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Abstract 

Traditional non-negative matrix factorization (NMF) faces challenges when dealing with 

complex data, primarily characterized by sensitivity to noise, neglect of data geometric 

structure, and inability to effectively utilize supervised information. To address these lim-

itations, this paper proposes a class-driven robust non-negative matrix factorization with 

dual-hypergraph regularization (CRNMFDH) framework. The core contributions of this 

framework include the following: Firstly, the design of a novel dual-hypergraph regular-

ization term that symmetrically captures and preserves the higher-order geometric struc-

tures of both the sample space and feature space, establishing a mutually reinforcing top-

ological relationship between them. Secondly, an introduction of a class-driven mecha-

nism to effectively integrate label information into the decomposition process, signifi-

cantly enhancing the discriminative capability of the low-dimensional representations. Fi-

nally, the employment of a loss function based on correntropy to replace the traditional 

Euclidean distance, thereby enhancing the model’s robustness against noise and outliers. 

Extensive experiments across nine datasets demonstrate that CRNMFDH significantly 

outperforms existing state-of-the-art algorithms in multiple clustering evaluation metrics 

and noise robustness, providing an effective new solution for complex data clustering 

tasks. 

Keywords: non-negative matrix factorization; semi-supervised learning;  

dual-hypergraph regularization; correntropy; clustering 

 

1. Introduction 
As a core technique in unsupervised learning, clustering has become a highly prom-

inent research direction in the fields of pattern recognition and machine learning due to 

its broad applicability and efficient computational characteristics. In recent years, re-

searchers have focused on developing diverse clustering paradigms to enhance algorith-

mic performance, such as typical algorithms including K-means clustering [1], hierar-

chical clustering [2], spectral clustering [3], subspace clustering [4], and non-negative ma-

trix factorization (NMF) [5]. These algorithms have demonstrated significant advantages 

across multiple application scenarios. Here, NMF achieves dimensionality reduction 

through non-negative low-rank decomposition. By employing non-negative linear com-
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binations, it effectively preserves the global linear structure of the data [5]. This character-

istic makes it suitable for clustering tasks in non-negative data scenarios such as image 

processing and text mining. 

Although classical NMF demonstrates unique advantages in clustering tasks, its in-

herent Euclidean distance metric mechanism causes the algorithm to overlook the preva-

lent local manifold geometric characteristics and underlying structures in high-dimen-

sional spaces. This limitation is particularly pronounced when dealing with datasets with 

complex topological structures, potentially leading to issues such as feature space distor-

tion and blurred clustering boundaries. To address this, some scholars [6–9] have effec-

tively overcome the aforementioned drawbacks by introducing nearest-neighbor graphs 

to model local geometric relationships in high-dimensional spaces. However, such models 

based on simple graphs are constrained by binary adjacency relationships. While they can 

capture local neighborhood information, they struggle to depict higher-order interaction 

patterns among data points. In contrast, hypergraphs establish multivariate associations 

through hyperedges, enabling the construction of a more expressive similarity measure-

ment framework at the topological level. This provides richer and more rigorous mathe-

matical tools for the representation of complex structural data. Hypergraph learning has 

been successfully applied across multiple domains. For instance, representative works in-

clude the dynamic hypergraph neural networks (DHKH) developed by Kang et al. [10] 

and the hypergraph-regularized NMF (HNMF) by integrating hypergraph learning with 

NMF, developed by Zeng et al. [11]. Subsequently, Ren et al. [12] introduced adaptive 

hypergraph regularization within the NMF framework to preserve high-order manifold 

structures of the data. Yu et al. [13] proposed a robust capped-norm dual-hypergraph reg-

ularized tri-factorization NMF (RCHNMTF) by encoding latent multivariate geometric 

information in both the sample space and the feature space, demonstrating excellent ro-

bustness and accuracy in image clustering. To further enhance the model’s resistance to 

noise, Kong et al. [14] employed the L2,1-norm to measure error and proposed a robust 

NMF (L2,1NMF). By penalizing sparsity in sample dimensions, it handles sample-level out-

liers and achieves superior and consistent results in clustering tasks. However, its ability 

to suppress strong noise at the pixel level or non-Gaussian distributions remains limited. 

Wang et al. [15] designed a logarithmic loss function to measure errors and proposed ro-

bust bidirectional random graph regularized matrix factorization (RBSMF). While RBSMF 

exhibits robustness against heavy-tailed noise distributions, its performance remains de-

pendent on the alignment between the noise distribution and the function parameters. 

Peng et al. [16] employed the maximum correntropy as the loss function and proposed a 

correntropy-based graph regularized concept factorization (GCCF), solving the model us-

ing the half-quadratic (HQ) optimization technique [17], which effectively suppressed the 

impact of noise and outliers. As an effective robustness metric, correntropy demonstrates 

significant advantages in handling non-Gaussian noise and outliers. Subsequently, Yu et 

al. [18] proposed correntropy-based hypergraph regularized NMF (CHNMF), which not 

only explores higher-order geometric information among multiple sample points but also 

further enhances the algorithm’s robustness on complex, noisy data. 

The aforementioned algorithms are all unsupervised learning methods. When com-

bined with a small amount of labeled data and a large volume of unlabeled data, the ac-

curacy of clustering results can be significantly improved [19–21]. To this end, researchers 

have integrated label information with manifold information and proposed various semi-

supervised NMF algorithms, including discriminative graph-regularized NMF (GDNMF) 

[22], dual-graph regularized NMF with label discrimination (DCNMFLD) [23], semi-su-

pervised robust hypergraph regularized NMF (SCNMFH) [24], and semi-supervised ex-

clusive multi-view clustering method (semiEMC) [25], among others. Meanwhile, Li et al. 
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[26] introduced a class-driven constraint into NMF and proposed class-driven graph reg-

ularized NMF (MCDNMF), which forces the learned subsets of basis vectors to represent 

their respective classes, thereby enhancing the representation consistency of similar data 

in the low-dimensional space. 

1.1. Motivation and Construction 

Existing NMF clustering algorithms still face multiple challenges when handling 

high-dimensional complex data: the objective function based on the Frobenius norm is 

sensitive to noise and outliers; the sub-structures extracted from the basis matrix have 

limited capabilities in effectively representing specific classes; and there is insufficient 

preservation of the inherent local geometric structure of the data. To address these limita-

tions, this paper constructs a hypergraph that integrates the duality relationships between 

samples and features within a semi-supervised learning framework to preserve the global 

manifold structure of the data. It introduces a class-driven mechanism to effectively utilize 

partially labeled information and combines it with the maximum correntropy criterion 

(MCC) to develop a class-driven robust non-negative matrix factorization with dual-hy-

pergraph regularization for data clustering (CRNMFDH). 

As a semi-supervised learning clustering method, the CRNMFDH algorithm effec-

tively utilizes partially known label information to guide the decomposition of the origi-

nal data matrix into a more discriminative low-dimensional matrix. Subsequently, the K-

means algorithm is applied to cluster this low-dimensional representation matrix. Figure 

1 illustrates the framework structure of the CRNMFDH algorithm. The core contributions 

of this study are summarized as follows:   

We propose a novel dual-hypergraph regularized NMF framework (CRNMFDH). By 

constructing a sample hypergraph and a feature hypergraph, this framework symmetri-

cally captures and preserves the higher-order geometric structures of both the sample 

space and feature space. This design enables the learned low-dimensional representations 

to simultaneously accommodate the local topology and global discriminative properties 

of the data. 

We have designed an effective semi-supervised learning and robust optimization 

strategy. By introducing a class-driven discriminative term, we leverage the existing label 

information to guide the matrix decomposition process, thereby maximizing inter-class 

discrimination and enhancing the discriminative capability of the basis matrix. Mean-

while, adopting the correntropy criterion as the loss function significantly improves the 

algorithm’s robustness against noise and outliers. We have also designed an efficient iter-

ative solution algorithm for this nonconvex problem based on the half-quadratic (HQ) 

optimization technique, ensuring the model’s convergence and computational efficiency. 

We provide comprehensive theoretical analysis and experimental validation. Theo-

retically, we rigorously prove the convergence of the proposed algorithm and analyze its 

computational complexity. Experimentally, we conduct a thorough comparison with nine 

state-of-the-art benchmark algorithms across nine distinct domain datasets. The experi-

mental results strongly demonstrate that the CRNMFDH algorithm achieves significant 

and consistent performance advantages across multiple key clustering metrics, showcas-

ing its effectiveness and robustness. 

1.2. Structure of This Paper 

The remainder of this paper is organized as follows. Section 2 provides a brief over-

view of the fundamental theories of CDNMF and hypergraph learning, laying the theo-

retical foundation for subsequent algorithm design. Section 3 elaborates on the mathemat-

ical model of the CRNMFDH algorithm, explains its optimization process, and provides 

a theoretical analysis of its convergence and time complexity. Section 4 systematically 
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evaluates the effectiveness of this algorithm through multiple experiments and provides 

an in-depth discussion of the results. Section 5 summarizes the entire paper and proposes 

several feasible directions for future research. 

 

Figure 1. Schematic diagram of the proposed CRNMFDH algorithm. 

2. Related Work 

2.1. Class-Driven NMF (CDNMF) 

Standard NMF, as a non-negative constrained linear data representation and dimen-

sionality reduction tool, aims to decompose the original data matrix 
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=     X x x x   into an approximate form of the product of the basis matrix 
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1 2
( , , , )

n c
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    v v vV = , i.e., T

X UV . 

NMF employs the Frobenius norm metric T
UV  to measure the approximation degree of 

X , expressed as the following optimization problem [5]: 

2

, 0

min
T

F

−
U V

X UV
 

(1) 

Although NMF considers the global structural features of data, the absence of labeled 

information to guide the clustering process results in low-dimensional representations 

lacking sufficient discriminative power, limiting its application in clustering tasks. To en-

hance inter-class separability and clustering accuracy, Xiao et al. [27] introduced a class-

driven constraint into the NMF framework, proposing class-driven NMF (CDNMF). 

Assume the first l data points in the data matrix X  are labeled  1, 2, ,
j
b z   , 

where z is the total number of classes, and the remaining data points are unlabeled. To 

learn a more discriminative basis matrix 1 2
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c
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class correspond to r  basis vectors satisfying c r z=  . Based on this, the indicator ma-

trix 
1 2

( , , , )
n

T c

b b b

n
=  Y y y y  for any labeled sample jx  with label jb  and low-di-

mensional representation jv  must satisfy the following conditions: 

0
j

T

b j =y v  (2) 

Here, the coefficient represents the selection of jv  with respect to 
jb

y , i.e., the co-

efficient corresponding to the basis vectors not belonging to b
u . Equation (2) represents 

the class-driven constraint. The CDNMF algorithm corresponds to the optimization prob-

lem [27]: 

2

, 0

)min Tr(
T T

F




− +‖ ‖
U V

X YVUV
 

(3) 

The multiplication update rule for U  and V  is as follows: 

( )

( )

ik

ik ik T

ik


XV

U U
UV V

 

(4) 

( )

( ( ) / 2)

T

jk

jk jk T

jk



+

X U
V V

VU U Y
 

(5) 

2.2. Hypergraph Learning 

Traditional NMF minimizes the global reconstruction error as its optimization objec-

tive, failing to effectively uncover and preserve the local manifold structure of the data. 

Based on the manifold hypothesis, adjacent sample points in high-dimensional Euclidean 

space should retain their local neighborhood relationships after embedding into a low-

dimensional manifold space. Graph-regularized NMF (GNMF) [6] pioneered the charac-

terization of local geometric structures within data by constructing sample similarity 

graphs. Its optimization objective is 

2

, 0

min Tr( )
T T

F




− +
U V

X UV V LV
 

(6) 

Here, n n
 S   denotes the weight matrix, = −L D S   represents the Laplacian 

matrix, and D  denotes the degree matrix.   serves as a non-negative regularization 

parameter, whose magnitude directly determines the balance between reconstruction er-

ror and manifold structure preservation. 

However, real-world data typically exhibits more complex higher-order correlation 

patterns. GNMF can only characterize local pairwise similarity relationships and struggles 

to capture the multimodal, multi-type higher-order semantic correlations prevalent in 

high-dimensional data. This limitation restricts its ability to model complex manifold 

structures. Research indicates that preserving higher-order geometric relationships 

among data points can further enhance the clustering performance of algorithms 

[11,28,29]. To this end, hypergraph learning has been introduced into the non-negative 

matrix factorization framework. A hyperedge in a hypergraph can connect multiple ver-

tices, typically constructed using the KNN method centered on each vertex. In this case, 

the number of vertices in the hypergraph equals the number of hyperedges. Figure 2 

shows an example model of a graph and a hypergraph. 
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Figure 2. Example of a graph and a hypergraph. 

Define the weight of the i-th hyperedge in the hypergraph as 

( )2 2
( ) exp

j i

ii i j

v e

w e v v 


= = − −W

 

(7) 

where  1 2, , , n= v v vV   denotes the vertex set,  1 2, , , m= e e eE   denotes the hy-

peredge set, 1
j i

i jv e
k v v


= − , and k represents the number of nearest neighbors 

for each vertex. The non-normalized hypergraph Laplacian matrix v
L  is defined as 

v v v
= −L D S

 (8) 

Here, 
1 T

ev

−
=S HWD H  . The incidence matrix H   reflects the correspondence be-

tween vertices and hyperedges, ( )diag
v
= 1D HW  is the diagonal matrix of vertex de-

grees, ( )diag T

e = 1D H   denotes the diagonal matrix of hyperedge degrees, and 

( )1,1, ,1
T

=1  . Then, hypergraph regularization can be transformed into the following 

minimization problem: 

2

data

,

1 ( )
= Tr( ( ) ) Tr( )

2 ( )

T T T T

i j v v v

e i j e

w e

e 

− = − = v v V D S V V LV
E  

(9) 

where 
T

i
v   and 

T

j
v   represent the low-dimensional representations of the original data 

ix  and jx , respectively. 

Given that high-dimensional data exhibits not only local geometric correlations in 

the sample space but also embodies manifold structures in the feature space [9], a feature 

space-based hypergraph regularization term is introduced to more comprehensively 

model the intrinsic structural relationships within the data. The non-normalized Lapla-

cian matrix of the feature hypergraph is defined as u u u
−L D S= . The objective function 

for the dual-hypergraph regularized non-negative matrix factorization model can then be 

expressed as 

2

, 0

min Tr( ) Tr( )
T T T

v uF
 



− + +
U V

X UV V LV U L U
 

(10) 

Here,   and   are non-negative hyperparameters that respectively constrain the 

weights of the regularization terms in the sample hypergraph and feature hypergraph. 
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Both v
L  and u

L  are symmetric positive definite matrices, which respectively smooth 

the low-dimensional embeddings of samples and features. 

3. The Proposed Method 

3.1. Objective Function 

Standard NMF employs the Frobenius norm to measure reconstruction error. The 

squared error term significantly amplifies the influence of outlier samples, causing the 

learned basis matrix and coefficient matrix to deviate from the true data structure. This 

reduces the model’s performance in feature extraction and clustering tasks. To reduce the 

model’s sensitivity to noise, we introduce correntropy as the loss function. Correntropy, 

as a nonlinear function of local similarity metrics, has demonstrated robustness [30]. Its 

core idea involves applying a nonlinear mapping to the error through a Gaussian kernel 

function: 

( ) ( )2 2 2 2
( , ) exp exp ( ,( ) / 2 ( ) / 2

XY
V X Y E dF x yX Y x y = − = − − −

   ）
 

(11) 

where X  and Y  are two similar random variables,   is the kernel bandwidth pa-

rameter, and [ ]E    is the expectation operator. However, in practical applications, the 

joint distribution function ( ,
XY
F x y） is often unknown. Typically, correntropy is repre-

sented using a finite number of data samples 
1

{( , )}
n

i i i
x y

=
: 

 ( ),

1 1

2 21 1
( , ) ( ) exp ( ) / 2

N N

N i i

i i

i iV X Y g x y
n n

x y 
= =

= − = − − 
 

(12) 

Here,  ,nV    represents the estimator of correntropy. As shown in Equation (12), 

when outliers cause excessive reconstruction errors (i.e., i ix y−  is too large), the corre-

sponding ( )2 2
exp ( ) / 2i ix y − −   value becomes smaller. The loss function for NMF 

based on correntropy [31] is 

( )
2

1 1

g ( )
m n

T

ij ij

i j= =

 
= − 

 
 

  X UV

 

(13) 

Unlike the 2
L  loss, which is sensitive to outliers, the correntropy criterion serves as 

a nonlinear measure of local similarity. From an optimization standpoint, for samples 

with large errors (i.e., noise or outliers), the gradient of the loss function based on corren-

tropy rapidly diminishes towards zero. This implies that during the optimization of the 

objective function, the loss function based on the MCC metric automatically reduces the 

effective weight assigned to such samples. As a result, noise and outliers contribute min-

imally to the updates of model parameters, ensuring stability in the decomposition pro-

cess and robustness in the final results. 

Based on this, we incorporate the dual-hypergraph regularization term and class-

driven constraints into the objective function (13) to enhance the discriminative capability 

of the basis matrices and the structured representation of the data, thereby improving the 

overall performance of semi-supervised clustering tasks on complex, noisy data. We pro-

pose a class-driven robust dual-hypergraph regularized NMF algorithm (CRNMFDH), 

with an objective function defined as follows: 

( )
, 0

2

1 1

max Tr( ) Tr( ) Tr( )g ( ) T T T

v u

m n
T

ij ij

i j

  

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− − −
 
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(14) 
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Here,  ,  , and   are all non-negative regularization parameters. The first term 

( )
2

1 1

g ( )
m n

T

ij ij

i j= =

−
 
 
 

  X UV  is a loss function based on correntropy, which mitigates the al-

gorithm’s robustness to noisy data by assigning smaller weights to anomalous samples. 

The second approach Tr( )
T

v
V LV   explores higher-order geometric structures embed-

ded within the sample space by constructing a sample hypergraph of the data, thereby 

enhancing the discriminative power and accuracy of low-dimensional matrices. The third 

approach Tr( )
T

u
U L U  extracts latent higher-order information among multiple features 

by constructing a feature hypergraph of the data, thereby fully preserving both the local 

geometric properties and global discriminative structure of the data. This symmetrical 

regularization design ensures that the manifold structures of both the sample and feature 

spaces are preserved simultaneously. The fourth term Tr( )
T

YV  is a class-driven con-

straint that associates class label information with each basis vector. This forces the learn-

ing of a more discriminative set of basis vectors, thereby enhancing the discriminative 

power of the basis matrix. Addressing the shortcomings of existing algorithms that rely 

solely on simple graph structures or simple pairwise constraints while neglecting higher-

order geometric structures and the integration of supervisory information, the CRN-

MFDH algorithm demonstrates significant advantages. Especially in noisy environments 

where label information is scarce and outliers exist, existing algorithms face challenges in 

maintaining both information integrity and discriminative power. CRNMFDH provides 

an effective solution to this problem. 

3.2. Optimization 

Since the objective function in Equation (14) is both nonlinear and nonconvex, in or-

der to better solve this nonconvex objective function, we employ the half-quadratic (HQ) 

optimization technique. This allows us to transform the objective function into a convex 

one with a multiplicative form and convert the maximization objective function into an 

easily solvable minimization optimization problem. First, according to Proposition 1 [31], 

the first term of Equation (14) can be rewritten as 

( ) ( )
2

, 0, 0
1 1

max g ( ) min Tr(( ) ( ))

Tr(( 2 )

m n

T T T T

ij ij

i j

T T T T
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      

(15) 

where 
m m

+
   is a positive diagonal matrix with diagonal elements equal to 

( )
2

2

2

1

1
exp ( )

2

T

ii ij ij

j
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
 =

= − − −
 
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 

 X UV

 

(16) 

The value of   is determined empirically [16], and its calculation formula is as fol-

lows: 

( )
2

1 1

1
( )

2

m
T

i

n

j ij

i jm


= =

= − X UV

 

(17) 

Therefore, the objective function (14) is equivalent to optimizing the following prob-

lem: 

= Tr( 2 ) Tr( ) Tr( ) Tr( )
T T T T T T T

v u
f   − + + + +X X VU X VU UV V LV U L U YV    (18) 

The augmented Lagrangian of Equation (18) is 
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( ) Tr( 2 ) Tr( )

Tr( ) Tr( ) Tr( ) Tr( )

T T T T T

v

T T T T

u



 

= − + +

+ + − −

L U,V X X VU X VU UV V LV

U L U YV ΦU ΨV
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 (19) 

Here, ( )
ij

=Φ Φ  and ( )
ij

=Ψ Ψ  are the Lagrange multipliers for 0U  and 0V . 

The first-order partial derivatives of Equation (19) with respect to U  and V  are respec-

tively 

2 2 2
T

u



= − + + −


XV UV V L U Φ

U
 

L
 (20) 

2 2 2
T T

v
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
= − + + − −


X U VU U LV Y Ψ

V
 

L
 (21) 

Given that 0
ij ij =Φ U  and 0ij ij =V , according to the condition [32], solving for 

0


=
U

L
 and 0


=

V

L
 yields 

( 2 2 2 ) 0
T

u ij ij
− + + =XV UV V L U U   (22) 

( 2 2 2 ) 0
T T

v ij ij
 − + + + =X U VU U LV Y V   (23) 

Thus, the update rules for U  and V  are 

( )

( )

u ik

ik ik T

u ik





+


+

XV S U
U U

UV V D U




 (24) 

( )

( / 2)

T

v jk

jk jk T

v jk



 

+


+ +

X U S V
V V

VU U DV Y




 (25) 

3.3. Convergence Analysis 

We employ the auxiliary function method [5,33] to prove the convergence of the 

CRNMFDH algorithm. Since the lower bound of the objective function in Equation (18) is 

non-negative, it suffices to demonstrate that the objective function is non-increasing under 

the update rules defined by Equations (24) and (25). 

Let the first derivative of function f  be denoted as f  . In the objective function 

(18), the parts involving ik
U  and jkV   are denoted as ( )

ik

f
U
U   and ( )

jk

f
V
V  , respec-

tively. Prove that the auxiliary functions of ( )
ik
fU U  and ( )

jk

f
V
V  are respectively 

2
( )

( , ) ( ) ( )( ) ( )
ik ik

T

t t t t tu ik

ik ik ik ik ikt

ik

g f f
+

= + − + −
U U

UV V D U
U U U U U U U U

U


 (26) 

2
( / 2)

( , ) ( ) ( )( ) ( )
jk

T

v jkt t t t t

jk jk jk jk jkt

jk

jk
g f f

 + +
= + − + −

V V

VU ΛU DV Y
V V V V V V V V

V
 (27) 

From Equations (26) and (27), it follows readily that ( ) ( )
ik

g f=
U

U,U U   and

( , ) ( )
jk

g f=
V

V V V . Let f   denote the second derivative of f . Then the Taylor expan-

sions of ( )
ik
fU U  and ( )

jk

f
V
V  at 

t

ik
=U U  and 

t

jk
=V V , respectively, are given by 
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2
( )

( ) ( ) ( )( ) ( )
2

ik

ik ik ik

t

ikt t t t

ik ik ik ik

f
f f f


= + − + −

U

U U U

U
U U U U U U U  (28) 

2
( )

( ) ( ) ( )( ) ( )
2

jk

jk jk jk

t

jkt t t t

jk jk jk jk

f
f f f


= + − + −

V

V V V

V
V V V V V V V  (29) 

Then proving ( , ) ( )
ik

t

ik
g f

U
U U U  and ( , ) ( )

jk

t

jk
g f

V
V V V  is equivalent to prov-

ing 

( )( )
( ) ( )

2

ik

tT
ik Tu ik

ii kk u iit

ik

f


+
 = +

U
UΛUV V D U

V V L
U

Λ  (30) 

( )( / 2)
( ) ( )

2

jk

tT

jkv jk T

kk v jjt

jk

f 


+ +
 = +

V
VVU U DV Y

U U L
V


  (31) 

Equate Equation (30) to 

1

( ) ( ) ( )

n

t T t T

ik il ii lk ik ii kk

l

T

=

= U Λ V V V VΛUV V U Λ  (32) 

1

( ) ( ) ( ) ( )
n

t t t

u jk u jq qk u ii ik u u ii ik

q=

=   − SD U D U D U D U  (33) 

The following can be obtained: 

( ) [ ( ) ( ) ]
T

ik ii kk u ii

T t

u ik
  ++ V V LUV V D U U   (34) 

Therefore, ( , ) ( )
ik

t

ik
g f

U
U U U  , meaning ( , )

t

ik
g U U   is an auxiliary function of 

function ( )
ik

f
U
U . 

Equate Equation (31) to 

1

( ) ( ) ( )

n

T t T t T

jk jr rk jk kk

r=

= VU U V U U V U U    (35) 

1

( ) ( ) ( ) ( )

n

t t t

v jk v jw wk v jj jk v v jj jk

w

   
=

=   − SDV D V D V D V  (36) 

Since 0 Y , it follows that 

( / 2) [( ) ( ) ]
T t T

v jk jk kk v jj
 + +  +VU ΛU DV Y V U ΛU L  (37) 

It is proven that ( , ) ( )
jk

t

jk
g f

V
V V V , i.e., ( , )

t

jk
g V V  is an auxiliary function of func-

tion ( )
jk

f
V
V . 

In summary, Equations (26) and (27) serve as auxiliary functions for functions 

( )
ik

f
U
U  and ( )

jk

f
V
V , respectively. Thus, the objective function ultimately converges to 

a local optimum through the iterative Equations (24) and (25). Algorithm 1 provides the 

specific implementation steps of the CRNMFDH algorithm. 
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Algorithm 1 CRNMFDH 

Input: Data matrix X  , number of nearest neighbors 1k   and 2k   in sample hyper-

graph and feature hypergraph, label ratio, indicator matrix Y , parameters  ,  , 

and  , maximum iteration count T, 
10


−

= 10 . 

Output: Basic matrix U , coefficient matrix V , and clustering results. 

Steps: 

1. Randomly initialize the values of 
0

U  and 
0

V ; 

2. If the convergence condition 2

1 1

( ( ) )

m n

T

ij ij

i j

g 
= =

− 
 
 
 

  X UV  holds and the iteration 

count reaches T, proceed to step 7; otherwise, proceed to step 3; 

3. Compute the Laplacian matrices 
v
L  and 

u
L ; 

4. Fix U  and V , update   and Λ ; 

5. Fix V , update U  according to Equation (24), namely: 

1
( )

( ( ) )

t t t

t t u ik

ik ik t t t T t t

u ik





+
+


+

Λ XV S U
U U

ΛU V V DV
,  1, 2, ,i m     ,  1, 2, ,k c      

6. Fix U , update V  according to Equation (25), namely: 

1 1
( )

( ( ) / 2)

T t t t

v jkt t

jk jk t t T t t t

v jk



 

+ +
+


+ +

X ΛU S V
V V

V U ΛU DV Y
,  1, 2, ,j n     ,  1, 2, ,k c      

Here t = T 

7. Perform clustering on V  using the K-means algorithm; 

3.4. Time Complexity Analysis 

This section analyzes the time complexity of the CRNMFDH algorithm, denoted by 

O . The computational complexity required for constructing the sample hypergraph and 

feature hypergraph in CRNMFDH is 
2 2

( )O mn nm+ , where m  is the feature dimension 

and n  is the number of samples. The computational complexity for updating  , Λ , 

U , and V  is ( )O mnc , where c  is the embedding dimension. Assuming the CRN-

MFDH algorithm terminates after the T-th iteration, the overall computational complexity 

of the algorithm is denoted as 
2 2

( )O mnc mnT nm+ + . Additionally, Table 1 presents a 

comparison of the time complexities between the proposed algorithm and CRNMFDH. It 

can be observed that the complexity of the CRNMFDH algorithm is higher than that of 

NMF, CDNMF, and MCDNMF. However, this increased complexity significantly en-

hances the accuracy of matrix decomposition and the performance of clustering. 

Table 1. Time complexity comparison of eight benchmark algorithms. 

Algorithm Objective Function Time Complexity 

NMF [5] 
2

0

min
T

F


−
,U V

X UV  ( )O Tmnc  

GNMF [6] 
2

0

min Tr( )
T T

F




− +
,U V

X UV V LV  2
( )O mnc mnT +  

HNMF [11] 
2

0

min Tr( )
T T

vF




− +
,U V

X UV V LV  2
( )O mnc mnT +  

DHCF [34] 
2

0

min Tr( ) Tr( )
T T T

v uF
 



− + +
,U V

X XUV V LV U L U  2 2 2
( )O n c mnT nm+ +  

MCCNMF [31] 
2

0
11

max ( ( ) )
T

ij ij

j

m

i

n

g


==

−
 
 
 

 
,U V

X UV  ( )O Tmnc  

CNMF [35] 
2

0

min
T T

F


−
,U Z

X UZ A  2
( )O mnc mnT +  
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CDNMF [27] 
2

0

min Tr( )
T T

F




− +
,U V

X UV YV  ( )O Tmnc  

MCDNMF [26] 
2

0

min Tr( ) Tr( )
T T T

F

 


− + +
,U V

X UV V LV YV  2
( )O mnc mnT +  

CRNMFDH 
2

0
1 1

max ( ( ) ) Tr( ) ( ) Tr( )
T T T T

ij ij v u

m n

i j

g   


= =

− − − −
 
 
 

 
,U V

X UV V LV U L U YV  2 2
( )O mnc mnT nm+ +  

4. Experiments and Analysis 

This section conducts a comparative analysis between the proposed algorithm and 

nine state-of-the-art algorithms on nine publicly available datasets. Given that this study 

presents an improved NMF algorithm, we selected eight relevant and advanced NMF 

variants, along with the K-means benchmark algorithm, for comparison. For semi-super-

vised algorithms, 20% of samples in each class were randomly selected as labeled data, 

and the indicator matrix Y  was constructed accordingly. During the experiments, we set 

the embedding dimension c of the new data space to be equal to the total number of cate-

gories z. The success of clustering algorithms depends not only on their consistency with 

labels but also on their ability to preserve the internal structure of the data—namely, the 

compactness of clusters and the distances between them. We employ four commonly used 

external evaluation metrics: Accuracy (ACC), Normalized Mutual Information (NMI), Pu-

rity (PUR), and Adjusted Rand Index (ARI). Additionally, the Silhouette Coefficient (SC) 

is utilized to measure the compactness and separability of clusters [36,37]. The values of 

ACC, NMI, and PUR range from  0,1 , while ARI ranges from  1,1− . The closer their 

values approach 1, the higher the precision of the clustering results [38,39]. The SC value 

ranges from  1,1−  , with values closer to 1 indicating better cohesion and separation 

within clusters. The experiment was implemented using Python 3.9.13. The computer en-

vironment configuration for the experiment is as follows: 11th Gen Intel (R) Core (TM) i5-

1135G7 processor @ 2.40 GHz–2.42 GHz, 16 GB of memory, and a 64-bit Windows 10 op-

erating system. 

4.1. Datasets 

The nine datasets used in the experiment are Semeion, UMIST, COIL20, warpPIE10P, 

Jaffe, USPS, att1, wdbc, and Vehicle. Semeion, wdbc, and vehicle are available at (http://ar-

chive.ics.uci.edu/ml), while COIL20 and USPS datasets can be downloaded from 

(http://www.cad.zju.edu.cn/home/dengcai/Data/MLData.html). For the USPS dataset, 200 

images were randomly selected from each category to form the experimental subset. The 

Jaffe and UMIST datasets can be accessed at (http://www.kasrl.org/jaffe.html and 

http://images.ee.umist.ac.uk/danny/database.html), respectively. The warpPIE10P da-

taset [40] is a subset of the PIE dataset, comprising 210 samples across 10 categories. The 

att1 dataset, created by the AT&T Laboratories at Cambridge University, contains 400 fa-

cial images from 40 individuals and can be downloaded from 

(https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html). Table 2 presents 

statistical information for the nine datasets. 
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Table 2. Basic information about datasets. 

Dataset Samples ( n ) Features (m ) Classes ( z ) Data Type Image Size 

Semeion 1593 256 10 digital images 16 × 16 

UMIST 574 10,304 20 facial images 112 × 92 

COIL20 1440 1024 20 object images 32 × 32 

warpPIE10P 210 2420 10 facial images 32 × 32 

Jaffe 213 1024 10 facial images 32 × 32 

USPS 9298 256 10 digital images 16 × 16 

att1 400 644 40 facial images 92 × 112 

wdbc 569 30 2 medical images —— 

Vehicle 846 18 4 vehicle contour data —— 

4.2. Comparative Algorithms and Parameter Settings 

A brief introduction to the nine comparison algorithms is as follows: 

(1) K-means [1] (unsupervised) achieves hard clustering of data through an iterative op-

timization process by minimizing the sum of squared Euclidean distances from sam-

ples within each cluster to their respective cluster centroids. 

(2) NMF [5] (unsupervised) aims to decompose a non-negative matrix into the product 

of two low-rank factor matrices, which partially represent the whole, and approxi-

mates the factor matrices by calculating reconstruction errors. 

(3) GNMF [6] (unsupervised) effectively learns latent local manifold information in data 

by introducing a graph regularization term. 

(4) HNMF [11] (unsupervised) encodes geometric information within the data space by 

constructing a data hypergraph, thereby preserving high-order manifold information 

across multiple samples. 

(5) DHCF [34] (unsupervised) constructs hypergraphs in both the sample space and fea-

ture space based on the dual graph regularization decomposition algorithm, thereby 

preserving their respective higher-order geometric structures. 

(6) MCCNMF [31] (unsupervised) reduces the algorithm’s sensitivity to noise and outli-

ers by reconstructing the correntropy error. 

(7) CNMF [35] (semi-supervised) incorporates labeled information as hard constraints 

into NMF, thereby enhancing clustering accuracy. 

(8) CDNMF [27] (semi-supervised) introduces a class-driven constraint within the NMF 

framework, associating label information with each basis vector. This ensures that 

features of data belonging to the same class become more similar, while features of 

data from different classes become more distinguishable. 

(9) MCDNMF [26] (semi-supervised) builds upon CDNMF by introducing a graph regu-

larization term to preserve latent local geometric structures within the data space. 

To ensure the fairness of the experiments, the number of nearest neighbors for all 

graph construction algorithms and those preserving higher-order geometric structures is 

uniformly set to 5k = . For each baseline algorithm, the parameter configurations are de-

termined within the recommended ranges specified in their original literature, employing 

a unified grid search strategy. This ensures that the performance comparison of each al-

gorithm is conducted under its optimal settings. The optimal hyperparameter combina-

tions for each algorithm across different datasets are detailed in Table 3. 
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Table 3. Parameter settings of CRNMFDH and comparative algorithms across the 9 datasets. 

Dataset 
CDNMF 

( ) 

MCDNMF 

( ,  ) 

GNMF 

( ) 

HNMF 

( ) 

DHCF 

( ,  ) 

CRNMFDH 

( ,  ,  ) 

Semeion 100 0.01, 100 10 0.001 0.01, 0.01 0.01, 0.1, 100 

UMIST 100 10, 100 10 10 1, 1 0.1, 10, 100 

COIL20 100 1, 100 10 0.01 0.1, 0.1 0.01, 10, 1000 

warPIE10P 100 0.1, 100 0.1 0.01 0.01, 0.01 0.1, 10, 100 

Jaffe 100 0.1, 100 1 0.01 0.01, 0.01 0.1, 0.001, 100 

USPS 100 10, 100 10 0.01 0.01, 0.001 0.01, 1, 100 

att1 10 0.01, 100 1 0.001 0.001, 0.001 0.001, 0.001, 100 

wdbc 100 0.01, 100 10 0.001 0.001, 0.01 0.001, 1, 100 

Vehicle 100 10, 100 10 0.001 0.001, 0.01 0.01, 0.001, 100 

4.3. Results and Analysis 

To minimize the impact of experimental randomness on results, each algorithm was 

independently run 20 times across nine datasets. The final clustering performance was 

determined by the mean ± standard deviation of each evaluation metric. Tables 4–8 sum-

marize the specific values of the ACC, NMI, PUR, ARI, and SC evaluation metrics for 10 

algorithms across nine datasets, with bolded numbers indicating the optimal result for the 

corresponding dataset under that metric. 

Table 4. ACC of 10 algorithms on 9 datasets (%). 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCCNMF DHCF MCDNMF 

Semeion 85.62 ± 0.10 59.79 ± 4.10 
51.07 ± 

3.32 

68.05 ± 

4.47 

53.08 ± 

3.99 

74.39 ± 

0.44 

55.19 ± 

4.41 
51.59 ± 3.75 

61.11 ± 

8.50 
74.54 ± 0.82 

UMIST 89.79 ± 1.99 43.57 ± 2.15 
39.27 ± 

2.24 

45.30 ± 

2.21 

53.13 ± 

3.39 

59.26 ± 

2.25 

62.62 ± 

1.16 
34.90 ± 1.91 

64.99 ± 

2.72 
64.91 ± 3.07 

COIL20 91.22 ± 1.86 68.40 ± 2.66 
64.45 ± 

2.43 

71.69 ± 

2.29 

73.84 ± 

1.83 

75.14 ± 

0.57 

75.73 ± 

1.54 
63.66 ± 2.70 

82.66 ± 

1.87 
77.81 ± 1.78 

warpPIE10P 75.17 ± 2.97 26.07 ± 1.16 
47.38 ± 

3.19 

59.74 ± 

2.41 

48.31 ± 

3.71 

65.05 ± 

3.32 

46.79 ± 

2.68 
45.36 ± 2.37 

49.60 ± 

2.06 
63.67 ± 2.21 

Jaffe 98.85 ± 0.23 86.46 ± 5.58 
82.82 ± 

4.32 

88.52 ± 

4.22 

93.90 ± 

4.53 

94.34 ± 

1.14 

95.68 ± 

2.50 
90.19 ± 5.68 

96.88 ± 

3.56 
97.56 ± 0.95 

USPS200 92.40 ± 0.03 65.44 ± 0.56 
66.30 ± 

3.42 

78.54 ± 

2.17 

80.14 ± 

4.12 

82.00 ± 

0.11 

70.14 ± 

7.35 
56.47 ± 2.79 

72.30 ± 

5.85 
83.91 ± 0.28 

att1 84.55 ± 1.49 45.12 ± 0.38 
70.66 ± 

2.23 

75.49 ± 

2.70 

79.59 ± 

1.45 

75.20 ± 

2.37 

81.36 ± 

1.75 
69.42 ± 2.25 

79.00 ± 

2.10 
83.31 ± 1.45 

wdbc 93.48 ± 0.05 85.41 ± 0.00 
72.62 ± 

12.50 

82.17 ± 

12.13 

89.82 ± 

0.82 

80.62 ± 

8.94 

90.01 ± 

0.64 
77.50 ± 13.24 

90.03 ± 

0.63 
92.82 ± 0.31 

Vehicle 65.75 ± 0.57 45.12 ± 0.38 
38.50 ± 

1.81 

42.23 ± 

3.32 

45.09 ± 

0.34 

47.50 ± 

4.28 

45.22 ± 

0.21 
55.44 ± 2.84 

45.53 ± 

0.21 
59.05 ± 0.47 

Table 5. NMI of 10 algorithms on 9 datasets (%). 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCCNMF DHCF MCDNMF 

Semeion 77.30 ± 0.18 
63.27 ± 

3.09 

43.74 ± 

2.26 

56.32 ± 

2.91 

52.09 ± 

4.35 

60.80 ± 

0.46 

54.36 ± 

2.90 
44.00 ± 2.80 

56.11 ± 

6.13 
61.63 ± 1.10 

UMIST 91.56 ± 0.34 
51.03 ± 

2.11 

58.80 ± 

1.82 

45.30 ± 

2.21 

71.36 ± 

1.86 

66.53 ± 

1.91 

82.98 ± 

0.47 
54.05 ± 1.90 

80.63 ± 

0.82 
78.12 ± 2.09 

https://doi.org/10.3390/sym18020351


Symmetry 2026, 18, 351 15 of 32 
 

https://doi.org/10.3390/sym18020351 

COIL20 94.99 ± 0.53 
74.50 ± 

1.73 

74.83 ± 

1.53 

79.52 ± 

1.33 

81.96 ± 

1.17 

80.14 ± 

0.51 

84.35 ± 

0.83 
74.66 ± 1.52 

89.98 ± 

0.64 
83.98 ± 0.78 

warpPIE10P 75.88 ± 2.34 
29.67 ± 

1.20 

53.59 ± 

2.82 

62.43 ± 

1.93 

53.12 ± 

2.25 

62.11 ± 

2.19 

51.65 ± 

2.21 
52.07 ± 2.79 

55.79 ± 

2.32 
64.07 ± 2.10 

Jaffe 98.25 ± 0.41 
89.53 ± 

3.65 

84.28 ± 

2.69 

87.44 ± 

2.33 

92.86 ± 

3.38 

92.67 ± 

0.95 

94.73 ± 

2.17 
92.12 ± 3.25 

96.44 ± 

2.31 
96.64 ± 1.12 

USPS200 84.50 ± 0.06 
69.15 ± 

0.44 

58.43 ± 

2.03 

67.33 ± 

1.89 

75.34 ± 

2.31 

70.88 ± 

0.18 

67.39 ± 

4.23 
51.73 ± 2.01 

68.87 ± 

3.35 
73.95 ± 0.32 

att1 91.15 ± 0.70 
48.43 ± 

2.96 

82.60 ± 

1.03 

87.66 ± 

1.35 

89.67 ± 

0.74 

83.39 ± 

1.40 

90.16 ± 

0.83 
83.78 ± 1.43 

90.55 ± 

0.63 
90.76 ± 0.77 

wdbc 65.95 ± 0.30 
85.41 ± 

0.00 

21.45 ± 

18.43 

38.61 ± 

20.50 

52.07 ± 

2.64 

35.18 ± 

12.12 

53.31 ± 

2.23 

28.18 ± 

16.08 

53.69 ± 

2.24 
61.29 ± 1.19 

Vehicle 
41.70 

±0.85 

48.43 ± 

2.96 

13.88 ± 

2.22 

16.96 ± 

2.51 

20.52 ± 

0.67 

23.39 ± 

2.32 

20.63 ± 

0.21 
50.57 ± 2.05 

20.79 ± 

0.21 
30.07 ± 0.52 

Table 6. PUR of 10 algorithms on 9 datasets (%). 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCCNMF DHCF MCDNMF 

Semeion 85.62 ± 0.10 
55.06 ± 

2.01 

53.01 ± 

2.84 

68.71 ± 

3.85 

56.73 ± 

3.73 

74.39 ± 

0.44 

57.58 ± 

3.42 
53.33 ± 3.75 

62.25 ± 

8.49 
74.54 ± 0.82 

UMIST 89.75 ± 1.04 
65.89 ± 

1.68 

45.73 ± 

2.16 

51.37 ± 

2.31 

60.65 ± 

3.13 

60.41 ± 

1.98 

70.91 ± 

0.27 
41.22 ± 2.15 

70.79 ± 

1.05 
70.34 ± 2.71 

COIL20 91.85 ± 1.23 
78.97 ± 

1.27 

67.34 ± 

2.43 

73.80 ± 

1.85 

75.51 ± 

1.73 

75.14 ± 

0.57 

77.27 ± 

1.31 
66.60 ± 2.26 

84.38 ± 

1.41 
79.90 ± 1.31 

warpPIE10P 76.05 ± 2.70 
25.93 ± 

2.05 

49.62 ± 

2.70 

61.05 ± 

2.30 

49.69 ± 

2.00 

65.48 ± 

2.94 

47.76 ± 

2.47 
47.29 ± 2.16 

52.88 ± 

2.14 
65.05 ± 2.07 

Jaffe 98.85 ± 0.23 
88.95 ± 

3.61 

84.25 ± 

3.20 

89.01 ± 

3.16 

94.13 ± 

3.78 

94.34 ± 

1.14 

95.70 ± 

2.44 
90.89 ± 4.89 

97.09 ± 

2.66 
97.56 ± 0.95 

USPS 200 92.40 ± 0.03 
57.05 ± 

0.35 

68.20 ± 

2.76 

78.74 ± 

1.94 

81.32 ± 

3.21 

82.00 ± 

0.11 

71.25 ± 

7.61 
58.28 ± 2.15 

73.56 ± 

6.44 
83.91 ± 0.28 

att1 85.21 ± 1.29 
18.61 ± 

0.09 

71.56 ± 

1.76 

78.30 ± 

2.54 

81.45 ± 

1.24 

75.67 ± 

2.20 

81.36 ± 

1.75 
72.28 ± 2.09 

81.81 ± 

1.53 
83.79 ± 1.24 

wdbc 93.48 ± 0.05 
46.48 ± 

0.00 

74.24 ± 

10.36 

83.02 ± 

10.34 

89.82 ± 

0.82 

81.07 ± 

7.72 

90.01 ± 

0.64 
79.48 ± 9.78 

90.03 ± 

0.63 
92.82 ± 0.31 

Vehicle 65.75 ± 0.57 
18.61 ± 

0.09 

40.72 ± 

1.41 

44.63 ± 

2.89 

45.23 ± 

0.42 

49.26 ± 

3.37 

45.22 ± 

0.20 
57.55 ± 2.59 

45.53 ± 

0.21 
59.05 ± 0.47 

Table 7. ARI of 10 algorithms on 9 datasets (%). 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCCNMF DHCF MCDNMF 

Semeion 71.75 ± 0.22 
40.96 ± 

3.20 

30.31 ± 

2.71 

47.17 ± 

3.79 

35.69 ± 

3.89 

53.03 ± 

0.60 

34.67 ± 

3.22 
31.10 ± 3.55 

42.11 ± 

6.76 
53.29 ± 1.05 

UMIST 80.15 ± 1.68 
34.54 ± 

2.09 

28.22 ± 

2.47 

33.66 ± 

2.32 

43.25 ± 

3.75 

38.97 ± 

2.85 

50.30 ± 

1.79 
22.90 ± 2.19 

55.43 ± 

2.55 
42.02 ± 5.46 

COIL20 86.03 ± 1.95 
62.05 ± 

2.50 

53.34 ± 

2.43 

63.56 ± 

1.87 

66.75 ± 

2.27 

64.08 ± 

0.85 

70.29 ± 

1.53 
55.30 ± 2.36 

78.10 ± 

1.65 
68.41 ± 2.04 

warpPIE10P 64.05 ± 2.70 6.49 ± 1.10 
26.80 ± 

2.67 

40.57 ± 

2.53 

26.84 ± 

1.88 

30.42 ± 

3.74 

24.88 ± 

2.03 
25.31 ± 2.12 

30.87 ± 

1.99 
37.00 ± 3.33 

Jaffe 97.44 ± 0.52 
79.20 ± 

6.57 

73.09 ± 

4.86 

79.13 ± 

4.76 

88.64 ± 

6.28 

88.37 ± 

1.91 

91.56 ± 

3.92 
84.97 ± 6.63 

94.13 ± 

4.36 
94.83 ± 1.90 

USPS 200 83.85 ± 0.06 
47.12 ± 

0.53 

48.04 ± 

2.95 

60.60 ± 

2.79 

68.40 ± 

3.41 

65.00 ± 

0.20 

57.15 ± 

6.28 
38.67 ± 2.43 

59.19 ± 

5.31 
68.15 ± 0.55 
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att1 72.59 ± 3.28 
12.09 ± 

0.08 

55.46 ± 

2.37 

66.18 ± 

3.49 

71.61 ± 

1.80 

43.24 ± 

5.05 

71.60 ± 

2.28 
56.93 ± 2.01 

72.38 ± 

1.85 
70.90 ± 3.47 

wdbc 75.39 ± 0.18 
49.14 ± 

0.00 

26.24 ± 

22.85 

46.99 ± 

25.04 

63.10 ± 

2.54 

40.09 ± 

17.78 

63.65 ± 

2.02 

36.90 ± 

21.16 

63.69 ± 

1.99 
73.19 ± 1.07 

Vehicle 36.17 ± 0.90 
12.09 ± 

0.08 

10.71 ± 

1.36 

13.48 ± 

2.84 

13.75 ± 

0.37 

15.82 ± 

2.35 

13.79 ± 

0.23 
35.92 ± 2.65 

14.49 ± 

0.24 
27.49 ± 0.64 

Table 8. SC of 10 algorithms on 9 datasets (%). 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCCNMF DHCF MCDNMF 

Semeion 67.58 ± 0.07 6.35 ± 0.25 
20.77 ± 

1.27 

24.98 ± 

1.34 

32.83 ± 

4.02 

40.91 ± 

0.29 

45.30 ± 

0.97 
23.07 ± 0.60 

33.97 ± 

0.74 
45.35 ± 1.12 

UMIST 72.84 ± 0.65 
17.55 ± 

0.34 

24.42 ± 

0.98 

25.56 ± 

1.10 

29.24 ± 

1.02 

45.15 ± 

0.89 

55.15 ± 

2.34 
25.25 ± 0.65 

62.42 ± 

0.46 
68.24 ± 1.48 

COIL20 76.95 ± 0.89 
24.33 ± 

0.57 

37.69 ± 

1.13 

40.95 ± 

1.03 

45.23 ± 

0.91 

60.11 ± 

0.99 

60.11 ± 

0.99 
37.68 ± 1.19 

68.82 ± 

0.64 
69.05 ± 0.59 

warpPIE10P 63.03 ± 0.94 
26.40 ± 

0.78 

38.05 ± 

1.49 

42.14 ± 

2.19 

42.54 ± 

1.45 

54.23 ± 

2.62 

55.07 ± 

2.61 
38.11 ± 1.64 

37.21 ± 

1.24 
41.23 ± 0.87 

Jaffe 87.99 ± 0.12 
25.67 ± 

0.35 

44.96 ± 

1.63 

49.30 ± 

1.38 

72.62 ± 

1.72 

67.74 ± 

1.04 

77.07 ± 

0.63 
45.88 ± 1.85 

68.04 ± 

1.08 
71.55 ± 0.42 

USPS 200 60.15 ± 0.02 
15.76 ± 

0.08 

27.58 ± 

1.30 

34.15 ± 

1.50 

49.10 ± 

3.72 

49.93 ± 

0.11 

53.58 ± 

0.11 
27.12 ± 0.68 

49.34 ± 

3.67 
50.92 ± 5.05 

att1 66.31 ± 0.73 
18.15 ± 

0.34 

24.08 ± 

0.78 

26.22 ± 

0.70 

60.82 ± 

0.69 

42.03 ± 

0.97 

48.37 ± 

1.05 
22.12 ± 0.68 

33.32 ± 

0.50 
36.26 ± 0.38 

wdbc 97.59 ± 0.37 
50.65 ± 

0.03 

60.31 ± 

2.83 

64.88 ± 

4.18 

72.87 ± 

2.43 

63.09 ± 

4.88 

71.57 ± 

0.80 
51.51 ± 3.07 

84.12 ± 

11.61 

84.22 ± 

11.71 

Vehicle 96.60 ± 0.86 
46.12 ± 

0.05 

36.74 ± 

3.98 

36.32 ± 

3.89 

61.71 ± 

0.98 

50.91 ± 

2.71 

62.94 ± 

4.66 
36.86 ± 4.03 

86.51 ± 

12.15 
89.39 ± 9.63 

As shown in Tables 4–8, the CRNMFDH algorithm achieved the highest clustering 

metrics across all nine datasets. This fully demonstrates the algorithm’s outstanding clus-

tering performance and robustness in clustering tasks. Specifically, when evaluating the 

quality metric SC for clustering structures, the CRNMFDH algorithm achieved an average 

SC value of 76.56%, significantly outperforming the other nine comparison algorithms. 

This demonstrates that its learned low-dimensional representations exhibit outstanding 

performance in terms of intra-class compactness and inter-class separability. The primary 

reasons for the proposed algorithm’s superiority over other algorithms are as follows: 

(1) Compared to unsupervised algorithms, such as K-means, NMF, and GNMF, CRN-

MFDH demonstrates superior clustering performance. Specifically, on the UMIST da-

taset, its ACC, NMI, PUR, ARI, and SC metrics show average improvements of 

46.22%, 40.53%, 23.86%, 45.61 and 55.29% over K-means, compared to NMF, it 

achieved average improvements of 50.52%, 32.76%, 44.02%, 51.93%, and 48.42%, re-

spectively. Compared to GNMF, it achieved average improvements of 36.66%, 

20.20%, 29.10%, 36.90%, and 43.6%, respectively. This is because CRNMFDH con-

structs Laplacian hypergraph regularization terms in both the data space and feature 

space, effectively preserving the multi-dimensional geometric structure information 

of both the data manifold and feature manifold. This overcomes the limitation of tra-

ditional graph methods, which can only model pairwise relationships, thereby en-

hancing the discriminative power of the low-dimensional representations. 
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(2) Compared with hypergraph algorithms, such as HNMF and DHCF, CRNMFDH 

achieves superior average values for the ACC, NMI, PUR, ARI, and SC metrics. Spe-

cifically, it outperforms HNMF by 0.1724, 0.1352, 0.1577, 0.2106, and 0.1776, respec-

tively, and surpasses DHCF by 0.1509, 0.1205, 0.1340, 0.1745, and 0.1837, respectively. 

The remarkable performance of CRNMFDH stems from its approach of associating 

label information with basis vectors through the construction of an indicator matrix. 

This constraint compels the learned basis vectors to represent instances of the same 

class more effectively while representing those of different classes less effectively, 

thereby enhancing clustering performance. 

(3) Compared to semi-supervised algorithms, such as CNMF, CDNMF, and MCDNMF, 

CRNMFDH achieves higher average ACC values by 18.35%, 13.82%, and 8.92%, re-

spectively. The average NMI improved by 19.97%, 16,24%, and 2.31%, respectively. 

The average PUR increased by 16.70%, 13.47%, and 8.00%, respectively. The average 

ARI rose by 24.01%, 25.38%, and 14.68%, respectively. The average improvements in 

SC values were 0.3828, 0.2388, and 0.1476, respectively. This is because CRNMFDH 

employs correntropy to reconstruct errors. Within the objective function, correntropy 

assigns smaller weights to dissimilar sample points, thereby reducing the impact of 

outliers while enhancing the method’s robustness. 

4.4. Statistical Significance Test 

This section employs the Friedman test, augmented by the Iman–Davenport correc-

tion, to verify whether the performance advantage of the CRNMFDH algorithm over the 

comparison methods is statistically significant. Following a significant result in the Fried-

man test, we proceeded with pairwise post hoc comparisons using the Wilcoxon signed-

rank test (one-tailed, right-sided) to determine whether the CRNMFDH algorithm was 

significantly superior to each of the competitor algorithms. To control the family-wise er-

ror rate (FWER) arising from multiple comparisons, the p-values from all pairwise tests 

were adjusted using Holm’s correction. The detailed results of these statistical analyses 

are summarized in Tables 9 and 10. The bolded numbers indicate the optimal results 

achieved by the corresponding algorithm under that metric. 

Table 9. Average rankings from Friedman test. 

Algorithm 

Dataset 
CRNMFDH K-Means NMF CNMF GNMF CDNMF HNMF MCC-NMF DHCF MCDNMF 

ACC 1.00 8.11  9.00  6.33  5.89  4.67  5.22  8.44  4.00  2.33  

NMI 1.33 6.33  8.78  7.11  5.67  5.67  5.33  7.57  4.22  3.00  

PUR 1.00 8.44  8.89  6.33  5.56  5.00  5.33  8.11  3.89  2.44  

ARI 1.00 8.11  9.11  6.22  4.89  5.67  5.33  7.89  3.56  3.22  

SC 1.00 9.68  8.44  7.00  4.67  4.83  4.67  8.33  3.11  3.28  

Table 9 results indicate that CRNMFDH achieved the lowest average ranking across 

all five clustering evaluation metrics, with corrected p-values below 0.001 for every metric. 

This strongly rejects the null hypothesis that “all algorithms exhibit no significant perfor-

mance differences,” demonstrating that the proposed CRNMFDH algorithm possesses 

statistically significant performance advantages over the comparison methods. The clus-

tering performance of MCDNMF and DHCF is inferior to that of the CRNMFDH algo-

rithm, while traditional K-means clustering and basic NMF methods rank relatively lower. 

The statistical results further confirm that CRNMFDH achieves significant and consistent 

performance improvements across multiple evaluation metrics by integrating dual-hy-

pergraph regularization, label information guidance, and a correntropy-based robustness 
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mechanism. This approach not only enhances the structural preservation capability of fea-

ture representations but also improves the robustness of the clustering process against 

noise and outliers, thereby demonstrating outstanding discriminative power and stability 

in complex high-dimensional data clustering tasks. 

Table 10. Results of Wilcoxon signed-rank right-tailed test with Holm correction. 

Algorithm 

Dataset 
K-Means NMF CNMF GNMF CDNMF HNMF MCC-NMF DHCF MCDNMF 

ACC 0.02 0.02  0.01  0.01  0.01  0.01  0.00  0.00  0.01  

NMI 0.03 0.02  0.02  0.01  0.01  0.01  0.01  0.01  0.02  

PUR 0.02 0.02  0.01  0.01  0.01  0.01  0.00  0.00  0.01  

ARI 0.02 0.02  0.01  0.01  0.01  0.01  0.00  0.00  0.01  

SC 0.02 0.02  0.01  0.01  0.01  0.01  0.00  0.00  0.01  

The statistically corrected test results are presented in Table 10. At a significance level 

of  0.05 = , CRNMFDH demonstrated a significant superiority in all 45 pairwise com-

parisons, with all adjusted p-values falling below 0.05. Specifically, CRNMFDH achieved 

statistically significant improvements over all competing algorithms across the ACC, 

NMI, PUR, ARI, and SC metrics. The results indicate that even after strictly controlling 

the family-wise error rate (FWER) to ensure more conservative statistical inference, CRN-

MFDH maintains a statistically significant advantage across all comparisons. These find-

ings further substantiate that—through the integration of dual-hypergraph regularization, 

label-information guidance, and the correntropy-based robust mechanism—CRNMFDH 

delivers robust and reliable performance gains across multiple clustering evaluation di-

mensions, rather than merely reflecting random statistical fluctuations. Consequently, the 

results provide strong statistical support for the robustness and discriminative power of 

CRNMFDH in practical applications. 

4.5. Ablation Experiments 

To systematically evaluate the effectiveness of each regularization term in the CRN-

MFDH algorithm, ablation experiments were conducted in this section. The names of the 

six degenerate variants of CRNMFDH and their objective functions are listed in Table 11. 

The experiments also included MCCNMF without regularization as the baseline compar-

ison algorithm, whose ACC, NMI, PUR, and ARI metrics are presented in Tables 4–7. All 

degenerate variants were evaluated on nine public datasets. Their clustering performance 

metrics are summarized in Tables 12–15, with optimal results highlighted in bold. 

Table 11. Degraded objective functions of CRNMFDH. 

No.   Algorithm Name Objective Function After CRNMFDH Degradation 

1 CRNMFDH-1 
2

0
1 1

max ( ( ) ) Tr( )
T T

ij ij v

m n

i j

g 


= =

− −
 
 
 

 
,U V

X UV V LV  

2 CRNMFDH-2 
2

0
1 1

max ( ( ) ) ( )
T T

ij ij u

m n

i j

g 


= =

− −
 
 
 

 
,U V

X UV U L U  

3 CRNMFDH-3 
2

0
1 1

max ( ( ) ) Tr( )
T T

ij ij

m n

i j

g 


= =

− −
 
 
 

 
,U V

X UV YV  

4 CRNMFDH-4 
2

0
1 1

max ( ( ) ) Tr( ) ( )
T T T

ij ij v u

m n

i j

g  


= =

− − −
 
 
 

 
,U V

X UV V LV U L U  
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5 CRNMFDH-5 
2

0
1 1

max ( ( ) ) Tr( ) Tr( )
T T T

ij ij v

m n

i j

g  


= =

− − −
 
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 

 
,U V

X UV V LV YV  

6 CRNMFDH-6 
2

0
1 1

max ( ( ) ) ( ) Tr( )
T T T

ij ij u

m n

i j

g  


= =

− − −
 
 
 

 
,U V

X UV U L U YV  

Table 12. ACC values in the CRNMFDH ablation experiment (%). 

Algorithm 

Dataset 
CRNMFDH-1 CRNMFDH-2 CRNMFDH-3 CRNMFDH-4 CRNMFDH-5 CRNMFDH-6 CRNMFDH 

Semeion 57.11 ± 3.11 52.32 ± 4.84 74.81 ± 1.88 67.19 ± 4.79 75.83 ± 0.63 75.18 ± 0.42 85.62 ± 0.10 

UMIST 63.28 ± 3.14 35.55 ± 1.85 59.30 ± 1.92 65.34 ± 3.45 70.90 ± 1.02 68.92 ± 1.34 89.79 ± 1.99 

COIL20 77.63 ± 1.24 64.11 ± 2.77 79.15 ± 1.39 82.31 ± 1.69 80.19 ± 1.64 79.20 ± 1.18 91.22 ± 1.86 

warpPIE10P 48.43 ± 2.30 47.33 ± 2.53 66.48 ± 2.43 50.76 ± 2.00 69.50 ± 2.62 68.74 ± 2.97 75.17 ± 2.97 

Jaffe 96.78 ± 0.31 92.53 ± 4.77 95.49 ± 1.92 97.09 ± 0.19 98.52 ± 0.17 96.00 ± 2.64 98.85 ± 0.23 

USPS 200 71.14 ± 4.83 59.70 ± 4.98 80.52 ± 0.17 72.83 ± 1.20 87.29 ± 0.04 81.43 ± 0.06 92.40 ± 0.03 

att1 81.25 ± 1.20 72.91 ± 1.84 75.05 ± 1.91 82.69 ± 1.69 83.52 ± 1.47 77.17 ± 2.01 84.55 ± 1.49 

wdbc 90.22 ± 10.17 84.46 ± 8.95 82.89 ± 3.97 89.75 ± 0.93 92.98 ± 0.30 88.38 ± 7.24 93.48 ± 0.05 

Vehicle 44.94 ± 0.13 38.81 ± 1.87 45.51 ± 2.63 46.98 ± 0.10 56.28 ± 0.10 46.25 ± 3.91 65.75 ± 0.57 

Table 13. NMI values in the CRNMFDH ablation experiment (%). 

Algorithm 

Dataset 
CRNMFDH-1 CRNMFDH-2 CRNMFDH-3 CRNMFDH-4 CRNMFDH-5 CRNMFDH-6 CRNMFDH 

Semeion 49.14 ± 1.74 44.63 ± 2.75 61.68 ± 1.59 61.87 ± 2.92 63.73 ± 0.54 62.14 ± 0.38 77.30 ± 0.18 

UMIST 81.69 ± 1.56 54.10 ± 2.06 66.36 ± 1.41 82.82 ± 2.50 84.34 ± 0.87 80.25 ± 1.00 91.56 ± 0.34 

COIL20 87.99 ± 1.25 74.09 ± 1.82 79.48 ± 1.02 88.90 ± 1.13 87.50 ± 0.54 79.90 ± 1.04 94.99 ± 0.53 

warpPIE10P 52.43 ± 1.91 51.56 ± 2.42 57.83 ± 2.34 55.91 ± 4.22 61.64 ± 2.41 59.43 ± 3.03 75.88 ± 2.34 

Jaffe 96.52 ± 0.54 93.36 ± 3.64 93.77 ± 2.00 97.06 ± 0.33 98.06 ± 0.29 94.01 ± 2.28 98.25 ± 0.41 

USPS 200 66.14 ± 4.83 54.49 ± 8.23 67.38 ± 0.19 71.37 ± 1.26 76.65 ± 0.07 73.97 ± 0.07 84.50 ± 0.06 

att1 90.82 ± 0.62 85.05 ± 0.93 87.44 ± 0.95 90.98 ± 0.71 91.04 ± 0.97 89.23 ± 1.14 91.15 ± 0.70 

wdbc 51.40 ± 20.65 41.96 ± 11.09 33.99 ± 6.53 52.65 ± 3.34 63.47 ± 0.54 47.63 ± 10.56 65.95 ± 0.30 

Vehicle 19.87 ± 0.07 14.86 ± 2.07 18.82 ± 2.24 21.93 ± 0.04 28.92 ± 0.34 23.31 ± 3.73 41.70 ± 0.85 

Table 14. PUR values in the CRNMFDH ablation experiment (%). 

Algorithm 

Dataset 
CRNMFDH-1 CRNMFDH-2 CRNMFDH-3 CRNMFDH-4 CRNMFDH-5 CRNMFDH-6 CRNMFDH 

Semeion 58.41 ± 2.33 53.98 ± 4.07 74.81 ± 1.88 69.09 ± 3.86 75.83 ± 0.63 75.18 ± 0.42 85.62 ± 0.10 

UMIST 70.70 ± 1.63 41.76 ± 2.13 59.43 ± 1.78 71.02 ± 2.56 73.95 ± 0.89 70.45 ± 1.30 89.75 ± 1.04 

COIL20 80.80 ± 1.53 64.97 ± 2.63 74.28 ± 1.26 84.12 ± 1.51 81.23 ± 1.13 74.31 ± 1.13 91.85 ± 1.23 

warpPIE10P 49.19 ± 2.04 48.38 ± 2.19 53.52 ± 2.38 50.55 ± 2.16 59.71 ± 2.66 55.50 ± 2.65 76.05 ± 2.70 

Jaffe 96.78 ± 0.31 92.81 ± 4.39 95.49 ± 1.92 97.09 ± 0.19 98.52 ± 0.17 95.00 ± 2.64 98.85 ± 0.23 

USPS 200 73.55 ± 3.22 59.79 ± 4.98 81.52 ± 0.17 77.09 ± 1.20 87.29 ± 0.04 82.43 ± 0.06 92.40 ± 0.03 

att1 82.26 ± 1.27 75.14 ± 1.62 80.01 ± 1.74 83.17 ± 1.38 84.45 ± 1.26 81.65 ± 1.90 85.21 ± 1.29 

wdbc 90.22 ± 10.17 83.27 ± 6.21 82.89 ± 3.97 89.75 ± 0.93 92.98 ± 0.30 85.38 ± 7.24 93.48 ± 0.05 

Vehicle 44.94 ± 0.13 41.34 ± 1.29 45.87 ± 2.43 44.98 ± 0.10 59.28 ± 0.10 49.70 ± 3.77 65.75 ± 0.57 

Table 15. ARI values in the CRNMFDH ablation experiment (%). 

Algorithm 

Dataset 
CRNMFDH-1 CRNMFDH-2 CRNMFDH-3 CRNMFDH-4 CRNMFDH-5 CRNMFDH-6 CRNMFDH 

Semeion 36.23 ± 2.45 31.98 ± 3.56 53.82 ± 2.11 48.06 ± 4.13 55.57 ± 0.80 54.33 ± 0.65 71.75 ± 0.22 

UMIST 54.36 ± 4.46 23.42 ± 1.93 39.40 ± 2.33 56.30 ± 3.89 59.31 ± 1.76 49.01 ± 1.91 80.15 ± 1.68 
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COIL20 74.42 ± 1.52 54.47 ± 2.51 60.49 ± 1.71 77.63 ± 1.77 72.30 ± 2.16 60.95 ± 1.62 86.03 ± 1.95 

warpPIE10P 26.80 ± 1.56 25.60 ± 2.00 30.45 ± 1.82 28.68 ± 2.29 35.77 ± 3.10 33.78 ± 2.34 64.05 ± 2.70 

Jaffe 93.50 ± 0.68 88.99 ± 6.75 90.55 ± 3.56 94.16 ± 0.41 96.79 ± 0.37 91.07 ± 4.36 97.44 ± 0.52 

USPS 200 55.40 ± 3.15 40.92 ± 5.67 61.90 ± 0.25 60.81 ± 1.70 67.73 ± 0.07 62.08 ± 0.08 83.85 ± 0.06 

att1 71.56 ± 1.70 63.56 ± 2.15 69.47 ± 4.06 72.58 ± 1.82 72.21 ± 3.68 71.61 ± 5.20 72.59 ± 3.28 

wdbc 51.20 ± 23.40 41.12 ± 12.69 43.67 ± 8.52 62.83 ± 2.93 73.65 ± 1.05 44.08 ± 15.51 75.39 ± 0.18 

Vehicle 13.19 ± 0.07 11.27 ± 1.40 10.95 ± 2.29 14.98 ± 0.10 25.56 ± 0.13 19.10 ± 3.23 36.17 ± 0.90 

The results presented in Tables 12–15 validate the effectiveness of the CRNMFDH 

algorithm, which achieves optimal values for ACC, NMI, PUR, and ARI metrics across all 

nine datasets. 

(1) Both CRNMFDH-1 and CRNMFDH-3 exhibit significant improvements in clustering 

performance compared to MCCNMF. Specifically, they achieve average enhance-

ments of 9.59% and 12.74% in the ACC metric, 7.20% and 3.95% in the NMI metric, 

8.88% and 8.99% in the PUR metric, and 9.85% and 8.08% in the ARI metric, respec-

tively. Although CRNMFDH-2 and MCCNMF demonstrate comparable performance 

on certain datasets due to limited feature discrimination between categories, the CRN-

MFDH-2 model, which is further optimized by introducing a class-driven constraint, 

still shows superior overall average performance compared to CRNMFDH-3. This in-

dicates that the combined introduction of sample hypergraph regularization, feature 

hypergraph regularization, and class-driven constraint can effectively enhance the 

model’s clustering discrimination capability and structural representation con-

sistency, thereby systematically improving clustering performance. 

(2) Compared to CRNMFDH-4, CRNMFDH achieves average improvements of 0.1354, 

0.1086, 0.1245, and 0.1682 in ACC, NMI, PUR, and ARI metrics, respectively, across 

the 9 datasets. When Compared to CRNMFDH-5, the average improvements in these 

four metrics are 0.0686, 0.0732, 0.0708, and 0.1206, respectively. In comparison with 

CRNMFDH-6, significant average increases of 0.1061, 0.1238, 0.1215, and 0.2016 are 

observed in the ACC, NMI, PUR, and ARI metrics, respectively. These consistent and 

significant results fully demonstrate that integrating correntropy metrics with feature 

hypergraph regularization, sample hypergraph regularization, and a class-driven 

constraint into a unified NMF framework can effectively synergistically enhance the 

model’s structural representation capability and clustering performance. 

4.6. Clustering Visualization Analysis 

To systematically evaluate the clustering performance of the CRNMFDH algorithm, 

a comparative visualization analysis was conducted using the t-SNE method. Taking 

NMF as the baseline algorithm, six improved NMF clustering algorithms with relatively 

superior performance are selected for performance validation on the warpPIE10P, Se-

meion, and USPS datasets respectively. In the experimental design, t-SNE was first em-

ployed to project the obtained low-dimensional data onto a two-dimensional plane. Sub-

sequently, to eliminate random errors, each algorithm underwent 20 independent repli-

cate experiments under optimal parameter configurations. The mean matrix was ulti-

mately used as the visualization input data. The results are shown in Figures 3–5, where 

the “+” represents a sample point and the square represents the centroid. Figures 3–5 

demonstrate that during the clustering process, CRNMFDH exhibits outstanding perfor-

mance in terms of intra-class compactness and inter-class separation. This indicates that 

the CRNMFDH algorithm can more effectively separate data of different categories in the 

feature subspace, thereby enhancing the data’s distinguishability. Notably, even on the 

USPS dataset, which contains noise, the cluster structure of the clustering results obtained 

by the CRNMFDH algorithm does not exhibit significant mixing or outliers. This visually 

https://doi.org/10.3390/sym18020351


Symmetry 2026, 18, 351 21 of 32 
 

https://doi.org/10.3390/sym18020351 

validates the robustness of the proposed algorithm and its effectiveness in maintaining 

intra-cluster compactness. Therefore, for high-dimensional data clustering problems, 

CRNMFDH can be employed for dimensionality reduction preprocessing, followed by K-

means clustering on the resulting low-dimensional representations, thereby significantly 

improving the final clustering accuracy. 

    
(a) NMF (b) CNMF (c) GNMF (d) HNMF 

    
(e) DHCF (f) CDNMF (g) MCDNMF (h) CRNMFDH 

Figure 3. Low-rank representations of warpPIE10P learned by 9 algorithms. 

    
(a) NMF (b) CNMF (c) GNMF (d) HNMF 

    
(e) DHCF (f) CDNMF (g) MCDNMF (h) CRNMFDH 

Figure 4. Low-rank representations of Semeion learned by 9 algorithms. 

    

(a) NMF (b) CNMF (c) GNMF (d) HNMF 
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(e) DHCF (f) CDNMF (g) MCDNMF (h) CRNMFDH 

Figure 5. Low-rank representations of USPS learned by 9 algorithms. 

4.7. Impact of Label Information 

The proposed CRNMFDH is a semi-supervised learning algorithm whose perfor-

mance is closely tied to the volume of labeled data. To evaluate the impact of labeled data 

volume on algorithm performance, we conducted comparative experiments across nine 

datasets: for each category within each dataset, we randomly sampled labeled data at ra-

tios of 10%, 20%, 30%, 40%, and 50%, with the remaining data serving as unlabeled data. 

To ensure statistical significance of the experimental results, each algorithm was inde-

pendently run 20 times under each label ratio setting. The final average performance met-

ric values and their standard deviations were aggregated to produce the results shown in 

Figures 6–14. 

    

Figure 6. Semi-supervised clustering performance versus label ratio on Semeion. 

    

Figure 7. Semi-supervised clustering performance versus label ratio on UMIST. 

    

Figure 8. Semi-supervised clustering performance versus label ratio on Jaffe. 
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Figure 9. Semi-supervised clustering performance versus label ratio on att1. 

    

Figure 10. Semi-supervised clustering performance versus label ratio on COIL20. 

    

Figure 11. Semi-supervised clustering performance versus label ratio on USPS. 

    

Figure 12. Semi-supervised clustering performance versus label ratio on Vehicle. 

    

Figure 13. Semi-supervised clustering performance versus label ratio on warpPIE10P. 
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Figure 14. Semi-supervised clustering performance versus label ratio on wdbc. 

As illustrated in Figures 6–14, with the gradual increase in the proportion of labeled 

data, the clustering performance of the four semi-supervised algorithms (CNMF, 

CDNMF, MCDNMF, and CRNMFDH) systematically improved across the nine datasets. 

In contrast, the clustering performance of unsupervised NMF methods does not change 

with an increase in the number of labeled samples. Notably, even with limited labeled 

samples, CRNMFDH consistently demonstrated significantly superior clustering perfor-

mance compared to other methods across all datasets. The results indicate that incorpo-

rating appropriate structured label prior information into the model can effectively en-

hance the discriminative performance and generalization capability of clustering tasks. 

4.8. Robustness Analysis 

To validate the robustness of the CRNMFDH algorithm against noise, we conducted 

experiments using the Jaffe facial image dataset. We added Gaussian noise (0, 0.02, 0.04, 

0.06, 0.08, 0.1) and salt-and-pepper noise (0, 0.05, 0.1, 0.15, 0.2, 0.25) of varying intensities 

to the images to simulate pixel damage. The noisy images are shown in Figures 15 and 16. 

Using NMF as the baseline algorithm, we selected six algorithms with superior clustering 

performance: CNMF, CDNMF, MCCNMF, DHCF, MCDNMF, and CRNMFDH. Each al-

gorithm was run independently 20 times, with results shown in Figures 17 and 18. 

 
(a) None (b) 0.02 (c) 0.04 (d) 0.06 (e) 0.08 (f) 0.10 

Figure 15. Partial Jaffe images corrupted by Gaussian noise at different variances. 

 
(a) None (b) 0.05 (c) 0.1 (d) 0.15 (e) 0.2 (f) 0.25 

Figure 16. Partial Jaffe images corrupted by salt-and-pepper noise at different variances. 
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Figure 17. Clustering performance vs. Gaussian-noise level on Jaffe for seven algorithms. 

    

Figure 18. Clustering performance vs. salt-and-pepper noise level on Jaffe for seven algorithms. 

Experimental results indicate that under controlled noise interference conditions, the 

average clustering performance of all seven algorithms exhibited a significant decline. 

Noise interference degrades the accuracy of matrix decomposition in these algorithms, 

thereby affecting clustering performance. Compared to the baseline algorithm, the CRN-

MFDH algorithm consistently produces superior clustering results across all noise scenar-

ios. This is because correntropy reconstructs errors through a Gaussian kernel function, 

making the model insensitive to noise and outliers. Furthermore, CRNMFDH effectively 

leverages existing label information in the data, making the resulting basis matrix and 

coefficient matrix more discriminative. Figures 17 and 18 demonstrate that although the 

clustering performance of the CRNMFDH algorithm declines noticeably with increasing 

noise levels, it remains superior to other algorithms. In summary, CRNMFDH exhibits 

strong robustness and discriminative power, effectively mitigating the interference of 

Gaussian and non-Gaussian noise on clustering results. 

4.9. Parameter Sensitivity Analysis 

This section discusses the impact of parameters  ,  , and   on clustering per-

formance to evaluate their influence on the CRNMFDH algorithm. 

4.9.1. Parameters   and   Sensitivity Analysis 

To analyze the impact of parameters   and   on the CRNMFDH algorithm, we 

randomly sampled 20% of data from each category as labeled data. The number of nearest 

neighbors 1k   and 2k   for both the sample hypergraph and feature hypergraph were 

uniformly set to 5, while the class-driven term parameter   was empirically set to 100. 

The values for the sample hypergraph regularization parameter   and the feature hy-

pergraph regularization parameter   were both set within the range of 

  10 : 3, 2, 1, 0,1
f
f  − − − . Figure 19 presents the average clustering results of the CRN-

MFDH algorithm across nine datasets, obtained from twenty independent repetitions of 

experiments under different parameter combinations log  and log  . Darker colors 

in the figure indicate superior clustering performance of CRNMFDH under that parame-

ter combination. 
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(a) Semeion 

    
(b) UMIST 

    
(c) Jaffe 

    
(d) att1 

    
(e) COIL20 
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(f) USPS 

    
(g) Vehicle 

    
(h) warpPIE10P 

    
(i) wdbc 

Figure 19. Parameter sensitivity analysis of CRNMFDH w.r.t.   and   on various datasets. 

Figure 19 shows that, with other parameters held constant, the clustering perfor-

mance of the CRNMFDH algorithm on the Semeion, UMIST, Jaffe, att1, COIL20, and wdbc 

datasets is insensitive to variations in parameter combinations    and   . The algo-

rithm achieves good performance with smaller parameter combinations    and   . 

However, on the USPS, Vehicle, and warpPIE10P datasets, it is relatively sensitive to 

changes in parameters   and  . Experiments reveal that when 0.01 =  and 1 = , 

the CRNMFDH algorithm exhibits good average clustering performance across all 9 da-

tasets. Therefore, when processing new datasets, the parameter combination 0.01 = , 
1 = , 100 =  should be prioritized. 
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4.9.2. Parameter   Sensitivity Analysis 

To determine the optimal parameter   for the CRNMFDH algorithm, other param-

eters were fixed with 0.01 =  and 1 = , and the hypergraph neighbor count was uni-

formly set to 5. Parameter   was varied within the range   10 : 2, 1, 0,1, 2, 3
f
f  − − . 

For each parameter value, each algorithm was run independently 20 times, and the mean 

and standard deviation of its clustering metrics were calculated. The results are shown in 

Figure 20, where the horizontal axis represents the corresponding log   value. 

   
(a) att1 (b) COIL20 (c) Jaffe 

   
(d) Semeion (e) UMIST (f) warpPIE10P 

   
(g) USPS (h) wdbc (i) Vehicle 

Figure 20. Parameter sensitivity analysis of CRNMFDH w.r.t.   on various datasets. 

Figure 20 illustrates the clustering performance of the CRNMFDH algorithm across 

different datasets as a function of parameter  . It can be observed that when   is set to 

larger values, the clustering accuracy of the CRNMFDH algorithm improves, while 

smaller values of   yield poorer clustering accuracy. Therefore, the algorithm should se-

lect larger values of   . When 100 =  , CRNMFDH achieves good clustering perfor-

mance across all nine datasets. Consequently, when applying the CRNMFDH algorithm 

to new data, the parameter combinations 0.01 = , 1 = , and 100 =  should be pri-

oritized. 
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4.10. Empirical Convergence Analysis 

To evaluate the convergence performance of the CRNMFDH algorithm, we con-

ducted experiments using optimal parameter settings for each dataset. Figure 21 illus-

trates the convergence process of this algorithm across nine datasets. The horizontal axis 

represents the iteration count, while the vertical axis corresponds to the normalized value 

of the objective function. Observation shows that the objective function value of CRN-

MFDH continuously decreases across all datasets as iterations increase, reaching a steady 

state within 150 iterations and ultimately converging to a similar level. This phenomenon 

aligns with the theoretical conclusions presented in Section 3.3, fully validating the effec-

tiveness of the CRNMFDH update rule in terms of convergence efficiency and stability. 

   

(a) att1 (b) COIL20 (c) Jaffe 

   

(d) Semeion (e) UMIST (f) warpPIE10P 

   

(g) USPS (h) wdbc (i) Vehicle 

Figure 21. Convergence curves of CRNMFDH on various datasets. 

5. Conclusions 

In this paper, we propose a novel semi-supervised clustering algorithm, the class-

driven robust NMF with dual-hypergraph regularization (CRNMFDH). To enhance 

model robustness, we adopt the MCC reconstruction error metric, effectively suppressing 

the impact of noise and outliers on the decomposition process. To fully capture the data’s 

high-order geometric structure and local manifold relationships, we construct hypergraph 
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regularization terms in both the sample space and feature space. This design simultane-

ously preserves high-order neighbor relationships across both spaces, enhancing the 

model’s ability to retain local geometric structures. The symmetry between sample and 

feature hypergraph regularization terms helps balance the influence of samples and fea-

tures during matrix decomposition. To enhance representational discriminability, we in-

troduce a class-driven heterogeneity representation penalty term. This constraint lever-

ages limited labeled information to ensure that representations of samples within the 

same class are as compact as possible, while representations of samples from different 

classes are as separated as possible. This approach strengthens both the compactness of 

intra-class representations and the distinctiveness of inter-class representations. Further-

more, we elaborate on the objective function and iterative update rules of the CRNMFDH 

algorithm, providing a theoretical proof of its convergence. Extensive experimental results 

demonstrate that the CRNMFDH algorithm significantly outperforms competing algo-

rithms in both clustering evaluation metrics and noise robustness, validating its effective-

ness and robustness. 

Although the CRNMFDH algorithm has demonstrated outstanding performance in 

clustering tasks, there are still two aspects that warrant further optimization and explora-

tion: Firstly, the algorithm implementation involves a relatively large number of parame-

ters that need to be set, and the process of parameter tuning is rather cumbersome. For 

instance, the hypergraph neighborhood size, as a critical parameter influencing the algo-

rithm’s performance, still relies on manual setting. In the future, it is necessary to develop 

a more efficient mechanism for adaptive parameter selection. Secondly, the current model 

is based on the NMF framework, and its information representation capability is con-

strained by the single-view data analysis paradigm. To enhance the algorithm’s ability to 

handle complex-structured data, subsequent research could explore extending this algo-

rithm framework to a multi-view learning paradigm, thereby enabling the information 

fusion and joint analysis of multi-source heterogeneous data. 
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