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Abstract

The applicability of a highly efficient sixth-order convergent method, originally proposed
by Kansal et al., is extended in this study to a Banach space setting. The initial development
of this method relied upon Taylor series expansions in R"” and the assumption that the
nonlinear operator is sufficiently differentiable. This vague condition implies the existence
of high-order derivatives that are not actually utilized by the algorithm. This study tran-
scends these limitations by establishing convergence based solely on generalized continuity
conditions of the first Fréchet derivative. By dispensing with these strong smoothness
requirements, the domain of applicability is significantly widened. We derive computable
radii for the ball of convergence and establish error bounds under local analysis. Fur-
thermore, a rigorous semi-local convergence analysis is presented, a feature previously
absent in the literature for this specific scheme, utilizing a majorizing sequence technique to
guarantee the existence and uniqueness of the solution. The theoretical results are validated
through numerical experiments, which demonstrate that the method converges even when
the standard sufficiently differentiable conditions are violated.

Keywords: parametric family of two-step methods; Banach space; majorizing sequence;
local/semi-local convergence; generalized continuity

MSC: 65G99; 65H10; 49M15; 47]25

1. Introduction

The task of approximating a locally unique solution x* of the nonlinear equation
F (X ) =0, 1

is of great importance in computational mathematics and engineering. Here, F : O C X —
Y is a Fréchet differentiable operator [1,2] acting between Banach spaces X and Y, and
) is a convex subset of X. Analytical solutions to such equations are rarely obtainable,
necessitating the use of iterative algorithms.

Newton’s method is the most widely used iterative solver due to its simplicity and
quadratic convergence [1,2]. However, to achieve higher efficiency and faster convergence,
numerous researchers have developed multistep iterative methods that increase conver-
gence order. Jarratt’s fourth-order convergent method [3] is a classic example of such a
scheme. Following this direction, various variants of Newton’s method have been proposed
to improve computational efficiency [4-6].
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In recent years, the focus has shifted toward developing high-order convergent meth-
ods (fifth, sixth, eighth order, etc.) [7-14] that optimize the computational efficiency in-
dex [15].

Recently, Kansal et al. [16] constructed a new parametric family of iterative methods for
solving systems of nonlinear equations. By designing a specialized three-step scheme, they
achieved a sixth-order of convergence. The method is defined for an initial approximation
xp € Qandeachn =0,1,2,... by:

2
Yn = Xp — gF’(xn)*lF(xn),

Zn = X — Ay By F (x,) " YF (%),
o= [+ 2 5t (32

+ gF’(xn)_lF’(yn))}F’(xn)_lF(Zn),

where
Ao =2 q51 =39 (1) () + 947 (30) " () 20) 1F (1)

- 27‘781:/(7571)711:/(%1)1:/(xn>711:/(]/71)1:/(7571)711:/(%1) ’

By =q11+ 3‘721:/(9511)_11:/(%) + 9‘731:/(3(11)_11:/(%)1:/(3‘11)_11:/(]/11)
—27q4P’(xn)*1F’(yn)F’(xn)*lF’(yn)F’(xn)*lF’(yn),

and gy, ..., qs, p are real numbers,

q1 = 54p° — 135p% +102p — 23,
g2 = —54p> +135p* — 112p + 29,
g3 = 18p> — 45p* +38p — 11,
ga=(p—1)*(2p—1),

g5 = 27p° — 54p* +33p — 4,

g6 = 27p° — 54p* +35p — 6,

g7 =9p> —18p> +11p — 2,

and

gs = p(p—1)%

Let B(x,p) and B|x, p] stand for the open and closed balls, respectively, in X with
center x € X and of radius p > 0.

There are two popular types of convergence analysis for iterative methods: local and
semi-local [1,2]. In the former, conditions are provided depending on the solution x*,
which provide a radius of convergence r for the method. Then, as long as the initial point
xo € B(x*,p), the convergence of the method to x* is assured. The set B(x*, p) is called
the convergence ball for the iterative method. Moreover, in the semi-local analysis, the
conditions ensuring convergence depend on the initial point xg.

Method (2) is computationally efficient; however, the convergence analysis in [16] has
a number of drawbacks limiting its applicability.

Motivation

(P1) The local convergence analysis is derived using Taylor series expansions in the finite-
dimensional space R™. This approach requires the operator F to be at least six times
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differentiable. Notice that only the first derivative appears in method (2). However,
such conditions are restrictive; in many practical applications, such as those involving
integral equations or differential equations, high-order derivatives may not exist
or may be computationally expensive to evaluate [17]. To illustrate this limitation,
consider the scalar function ¢ defined on Q) = [—1.5,1.5] by:

;tt(’ Int+ y1t7 + yzts, t#£0,
0, t=0,

P(t) = 3)

where y # 0 and pg + pp = 0. It is straightforward to verify that t* = 1 is a solution
to ¢(t) = 0. However, the sixth derivative of this function is unbounded as t — 0.
Therefore, the convergence analysis presented in [16] cannot guarantee convergence
for this example, even though the method may converge. As an example, choose
p = % and xp = 0.95. Then, lim, . x, = 1. To overcome these limitations and
enhance the applicability of the method, this paper extends the study of scheme (2)
to a general Banach space setting. Our analysis eliminates the requirement for high-
order derivatives by establishing convergence based strictly on the first derivative and
generalized continuity conditions. This approach allows the method to be applied to a
much broader class of problems.

(P2) There is no advanced knowledge on the minimum number of iterations to be carried
out in order to achieve a desired error tolerance.

(P3) No isolation of the solution results are given.

(Ps) The local convergence analysis is restricted on the m-dimensional Euclidean space R™.

(Ps) The more important and challenging semi-local convergence analysis is not studied.

The applicability of method (2) is extended by addressing the following issues:
Novelty

(P]) The local convergence is established using only conditions on the operators on method
(2),i.e., Fand F'.
(P)) Computable a priori estimates are presented.
(P§) The uniqueness of the solution results becomes available.
(P;) The convergence for both types of analysis is given in the setting of a Banach space.
(P{) The semi-local analysis is presented using majorizing sequences [1,2].
The technique of this paper can be used to extend the applicability of other methods
using the Taylor series approach along the same lines [3-15,17-20].
The convergence analysis is heavily dependent on an extending generalized continuity
for the operator F'. In particular, the local convergence of Newton-type methods [1,2] has
used the generalized continuity of the operator F’ given by

IF" ()7 E () = F' () < &a(lly = x]))

for all x,y € ), where the function g is continuous and nondecreasing on the interval
[0, +00). Notice that if g1 (t) = ¢1t or §1(t) = ¢1t7 (o € [0,1)), we obtain the usual Lipschitz
or Holder conditions.
Here, we use
ILHF (x) = DI < Go(llx = x*[))

for each x € Q) and
IL=(F' (y) = F'()l < g(lly — I
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for each x,y € O = B(x*,pg) N Q) for some py > 0, where L is an invertible operator (see
(Hy)). In view of the estimate (g C Q and if L = F/(x*), we get for each t € [0, pp):

o() < &i(t)

and
§(t) < &(t).
Thus, the new error bounds using the functions gy and § are sharper than the old ones
using g7.
The remainder of this paper is organized as follows: Section 2 presents the local
convergence analysis. Section 3 details the semi-local convergence analysis. Section 4

validates the theoretical results through numerical experiments and dynamical analysis.
Finally, conclusions are drawn in Section 5.

2. Local Analysis of Convergence

The analysis in this section depends on some real functions gy and g, which are
assumed to be continuous and nondecreasing on the interval T = [0, +c0) or a subset of it.
Moreover, these functions are used to control the derivative F’ of the operator F.

Suppose:

(H1) There exists a function g : T — T such that the equation gy(f) — 1 = 0 has at least
one zero in the interval Ty — {0}. We shall denote the smallest such zero by sy and
define the interval Ty = [0, s).

(Hp) There exists a function g : Ty — T such that for iy : Ty — T defined by

 Jy (@ =0)ndo+ 5 (1+ fy go(01)d0)
- 1—go(t)

hy(t)

the equation /11 (t) — 1 = 0 has at least one zero in the interval Tp — {0}. We shall
denote the smallest such zero by s;.
It is convenient to define the constants

do =q1+392+993 — 27q4 — 1,

dy = 3(q2 + 693 — 27q4),

dy = 9(q3 — 9q4),

dz = =274y,

bo = q1 — 295 + 392 + 996 + 993 — 1847,

b1 = 3q + 646 + 18q3 — 36q7 + 81496 — 8144,
by = 9(q3 — 297 + 998 — 9q4),

bs = 27(qs — q4).
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and the functions, @, u, e and c on the interval T; by

g((1+ hi(t))t)
ZD(t) =< or
go(t) +go(h1(t)t),
_ ()
ulh) =1 —8o(t)’
e(t) = |do| + |dy|u(t) + |da|u(t) + |da|u’(t),
and

c(t) = |bo| + |by|u(t) + |ba|u?(t) + |bs]u(t).

(H3) The equation e(t) — 1 = 0 has at least one zero in the interval Ty — {0}. Let us denote
the smallest such zero by sp and let T} = [0, 59).
(Hy) For function hy : Ty — T defined by

ha(t) = Jo 8((1=0)t)d0  c(t)(1+ fy g0(61)d0)
’ 20 T-g0)0 )’

the equation /() — 1 = 0 has at least one solution in the interval T; — {0}. Denote by

s, the smallest such zero.
(Hs) For function h3 : Ty — T defined by

J1e((1—=)ha(t)t)de  a(t)(1+ [ go(Oha(t)t)d6)
)= [ 1 —go(hz( )t) " (1—2g0(H))(1 — go(ha2(t)t))

vt (Jaucy + 3) L0 {j:gg””d” (1),

the equation hi3(t) — 1 = 0 has at least one zero in the interval T, — {0}, where

8((1+ha(t))t)

i(t) = 4 or

go(t) + go(ha(t)t).

Denote by s3 the smallest such solution.
Define the parameter s and the interval T, by

5= min{s]-},j =1,2,3 4)

and
T, = [0,s). (5)

These definitions imply that for all t € T;

0<go(t) <1, (6)

0 <go(ha(t)t) <1, ()
0<e(t) <1, 8)

0 <c(t), )

and
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0<h(t) < 1. (10)

Next, we relate the functions gy and g to F'.
(Hg) There exists a solution x* € Q) and a linear operator L € £(X,Y) that is invertible
such that forallv € O

ILH(F'(0) = LI < go([lo — x*[)).

Define the region Qy = B(x*,s) N Q).
(Hy) L1 (F'(02) — F'(0))]] < g0z — 1]
for all vy, v1 € ().
(Hs) B[x*,s] € Q.

Remark 1. (i) The linear operator L can be selected as L = I the identity operator on Q) or
L = F/(x) for an auxiliary point X € Q with X # x* or L = F'(x*). In the last case, x* is a simple
solution of the equation F(x) = 0. Notice however that such a condition is not assumed or implied
by the conditions (Hg) and (Hy). Hence, we can also use the method to approximate solutions of
multiplicity that are greater than one. The main local convergence result follows next. (ii) It is
worth noting that the conditions (Hy )—(Hs) are divided into two types. The conditions (Hy)—(Hs)
are needed to determine the radius of convergence provided that the functions go and g are given.
Moreover, the conditions (He) and (Hy) are needed to determine the functions gy and g. Such
conditions and (Hg) are standard in the convergence analysis of iterative methods (see also [1,2]).

Set 0 = B(x*,s) — {x*}.

Theorem 1. Suppose that the conditions (Hy)—(Hs) hold and select the initial point xy € Q).
Then, the sequence {x, } generated by method (2) exists in the ball B(x*,s), remains in B(x*,s)
foralln =0,1,2,..., and converges to the solution x* of the equation F(x) = 0. Moreover, the
following assertions hold foralln = 0,1,2,...

lyn — x| < ha(flxn — x| [0 — x*[] < flaen — 27| <5 (11)
lzn = x*[| < ha([lxn — x| [lxn — x| < [[xn — 27|, (12)

and
[xn41 = 2% < ha([[xn — x| |lxn — x| < [[xn — 27 (13)

Proof. The assertions (11)—(13) are shown by induction. Let v € (). Using the conditions
(Hy), (H) and (4), we get

IL7H(F'(0) = L)|| < go(llo = x"]]) < go(s) < 1. (14)

Estimate (14) and the Banach lemma on invertible linear operators [1,2] imply the existence
of F/(v)~! and the estimate

1
—8o(llo—x*[l)’

IF (@) 7Ll < (15)
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1

In particular, if v = x(, then F’/(x¢) ! exists, since xg € (). It follows by method (2) that

iterate g is well defined. Then, by the first substep of method (2) we can write
* * ! -1 1 / -1
Yo —x* =x9—x* —F'(x9) F(xp) + §F (x0) " F(xo)

= [F'(x0) 'L] Uol L™H(F (x* 4 6(xo — x*)) — F'(x0))df| (xo — x*)  (16)

+ 5 1F (o) ML F )]

In view of the conditions (Hy) and (Hg), and the definitions (4) and (15) (for v = xg), identity
(16) gives

[Jo &((1=0)lx0 = x*)do + & (1+ f; go(8]lx0 — 7[1)d8)] lxo — x*|
1—go(flxo — x*[|)
< Iy (flxo = x*)lx0 = x° < 1o — 2| <s. (17)

lyo — " <

Thus, assertion (11) holds if n = 0 and the iterate yy € B(x*,s),
where we also used the estimates

F(xo) = F(xo) — F(x*) = /01 F'(x* + 60(xg — x*))d6(xg — x*)
and
I Pl < |t ([ P+ 000 = x7) — Lot Dot =) )|

1
< (14 [ so(@ll — w0 ) xo — . (18)

It is convenient to introduce the notation Hy = F/(xq) ' (F'(yo) — F'(xo)) and set H = Hy.
Then, we have

Ap—1= (1 —DI+3q(H+1)+9q35(H+I)(H+1I)
—27q5(H+ I)(H+ I)(H+1)
= (q1 — 1)1 +3qoH + 3q21 + 9q3H? + 18q3H + 931

5 ) (19)
—27q,H® — 814H? — 81q4H — 27q41
= (g1 +3q2+993 — 2794 — 1)1 +3(q2 + 693 — 2794)H
+9(q3 — 994) H? — 27q,H,
from which it follows
|40 — I|| < |do| + |d1uo + |da|uf + |d3|ug = eo. (20)
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Similarly, we have in turn that
Ao — By = (91 —295)I + (3q2 + 6q6) (H + I)
+ (993 —18q7)(H+I)(H+ 1) +27(gs —q4)(H+ I)(H+I)(H+ 1)
= (g1 —2q5)I + (392 + 6q6) H + (342 + 9q6)
+ (993 — 1897) HH +2(9q3 — 1847)H + (993 — 1847)1
+27(qs — q4)HHH + 81(qs — q4) HH + 81(gs — q4)H (21)
+27(q8 — g4)1
= (q1 — 295 + 392 + 996 + 993 — 1847)1
(3QQ + 9@6 + 18Q3 — 36Q7 + 81q6 — 81q4)H
+ (9q3 —18q7 4 81g8 — 81q4)HH + 27(q8 — q4)HHH,
SO
| Ao — Bol| < |bo| + |b1|uo + |b2|uf + |b3|ug = co. (22)

Notice that by (8) and the definition of ¢y, the linear operator Ay is invertible, z is
well defined by the second substep of method (2) and

1
AL < ) 2
451l < = 23)
Next, we can write by the second substep of method (2) in turn that
20— x* = x9 —x* — F'(x0) 'F(x0) 4+ (I — Ay 'Bo)F'(x0) 'F(xo) 24

= xo — x* — F'(x0) 'F(x0) + Ay ' (Ag — Bo)F'(x0) "' F(xp).

Using estimates (4), (8), (9), (10) (for j = 2), (17), (18), (22), and (23) we can get
from (24)

20— x| < | Jo 8= Ol = la8 col+ fy golBllxo—xDae))
- 1—go(||xo—x*||) (1= eo)(T = go(lxo — > ) | "™° (25)

< ha([lxo — 2™ |[) 10 — ™[] < [Jxo — x7.

Thus, the assertion (12) holds if n = 0 and the iterate zy € B(x*,s). It also follows that
F! (zo)’l is well defined and the estimate (15) holds if v = zy. Notice that the iterate x; is
well defined by the third substep of the method (2), and we can write

xy —x* =z0—x* — F'(20) "' F(z0) + [F'(z0) ™" — F'(x0) "']F(20)
(a + 3> I+ F'(x0) 'F (o) <—3 — 2a>
2 2

+ ﬂ(F’(xo)_lF/(]/o))Z] F'(x) 'F(zo)

(26)
= 20 — x* — F'(20) "'F(z)

+ F'(z0) M (F'(x0) — F'(20))F (x0) ' F(20)
+ F'(x0) " (F'(yo) — F'(x0))

aF’(x0) " (F'(yo) — F'(xo»—l]P’(xo) TF(z0).
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Using (4), (10) (for j = 3), (15) (for v = xg,zp), (18) (for z = x¢), and (26), we obtain
from (26)

Jo g((1—8)]|zo — x*|)d6
1—go(llzo — x*])
io(1+ fy go(6l|z0 — x*|)d6)

(1= go(xo — x )T — go(flz0 — x°)) 27)
. Hollaluo + 3)(1+ Jo go(llzo — x*[))de)
1 —go([|xo — x*|)

< h([|lxo — x*[) [l — ™[ < [Jxo — x7.

[ — 7] <

lzo — x|

So, assertion (13) holds if n = 0 and the iterate x; € B(x*,s). The induction for the
assertions (11)—(13) is completed if we simply exchange xo, yo, zo, X1 BY X, Yin, Zm, X1 (M
a natural number) in the preceding calculations. Define the constant A = h3(||xo — x*]|).
Notice that by (10), it follows that A € [0,1). Then, from the estimate

Ixme1 = 2 < Al — 2] < A" g — ¥ <5, (28)

we deduce that limy, o x5, = x* and all the iterates x,,, € B(x*,s). O

Next, a region is identified containing only one solution of the equation F(x) = 0.

Proposition 1. Suppose that the condition (Hg) holds in the ball B(x*, &) for some &y > 0 and
there exists &1 > Cq such that

1
| sotezas < 1. (29)

Define the region )y = B[x*,s] N Q.

Then, the point x* is the only solution of the equation F(x) = 0 in the region ().

Proof. Suppose that there exists a solution w € Q) of the equation F(x) = 0 such that
w # x*. Define the linear operator M = fol F'(x* + 6(w — x*))d6. The application of the
conditions (He) and (29) gives |L™1(M — L)|| < [ go(6]lw — x*|)d6 < [ g0(621)d6 <
1. Therefore, the linear operator M is invertible. Finally, from the identity w — x* =
M~Y(F(w) — F(x*)) = M~1(0) = 0, we deduce that w = x*. [

Remark 2. We can certainly take { = s provided that all the conditions (Hq)—(Hg) hold in
Proposition 1.

3. Semi-Local Analysis of Convergence

The calculations and formulas remain the same as in the local analysis. But items x*,
go and g are replaced by xy, fy and f, respectively.

Suppose:
(C1) There exists a function fy : T — T such that the equation fo(t) — 1 = 0 has at least one

zero in the interval T — {0}. We shall denote the smallest such zero by [y and define
the interval Q = [0, ]p).

https://doi.org/10.3390/sym18030410
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(Cy) There exists a function f : Q — T. Define the sequence {«, } for oy = 0, some Sy > 0
andeachn =0,1,2,... by

f(Bn—an) 5
Op = { or , Uy = m,
fo(an) + fo(Bn)

Cn = |bol + |br|un + |ba|uj + b3,
= |do| + |d1|un + |da|u + |d3|u,

vnzﬁnJrHlJr _](ﬁn_“n)/

D
=

M= [ F(0= ) — aa))i0a — )
+ (T + folan))(vn — Bn) + (1 + fo(an))(Bn — an),

3 An
Wpt1 = Y+ {1+un<|a|un+2>}l_ﬁ)(an), (30)

1
ot = [ A= 0)(s1 = 00) 0 (wrs1 = )

+ (1 + folan))(@ny1 = Bn) + 5 (1 + folan))(Bn — an)

and

N =

_ 2 Hn+1
ﬁn+l - [Xﬂ+l + 3 1 7f0(1xn+1)'

The sequence {a, } is shown to be majorizing for {x, } (see Theorem 2). But first we

present a convergence condition for it.
(C3) There exists £ € [0, £y) such that foralln =0,1,2,...

folan) <1, &, <1 and a, </

This condition together with (30) imply that there exists £* € [0,¢] such that
limy oty = £*and 0 <y < Bn < n <app < L.
The functions fy and f can be connected to F’ as in the local analysis.

(C4) There exist xg € (2 and an invertible operator L such that for all v € Q)

ILH(F'(0) = L) < fo(llo = xol))-

Define the region S = B(xg, £y) N Q. Notice that fy(0) < 1, so F/(xo) ™! exists. We
shall take By > Z||F'(xo) ~1F(xo)||.

(Cs) IL7H(F'(v2) = F'(01))]| < f(llo2 = v1]]) for allog, 01 € S
and

(Co) B[XO,E*] c Q.

Remark 3. As in the local analysis, we can select L = [ or L = F'(%) where X € Q) is an auxiliary
point or some other choice as long as the conditions (C1)—(Cg) hold.

The main semi-local convergence result for method (2) follows next.

Theorem 2. Suppose that the conditions (C1)-(Cg) hold. Then, there exists x* € B[xg, £*] solving
the equation F(x) = 0 such that lim, .« X, = x*. Moreover, the following assertions hold for all
n=20,12,...

https://doi.org/10.3390/sym18030410
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yn — xnll < Bn — an, (31)
lzn = yull < vn — Bu, (32)
[Xn+1 = znll < @1 — vn (33)
and
[[x* = xp|l < €7 — an. (34)

Proof. Mathematical induction is used to first show assertions (31)—(33). The definition of
Bo and the first substep of method (2) give

2 _ *
llyo = xoll = 3IIF"(xo) "F(x0) || < Bo = o — a0 < £*. (35)

Thus, the iterate yy € B(xo, ¢*) and assertion (31) holds if n = 0.
By subtracting the first from the second substep of method (2) for m denoting a natural
number, we get

2 _ _ _
Zm — Ym = gF’(xm) YE(xm) — A BiF () ~YF (a)

B

- _%(;‘/m - Xm) + Aal (Am - Bm)F/(le)_lp(xm)’

SO
1 cm 3
_ < Z _ e _
lzm — ym|l < 2(,3111 ) + - 2(,3111 &m) 36)
= Ym — ,Bm/
1zm = xoll < llzm = Yl + [lym — xol| * 37)
§7m_ﬁm+ﬁm_“02'¥m<é ’
(see also (20), (23)).

Thus, the iterate z,,, € B(xg, ¢*) and assertion (32) holds if n = m. By the third substep
of method (2) we can write in turn

Xmi1 — 2Zm = —F' (xm) " F(zm)
+F () " (F'(ym) — F' (xm)) (ﬂF’(xm)‘l(F’(ym) — F'(otm)) + 21) (38)
F' () 1F(zm).
We need the estimate

F(zm) = F(zm) — F(xm) — %F/(xm)(ym — Xm)

= [F(Zm) — F(xm) — F/(xm)(zm - xm)]

1P Con) e — )] = 5[ (o) (o — )]
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leading to
—1 1
IL7E Gl < [ £ = 0)(rm = )0 = ) -
39
1
+ (1 + folam)) (Ym — Bm) + 5(1 + folam)) (Bm — am) = Am.
Then, (38) gives
3 /\m
X —Zmll < |14u alum + = | | 7—7——
s = 2l < 1l + 5 ) | =2 o
=&p+1 — Tm
and
[%m11 = %oll < lXms1 — zmll + [|zm — ol (41)

< X1 — Ym + Ym — 00 = g < L7

Hence, the iterate x,,11 € B(xo, ¢*) and the assertion (33) holds if m = n. By switching z,
by Xp,41 in (39) we get

1
ILE )l < [ F((1=0) (a1 = )01 = )

1 42
+ (1 folan)) @it = Bu) + 5 (14 folan)) (B — ) 2
= ]/lm-‘rl/
SO
1me1 = Xmpall < [ Gomn) LI L E G|
Hm+1 Hm+1 (43)
< < - _a
S T ot —30]) = T— folagn) Pt~ st
and
lms1 — xoll < Nlyms1 — Xme1l] + | Xme1 — xol| (44)

< Bt — Kyt + W1 — 00 = Bg1 < L5

Thus, the iterate y,,.1 € B(xp, £*) and the assertion (31) holds for n = m + 1. In view of
(31)—(33) and the triangle inequality we get

12m 11 = X < @1 — . (45)

Therefore, the sequence {x,,} is fundamental in a Banach space X, and as such it
converges to some x* € B[xg, £*] (since B[xo, £*] is a closed set). Moreover, by the continuity
of the operator F and (42), estimate (42) gives for m — oo that F(x*) = 0. Furthermore, for
i, a natural number (45) and the triangle inequality imply

meJri - me < Qg — Q- (46)

Finally, by letting i — oo, we show the assertion (34). [J

A region containing only one solution is determined next.
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Proposition 2. Suppose that there exists a solution wy € B(xg, {1) for some {1 > 0, the condition
(Cy) holds in the ball B(xq, £1) and there exists {y > {1 such that

/01 fO((l - 9)61 + 962)(19 < 1. (47)

Define the region Sy = B[xg, 2] N Q). Then, the point wy is the only solution of the equation
F(x) = 0 in the region Sy.

Proof. Suppose that there exists a solution w, € S; of the equation F(x) = 0 such that
wy # wy. Define the linear operator

1
M, = / F’(wl +9(ZU2 — ZU1))d9
0

Using the condition (C4) and (47) we get in turn

1
1L (M2 = D) < [ fo((1 = 0) o1 — ol + 6wz — 0]} )d6
) (48)

< /01 Fol(1—0)61 +6£,)d6 < 1.
It follows that the operator M is invertible. Finally, from the identity
wy —wy = My ! (F(wz) = F(w1)) = My '(0) =0,
we conclude that wy, = wy. O

Remark 4. (i) The limit point £* can be replaced by {y (given in (Cy)) in condition (Ce). (ii) If all
the conditions (C1)—(Ce) hold then we can set wy = x* and {1 = {* in Proposition 2.

4. Numerical Experiments

In this section, we evaluate the computational efficiency and convergence behavior
of the sixth-order method (2) (denoted CM). To validate its performance, we compare it
against two established high-order Newton-type methods from the literature: the sixth-
order method by Lotfi et al. [10] (denoted as BM) and the sixth-order method by Wang and
Li [11] (denoted as WM).

4.1. Experimental Setup

All numerical computations were performed using the Python programming language.
To ensure high precision and minimize the impact of round-off errors, particularly for large-
scale systems and high-order convergence verification, we utilized flint. The arithmetic
precision was set to 3000 decimal digits. The numerical experiments were conducted on a
computer equipped with an Intel(R) Core(TM) i7-10510U CPU @ 1.80 GHz and 32 GB of
RAM, running Microsoft Windows 11 Pro (64-bit).
The iterative processes were terminated when the error norm satisfied the follow-
ing tolerance:
i1 = xiell + [E(ui)l| < e, (49)

where € = 100. The Computational Order of Convergence (COC) was approximated using

the standard formula:
In( [l k41—l )
COC ~ ka_xkfl H . (50)

In( =2l
( k1 =22l )
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4.2. Academic Examples

To verify the theoretical results and assess the performance of the analyzed method
(CM) (2), we compare it with two efficient sixth-order methods from the literature.

*  Method BM [10]: The three-step method selected for comparison is the sixth-order
scheme introduced by Lotfi et al., which we denote as BM. This iterative method
utilizes two evaluations of the function and two evaluations of the Jacobian matrix.
The iterative scheme is given by:

yi = x — F'(x) 'F(xp),
zi = % — 2(F () + F'(yx))  F(xx), (51)

X1 = 2 (Zz —4F (x)"'F (y) + i(F'(xw1F'<yk>)2)F'<xk>lF<zk>.

-1

*  Method WM [11]: The second method, denoted as WM, is the sixth-order family
proposed by Wang and Li:

i = x¢ — F'(x) 'F(xy),
Z =Yg — (21 — F’(xk)’lF’(yk))F’(xk)’lF(yk), (52)

Xkl = Zk — (21 - F,(xk)ilpl(]/k))F/(xk)ilp(zk%

*  Method CM: The analyzed method (2) with p = 0.5.

We compare the performance of the methods on three nonlinear systems with varying
complexity and dimensions.

4.2.1. Example 1: Small-Scale Nonlinear System

The first test problem is a system of three nonlinear equations used to validate iterative
schemes [16]:
X24+x5+x3-1=0,
F(x) = q2x2 4+ x3 —4x3 = 0, (53)

3x3 —4x} +x3 =0.

The solution of this system is x* ~ (0.6982886...,0.6285243...,0.3425642...)T. We utilized
the initial approximation xo = (1,1,1)7.

The quantitative results for Example 1 are summarized in Table 1, where columns
contain the iteration count (k), the error estimates given by the step difference ||x; — x;_1]|
and the residual norm ||F(xy)||, as well as the Computational Order of Convergence (COC)
and CPU timing. The analyzed method (CM) exhibits superior computational efficiency for
this small-scale problem, satisfying the prescribed stopping criterion in only four iterations.
In contrast, methods BM and WM require five iterations to reach the tolerance threshold.

Table 1. Comparison of the methods’ performance for Example 1.

Method k |2k — xk—1ll || FCer) || CcocC CPU Time (s)
BM 5 9.24 x 10748 5.13 x 1071000 59996 210 x 1073
CM 4 251 x 107120 217x 107717 59683 1.83 x 1073
WM 5 7.04x 10745  113x107%° 59971 246 x 1073

Regarding numerical precision, although BM and WM achieve a smaller step difference
at the fifth iteration (~10~%°8), the analyzed method achieves a sufficiently small residual
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norm of 2.17 x 107717 one step earlier, highlighting its rapid convergence in the initial
phase. The COC column further provides numerical validation of the theoretical derivation.
Methods BM and WM display values of 5.9996 and 5.9971, respectively, while CM exhibits
a slightly lower value of 5.9683. This minor deviation is attributable to the method reaching
the required precision one iteration earlier, preventing the full stabilization of the asymptotic
constant. Nevertheless, the COC metrics for all methods are in excellent agreement with
the theoretical sixth order. As a consequence of the reduced iteration count, CM achieves
the lowest CPU execution time (1.83 x 1073 s), outperforming BM (2.10 x 1073 s) and WM
(2.46 x 1073 s).

Figure 1 provides a graphical representation of the convergence behavior. The left
side plots the logarithm of the consecutive step error, log;, ||x; — Xx_1]|, serving as a
practical error estimate, while the right side displays the logarithm of the residual norm,
log,, |F(xx) |- The vertical axes use a logarithmic scale extending to approximately 10~10%0.
The trajectories of the analyzed method (CM) and the comparison methods (BM, WM)
show a distinct acceleration in convergence after the third iteration, a characteristic feature
of sixth-order schemes. It is also worth noting that the curves for BM and WM coincide in
this example. While they exhibit a substantial reduction in error at the fifth iteration, the
CM method achieves the required precision at the previous step.

Example 1 Convergence Analysis
logio (X — xk-1]]) vs iteration

— 0

—-200

logio (|F(xK)|) vs iteration

—100 M
T = -400
> —
& —200 =
: T
M =
= =
E 200 E); —600
l_gi - - cMm
-800
—-400
BM BM
Y —1000 WM
-500
1 2 3 4 5 1 2 3 4 5
Iterations (k) Iterations (k)

Figure 1. Convergence history for Example 1 showing the step difference (left) and residual norm
(right).

4.2.2. Example 2: Trigonometric System

We consider a system of three transcendental equations involving trigonometric func-
tions [20]:
10x1 + sin(x1 + x2) — 1 =0,
F(x) = ¢ 8xy —cos?(x3 —x2) —1 =0, (54)
12x3 + sin(x3) — 1 = 0.

The solution of this system is x* ~ (0.0690...,0.2464...,0.0769...)T. The initial approximation
was chosen as xy = (0,1,0)”. The results are summarized in Table 2.

The numerical results for Example 2 are collected in Table 2. All three iterative schemes
successfully converged to the solution in four iterations. In terms of approximation accuracy,
method WM yielded the smallest step difference (||x4 — x3|| &~ 1.56 x 107261), followed by
the proposed method (CM) with a comparable magnitude of ~ 3.69 x 10~2%4. Notably, for
the residual norm, both CM and WM performed better than BM, reaching the extended

precision limit of approximately 101001,
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Table 2. Comparison of the methods” performance for Example 2.

Method k [|xk — xk—1ll || FCer) || CcocC CPU Time (s)
BM 4 9.86 x 107147 348 x 107823 54039 362 x 1073
CM 4 3.69 x 10729% 2,66 x 101001 60004 4.88 x 1073
WM 4 1.56 x 107261 2,66 x 10~1001 59954 436 x 1073

Regarding computational cost, the analyzed method had slightly higher CPU time
(4.88 x 1073 s) than BM (3.62 x 1073 s) and WM (4.36 x 1073 s). This suggests a minor
computational overhead attributable to the specific algebraic structure of CM for this
system. However, the stability of the proposed scheme is robustly validated by COC. The
CM method achieved a COC of 6.0004, perfectly aligning with the theoretical derivation
of sixth-order convergence. Method WM also showed consistent behavior with a COC
of 5.9954, whereas method BM exhibited a notable deviation from the theoretical value,
recording a COC of 5.4039.

Figure 2 illustrates the convergence metrics for Example 2. The left panel reveals
that method WM attains the lowest step difference at the final iteration, followed by the
analyzed method (CM). The right panel demonstrates that both CM and WM outperform
BM, reaching the arithmetic precision limit of approximately 10191 by the fourth iteration.
While the steep convergence trajectories of all schemes confirm their high theoretical order,
method WM exhibits superior terminal accuracy in minimizing the residual.

Example 2 Convergence Analysis

log1o (X — Xk-11) vs iteration logio (IF(x)|l) vs iteration

0 w—— 0
-50 -200
7 -100 = -400
L BM L
3 =
= =150 E]
= S —600
K] S
°
200 ko
—800 BM
-250 Cg
W -1000 WM
1 2 3 4 1 2 3 4

Iterations (k) Iterations (k)
Figure 2. Convergence history for Example 2 showing the step difference (left) and residual
norm (right).
4.2.3. Example 3: Large-Scale Exponential System

To evaluate the scalability of the method, we consider a large system of nonlinear
equations (n = 300):

n
F(x)= ), xj—e =0, i=12,...,n (55)
j=Lj#

The solution of this system is x* = (1,1,...,1)T. The initial approximation is selected as
xo = (0.94,0.9,..., 0.94)T. The results are shown in Table 3.

Table 3 summarizes the numerical results for the high-dimensional exponential sys-
tem (n = 300). All considered iterative schemes exhibited robust convergence behavior,
successfully satisfying the stopping criterion within four iterations. In terms of numerical
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precision, the analyzed method (CM) and method WM demonstrated comparable per-
formance, achieving error norms of 2.28 x 1072%% and 5.19 x 1072%, respectively. Both
methods slightly outperformed method BM, which attained an error norm of 1.41 x 107270,
A similar trend is observed in the residual norms, where all methods effectively minimized

the residual to the order of roughly 10~

Table 3. Comparison of the methods’ performance for Example 3.

Method k [[xk — xk—1ll [ F(xx)]| cocC CPU Time (s)
BM 4 141 x 10720 359 x 107971 6.0000 4.68 x 1072
CM 4 228 x 10729 622 x 1077  6.0000 7.80 x 1072
WM 4 519 x 1072 221 x 107  6.0000 439 x 1072

Regarding computational efficiency, a distinction arises in the CPU execution times.
The analyzed method required 7.80 x 10~2 s, which is higher than the times recorded for
BM (4.68 x 1072 s) and WM (4.39 x 102 s). This increased computational cost is attributed
to the algebraic complexity of the analyzed method, specifically the evaluation of the matrix
coefficients A, and B;;,, which becomes more pronounced as the system dimension increases.
However, the theoretical validity of the scheme is strictly confirmed by the Computational
Order of Convergence (COC). All three methods achieved a COC of 6.0000, demonstrating
that the analyzed method maintains its high-order convergence properties and stability
even when applied to large-scale nonlinear systems.

Figure 3 depicts the convergence characteristics of the large-scale exponential system
(n = 300). The left panel highlights that the analyzed method (CM) and method WM
exhibit analogous trajectories, with both achieving a superior error norm (approximately
1072%) at the fourth iteration compared to method BM. The right panel demonstrates that
all three methods display robust convergence, effectively reducing the residual norm to the

order of 10~979.
Example 3 Convergence Analysis
logio (| Xk — Xk —1]]) vs iteration logio (|F(xK)|) vs iteration
0 0
—50 —200
= -100
T = -a00
x %
| X
| -150 e
= =
3 & -600
g -200 =
-800
-250 S
M CM gMm
—300 »WM ~1000 = WM
1 2 3 4 1 2 3 4

Iterations (k) Iterations (k)
Figure 3. Convergence history for Example 3 showing the step difference (left) and residual
norm (right).
4.2.4. Example 4: Nonlinear Partial Derivatives Equation

To evaluate the performance of the proposed method on a larger-scale system, we
consider a modification of the nonlinear boundary-value problem commonly used in
gas dynamics. In the formulation from the literature [17], the equation contains a non-
differentiable term. However, to ensure the Fréchet differentiability of the operator and
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strictly satisfy the conditions required for sixth-order convergence analysis, we modify the
problem by replacing the non-smooth term with a linear term. The modified problem is
defined on the unit square Q) = [0, 1] x [0, 1] as follows:

Wyx + wyy = w3 + w, (x, y) € Q, (56)

subject to the Dirichlet boundary conditions w(x,0) = 2x* — x + 1 and w(x,1) = 2 for
0<x<l,andw(0,y) =2y* —y+1land w(l,y) =2for0 <y < 1.

We create a mesh for discretizing the problem with step sizes h = nlﬁ and T = %ﬂ’
resulting in the mesh points (xl-,y]-) withx; =ih,i=0,...,n+1landy; =j7,j=0,... m+
1. By approximating the partial derivatives using standard central divided differences, we

obtain the following system of nonlinear equations:

Wit1,j — 2Wi; + Wi_1, L Wi T 2w;j + wjj
h? T2

= ng + Wi j, (57)

fori=1,...,nand j =1,...,m, where wjj denotes the approximation of w(xl-,y]-). The
discretized boundary conditions are given by:

2 »
wio=2x; —x;+1, wiu1=2, i=1,...,n

wo =207 —Yj+ 1, Wpprj=2, j=0,...,m+1

In our experiment, we set n = m = 14, which results in a sparse but large-scale
system of nonlinear equations with 14 x 14 = 196 variables. The initial approximation was
chosen as wy = (1,1, ..., 1)T. The convergence results for methods BM, CM, and WM are
summarized in Table 4.

Table 4. Convergence history of methods BM, CM, and WM for Example 4 (modified PDE with
196 variables).

Method k Error Norm ||x; —x;_1|| Residual Norm ||F(x;)|| CPU Time (s)

1 6.90 8.18 x 1073
2 161x107* 7.08 x 10726
27.

EM 3 1.04x107% 1.95 x 10~ 141 3

4 4.00x 10714 7.77 x 10~719

1 6.90 1.78 x 1073

2 562x107° 7.56 x 1033

7.72

M 3 259x1073 7.30 x 107209 >

4 257 x 107210 3.01 x 10798

1 6.90 8.58 x 1073

2 254x107% 1.99 x 10~28
WM 14.38

3 6.55x10730 6.70 x 10182

4 226x10718 1.70 x 107983

Even for the partial derivatives problem, the analyzed method (CM) exhibits excel-
lent stability and superior accuracy. After four iterations, CM reaches an error norm of
2.57 x 107219 and a residual norm of 3.01 x 10~%%, which are substantially lower than the
values achieved by BM (4.00 x 107143 error, 7.77 x 10719 residual) and WM (2.26 x 107183
error, 1.70 x 107983 residual).

A significant disparity in CPU execution time was observed: the analyzed method
(CM) required 57.72 s, notably higher than BM (27.35 s) and WM (14.38 s). This performance
gap is largely attributable to implementation specifics and the inherent limitations of the
high-precision Python library utilized. The CM scheme requires constructing complex
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coefficient matrices A, and B;, which involve multiple dense matrix operations. In the
context of 3000-digit arithmetic, the Python wrapper for the underlying arithmetic library
incurs substantial overhead for these specific matrix-algebra steps, disproportionately
increasing the runtime of CM compared to the algebraically simpler WM method. Thus,
while the analyzed method is computationally more expensive per iteration in this specific
environment, it remains the optimal choice when the primary requirements are accuracy
and stability in large-scale systems.

To empirically assess the sensitivity to initial approximations in high-dimensional
spaces where basins of attraction cannot be visualized, an additional stability test was
conducted for Example 4. We tested 10,000 random initial approximation vectors uni-
formly distributed within the hypercube [—5,5]!%. The iterative schemes were permitted
a maximum of 30 iterations per trial to achieve a residual tolerance of 10-8. All tested
methods (BM, WM, and the analyzed CM) successfully converged in all 10,000 trials with
zero divergence points, demonstrating robust global convergence and minimal sensitivity
to the initial guess for this large-scale application.

4.2.5. Example 5: Radius of Convergence Calculation

To practically illustrate the applicability of the local convergence analysis and to
compute the theoretical radius of convergence, we evaluate a nonlinear system derived
from a kinematic initial value problem.

Let us define a mapping F : Q C R® — R3 on the domain Q = U0, 1] for a state vector
v = (v1,v2,v3)T. The components of the mapping are obtained by integrating specific rates
of change, yielding the following system:

et —1
F(v) = () . (58)
%(e — 1)0% + v3

The first-order Fréchet derivative of this operator is given by the diagonal matrix:

er 0 0
Fv)=1]0 1 0 . (59)
0 0 (e—1ovz+1

It is straightforward to verify that the origin v* = (0,0, O)T is a solution to the equation
F(v) = 0. Furthermore, the derivative evaluated at this root is exactly the identity matrix,
meaning F(v*) = L.

By setting the arbitrary linear operator L = F/(v*), we can satisfy the theoretical local
convergence conditions defined in Section 2 by choosing the following parameters and
bounding functions:

50 = go(t)=(e—1)t, and g(t) = eﬁt. (60)

e—1’
Using these bounding functions, we sequentially solve the scalar equations hy (f) = 1,
hy(t) =1, and h3(t) = 1 to determine the threshold parameters s1, s», and s3, respectively.
The overall guaranteed radius of the convergence ball is defined as r = min{sy,s,s3}.
We computed these values for forms of the functions @(t) (w1 (t) = g((1 + h1(t))t),
@2 (t) = go(t) + go(h(H)t)) and a(t) (@ (t) = g((1+ ha(t))t), @2(t) = go(t) + go(h2(t)t))
defined in our theoretical analysis. The calculated radii are summarized in Table 5.
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Table 5. Computed local convergence radii parameters for Example 5.
w(t),u(t) s1 Sz S3 r = min(s;)
w1 (t), 11 () 0.229929 0.049883 0.047600 0.047600
Wy (t), 1ip(t) 0.229929 0.052634 0.048225 0.048225

The numerical evaluation confirms that the theoretical conditions successfully es-
tablish a computable radius of convergence for the scheme. Notably, the second form
provides a slightly larger radius of convergence (r ~ 0.048225) compared to the first form
(r = 0.047600) for this specific dynamical system.

4.3. Basins of Attraction Analysis

The dynamical behavior of iterative methods is investigated by generating basins of
attraction. This visualization technique provides a global perspective on the stability and
reliability of the methods, allowing us to assess their sensitivity to the choice of the initial
guess. The basin of attraction for a root x* is defined as the set of all initial points xp in a
domain () that converge to x* under the iterative mapping. Points that fail to converge
within a specified maximum number of iterations or diverge to infinity are classified
as divergent.

To generate the basins, we selected a rectangular domain Q = [-2,2] x [-2,2] C R2. A
uniform mesh of 400 x 400 points was generated over (), resulting in a total of 160,000 initial
starting points. Each method was applied to every point in the mesh, with a maximum
of 50 iterations. The stopping criterion used was a tolerance of 1073 for the residual or
step norm.

The visual representation uses a color-coding scheme in which each distinct root of
the system is assigned a specific base color. To visualize the computational cost, color
brightness is scaled by the number of iterations required to reach convergence; brighter
colors indicate fewer iterations. Black regions represent points that failed to converge.

We analyze the basins of attraction for three nonlinear systems defined as follows:
Case 1:

24+1y2—1=0,
Floy) =477 (61)
x> —y=0.
Case 2:
W¥—y+02=0,
Bloy) =4, "7 (©2)
yw—x—-02=0.
Case 3:
2442 —4=0,
Fs(x,y) = / (63)

4x2 4+ y?> —4=0.

To provide a rigorous quantitative assessment of the boundary complexity and the
severity of non-convergence, we calculated the fractal dimensions of the basins of attraction.
Specifically, we employed the box-counting dimension method utilizing coordinate hashing,

defined as: .
D, = lim 198 N(€)

e—0log(1/€)’ (64)

where N(e€) is the number of boxes of side length € required to cover the target set. We
compute two distinct metrics:

*  Boundary Dimension (Djy): The fractal dimension of the boundaries separating differ-
ent basins of attraction. A value approaching 2.0 implies a highly fractal, space-filling
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boundary characteristic of chaotic behavior, whereas a lower value indicates smoother,
more predictable transitions between roots.

*  Divergence Dimension (D;): The fractal dimension of the strictly divergent set (points
failing to converge). A stable method should yield D; = 0.0 (indicating isolated or no
divergence). A high D; approaching 2.0 quantifies catastrophic, space-filling failure.

The numerical stability metrics, including the divergent points, stability percentages,

average iterations, and the computed fractal dimensions, are summarized in Table 6. The
visual results are presented in Figures 4-6.

Table 6. Stability metrics and fractal dimensions for the basins of attraction on a grid of 40,000 points.
Dy, represents the boundary dimension, and D, represents the divergence dimension.

System Method Divergent Points Stability (%) Avg Iter. Dy Dy
CcM 1089 99.28% 10.84 1.6689  1.0570
Casel WM 14,318 64.20% 1033  1.6667  1.7163
BM 2830 92.93% 12.00 17447 1.3621
M 62 99.85% 8.01 1.6443  0.5036
Case2 WM 9356 76.61% 1149 15458  1.5862
BM 210 99.47% 9.63 1.4559  0.6839
M 4 99.99% 4.07 1.6844  0.0000
Case3 WM 1621 95.95% 540 1.4845  1.3106
BM 4 99.99% 3.82  1.2698  0.0000

-2 -1 0 1 2

Figure 4. Basins of attraction for Case 1. The star symbols indicate the locations of the exact roots,
distinct colors represent the basins of attraction corresponding to each root, and the black regions
denote initial points that failed to converge.

cM

2.0 2.0

15 15

1.0 1.0

-2 -1 0 1 2

Figure 5. Basins of attraction for Case 2. The star symbols indicate the locations of the exact roots,
distinct colors represent the basins of attraction corresponding to each root, and the black regions
denote initial points that failed to converge.
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Figure 6. Basins of attraction for Case 3. The star symbols indicate the locations of the exact roots,

distinct colors represent the basins of attraction corresponding to each root, and the black regions

denote initial points that failed to converge.

The analysis reveals a clear distinction between the methods in terms of the trade-off

between stability and efficiency:

1.

Case 1: This asymmetric system highlights the superior robustness of the proposed
method. CM achieves a stability rate of 99.28%, significantly outperforming BM
(92.93%). In stark contrast, method WM, while computationally fast in previous exam-
ples, proves to be the least stable here, failing to converge for over 35% of the initial
points. Visual inspection of Figure 4 corroborates these statistical findings. The basins
of attraction for the analyzed method (CM) appear well-defined, with broad, contin-
uous regions of convergence (shown in orange and blue) corresponding to the two
roots. The fractal boundaries, where chaos typically ensues, are thin and constrained.
In contrast, the plot for method WM exhibits extensive black regions indicating di-
vergence, particularly along the separatrices between basins. Method BM shows
improved stability over WM, yet the chaotic noise along the boundaries is visibly
more pronounced than in the CM plot, where the transition between basins is sharper
and cleaner. These visual observations are rigorously supported by the fractional di-
mension metrics. Method CM yields the lowest divergence dimension (D; = 1.0570),
confirming its failure zones are highly constrained. Conversely, WM’s massive failure
regions are quantified by a severe divergence dimension of D; = 1.7163, proving its
instability is space-filling. Furthermore, while the boundary dimensions (Dj) for CM
(1.6689) and WM (1.6667) are mathematically similar, BM exhibits the most highly
fractal boundaries (D}, = 1.7447), corroborating the visible chaotic noise.

Case 2: The difference in stability is most dramatic in this coupled system. CM
achieves near-perfect global convergence (99.85% stability), with only 62 divergent
points out of 160,000. While method WM is known for its speed, it is highly un-
stable in this topology, diverging for nearly a quarter of the domain (23.39%). This
demonstrates that for complex coupled systems, the speed of WM comes at the cost of
reliability. Figure 5 offers the most striking visual evidence of the stability differences
among the methods. The dynamic plane for method WM is characterized by expan-
sive black regions, indicating a significant failure of convergence in approximately a
quarter of the domain. These divergence zones are not merely confined to boundaries
but occupy significant portions of the phase space between roots. Conversely, the
analyzed methods (CM and BM) exhibit robust global convergence, with basins cov-
ering nearly the entire rectangular domain. Between these two methods, the analyzed
method (CM) performs better, as evidenced by the virtual absence of black pixels
(<0.05%) and sharper, less fractalized boundaries compared to BM, confirming its
suitability for complex coupled nonlinear systems. The fractional metrics further
illuminate this behavior. CM maintains an exceptionally low divergence dimen-
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sion (D; = 0.5036). Method WM exhibits a seemingly "better" boundary dimension
(Dp = 1.5458) than CM (1.6443), but this is a mathematical artifact of monolithic
failure: WM replaces intricate, valid fractal boundaries with massive, solid blocks of
divergence. This catastrophic failure mode is strictly quantified by WM’s excessively
high divergence dimension (D; = 1.5862). Thus, CM preserves dynamical fidelity
without succumbing to global instability.

3. Case 3: In this symmetric case, both CM and BM achieve practically perfect stabil-
ity (99.99%). Even here, however, WM exhibits fractal instability along the basin
boundaries, resulting in 4.05% divergence. Figure 6 depicts the basins of attraction for
the symmetric system of ellipses. In this highly structured topology, all three meth-
ods demonstrate excellent global stability, with the basins clearly divided into four
symmetric quadrants corresponding to the four roots. The analyzed methods (CM
and BM) exhibit virtually indistinguishable performance, characterized by smooth
boundaries and an almost total absence of divergent points. While method WM also
successfully resolves the four roots, a close inspection of the axes (the boundaries
between quadrants) reveals a thin band of fractal noise and divergent points (black
pixels), confirming the slight instability noted in Table 6. The fractional dimensions
perfectly align with this assessment. Both CM and BM yield a divergence dimension
of Dj =~ 0, confirming an absolute absence of space-filling divergent behavior. In
contrast, WM'’s fractal noise along the boundaries translates to a chaotic failure pattern
strictly quantified by D; = 1.3106.

The dynamical analysis leads to a crucial conclusion regarding the performance char-
acteristics of the tested schemes. While the proposed method (CM) is not the most computa-
tionally efficient in terms of per-iteration execution time (as observed in the PDE example),
it is unequivocally the most stable algorithm. It consistently minimizes chaotic behavior
and maximizes the probability of convergence, even for difficult initial guesses. Conversely,
method WM, despite being very fast, is the least stable method, exhibiting large regions of
divergence in asymmetric and coupled systems. Therefore, CM is the preferred choice for
applications where reliability and robustness are prioritized over raw speed.

In conclusion, the analyzed method (CM) is consistently the most stable algorithm
across all tested nonlinear systems. It successfully minimizes chaotic behavior and fractal
boundaries, maximizing the probability of convergence even for difficult initial guesses.
While BM often rivals CM in simpler symmetric cases, CM outperforms it in more complex,
asymmetric topologies.

5. Conclusions

In this work, the theoretical domain of applicability for the sixth-order iterative solver
proposed by Kansal et al [16] was significantly expanded. The primary contribution of this
study is establishing a rigorous convergence framework that overcomes the limitations of
standard analyses. Previous studies relied on Taylor series expansions in Euclidean spaces,
requiring derivatives up to the seventh order, which is often restrictive or unverifiable
in complex nonlinear problems. By shifting the analysis to a Banach space setting and
using generalized continuity conditions on the first Fréchet derivative alone, we have
demonstrated that the method converges under much weaker hypotheses.

We derived precise local convergence criteria, establishing computable radii for the
convergence ball and error bounds that do not depend on higher-order derivatives. Fur-
thermore, a rigorous semi-local convergence analysis was presented using the majorizing
sequence technique. This approach guarantees the existence and uniqueness of the solution
based strictly on the initial data, providing a theoretical guarantee that was previously
absent for this specific scheme. These analytical results allow the method to be used in
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a broader class of problems, including those involving non-smooth operators for which
standard sufficient convergence conditions are violated.

The theoretical propositions were validated through numerical experiments on sys-
tems ranging from small-scale transcendental equations to large-scale nonlinear partial
differential equations. The results confirmed that the method maintains sixth-order conver-
gence, as verified by the Computational Order of Convergence (COC) metrics. Additionally,
the dynamical analysis via basins of attraction provided a global perspective on stability,
revealing that the scheme minimizes chaotic behavior and offers robust convergence in
complex topologies.

In future investigations, we intend to apply similar analytical techniques to other
families of high-order iterative methods [3-15,17-20]. By doing so, we aim to systematically
surpass the theoretical limitations of existing solvers, thereby enhancing their reliability
and applicability in solving challenging nonlinear operator equations.

Author Contributions: Conceptualization, LK.A., S.S. and M.S.; methodology, LK.A., S.S. and M.S,;
software, LK.A., S.S. and M.S.; validation, .LK.A., S.S. and M.S,; formal analysis, LK.A., S.S. and M.S.;
investigation, LK.A., S.5. and M.S,; resources, LK.A., S.S. and M.S.; data curation, LK.A., S.S. and M.S;
writing—original draft preparation, LK.A., S.S. and M.S.; writing—review and editing, LK.A., S.S.
and M.S,; visualization, LK.A., S.S. and M.S.; supervision, LK.A., S.S. and M.S.; project administration,
ILK.A., S.S. and M.S,; funding acquisition, LK.A., S.S. and M.S. All authors contributed equally to this
work. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Ortega, ].M.; Rheinboldt, W.C. Iterative Solution of Nonlinear Equations in Several Variables; Academic Press: Cambridge, MA, USA,
1970.

2. Argyros, LK ; Hilout, S. Computational Methods in Nonlinear Analysis: Efficient Algorithms, Fixed Point Theory and Applications; World
Scientific: Singapore, 2013.

3. Jarratt, P. Some fourth order multipoint iterative methods for solving equations. Math. Comput. 1966, 20, 434—437.

4. Frontini, M.; Sormani, E. Third-order methods from quadrature formulae for solving systems of nonlinear equations. Appl. Math.
Comput. 2004, 149, 771-782.

5. Homeier, HH.H. A modified Newton method with cubic convergence: The multivariable case. Comput. Appl. Math. 2004,
169, 161-169.

6.  Cordero, A.; Torregrosa, J.R. Variants of Newton’s method using fifth-order quadrature formulas. Appl. Math. Comput. 2007,
190, 686—698.

7.  Babajee, D.K.R.; Madhu, K; Jayaraman, ]J. On some improved harmonic mean Newton-like methods for solving systems of
nonlinear equations. Algorithms 2015, 8, 895-909.

8.  Sharma, ]J.R,; Arora, H. Efficient Jarratt-like methods for solving systems of nonlinear equations. Calcolo 2014, 51, 193-210.

9.  Behl R; Kanwar, V. Highly efficient classes of Chebyshev-Halley type methods free from second-order derivative. In Proceedings
of the 2014 Recent Advances in Engineering and Computational Sciences (RAECS), Chandigarh, India, 6-8 March 2014.

10. Lotfi, T.; Bakhtiari, P.; Cordero, A.; Mahdiani, K.; Torregrosa, J. Some new efficient multipoint iterative methods for solving
nonlinear systems of equations. Int. . Comput. Math. 2014, 92, 1921-1934. https://doi.org/10.1080/00207160.2014.946412.

11. Wang, X,; Li, Y. An Efficient Sixth-Order Newton-Type Method for Solving Nonlinear Systems. Algorithms 2017, 10, 45.
https:/ /doi.org/10.3390/a10020045.

12. Geum, Y.H.; Kim, Y.I; Neta, B. A sixth-order family of three-point modified Newton-like multiple-root finders and the dynamics
behind their extraneous fixed points. Appl. Math. Comput. 2016, 283, 120-140.

13.  Neta, B.; Chun, C.; Scott, M. Basins of attraction for optimal eighth order methods to find simple roots of nonlinear equations.
Appl. Math. Comput. 2014, 227, 567-592.

14. Argyros, LK,; Shakhno, S.; Yarmola, H. Two-step solver for nonlinear equations. Symmetry 2019, 11, 128.

https://doi.org/10.3390/sym18030410


https://doi.org/10.1080/00207160.2014.946412
https://doi.org/10.3390/a10020045
https://doi.org/10.3390/sym18030410

Symmetry 2026, 18, 410 25 of 25

15.

16.

17.

18.

19.

20.

Grau-Sanchez, M.; Grau, A.; Noguera, M. On the computational efficiency index and some iterative methods for solving systems
of non-linear equations. Comput. Appl. Math. 2011, 30, 1259-1266.

Kansal, M.; Cordero, A.; Bhalla, S.; Torregrosa, ].R. New fourth- and sixth-order classes of iterative methods for solving systems
of nonlinear equations and their stability analysis. Numer. Algorithms 2021, 87, 1017-1060. https://doi.org/10.1007/s11075-020-0
0997-4.

Villalba, E.G.; Hernandez, M.; Hueso, ].L.; Martinez, E. Using decomposition of the nonlinear operator for solving non-
differentiable problems. Math. Methods Appl. Sci. 2025, 48, 7987-8006. https://doi.org/10.1002/mma.9455.

Shakhno, S.M. Nonlinear majorants for investigation of methods of linear interpolation for the solution of nonlinear equations. In
Proceedings of the Eccomas 2004 European Congress on Computational Methods in Applied Sciences and Engineering, Jyvaskyld,
Finland, 24-28 July 2004.

Argyros, LK.; Shakhno, S.; Shunkin, Y. Improved convergence analysis of Gauss-Newton-Secant method for solving nonlinear
least squares problems. Mathematics 2019, 7, 99.

Sharma, J.R.; Arora, H. A simple yet efficient derivative free family of seventh order methods for systems of nonlinear equations.
SeMA |. 2016, 73, 59-75. https:/ /doi.org/10.1007 /s40324-015-0055-8.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/sym18030410


https://doi.org/10.1007/s11075-020-00997-4
https://doi.org/10.1007/s11075-020-00997-4
https://doi.org/10.1002/mma.9455
https://doi.org/10.1007/s40324-015-0055-8
https://doi.org/10.3390/sym18030410

	Introduction
	Local Analysis of Convergence
	Semi-Local Analysis of Convergence
	Numerical Experiments
	Experimental Setup
	Academic Examples
	Example 1: Small-Scale Nonlinear System
	Example 2: Trigonometric System
	Example 3: Large-Scale Exponential System
	Example 4: Nonlinear Partial Derivatives Equation
	Example 5: Radius of Convergence Calculation

	Basins of Attraction Analysis

	Conclusions
	References

