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Abstract

The (2+1)-dimensional Caudrey–Dodd–Gibbon (CDG) equation, which can frequently be
used to be describe the propagations of shallow-water waves and plasma physics, is solved
by various methods in this paper, thereby revealing its nonlinear dynamical behavior. First,
through the linear superposition principle in conjunction with symmetric Hirota bilinear
method, we obtain a bilinear form of the CDG equation, which possesses several symmetry
properties, and construct the resonant solutions to exponential waves. Then, the one-rogue
wave solutions to the CDG equation are constructed via the ansatz method. Finally, we
show three-dimensional diagrams and density graphs of the yielded solutions to better
show the dynamic characteristics.
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1. Introduction
Nonlinear equations generally come from the research of natural sciences such as

physics, astronomy or mechanics. Exact solutions to nonlinear partial differential equations
(NLPDEs) play a major role in the field of mathematical physics, such as soliton solutions,
complexiton solutions, and rogue wave and lump solutions [1–5]. NLPDEs have many
applications, including natural sciences, science and engineering, biotechnology, nerve
fibers and architectures, and so on [6–8]. In recent years, mathematicians and physicists
have established several effective methods to obtain the exact solutions to NLPDEs, such
as the Darboux transformation method [9], the inverse scattering transform [10], the Bäck-
lund transformation method [11], the homogeneous balance method [12], the Lie group
method [13], the Hirota bilinear method, [14] and so on [15,16]. Among them, the Hirota
bilinear method is very helpful for finding the solutions to NLPDEs [17,18]. The most
effective way to construct the Hirota bilinear form of the equation is to use a Bell polyno-
mial [19]. In 2004, Japanese mathematician Hirota introduced bilinear derivatives [14], and
since then, many experts and scholars in mathematical physics have begun researching and
applying the Hirota bilinear method to construct soliton solutions for high-dimensional
nonlinear equations, particularly in two and three dimensions. For example, Ma, et al. [20]
has achieved many outstanding results, including Hirota bilinear equations and resonant
solutions. Lou S.Y. [21] studied a (3+1)-dimensional KdV equation with the Hirota bilinear
method, and proved that the equation has a rich Dromion structure. At the same time,
multiple soliton solutions to the extended (3+1)-dimensional Jimbo–Miwa equation [22]
and the the Sawada–Kotera–Kadomtsev–Petviashvili equation [23] have been obtained
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by the bilinear method. In the field of nonlinear integrable equations, high-dimensional
(two-dimensional and higher-dimensional) nonlinear equations play a crucial role in de-
scribing complex physical phenomena, yet solving them remains a significant challenge.
To our knowledge, there are few studies that apply the existing method to obtain exact
solutions for (2+1)-dimensional integrable equations, with most research focusing on (1+1)-
dimensional equations. To address this issue, we apply the Hirota bilinear method to the
(2+1)-dimensional CDG equation to obtain several classes of exact solutions, including the
resonant solutions of exponential waves and rogue wave solutions.

Here, we introduce the celebrated high-dimensional equation, namely the (2+1)-
dimensional Caudrey–Dodd–Gibbon equation [24]

wt+
1

36
(wxxxxx + 15wxwxx + 15wxwxxx + 45w2wx)

− 5
36

(wxxy + ∂x−1wyy + 3wwy + 2wx∂x−1wy) = 0,
(1)

which serves as a mathematical model for surface waves in shallow water and has signifi-
cant applications in plasma and laser physics. This is a generalization of the higher-order
KdV-type equations, offering greater precision than the classical KdV equation in describing
unidirectional long waves with stronger dispersion effects. This equation is particularly
well-suited for simulating physical systems where higher-order dispersion effects cannot
be neglected, Where w depends on the time variable t and space variables x, y. At the
same time, we need to know that ∂x−1 is an inverse operator of ∂x, ∂x−1∂x = ∂x∂x−1 = 1.
This equation has been investigated by many mathematicians and physicists. For example,
Kuo [24] constructed the resonant multi-soliton solutions to Equation (1) via the simplified
linear superposition principle. The multiple soliton solutions for the Equation (1) are
obtained in Ref. [25], which has an important influence on the natural sciences. In Ref. [26],
the authors studied the Bäcklund transformation, Lax pair, solutions and integrability of the
CDG equation by using Bell polynomials and symbolic computation. Therefore, studying
the physical structure of the CDG equation is interesting and physically meaningful. In this
paper, we discuss the resonant solutions and rogue wave solutions to Equation (1) by
applying the linear superposition principle in conjunction with the Hirota bilinear method
and a new ansatz method. To the best our knowledge, good results for rogue wave and
resonant solutions have not appeared in other places. Compared to previous studies, which
investigated solutions (lumps, bright-solutions, and so on) to different equations using
various methods, this study uses two methods to establish rogue wave solutions with
parameters and resonant solutions to the high-dimensional CDG equation. This method is
an effective tool for solving high-dimensional equations.

The paper is structured as follows: In Section 2, we describe the linear superposition
principle in detail. In Section 3, with the help of the Hirota bilinear method, the res-
onant solutions to the equation are obtained in both the real and complex domains.
In Section 4, the rogue wave solutions to the CDG equation are constructed via a new
ansatz method. Moreover, in order to better describe the dynamic behavior of (1), we plot
and analyze two-dimensional density images and three-dimensional diagrams.

2. Linear Superposition Principle
Hirota bilinear equations often appear in discussions of the integrability of non-

linear differential equations [27–29]. The Hirota bilinear method serves as a powerful
tool for studying such equations. The linear superposition principle and the Hirota
D-operators [30–32] form the core components of this bilinear method, providing an excel-
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lent framework for generating exact solutions to nonlinear partial differential equations.
First, we introduce the basic definitions and properties of the Hirota D-operators.

Definition 1. Hirota D-operators:

Dm
t Dn

x f · g = Dm
t Dn

x ( f , g)

= (
∂m

∂am
∂n

∂bn ) f (t + a, x + b)g(t − a, x − b) (a = 0, b = 0),
(2)

where m, n ≥ 0, f and g are binary differentiable functions of variables x and t.

Definition 2. Hirota bilinear derivatives:

Dx f · g = fxg + f gx,

D2
x f · g = fxxg − 2 fxgx + f gxx,

D3
x f · g = fxxxg − 3 fxxgx + 3 f gxx − f gxxx,

D4
x f · g = fxxxxg − 4 fxxxgx + 6 fxxgxx − 4 fxgxxx + f gxxx.

(3)

Definition 3. Properties of D-operators:

Dn
x f · f = 0, n = 2k + 1 (k = 0, 1, · · · ),

Dm
t Dn

x f · g = (−1)m+nDm
t Dn

x g · f ,

Dm
t Dn

x f · 1 = ∂m
t ∂n

x f ,

Dx(Dxa · b)c + Dx(Dxb · c)a + Dx(Dxc · a)b = 0.

(4)

Step 1: Derive the logarithmic transformation of the equation, then introduce a gener-
alized bilinear equation of the following form:

ϕ(Dx, Dy, · · · , Dt) f · f = 0, (5)

The Hirota bilinear form reveals its symmetry in the bilinear identity, where ϕ is a
polynomial and Dx,y,··· ,t are Hirota’s differential operators. The N-wave variables have

ωi = ηi,0 + ηi,1x1 + · · ·+ ηi,MxM, 1 ≤ i ≤ N, (6)

where N ∈ N+; then the exponential wave functions are obtained:

fi = eωi , 1 ≤ i ≤ N, (7)

where ηi,j ∈ C (1 ≤ i ≤ N, 1 ≤ j ≤ N).
Step 2: The linear combination of fi has form

f = ε1 f1 + ε2 f2 + · · ·+ εN fN , εi ∈ C, (8)

which satisfies the following identity [33,34]:

ϕ(Dφ,x1 , Dφ,x2 , · · · ,Dφ,xM ) f · f =
N

∑
i=1

ε2
i ϕ(ηi,1αηi,1, · · ·, ηi,M + αηi,M) · e2ωi

+ ∑
1≤i,k≤N

εiεk[ϕ(ηi,1 + αηk,1, · · ·, ηi,M + αηk,M )

+ ϕ(ηk,1 + αηi,1, · · ·, ηk,M + αηi,M)] · eωi+ωk .

(9)
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It is known that Equation (8) is a solution to Equation (1); we obtain

ϕ(ηi,1 + αηk,1, · · ·, ηi,M + αηk,M) + ϕ(ηk,1 + αηi,1, · · ·, ηk,M + αηi,M) = 0, (10)

where r(−x) = r(x), φ = 2, r(0) = 0; then the equation takes the following form:

ϕ(ηi,1 − ηk,1, · · · , ηi,M − ηk,M) = 0, 1 ≤ i < j ≤ N. (11)

Next we give two fundamental theorems of the form.

Theorem 1 ([35]). Let ϕ(x) be a polynomial in x ∈ RP , and the N-wave variables ωi =

∑P
j=1 ajki

αj xj, 1 ≤ i ≤ N, and aj ∈ R. Then any linear combination of the function fi = eωi , 1 ≤
i ≤ N solves the linear differential equation ϕ(Dφ) f · f = 0 if and only if

ϕ(a1(k j
α1 + αki

α1) + · · ·+aM(k j
αM + αki

αM )) + ϕ(a1(ki
α1 + αk j

α1) + · · ·+aM(ki
αM + αk j

αM )) = 0, (12)

with 1 ≤ j ≤ i ≤ N, ki, k j ∈ C.

Theorem 2 ([36]). Let ϕ(x) be a polynomial in x ∈ RP. Suppose that M1, M2 ∈ N,
N = N1 + N2, aj ∈ R, αj ∈ Z for j = 1, 2 · · · , P are all fixed. The N-wave variables
ωi = ∑P

j=1 ajki
αj xj, where{

ki ∈ R, 1 ≤ i ≤ M1, 1 ≤ i ≤ N
ki = βi + Iγi, βi, γi ∈ R, γi ̸= 0, M1+1 ≤ i ≤ N, I =

√
−1.

(13)

If Equation (11) is true for any ki, k j ∈ R, 1 ≤ i, j ≤ N, fi satisfies the following form:

fi =

{
eδi , 1 ≤ i ≤ N1,

eRe(ωi) cos(Im(ωi) + θi), N1+1 ≤ i ≤ N,
(14)

where θi ∈ R, M1 ≤ i ≤ N solves the equation

ϕ(Dφ) f · f = 0. (15)

3. Resonant Solution
In the field of nonlinear science, resonance solutions are widely applied in classical

mechanics, circuitry, acoustics, optics, and other fields [33,34]. They represent a significant
boundary condition in the theory of nonlinear partial differential equations, revealing
phenomena commonly observed in periodic dynamical systems. For example, the resonant
solutions of exponential waves for trilinear differential equations are obtained by the
superposition principle [37]. In this section, the resonant solutions of N exponential waves
for the CDG can be constructed through the linear superposition principle in conjunction
with Hirota bilinear method.

Equation (1) can be changed into the form

ux,t+
1
36

(uxxxxxx + 15uxxuxxx + 15uxuxxxx + 45(ux)
2uxx)

− 5
36

(uxxxy + uyy + 3uxuxy + 2uxxuy) = 0,
(16)

under the transformation
w(x, t) = ux(x, t). (17)

https://doi.org/10.3390/sym18020332

https://doi.org/10.3390/sym18020332


Symmetry 2026, 18, 332 5 of 12

By making a logarithmic transformation

u = 2(ln f )x, (18)

the Hirota bilinear form of Equation (1) can be obtained:

(D6
x − 5D3

xDy − 5D2
y + 36DxDt) f · f = 0. (19)

This bilinear form possesses symmetry under translation, scaling, and exponential
gauge transformations:

(a) Translational symmetry: Let

x → x + a, y → y + b, t → t + c,

where a, b, c are arbitrary constants. And the bilinear derivative operators Dx, Dy, and Dt

remain unchanged under translation,

f (x, y, t) → f (x + a, y + b, t + c),

while the CDG equation remains unchanged.

(b) Scale symmetry: Let

x → λax, y → λby, t → λct, f → λd f ,

where the scale symmetry is

(x, y, t, f ) → (λx, λ3y, λ5t, f ).

(c) Exponential gauge symmetry: Let

f → eax+by+ct f ,

which is symmetrical.
Below we consider resonant solutions in the real and complex fields.

3.1. In the Real Field

Taking the N-wave variable of Equation (6) yields

ωi = lix + miy + nit + ηi, 1 ≤ i ≤ N, (20)

which determines the initial position or phase of each fundamental soliton component,
where li, mi, ni ∈ R , ηi ∈ C.

According to the principle of linear superposition in the second part, Equation (19) becomes

ψ(a1(lj
α1 + αli

α1) + · · ·+aM(lj
αM + αli

αM ))

+ ψ(a1(li
α1 + αlj

α1) + · · ·+aM(li
αM + αlj

αM )) = 0,
(21)

which reads

ψ(li − lj, mi − mj, ni − nj) = (li − lj)
6 − 5(li − lj)

3(mi − mj)

− 5(mi − mj)
2 − (li + 36lj)(ni − nj) = 0.

(22)
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Through the linear superposition principle [37], we can get the weight

(w(x), w(y), w(t)) = (1, 3, 5),

so we can assume the wave-related numbers to be
li = li, lj = lj,

mi = al3
i , mj = al3

j ,

ni = bl5
i , nj = bl5

j ,
(23)

where a, b ∈ R are determined after. Equations (22) and (23) are the relational expressions
between the solutions.

Substituting Equation (23) into Equation (22), equate the coefficients of l6
i , l5

i l1
j , l4

i l2
j ,

l3
i l3

j of the above equation and let them take a value of zero, and then the parameters a, b
satisfy 

5a2 + 5a − 1 − 36b = 0,
15a − 36b − 6 = 0,

15a − 15 = 0,
10a2 + 10a − 20 = 0.

(24)

By solving system (24), a and b are written as

a = 1, b =
1
4

. (25)

Then Equation (20) becomes

ωi = lix + l3
i y +

1
4

l5
i t + ηi, (26)

where li and εi (1 < i < N, i ∈ N+) are arbitrary real constants.

3.2. In the Complex Field

In this section, we construct the resonant solution to the CDG equation in the complex
field. On the basis of Theorem 2, we assume that li = αi + Iβi and M1 < i ≤ N, and
the form of ωi is as follows:

ωi = lix + ali
3y + bli

5t + ηi

= αix + a(α3
i − 3αiβ

2
i )y + b(α5

i + 4α4
i βi − 6α3

i β2
i + 4α2

i β3
i + αiβ

4
i )t + ηi

+ I[βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t + θi].

(27)

Then, any linear combinations of the exponential and trigonometric waves are constructed:

f =
M1

∑
i=1

λielix+ali
3y+bli

5t+ηi

+
N

∑
i=M1+1

δieαix+a(α3
i −3αi β

2
i )y+b(α5

i +4α4
i βi−6α3

i β2
i +4α2

i β3
i +αi β

4
i )t+ηi

× cos[βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t + θi].

u = 2(ln f )x.

(28)

In what follows, according to Equation (28), we consider the following two special cases.
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Case 1: When θi = 0, we can get

f =
M1

∑
i=1

λielix+ali
3y+bli

5t+ηi

+
N

∑
i=M1+1

δieαix+a(α3
i −3αi β

2
i )y+b(α5

i +4α4
i βi−6α3

i β2
i +4α2

i β3
i +αi β

4
i )t+ηi

× cos[βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t].

u = 2(ln f )x.

(29)

Case 2: When θi = 2kπ + (π/2), k = (0, 1, 2, · · · ), we have

f =
M1

∑
i=1

λielix+ali
3y+bli

5t+ηi

+
N

∑
i=M1+1

δieαix+a(α3
i −3αi β

2
i )y+b(α5

i +4α4
i βi−6α3

i β2
i +4α2

i β3
i +αi β

4
i )t+ηi

× sin[βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t].

u = 2(ln f )x.

(30)

Based on the two cases described above, the mixed-type function solutions can be
expressed as

f =
N1

∑
i=1

λielix+ali
3y+bli

5t+ηi

+
N

∑
i=N1+1

eαix+a(α3
i −3αi β

2
i )y+b(α5

i +4α4
i βi−6α3

i β2
i +4α2

i β3
i +αi β

4
i )t+ηi

× [σ1j sin(βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t)

+ σ2i cos(βix + a(3α2
i βi − β3

i )y + b(α4
i βi + 4α3

i β2
i − 6α2

i β3
i − 4αiβ

4
i + β5

i )t)].

u = 2(ln f )x.

(31)

To more clearly describe the dynamic behavior of Equation (1), we performed a visu-
alization analysis of the constructed resonant solution (28). Specifically, we characterized
its spatial localization structure by plotting two-dimensional spatial amplitude density
maps at specific time points, and depicted its time-dependent dynamical evolution through
three-dimensional spatiotemporal evolution diagrams.

From Figure 1, it can be seen that as the number of resonance waves increases
with the increase in N, the number of multiple resonance solutions in the complex field
increases accordingly.

For resonant solutions, we find the following: (1) We study the relationship between
the number of resonant waves and multiple resonant solutions, and find that they are
directly proportional. At the same time, resonance waves exhibit periodicity and uni-
form amplitude. (2) The resonant solutions exhibit deterministic ballistic propagation
characteristics, where the energy envelope moves at a constant velocity or undergoes peri-
odic oscillations, and the mean square displacement (MSD) does not increase diffusively
over time.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1. (Color online) 3-D and 2-D figures (a–h) of the complex solutions in Equation (28) with
θi = 0, (1 ≤ i ≤ 5), λi = 1, δi = 1, a = 1, b = 1

4 , t = 10, where (a,e) N1 = 1, N = 3, l1 = 0.2;
(b,f) N2 = 2, N = 5, l1 = 0.2, l2 = 0.4; (c,g) N3 = 3, N = 7, l1 = 0.2, l2 = 0.4, l3 = 0.6; and
(d,h) N4 = 4, N = 9, l1 = 0.2, l2 = 0.4, l3 = 0.6, l4 = 0.8.

4. Rogue Wave Solution
Rogue waves are nonlinear local waves of different types. They are a key object in

nonlinear science systems such as optical field and biophysics plasma. Therefore, finding
rogue wave solutions [38–40] is of major practical significance to the research of physical
appearance. In this section, a new ansatz form is used to construct the rogue wave solutions
to the CDG equation. Next, we discuss the construction of the one-rogue wave solution to
Equation (1).

We first express the linear form (19) of Equation (16) using a function f :

f6x f − 6 f5x fx + 15 f4x f2x − 10 f 2
3x + 5( f3x,y f + 3 f2x,y fx − 3 fxy f2x − fy f3x)

+ 5( f 2
y − f2y f ) + 36( ftx f − ft fx) = 0.

(32)

In the next section, we construct a one-rogue wave solution to Equation (1). The form for f
is as follows:

f (x, y, t) = q0 + λ2
1 + λ2

2, λi = kix + liy + ωit, i = 1, 2, (33)

where ki, li, ωi ∈ C (i = 1, 2), and q0 > 0.
Substituting (33) into (32), sort out the coefficients of λ1 and λ2 and let them take zero,

and then the parameters satisfy

h0 = −
3k1(k2

1 + k2
2)

2

l1k2
2

, k1 = k1, k2 = k2,

l1 = l1, l2 = 0, ω1 =
5k1l2

1
36k2

1 + 36k2
2

, ω2 = −
5k2l2

1
36k2

1 + 36k2
2

,

(34)

where k1, k2, l1 ∈ C. According to the transformation

u = 2(ln f )x, (35)
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then substituting Equation (34) into Equation (32), the one rogue wave solution is obtained:

u =
4Mk1 + 2Nk2

h0 + M2 + N2 , (36)

where

M =
5k1l2

1
36k2

1 + 36k2
2
+ k1x + l1y, N = −

5k2l2
1

36k2
1 + 36k2

2
−

5k2l2
1

36k2
1 + 36k2

2
+ k2x.

The 3-D diagram and density graph shown in Figure 2 are presented to illustrate the
characteristics of the one-rogue wave solution (36).

(a) (b)

Figure 2. (Color online) 3-D (a) and 2-D (b) figures of one-rogue wave with k1 = 0.02, k2 = 0.1, l1 = 1.

Upon observing Figure 2, from the spatial image (a), it can be seen that the energy
distribution diagram of this rogue wave can be found from the function density diagram (b),
where the redder the color, the more concentrated the energy is. The energy distribution
of this rogue wave is relatively uniform. The following are true for the rogue wave:
(1) We studied its amplitude and energy density distribution. The upward and downward
amplitudes are uniformly symmetrical, and the energy distribution of this rogue wave
is relatively uniform. (2) The rogue wave solutions represent transient extreme events,
where the MSD undergoes drastic changes within an extremely short timeframe, forming
the peaks shown in the figure. However, in the long term, they do not exhibit ballistic or
diffusive scaling, but instead revert to the calm state of the background wave.

In a similar way, we can also use this ansatz method to get the two-rogue wave solution
for Equation (1). Similarly, define f as the expression

f = (λ1x2 + λ2y2 + λ3t2)3 + λ4x4 + λ5x2y2 + λ6x2t2 + λ7y2t2 + λ8y4 + λ9t4 + λ10x2 + λ1y2 + λ12, (37)

where λi(i = 1, · · · , 12) are free constants. In the future, we shall construct multiple rogue
wave solutions to the CDG equation by considering the function f as follows:

f (x1, x2, · · · , xn, t) =
n

∑
k=−n

(pk−1xk−1 + pktk)
i, i = 1, . . . , m, (38)

where pk ∈ N, k = −n, . . . , n.

5. Discussion
The methods employed and results obtained in this paper differ from those reported in

previous studies [19,20,24,25,27]. For example, Ma et al. [19] investigated bilinear equations
and resonant solutions using Bell polynomials. Kou constructed multi-soliton solutions to
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two fifth-order KdV equations via the simplified linear superposition principle. While the
results of this paper are associated with high-dimensional ((2+1)-dimensional) integrable
PDE, the corresponding rogue wave and resonant solutions were obtained, differing from
the results of methods used in previous studies. The results presented in this paper were
obtained under related Theorems and specific frameworks (19) and (32).

Based on Refs. [3,4,41,42], the authors applied different time transformations to the
corresponding equations, thereby facilitating the construction of various exact solutions.
This approach also serves as an effective method for handling high-dimensional equations
in future research. There may be numerous alternative approaches to finding exact solutions
for the CDG equation beyond those discussed in this paper, including performing certain
time transformations or using computational programs, etc. This remains an open and
worthwhile area for further research.

6. Conclusions
This paper studies the CDG equation, in which the resonant solutions of N exponential

waves and rogue wave are discussed. The resonant solutions to this considered equation
are solved using the Hirota bilinear method. At the same time, the one-rogue wave solution
is constructed by using different ansatz forms. Finally, by selecting different parameter
values, three-dimensional and density figures of these solutions are generated to better
investigate the nonlinear dynamical behavior of the equation.

In the future, we will analyze multiple rogue wave solutions to the CDG equation
based on the form of the function f (38), and seek the exact solutions to and properties
of other types of equations [43–45], including solitons, rogue waves, multi-breathers,
rational solutions, symmetries, conservation law and so on. The study of the physical
background and mathematical properties of these solutions holds significant importance
for the advancement of the field of integrable system. The methods and theorems presented
in this paper may represent a useful foundation for studying similar equation-solving
problems. At the same time, there are many other methods and theories for finding the
exact solutions to NLPDEs.
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