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Abstract

Elastic wave scattering in polycrystalline materials has been a long-lasting topic in seis-
mology and physical acoustics. Numerous analytical scattering models have been re-
ported for polycrystals with random grain orientations. However, the elastic wave scat-
tering in polycrystals with a preferred grain orientation (crystallographic texture) has not
been well studied. This study develops a general ultrasonic scattering model that corre-
lates the scattering coefficients and attenuation coefficients with orientation distribution
coefficients (ODCs) for polycrystalline materials with a crystallographic texture. These
models are valid for aggregates of triclinic grains with arbitrary texture symmetry. Since
different terminologies for orientation distribution functions (ODFs) are adopted in quan-
titative texture analysis, the relations between different terminologies are also summa-
rized in this study. Furthermore, for two special cases—hexagonal polycrystalline mate-
rials with a fiber texture and cubic polycrystalline materials with orthotropic texture sym-
metry —explicit expressions for the ultrasonic backscattering coefficient through ODCs
are derived. The explicit relationship between ultrasonic backscattering and ODCs not
only manifests how the individual texture coefficients impact ultrasonic scattering but
also makes it possible to determine ODCs up to the eighth order experimentally from ul-
trasonic scattering measurements. This type of forward model also can be applied to the
microstructure characterization of textured polycrystals.

Keywords: ultrasonic scattering; crystallographic texture; orientation distribution
coefficients; polycrystalline materials; hexagonal symmetry; cubic symmetry

1. Introduction

Elastic wave backscattering is of great importance in semiology [1], medical imaging
and non-destructive evaluation [2]. One well-known characteristic related to scattering is
the differential cross-section or scattering coefficient. When the scattered wave is opposite
to the incident wave, this phenomenon is called backscattering. Extensive studies have
been reported about the modeling of the elastic wave backscattering coefficient in various
media, such as human tissue and polycrystalline media. For polycrystalline media,
backscattering carries important information about the microstructure [3,4] and stress [5],
and it has been applied for microstructure characterization.

Generally, natural and man-made polycrystalline materials, such as rocks and engi-
neering alloys, present some texture—namely, the crystallites (grains) in the
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polycrystalline aggregate, have a preferred crystallographic orientation [6]. The texture
can cause anisotropic material properties, and its impact on material properties has been
quantified through the orientation distribution function (ODF), which is a probability
density function describing the crystal orientation distribution in 3D space. The most
widely used ODF in semiology and materials engineering is in the form of generalized
spherical harmonics [7,8], and the coefficients for the generalized spherical harmonics are
called orientation distribution coefficients (ODCs).

The correlation between the elastic wave velocity and ODCs has been investigated
by others [9,10]; however, the relation between ultrasonic backscattering and ODCs has
not been well studied yet. One recent backscattering coefficient model for polycrystals
accounted for texture impacts [11]; however, it adopted a simple-form ODF to illustrate
the texture’s effect on the backscattering coefficient, instead of the generalized spherical
harmonics ODF. Another study [12] reported the relation between backscattering and
ODCs for hexagonal polycrystalline materials with a fiber texture; however, it is limited
to backscattering in the symmetric axes of a textured hexagonal polycrystalline material.
This study aims to correlate ultrasonic scattering coefficients with ODCs under the weak
scattering assumption (spatial variation in elastic constants is small [13]) for a general case,
namely a polycrystal of triclinic grains in an ellipsoidal shape with arbitrary texture sym-
metry. It also derives explicit backscattering coefficients using ODCs for two specified
cases, namely a polycrystal of hexagonal grains with a basal fiber texture and an aggregate
of cubic grains with orthotropic texture symmetry, since these two types of texture are
common in the materials industry [14].

This paper is structured as follows. In Section 2, the theoretical background regarding
different orientation distribution functions and the relations between different ODF ter-
minologies are discussed. This is followed by the general ultrasonic scattering models for
scattering and attenuation coefficients expressed by ODCs. In Section 3, the explicit equa-
tions for the ultrasonic backscattering coefficient in two specific cases, namely a polycrys-
tal of cubic grains with an orthotropic texture and an aggregate of hexagonal grains with
a {0001} basal fiber texture, are addressed. Computation examples and a discussion are
given in Section 4. Finally, concluding remarks are drawn.

2. Relation Between Ultrasonic Scattering and Orientation
Distribution Functions

This section will address the ultrasonic scattering in textured polycrystalline materi-
als. Firstly, the mathematic function for texture description, the ODF, is introduced. Then,
the relation between the scattering coefficient and texture coefficient is established.

2.1. Relation Mathematical Descriptions of Macroscopic Texture and Orientation Distribution
Functions

To quantify the statistical crystallographic orientation distribution of crystallites in
3D space, the orientation distribution function in generalized spherical harmonics form is
widely used as a measure of the texture extent. Well-known ODF terminologies include
Roe’s notation [8], Bunge’s convention [7], and Matthies’s definition [15]. Each terminol-
ogy defines three Euler rotation angles; however, the rotation sequence in each terminol-
ogy is different. For example, the Euler rotation angels and rotation sequence in Bunge’s
convention [7] are shown in Figure 1. The definition of Euler rotation angles ¢4, ®, ¢, in
Bunge’s terminology is as follows [7]: first, rotate about the T, axis though the angle ¢,; then,
rotate about the x” axis by the angle @; finally, rotate about z axis through the angle ¢,.

Meanwhile, these angle rotations in Roe’s definition [8] are depicted in Figure 2. The
definition of Euler rotation angles ¢,8,¢ in Roe’s terminology is as follows [8]: first,
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rotate about the T, axis though the angle ¢; then, rotate about the y’ axis by the angle 6;

finally, rotate about the z axis through the angle ®.

As explained in Ref. [15], Matthies’s rotation sequence is identical to Roe’s, but dif-
ferent symbols are employed for the three Euler angles. A summary of the Euler angles
and rotation sequences for the different terminologies [6,7,15] is given in Table 1, and in-

terested readers should refer to Refs. [6,7] for more details.
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Figure 1. The definition of Euler rotation angles ¢,, ®, @, in Bunge’s terminology [7]: first, rotate
about the T, axis though the angle ¢4; then, rotate about the x’ axis by the angle ®; finally, rotate

about the z axis through the angle ¢,.
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Figure 2. The definition of Euler rotation angles ¢, 8, ¢ in Roe’s terminology [8]: first, rotate about

the T, axis though the angle ¢; then, rotate about the y’ axis by the angle 6; finally, rotate about
the z axis through the angle ®.

Table 1. Euler angles and rotation sequences for different terminologies [6,7,15].

Scale First Angle Second Angle Third Angle
Bunge ¢, (z-axis) @ (x-axis) ¢, (z-axis)

Roe @ (z-axis) 0 (y-axis) @ (z-axis)
Matthies a (z-axis) p (y-axis) ¥ (z-axis)
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The mathematical expression of the ODF in Roe’s notation [8] is

w(,6,9) = XiZo Zin=it Zn=—t Wimne ™" Zimn (§)e "¢ (1)

where ¢,0, ¢ are the rotation angles in Roe’s convention (see Figure 2). The definition of
Euler rotation angles ¢, 6, ¢ in Roe’s terminology is as follows [8]: first, rotate about the
T, axis though the angle ¢; then, rotate about the y’ axis by the angle 0; finally, rotate
about the z axis through the angle ®.

Index numbers 1, m and n are integers, { = cos @, Wy, represents the ODCs and
Zymn (&) denotes generalized spherical harmonics (its expression is given in Ref. [8]). When
the ODF is known, one also can determine the ODCs using the following equation [16]:

Winn = — I3 [7" 2, w(,€, )€™ Zy (e dEdpdep @
Alternatively, the ODF in Bunge’s terminology [7] is
f(®1, P, ¢2) = XiLo Xin=—y L=y C"e P2 P (cos P)e™P1 ®)

where ¢,, ®, ¢, are the rotation angles in Bunge’s convention (see Figure 1). The defini-
tion of Euler rotation angles ¢, @, ¢, in Bunge’s terminology is as follows [7]: first, rotate
about the T, axis though the angle ¢;; then, rotate about the x’ axis by the angle @; fi-
nally, rotate about the z axis through the angle ¢, . (/™ denotes the ODCs
and P[""(cos @) denotes generalized spherical harmonics (see Ref. [7]).

The reintroduction of quantitative texture analysis occurred in the 1980s. Matthies
[17] first reported the ghost phenomenon in texture analysis, which is caused by non-zero
odd-order texture coefficients. However, non-zero odd-order texture coefficients do not
affect the mechanical properties of a polycrystal due to grain symmetry [7]. A new form
of ODF proposed by Matthies [15] contains a D-function:

o ! / 0 / !
f(a,ﬁ,y):z Z zcr[nnDrlnn (a’ﬁsy)zz Z Zcinndrlnn (ﬂ)eiimaeiin}/ (4)
=0

1=0 m=—In=-1 m=—In=—1 ,

where a, B,y are the rotation angles defined by Matthies [15], ¢, denotes the texture
coefficients, and the D-function D}, (a,B,y) = dbn(B)e™™%e™™ (see Ref. [15] for the ex-
plicit equation for the D-function). The D-function in Equation (4) is related to Bunge’s
P™(cos @) and Roe’s Z;,,,(£), and their relations will be discussed later. Although the
ODFs in Roe’s and Bunge’s notations have been widely used to predict effective polycrystal-
line properties, such as elasticity and magnetism, the ODF in Matthies’s convention has also
been adopted by numerous authors to calculate effective elastic moduli, such as in Ref. [18].

Other forms of ODFs also can be seen in the literature, such as the Gaussian ODF [19]
and the hyperspherical harmonics ODF [20]. The Gaussian ODF in Ref. [19] presents con-
tinuous texture variation, and it provides a simpler expression for fiber texture. Such a 1D
Gaussian ODF has been used for ultrasonic backscattering modeling in Refs. [21,22] and
further extended to 3D forms for ultrasonic scattering modeling in Refs. [11,23,24]. The
hyperspherical harmonics ODF in Ref. [20] provides an intuitive interpretation of angle
rotation and texture visualization. However, the ultrasonic scattering model in this work
only accounts for generalized spherical harmonics ODFs.

2.2. Relations Between Different Terminologies for ODFs

Although there are three conventions of Euler rotation (Roe, Bunge and Matthies),
they are related to each other. As explained in Ref. [7], to reach the same local coordinates
x-y-z as in Bunge’s convention, the following set of Roe’s rotation angles should be used:

V1 7
¢:Q—E,6:®,¢:¢2+E ©)

The relation between Roe and Matthies’s rotation anglesis a = ¢, =6,y = ¢.
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Moreover, the generalized spherical harmonics in different notations are correlated.
According to Ref. [7], the conversion between Bunge’s P/™" and Roe’s Z;,,, notation is

Zimn(cos 0) = {*™™ /ZIZ—HP{""(COS 0) (6)

The relation between Roe’s Z;,,,, and Matthies’s D-function has been reported in
Refs. [25,26]:

Zimn(B) = (—1)""”\/? i (B) @)

" and c},, when using different

One also can correlate texture coefficients W, C[™
ODFs to describe the same textured polycrystal, as explained in Ref. [27]. The relation

between Roe’s Wy, and Bung’s /™" has been derived in Ref. [27] as follows:
i = 82 (— )™ | Wi ®)

The conversion between Matthies’s and Roe’s notations was reported in Refs. [25,26]:

- 2
Winn = (=D"™™ ’mcrlnn )

Therefore, when the ODF for a textured polycrystal in one notation is known, one can
convert it to another convention according to the equations above.

2.3. General Relations Between Ultrasonic Scattering Coefficients and ODCs

In the 1980s, ultrasonic scattering in textured cubic polycrystalline materials with or-
thotropic texture symmetry was studied by Hirsekorn [28,29] based on perturbation the-
ory, and the ODF in Bunge’s notation was adopted in Hirsekorn’s studies [28,29] to quan-
titatively describe the macrotexture. Years later, Turner [30] derived the scattering-in-
duced attenuation in terms of the Dyson equation, and the explicit attenuation coefficient
was obtained for aggregates of cubic crystals with a transversely isotropic texture [30] (the
[001] axes of cubic grains are perfectly aligned). Yang and Rokhlin [31] established the
explicit relation between the ultrasonic scattering coefficient and the attenuation coeffi-
cient, and they further developed the backscattering model for cubic polycrystal aggre-
gates with a fiber texture [22]. Recently, the ultrasonic backscattering model in Ref. [22]
was generalized to orthotropic aggregates with an arbitrary texture in Ref. [23] and even-
tually extended to textured aggregates of triclinic constituents with arbitrary texture sym-
metry [11]. However, a Gaussian ODF was employed in these backscattering models
[11,22,23] for illustration purposes, instead of considering an experimental ODF determined
from texture measurements in Bunge’s or Roe’s convention [7,8]. Therefore, these backscatter-
ing models [11,22,23] cannot be practically applied to predict the backscattering coefficient of
a polycrystal with known ODCs that are retrieved from texture measurements.

To correlate the ODCs with general backscattering models, the key is the effective
elastic moduli and elastic constant covariance of a textured medium. Following Refs.
[11,23], this study uses the Voigt reference medium for ultrasonic scattering modeling. To
calculate the effective elastic constants of a textured polycrystalline material, one can use
the Reuss average and self-constant method, as well as the Voigt average. However, for
elastic scattering modeling in polycrystalline materials, the wave attenuation model in
Voigt’s average gives reasonable results, as seen in Ref. [31]. Moreover, a recent study [32]
has reported that the Voigt reference medium is more suitable for elastic wave scattering.
Define C;jy; and (c;ji) as the effective elastic constants of the whole aggregate via the
Voigt average, and one can apply the ODF in Roe’s convention for calculation:
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0

where ¢ (¢, 0, @) is the elastic constant tensor of a single crystallite (after rotation by
¢, 6, ) in the global coordinates T,-T,-T,, and w(¢, 6, ¢) is the ODF in Roe’s notation.
The elastic constant tensor c;jx;(¢$, 8, ) in global coordinates T,-T,-T, is related to those

N

Ciwt (9,0,P)W(, 0, 9) sin(0)d pd pd 6 (10)

7

Cijkl ykl

0'—-§
o'—.

Ciji inlocal crystal coordinates x-y-z by the following rotation matrix [11,33]:

Cijkl(d)'g'(p) RTR RkleSCaB]/S/ (11)

where R]; is the transpose of the rotation matrix R;;, which is expressed by Roe’s Euler

ijs
angles as [8]
cospcosfcosg—singsing  singcosfcosg+cospsing  —sindcosg
R((o, 0, ¢) =| —cos@cosfdsing —sinpcosg —singcosdsing+cospcosg  sinfsing (12)
cosgsiné singsind cosf

Note that Equation (10) for effective elastic moduli is applicable to aggregates of tri-
clinic crystallites with arbitrary texture symmetry. As stated in Ref. [8], due to texture
symmetry and crystallite symmetry, some ODCs (W;,,,,,) in Roe’s ODF must be zero. For
example, the non-zero Wy,,,, for hexagonal crystallite aggregates with an orthotropic tex-
ture are Wyo0, Wazo, Waoo, Wazor Wasor Weoo, Wezo, Weso and Weeo (I < 6). The non-
zero Wiy, for other cases also can be found according to Ref. [8].

Since the reference medium of the polycrystal is known, following Refs. [11,13,30],
the elastic constant fluctuation at a certain point is defined as 8¢;jx;(X) = ¢;ji(X) — Cijxs
and the two-point correlation function is defined as &c¢;jx (X)dc;ji (X'). However, the
backscattering coefficient for a polycrystal is in a statistical sense (see Refs.
[11,22,23,28,29,34]), and only its ensemble average or the mean (6 Cijra(X)O ¢y (X ’)) is of
importance. Under the assumption of an independent orientation among neighboring
grains (see Refs. [11,22,23,34]), the following relation holds: (8c;ju(X)8c;j (X)) =
(8cijiubcijra)w(X — X'). Here, (8¢;jq18¢qpys) is the ensemble average of elastic constant co-
variance, and it is the core of scattering modeling. Note that Einstein summation is
adopted in the covariance. w(X — X") is the spatial two-point correlation function, and it
will be discussed below. The covariance of the elastic constant fluctuation can be calcu-
lated through the following formula [11,23,28]:

<6C11k166aﬁyﬁ) <Cuklcal3y8) (Cijkl><ca375>’ (13)

where the eight-rank tensor for covariance of the elastic constant should be calculated
through the ODF in generalized spherical form by the following equation:

w2n 2w

(emicaps )= | | [cim (@.0.0)caps (9.0,8)w(p,0,4)sin Odpdgdd (14
00 0

where w(¢, 0, ) is the ODF in Roe’s notation. Equations (13) and (14) are applicable to
aggregates of triclinic crystallites with arbitrary texture symmetry. Obviously, the covar-
iance (8c;;qi0c.pys) is merely governed by the crystallite elastic constants and texture.
According to Refs. [11,23,24,30], the inner product, a factor related to the propagation
directions and polarization vectors of the incidence wave and scattering wave, is defined as

IRy o (0:5) = (&) 11, P P1S155,V, (15)

where p is the wave propagation direction of an incidence wave (see Figure 3). The wave
propagation direction is p(T, ¢p;) and the scattering direction is s(0, ¢) in polycrystal-
line materials consisting of uniform ellipsoidal grains. The three main axes of ellipsoidal
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grains are ay, ay and az. s denotes the scattering direction of a scattered wave, as shown
in Figure 3.

p wave propagation
direction

X

Figure 3. Wave propagation direction p(t, ¢;) and scattering direction s(6, ¢) in polycrystalline ma-

terials consisting of uniform ellipsoidal grains. Three main axes of ellipsoidal grains are ay,ay and a;.

u denotes the polarization vector of an incidence wave, and v stands for the polar-
ization vector of a scattered wave. The phase velocities Vy,(p) and Vy(s) and polariza-
tion vectors # and V (eigenvectors) in a textured polycrystal are determined by Chris-
toffel’s equation [35]:

[Cijiapjpr — PViiSucu = 0 (16a)

[Cijrasist — PV S ]vy = 0 (16b)

Since a textured polycrystalline material is anisotropic, generally, there are three
wave modes for both an incidence wave and a scattered wave, namely quasi-longitudinal
(QL), transverse fast (TF) and transverse slow (TS).

For a polycrystal composed of ellipsoidal grains with intercept lengths in a Poisson
distribution, the three mean semi-principal radii are shown in Figure 3. For general pur-
poses, the coordinate for ellipsoidal grains is assumed to be independent of the crystallo-
graphic texture coordinate in the following theoretical model derivation, while the grain
elongation direction would be aligned with the crystallographic texture coordinate in
practical textured metal components such as extruded and rolled steels. The wave propa-
gation directionis p(t, ¢p,;) and the scattering directionis s(0, ¢) in polycrystalline ma-
terials consisting of uniform ellipsoidal grains. The three main axes of an ellipsoidal grain
are ay,ay and az, and the spatial two-point correlation function w(r) (r = X — X’) that
addresses the probability of two points falling within the same grain is in the form of an
exponential function [23,36]:

2 2 2
w(x,y,z) = exp (— z—§+Z—§+z—%) 17)

Moreover, its spatial Fourier transform, Wy, (q), is given as [11,36,37]

8m yaya,

WM—)N (q) = WM—)N (p’s) = 2 2 (17)

2.2, 22
[1 + (QXaX tgyay +qza; )]Z )
where q = kyp — kys is a vector governed by incidence wave p and scattered wave s,
and the wavenumbers ky (p) = w/Vy(p) and ky(s) = w/Vy(S). For a polycrystal
composed of ellipsoidal grains with intercept lengths in a non-Poisson distribution (for
example, mixed columnar grains and equiaxed grains), the spatial two-point correlation
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function can be generalized by adding up multiple exponential terms, as in Ref. [38]; how-
ever, this is beyond the scope of this study, and only one term for the exponential spatial
two-point correlation function is used throughout this paper for simplification.

After relating the ultrasonic velocity and inner product with the ODF in Roe’s nota-
tion, the scattering coefficient (scattering cross-section per unit volume) for a textured ag-
gregate of triclinic ellipsoidal grains is

a)4 IPM—)N (p,S,ODCS)
167°p° Vi (p)Vy(s)

NN (p,s,0ODCs) = WM%N (p,s) (18)
where M stands for the wave mode (quasi-longitudinal, transverse fast or transverse slow)
for an incidence wave with a velocity Vy,(p), and N denotes the mode of a scattered wave
with a velocity Vy(s). Thus, Equation (19) gives the scattering coefficients for nine scat-
tering scenarios. In the backscatter direction, s = —p and the backscattering coefficient
is Ny—n (P, —p, ODCs). In many cases, including the experiments in [36,39], researchers

use the backscattering amplitude \/ Nu-n (P, —p, ODCs) instead.

Another important characteristic associated with scattering is scattering-induced at-
tenuation, which happens because scattering events take place in every direction in the
3D space and acoustic energy is scattered out of the wave beam [2,13,40,41]. The summa-
tion of the scattering energy over all directions produces the attenuation. Following atten-
uation modeling under the framework of Born approximation in Ref. [24], the attenuation
coefficient in a given wave propagation direction p in a textured polycrystal is

ay(P) = ay-or(®) + Ay-or1 (@) + Ay-or2(P), (19)

where QT1 stands for quasi-transverse fast mode, QT2 denotes quasi-transverse slow
mode, and the three components of the attenuation coefficient due to scattering mode con-
version are [24]

w* 27 02 Py (P8, 0DCs)

a = /4 ,8)sin 8d0d

M—QL (p) 3272'2p2V131 (p) J.O IO VgL (S) M—QL (p ) ¢

w 27 02 1By or (.8, ODCs) )

a = /4 ,8)sin @d0d

M—QT1 (p) 3272'2p2V131 (p) J.O J; Véﬂ (S) M—QT1 (p ) ¢ (20)

B 1) 22 02 1B, 51, (P,8, ODCs) .

Ay o1 (P) = D) [ T Wy or(p,8)sin 0d0d g,

where the inner products IPy_n(P,s, ODCs) and two-point correlation function
Wy —n (P, s) have the same definition as those in Equation (18). The relation between the
inner product and ODCs and the numerical calculation of the inner product have been
discussed in the previous sections. As can be seen from Equation (21), integration over all
scattering angles results in the attenuation coefficient.

In summary, general models for the scattering coefficients and attenuation coeffi-
cients related to ODCs (W;,,,,,) in Roe’s notation have been established in this section. One
also can adopt the ODFs in Bunge’s notation or Matthies’s notation to obtain general scat-
tering models using the corresponding ODFs; this will not be repeated here. Explicit ex-
pressions for the scattering and attenuation coefficients by ODCs are difficult to obtain,
and this will not be attempted below; however, we will give explicit backscattering coef-
ficients for two cases: aggregates of hexagonal crystallites with a fiber texture and poly-
crystals of cubic grains with orthotropic texture symmetry.

https://doi.org/10.3390/sym18020283
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3. Explicit Ultrasonic Scattering Coefficients for Textured Polycrystals

3.1. Explicit Backscattering Coefficient for Hexagonal Polycrystalline Materials with Basal
Fiber Texture

In this section, the general scattering model will be specified for hexagonal crystal aggre-
gates with a {0001} basal texture, and explicit equations for the QL-QL backscattering coeffi-
cient will be obtained using the ODF in Roe’s convention. This explicit equation has practical
applications in the determination of texture coefficients and microstructure characterization.

For aggregates of hexagonal crystallites with a {0001} basal texture, the c-axes of hex-
agonal crystallites are somewhat aligned with the T, axis (see Figure 2). The definition of
Euler rotation angles ¢, 6, ® in Roe’s terminology is adopted [8]. Namely, we first rotate
about the T, axis though the angle ¢; then, rotate about the y’ axis by the angle 6; fi-
nally, rotate about the z axis through the angle ®.

According to Ref. [8], the non-zero W,,,, for a hexagonal crystallite aggregate with a
{0001} fiber texture are W,qq, Waoo, Weoo, Weos, Weoo and Wgge (! =< 8 ). Therefore, the
ODF in Roe’s convention could be simplified as

1
w(p,0,9) = Py + W0 Z 200 (€08 0) + W09 Z 490 (€08 ) + Wo0 Z g0 (cOs 0) 21

+ Weoo Zu (€08 )e ™ + Wiy Zgyq (08 8) + Wygs Zigy (cos )e™"

Here, we consider ODCs up to the eighth order, since the covariance employed in the
backscattering model is an eight-order tensor and the order of ODCs should match the
tensor rank [25]. Otherwise, large truncation errors may arise. For polycrystal aggregates
of hexagonal crystallites with a {0001} basal texture, the macroscopic elastic constants of
the aggregate from Equation (10) are

8@7[2 4@7[2

Ch = C101 + TAleoo + TB W00 (22)
Sx/ﬁﬂz 4x/57r2
Cp= C102 _WAszoo +WBW400
2 2
Cs= Cloz +4\/1_i142 200 _MBVVA&OO
105 105
16v107° 320272
0
C33=C11_1—05A1 00 T ————— BWy
231072 16y272
C,, =C, + —— A W,,, ————— BW,
44 =Cyy 105 3200 105 400

where €7, €2, and CJ, are the effective elastic moduli for a macroscopic isotropic hex-
agonal polycrystal aggregate. Their relations with single-crystal elastic constants are
1 1 1
Chh = 5(C101 —Ch), €= 75 (8C11 + 3c33 + 413 + 8c44) and Crr = 75 (€11 + 33+ 51, +
8c13 — 4C44)-
Symbols Aj,A4;,A; and B are defined as
Ay =4deqy =3¢y — 3 —2¢y
Ay =y =Ty +eg3+ 3503 —dey 23)
B =+ ey =203 —4ey
One should note that the Voigt notation is used here to contract the subscripts from
ijkl to MN for both the single-crystal elastic constants and effective elastic constants.
Higher-order ODCs (>fourth) are not involved in determining the effective elastic
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constants; however, they do affect the backscattering and scattering-induced attenuation
(which will be explained below). Ref. [25] proves that, for any texture symmetry, the ef-
fective moduli only depend on ODCs no larger than the fourth order. Physically, this oc-
curs due to crystallite symmetry and sample symmetry. As with the ghost phenomenon
discovered by Mathies [17], some odd-order ODCs do affect the pole figure pattern but
not the macroscopic properties.

Ref. [42] reports the effective elastic constants for aggregates of hexagonal crystallites
with orthotropic texture symmetry using the Voigt averaging method. Our results are
consistent with those in Ref. [42] when degenerating orthotropic texture symmetry to
transversely isotropic texture symmetry. Another finding is that the effective elastic con-
stants in Equation (21) do not require W, higher than the fourth order. One explanation
is that the order of texture coefficients is bounded between 0 and 4 for fourth-rank effec-
tive moduli (either the Voigt or Reuss averaging methods), as explained in Refs. [25,43].

After the effective elastic constants of the whole aggregate are known, one can deter-
mine the phase velocities V and polarization vectors u of the incidence wave and
backscattered wave via Christoffel’s equation:

[Cijimpjpr = PV 2 Sim]tim = 0 (24)
The incidence wave propagation direction p = [SinT cos ¢, ,sintsin ¢,,cos 1]
and the backscattered wave direction s = —p. After solving Christoffel’s equation, the

quasi-longitudinal (QL) velocity in the wave propagation direction or backscatter direc-
tion is obtained:

1 .
VoL = \/5{46‘4 +4C5; cos® 7+ «/5\/E0 + E, cos2t + E, cos4r +4C,, sin’ T} (25)

where E,, E; and E, are defined as
Eg=3C{i +4C5 +3C5; —4C35Cyy +8C4 (Cp5 + Cyy) = 2C, (Cy3 +2Cyy)
E; =-4(Cy —Cx;5)(Cyy +C33 —2C ) (26)
E, =(Cyy +2C ;5 + Cy5)(Cyy —2C 5 + C55 —4Cy,)
From Christoffel’s equation, the velocities of two quasi-transverse waves (transverse

fast (FT) and transverse slow (ST)) in the wave propagation direction or backscatter direc-
tion are derived:

1 .
Vir = \/% {4C44 +4C;;, cos’ 7 — \/E\/EO + E,cos27 + E, cosd4r +4C, sin’ r} (27a)

1
Vor = \/E {Cn —Cp +2C4 — (G = Cj, —2Cyy ) cos 27} (28b)

The determination of the exact polarization vector for a quasi-longitudinal incidence
wave is complicated. Instead, an approximated polarization vector can be found in Ref. [44]:

u =[sinycosy,,sinysing,,cosy| (28a)

Geos® 7 —Cj, +Cp3 +2C,,
Gcos2rcos’ 7 —C; +2C;; +3C,,

Vv=r- % a tan{sin 2T (29b)
where G = Cy; — 2C;3 + C33 — 4C44. Equation (27) indicates that the incidence wave p
and its polarization vector u have different polar angles (the same at symmetry axes) but
identical azimuthal angles. Our further investigation indicates that such an approximated
polarization vector has a discrepancy of less than 3.8% from the exact solution for hexag-
onal polycrystalline materials, such as titanium [31], zirconium [45] and magnesium [31].
Thus, Equation (27) is a reasonable approximation.
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Py, o1 (s = —p)= <5C115C11

1P,

QL-QL backscattering, which can be determined in ultrasonic immersion tests, is of
great importance for texture determination and microstructure characterization. Moreo-
ver, it implies that a scattered wave propagates in the opposite direction of an incidence
wave, and the following relations hold: s = —p, v = —u. Therefore, the QL-QL backscat-
tering coefficient in a specific wave propagation direction p can be rewritten as

IPQL»QL (s=-p) k& (p)ayayay
21,4
220 (@) 1+ 4k, (p)ay + kG (p)ay +kp, p)a2)f

Nor—oL (P) = (29)
where the wavenumber kg, (p) and velocity V,,(p) are direction-dependent, and the in-
ner product is [Py, q.(s = —p) = ((Sciqu6caﬁy5)uﬁquaplpip5uyuj. When the wave prop-
agates along the texture symmetry axes, the inner product can be simplified as

oo (8= =)= (€3 0Cx ) (wave propagating in Z-axis) (30a)
) (wave propagating in transversely isotropic plane) (31b)
where explicit equations for (§c338c33) and (8cy18¢;4) are given in Appendix A. For ar-
bitrary wave propagation, the explicit equation for inner product 1Py, _,q.(s = —p) is
complex, so an approximated form is obtained instead (assuming that the polarization
vector is parallel to the wave propagation direction for a QL wave, as in Ref. [11]):

0L 0L (s = —P) ~ Ho + S Wa0 + SyWang + SsWagoWago + S0 + SsWto + SsWeoo + S1Wio0 (32)

where the expressions for S;, S,, S3, Sy, S5, Se, S7 are given in Appendix B. This assump-
tion is suitable for common hexagonal polycrystalline materials, such as titanium, mag-
nesium, zirconium and their alloys, because these materials have relatively low anisotropy
[46]. Thus far, the explicit expression for the backscattering coefficient using ODCs has been
achieved. Although the ODF in Roe’s notation is used in the derivation, one can replace it with
Bunge or Matthies’s notations to obtain the explicit expression using C/™™ or cyy,.

3.2. Explicit Backscattering Coefficient for Cubic Polycrystalline Materials with

Orthotropic Texture

For aggregates of cubic crystallites with orthotropic texture symmetry, the independ-
ent non-zero texture ODCs
are Wao0, Wazo, Waso, Weoor Wez0r Weaor Weso, Weoo, Wazo, Waao, Weeo and Wego, and other
non-zero ODCs are related to these coefficients.

According to Ref. [8], the ODCs (no larger than the eighth order) adhere to the fol-
lowing relations:

> 7
WM :0 %m4 - VV"lmZ :\/EMmO ' I/I/ém4 = VVémZ z_\/;%mo

1 /14 1 /65
I/V8m4 :VVSmZ :g\/;VVSmO VVémS :%mg :g\/;VVSMO VVlmn —

; lmn " (m is even).
Meanwhile, the corresponding full expression of the ODF is given in Appendix C.

Following Equation (10), the final results regarding the effective elastic constants ob-
tained via Voigt averaging for textured cubic polycrystalline materials are

4
Ci=G+ ?V(?’\/EW@O — 45 + 2\/§W440) (32)

https://doi.org/10.3390/sym18020283



Symmetry 2026, 18, 283

12 of 25

A’
=G, +?V(3\/§W400 + 45y +2\/§W440)
32427%

Cy; = C101 + TWmo

7

1677
Cy =Cft)4 - 35V(\/§W400 +\/§VV420)

7

167°v
Css :Cf4 - 35 (\/§W400 _\/ngtzo)

G :C4(1)4

2 5,)

Gy = qoz + 4;ZZV(\/§W400 _2\/§W440)

7

167%v
C13 = q)z _?(\/EMOO _\/ngtzo)

167°v
Gy = Cloz T35 (\/EWztoo +\/§W420)

Here, C7; = §(3C11 + 215 +4c4a); Cp = %(Cn +4ciy —2644); Cly = i(cll — ¢z +3¢44);
V = Cq1 — €15 — 2€44. The results regarding the effective elastic constants are consistent
with those in Refs. [47,48].

From Equations (13) and (14), the covariances of the elastic constants for cubic poly-

crystals with orthotropic texture symmetry are
<cijklcaﬁy5> = <(clz5 O +2¢44l iy + VA, )(0125aﬂ5 s T 200l 55 +VAps )>
<C125 O +2¢44l )(‘7125aﬁ5 s T 204l aﬁyé') +V Ay (0125(1/35 s T 204l aﬁyé') (33)

i <Aaﬂ75 > (€128 + 2eaal g ) +v <A’fk’ Aupy ‘5>

where 61] is the Kronecker delta, Iijkl = ((Sik5ﬂ + 6,16]]{)/2 and Aijkl =
Z?n:l Riijmkale-

2
<5Cyk150aﬂy5> =V <Aijkl Aaﬁ75> <A7]kl >< aﬂy5> (34)
The backscattering coefficient is
. ) = 1Py oL(s = —p) kéL(p)aanaz (35)
L-QL -
e 20V P) 1+ 4(k3, () + K3, (p)aF + KB, (P)aB)]”
Wave propagation in the X direction:
2
IRy, o, (s=-p) = m{—n%[zl +4r° (3J5W400 — 45y + 235 )T +
35[99671+ 872 (142292 W,,,— 189724/5 W, + 9486~/35 W, — 680:/26 W, (36)

+1363/2730 W, — 816391 W, + 136:/6006 W, + 717 (35+/2 Wy, — 124/70 W,
+124/77 Wy, — 44/858 W+ 65/715 Wi )1}
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Wave propagation in the Y direction:
2
IRy g1 (5= P) = g A=T29321 + 47" (32 gy + AWy + 235 )V +
35[99671+ 872 (142292 W, ,, + 189724/5 W, + 9486+/35 W, — 680+/26 W, 37)

~1363/2730 W,,,— 8163/91 W,,,— 1363/6006 W, + 717 (35+/2 W,y + 124/70 W,
+124/77 Wy, + 44/858 W, + 68/715 W, )1}

Wave propagation in the Z direction:

16v°
IP s =-p) =————{17017 - 9335041° W,
o (8 =-P) 2933905 { 400 38)

+1127% (45932 W, + 340426 W, +1404/34 Wgoo)}

In an arbitrary wave propagation direction, IPy;_o,(§ = —p) is a function of Wy,
Waz20, Waoor Wazor Waso, Weoo, Wez20, Weao, Weso, Waoo, Wa20, Waao, Waeo, Weso- More general
cases for the effective elastic constants can be found in Ref. [48].

However, the models above are developed under Born approximation. They are not
suitable for strong scattering conditions, such as very high ultrasonic frequencies, crystal-
lites of huge sizes and extremely strong anisotropic crystals. Considering that the typical
ultrasonic frequency range is 0.1 MHz to 25 MHz in non-destructive testing, these models
are still useful for practical applications. Determining the exact applicable range is beyond
the scope of this study.

4. Computational Results and Discussion

This section will describe the computational results in terms of the backscattering and
attenuation coefficients for different polycrystalline materials with experimentally deter-
mined ODCs that have been reported in the literature.

4.1. Computational Example Using General Scattering Model

Here, one zirconium polycrystal with orthotropic texture symmetry is used as an ex-
ample for backscattering and attenuation calculation. Its single-crystal elastic constants,
which have been given in [45], are c11 = 144, c12 =74, c13 = 67.0, c33 = 166, c44 = 33.0, c66
=35.0in GPa, and its density is 6.52 g/cm?3. Assume that this zirconium polycrystal is com-
posed of equiaxed grains with mean sizes ay = ay = a; = 0.01 mm and an orthotropic
symmetric texture. The texture coefficients and ODCs are from Ref. [12], and the corre-
sponding (0001) pole figure is plotted in Figure 4 to visualize the ODF. The pole figure is
a well-known tool for texture analysis and visualization in materials science, and the de-
tailed formula for calculating the pole figure from ODCs in Roe’s notation has been re-
ported in Ref. [8]. In Figure 4, pole figures from ODCs at different truncation levels (I < 4
and [ < 8) are also shown to demonstrate the impact of truncation on the pole figure pat-
tern. Physically, the figure shows the distribution density of the c-axes of individual hex-
agonal crystallites in a projected plane [8,49]. The pole figure with higher-order ODCs in
Figure 4b shows a finer pattern than in Figure 4a; however, ODCs higher than the fourth
order do not affect the effective elastic constants.
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0.3340
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0.07000
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(b)

Figure 4. Calculated (0001) pole figures from ODCs reported in Ref. [12] at different truncations for
a zirconium polycrystal with orthotropic texture symmetry: (a) [ <4 and (b) [ < 8.

Furthermore, the backscattering amplitude and attenuation coefficient along the
three main axes versus the frequency are calculated via Equations (19) and (20) and shown
in Figure 5, where the backscattering amplitude, attenuation coefficient and frequency are
normalized by the grain size. Since this zirconium polycrystal consists of equiaxed grains,
Figure 5 purely illustrates the texture impact on backscattering and attenuation. Figure
5a,b are consistent, since the scattering in the X direction is the strongest, while the scat-
tering in the Z direction is the weakest. The L-L backscattering coefficients for X, Y and Z
in Figure 5b reach a plateau after a certain frequency, but this is not the case for the atten-
uation coefficient (Figure 5a), because the attenuation coefficient is a combination of L-L
scattering and L-T scattering, as explained in Equation (21).
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(b)

Figure 5. Texture impact on attenuation coefficient and backscattering amplitude for a zirconium
polycrystal with equiaxed grains: (a) normalized attenuation coefficients and (b) normalized L-L

backscattering coefficients along the three texture coordinate axes using ODCs [ < 8.

4.2. Aggregate of Cubic Crystallites with Transverse Isotropy Texture

One example of a cubic polycrystalline material with a transverse isotropy texture is
given in Ref. [50], and it is a Ni-based alloy. According to Ref. [50], the ODF coefficients
cx?, c3?, c;® are 6.30, 0 and 0. The corresponding pole figure for the (001) component is
shown in Figure 6, and it can be seen that the patten is close to an axisymmetric distribu-
tion, which indicates transverse isotropy. This can be further confirmed by the effective
elastic constants (they are not listed here but one can refer to Ref. [50]).

https://doi.org/10.3390/sym18020283



Symmetry 2026, 18, 283

16 of 25
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0.8200
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Figure 6. Calculated pole figure (001) for Ni-based alloy sample with transverse isotropy texture.

To demonstrate the texture effect, it is assumed that statistically equiaxed grains exist

in this textured cubic polycrystalline material and the grain radius is 10 um. Based on the

ODCs, single-crystal elastic constants and grain geometry, the normalized L-L backscat-

tering amplitude at 10 MHz and the normalized longitudinal wave attenuation along the

X-Z plane are calculated and depicted in Figure 7. In Figure 7, zero degrees corresponds

to the Z direction (refer to the coordinates in Figure 3), and it is the direction where ultra-

sonic scattering is the weakest, because the grain <001> axes are aligned in this direction,

causing the smallest disturbance to ultrasonic wave propagation. Additionally, the pat-

terns for the normalized attenuation coefficient and normalized backscattering amplitude

are similar, which is consistent with the texture component in the sample.
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Figure 7. Polar plots of normalized backscattering amplitude and attenuation coefficient for Ni-
based alloy material with transverse isotropy texture at 10 MHz in the X-Z plane: (a) backscattering

results and (b) attenuation results.

4.3. Aggregate of Cubic Crystallites with Orthotropic Texture

Other textured polycrystals with cubic grains considered in this section are derived
from Ref. [51], and they are annealed and cold-rolled phosphorus steels. The elastic con-
stants of the phosphorus steel crystallite from Ref. [51] are given in Table 2. They both
have an orthotropic texture and their ODCs are given in Roe’s notation; these were deter-
mined in Ref. [51] and are listed in Table 3. Based on the single-crystal elastic constants
and ODCs, the calculated effective elastic constants for each case, obtained using Equation
(33), are listed in Table 4.

Table 2. Single-crystal elastic constants of iron (in GPa).

Sample Cu Cp C 44

Iron 237 141 116

Table 3. Texture coefficients of a steel sheet from Ref. [50].

Sample W400 W420 W440
Annealed —11.5013 x 1073 —2.9016 x 1073 —0.0346 x 1073
Cold-rolled —3.3491x 1073 —2.4172 %1073 —5.5361 % 1073

Table 4. Texture-weighted averages of the elastic stiffness constants of phosphorus steel (in GPa).

Sample C11 C12 C13 C22 C23 C33 C44 C55 C66
Annealed 295.0 116.2 107.8 302.9 99.84 311.4 74.84 82.80 91.23
Cold-rolled 300.3 104.5 114.2 306.9 107.6 297.2 82.58 89.21 79.48

The calculated effective elastic constants are consistent with Ref. [51]. Based on the
effective Cij for both annealed steel and cold-rolled steel, one can observe that the crystal-
lographic texture in the cold-rolled steel is not as strong as in the annealed steel, since the
C11, C22 and C33 are closer or less anisotropic in cold-rolled steel. The corresponding pole
figures for the (001) texture component are shown in Figure 8, where the annealed steel
and cold-rolled steel display different texture information.
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Figure 8. Calculated pole figures showing (001) texture component for two steel samples from Ref.
[51]: (a) annealed steel and (b) cold-rolled steel.

Assuming equiaxed grains and a mean grain radius of 10 pm, the corresponding L-
L backscattering amplitudes in 3D space for the annealed and cold-rolled steels are calcu-
lated and shown in Figure 9. Due to the different texture components, the L-L backscat-
tering is the weakest along the Z direction in the annealed steel, while the L-L backscat-
tering is the weakest in the Y direction in the cold-rolled steel. Furthermore, the attenua-
tion coefficients for both cases are calculated and shown in Figure 10. The attenuation
coefficient pattern in 3D space is somewhat consistent with the backscattering pattern for
each case. However, the attenuation coefficient pattern shows a weaker texture effect than
the backscattering amplitude because it is the summation of L-L scattering and L-T scat-
tering. For an extreme case, the grain orientations are perfectly aligned in one direction;
L-L backscattering will be zero, while L-T scattering will not.
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Figure 9. Normalized backscattering amplitude /1, ax at 10 MHz for two steel samples: (a) an-
nealed steel and (b) cold-rolled steel.
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Figure 10. A 3D plot of the normalized attenuation coefficients at 10 MHz for two steel samples: (a)

annealed steel and (b) cold-rolled steel.

5. Conclusions

General models for ultrasonic backscattering and attenuation using ODCs for tex-
tured polycrystalline materials have been derived. For common textured engineering ma-
terials, namely hexagonal polycrystalline materials with a fiber texture and cubic poly-
crystalline materials with orthotropic texture symmetry, explicit expressions of the ultra-
sonic backscattering coefficient through ODCs have been derived, and they analytically
correlate ultrasonic scattering with ODCs for textured polycrystalline materials, being val-
uable for the ultrasonic determination of high-order ODCs from scattering. Moreover,
these models possess high computation efficiency. Computation examples have also been
given to demonstrate the texture effect on the ultrasonic backscattering amplitude and
ultrasonic attenuation coefficient for textured hexagonal polycrystalline materials and cu-
bic polycrystalline materials. The findings show that the crystallographic texture deter-
mines the ultrasonic scattering anisotropy.

In future studies, these models will be validated via comparisons to experiments or
using the finite element method. Compared to experiments, finite element modeling can
provide more precise results, which makes it more suitable for verification. These models
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can also be used to solve inverse problems for microstructural characterization. Inverse
model development and the experimental implementation of microstructural characteri-
zation will be addressed in a future study.
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Appendix A. Elastic Constant Covariance Expressed Through ODCs

33 33> term is

The explicit expression for the <

<5C335C33 > = HO + Hl I/VZOO + H2 W400 + H3 I/I/ZOOI/V400 + H4 I/1/2%)0 + HS I/Vﬁl%)o + Hél/V()OO + H7 I/I/SOO

where
Hy = [12¢fy +3cfy +7cdy +4 +12¢34 +2 +6¢4,)—8 +2¢43+2
0 = 575 “CII T3 T /€33 T304 T 044 c13(c33+6¢44) =8¢y (¢35 +2¢33+2c4)]
2
1287°4/10
L™ 17325 e [8ef iy 100y 3033 +19c33 —dey3¢44 2003364y —Acks +

4cy(Beyy3 —Tezz3+6¢4y)]

128722

M2 = 5205 o [508efy + 173 —82¢ 3055+ 573c33 + 680,344 — 164330, +68cZy +
8c,1(6¢3 —133¢33 +12¢4,)]
2048577
3= T 1005 1 23 ez Ty ) —a3 —3e33—20y,)
4
5127 )
4= 505 R taz ety
_20487" . )
Hs =005 172335~ ¢4y’
256v26 ,
H6= 45045 (Cll_2013+C33_4C44)(8cll_013_7033—2644)
512J_
! 109395 ( € =205 oy — ey, )2

The explicit expression for the <5Cl 15C“> term is
<5C115C11> = Ho +]1W200 + 12W400 + I3VVZOOVV400 + I4Wz%)0 + 15W4%)0 +16VV6()0 + I7W800

where
16

1575[12011 +3cl3 +7C33 +4c3304 +12C44 +2¢;3(c33 +6044) —8cy (€13 + 2033 +2¢44)]

0=
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647> J_

17325
4c)1Bepy —Tez3+6cyy)]

167[2\/_
75075
8¢y 1(6¢13—133¢353 +12¢,4,)]

128/52%

2 2 2
1= Cll ci3 —10c;3¢33 +19¢33 —4c 3044 —20033044 —4Ch4 +

5= [508¢) +17cfy —82¢ 3¢5 + 5733 +68¢ 30,4 —164c35¢,4, + 6834 +

I3 =——— () —2¢13 33— Acyy ey — 13 =333 = 2¢44)
3675
128724
Iy =- 3203 ———— (e top3+3e53 +2c44)
4
32z 2
I5= 1925 —— (¢ — 2013 +e33 —4cyy)
_16v26 2
lg = 77 (eqy = 2¢p3+e33 —Aeyy)8eyy — o3 = Te33=2¢4y)
9009
28+/34 2

2
() = 2¢13 T g3 —4cyy)

7721879

If the hexagonal crystal aggregate has no macrotexture, all " would become zero

<5C1335C’33> <5C1115C11>

and % which is the same form as reported in Refs. [23,31].

Appendix B. Coefficients in Equation (32)

3241072
1= ﬁ[gcﬁ _0123 —10¢, ¢y +190323 —4(cy; +5¢3;)Cy _4034 +4c,,(3ei; =Ty +6¢yy)]
[1+3cos(27)]
2
S, = %[508 el +17¢c) —82c¢cqy + 573 ¢, +68¢cyc,, — 164 cyyc,, +68c, +
8¢, (6¢,; —133 ¢4y +12¢,,)1[9 + 20 cos( 27) + 35 cos( 47)]
4\/§7r4
S; = W[cu —2¢p;3 + ey —4ey J[4ey —c3 —3c33 —2¢y, ]
[78 +199 cos( 27) + 130 cos( 47)+ 105 cos( 67)]
327t
S, = —%[—%11 +ey 430y + 20, 12[1+3cos(27)]
zt
S, = m[c11 —2¢,5 + ¢y —4c,, 1P[9 + 20 cos( 27) + 35 cos( 47)]*
2672
6= W[Cn —2¢;; +e33 —4ey, 8¢y, —cp3 —Teyy —2¢y,]

[50 +105 cos(27) + 126 cos( 47) + 231 cos( 67)]
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_ N34r?
73500640
[1225 + 2520 cos(27) + 2772 cos( 47)+ 3432 cos( 67) + 6435 cos( 87)]

2
[c)) —2¢; + ¢35 —4cy, ]

Appendix C. Full Expansion of ODF
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