k and u(2)
k .

Our future plans include research on questions related to the maximum principle
for parabolic and convection–diffusion–reaction problems involving spectral fractional
diffusion terms.

In conclusion, it appears significantly more challenging to obtain comparable results
when the reaction coefficient q(x) ≥ 0 is not a constant. For instance, the BURA framework,
which relies on rational approximation of the scalar function g(z) = 1/(z−α + q), is no
longer applicable in the variable-coefficient case. Consequently, addressing this setting
requires the development of a fundamentally new approach.
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Appendix A. Computational Details to Section 6
In this section, we will provide additional details on the execution of our conducted

numerical experiments in Section 6.2 in order to allow for the reproducibility of the results.
We applied BURA and URA numerical solvers to the problem (5), where, following

Section 2.1, the matrix A ∈ RN×N , N = n2, had the following block structure:

A =
1
h2



A1,1 −I
−I A2,2 −I
· · · · · · · · · · · · · · ·

−I Ai,i −I
· · · · · · · · · · · · · · ·

−I An,n


, Ai,i =


4 −1
−1 4 −1
· · · · · · · · · · · ·

−1 4 −1
−1 4

.

Here, Ai,i ∈ Rn×n, i = 1, · · · , n and I are the identity matrix in Rn.
Problem (5) is the finite difference discretization of the fractional diffusion–reaction

problem (3) with homogeneous Dirichlet boundary conditions, where A = −∆ corresponds
to the classical 2D Laplace operator. We only consider the FDM setting due to the equiva-
lency between the former and the linear FEM discretization with a lumped mass matrix on
structured grids. Since our computational domain [0, 1]× [0, 1] is a tensor product of unit
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intervals, we introduce the three-point stencil approximation of the 1D Laplace operator
B ∈ Rn×n, where n = 1

h − 1

B =
1
h2


2 −1
−1 2 −1
· · · · · · · · · · · ·

−1 2 −1
−1 2

.

We have the identity A = B⊗ I+ I⊗B, where ⊗ denotes the Kronecker product of matrices.
The eigenvalues and normalized eigenvectors of B are, respectively,

λi =
4
h2 sin2

(
iπh

2

)
, Ψi =

√
2h{sin(ikπh)}n

k=1, i = 1, . . . , n.

In particular,

λ1 =
4
h2 sin2

(
πh
2

)
≈ 4

h2

(
πh
2

)2
= π2,

independently from the choice of h ≪ 1.
Thus, the eigenvalues and normalized eigenvectors of A are

λkl =
4
h2

(
sin2

(
kπh

2

)
+ sin2

(
lπh

2

))
, Ψkl = Ψk(x)Ψl(y), k, l = 1, . . . , n.

In particular, µ1 = λ11 = 2λ1 ≈ 2π2.
The choice for h = 2−10 is a balanced one. The mesh is not very fine; thus, the

execution time for our algorithms is relatively low, but, at the same time, the mesh is not
very coarse, either, giving rise to an approximately 10−3 discretization step in space, which
is still practical for certain real-life applications. As mentioned in Section 6.2, such an h
gives rise to n = 210 − 1 = 1023 and N = n2 = 1046529, respectively. We have conducted
experiments with k ∈ {3, 4, 5, 6, 7, 8} for α ∈ {0.50, 0.75} and both considered right-hand
sides {f1, f2}. Runtimes depend linearly on k when sequential algorithms are used, as we
need to independently solve k linear systems on diagonal shifts of A. We apply the Thomas
algorithm with separation of variables for solving each of the diagonally shifted systems.

In summary, our experiments follow the following procedure:

1. For given {α, q, k}, compute the coefficients {ci} and the poles {di} of rα,k(z) (URA)
and rα,q,k(z) (BURA), using BRASIL v2.1.0 software.

2. Apply the proof of Lemma 4 to compute the coefficients {c̃i} and the poles {d̃i} of
rα,k(z−1) and rα,q,k(z−1).

3. Derive the corresponding fractional decomposition (16) and use µ1 = 2π2 for scaling.
4. For each system of the type

(
A− d̃iI

)
u = f, apply the Thomas algorithm:

• Construct W =
(
ΨT

1 , ΨT
2 , . . . , ΨT

n
)
.

• Compute gi = WTfi, i = 1, . . . , n.
• Construct D = diag(λi + 2/h2) and compute∣∣∣∣∣∣∣

Dv1 − v2 = g1

−vi−1 +Dvi − vi+1 = gi, i = 2, . . . , n − 1
−vn−1 +Dvn = gn

• Compute ui = Wvi, i = 1, . . . , n.
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Once we compute the corresponding BURA/URA numerical solution, we take min u to be
the smallest value among its n × n entries.
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