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Abstract

The aim of this research is to formulate and analyze a modified SI,IV R mathematical
model to study the transmission dynamics of poliovirus and assess the impact of vaccina-
tion on disease control. The proposed model extends classical SEIV-type frameworks by
incorporating a recovered compartment with long-term immunity and by replacing the
traditional exposed class with a pre-infectious compartment (I,) that captures silent viral
shedding during the incubation phase of poliovirus. This modification addresses the critical
epidemiological feature that individuals can transmit the virus before showing symptoms
while maintaining biological accuracy in compartment definition. Several fundamental
analytical properties are rigorously established, including positivity, boundedness, and the
existence of a biologically meaningful invariant region. The basic reproduction number Ry
is derived using the next-generation matrix approach, and comprehensive stability analysis
is carried out. The analysis shows that the DFE is locally and globally asymptotically
stable whenever Ry < 1. Using center manifold theory, a forward bifurcation is rigorously
demonstrated, indicating that disease persistence emerges smoothly as Ry crosses unity.
Local and global sensitivity analyses of the basic reproduction number R identify critical
epidemiological parameters, and points to vaccination coverage and transmission rates as
key drivers of outbreak dynamics. Numerical simulations confirm the analytical results
and illustrates two different epidemiological scenarios, one with Ry < 1, and another with
Rp > 1 along with neural network analysis by using the same data from both cases in a
built-in function package in MATLAB-2020 software. It utilizes all of its hidden layers to
check the data used by the model for validation performance and training and to find the
absolute and mean squared errors. It also shows how vaccination suppresses the spread
of infection. These findings provide a strong mathematical basis for public health policy,
offering strategic insight into how vaccination campaigns might be optimized to accelerate
progress toward global polio eradication.

Keywords: mathematical modeling; poliovirus; forward bifurcation; vaccination; sensitivity
analysis; numerical simulation; neural network

1. Introduction

Poliomyelitis, more commonly referred to as polio, is a highly infectious viral disease
caused by the poliovirus, which primarily invades the nervous system and can result
in irreversible paralysis [1]. Historical evidence for the presence of polio dates back to
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ancient Egyptian artifacts that showed typical depictions of limb deformities [2]. However,
polio emerged as a major epidemic disease during the late 19th and early 20th centuries,
paradoxically at a time when marked improvements in sanitation and public health were
occurring [3]. This feature led to the categorization of polio as a “disease of development,”
as improved hygiene reduced early-life exposure to the virus, thus increasing the number
of susceptible adolescents and adults who were at a higher risk of severe neurological
complications if infected. The mid-20th century saw devastating outbreaks, particularly in
industrialized nations, which motivated intensive scientific efforts, and culminated in the
inactivated polio vaccine (IPV) invented by Jonas Salk and the oral polio vaccine (OPV)
invented by Albert Sabin. These breakthroughs changed global public health and gave rise
to the current worldwide eradication campaign [4].

Despite remarkable progress, polio remains a global health challenge [5]. Although
endemic transmission remains confined to a few regions, international travel, population
displacement, and pockets of low immunization coverage continue to create outbreak
risks [6]. Furthermore, cVDPVs-emerging due to low vaccination rates in parts of the
population—raise a serious reason for further surveillance and sustained immunization ef-
forts [7]. Silent transmission in polio, wherein individuals shed the virus but rarely manifest
symptoms, has further complicated eradication efforts. Strong analytical tools are needed to
understand the dynamics of viral spread [8]. A particularly insidious feature of poliovirus
is its silent transmission: approximately 95% of infections are asymptomatic or mild, yet in-
fected individuals shed the virus and can infect others during the incubation period before
showing symptoms [9,10]. This means there exists a significant population of pre-infectious
individuals who are actively transmitting the virus while not yet displaying clinical symp-
toms. Classical compartmental models often represent this period as an exposed (E) class
with no transmission, which is epidemiologically inaccurate for polio. To address this, our
model replaces the traditional exposed compartment with a pre-infectious compartment
(Iy) that captures both the incubation period and the asymptomatic transmission that occurs
during this phase. This silent spread, combined with the emergence of circulating vaccine-
derived polioviruses (cVDPVs) in under-vaccinated populations, complicates surveillance
and undermines eradication efforts [11]. Mathematical modeling has become one of the
indispensable tools in understanding and combating polio [12-14], providing a structured
framework for the simulation of transmission dynamics and the evaluation of the impact of
interventions. In particular, compartmental models [15], the most representative of which
includes the SEIR [16] structure (Susceptible-Exposed-Infectious-Recovered), enable re-
searchers to partition populations and investigate how contact patterns, latency periods,
infectiousness, and immunity influence disease propagation [17,18]. Such models have
played a key role in identifying some epidemiologically important thresholds, such as the
basic reproduction number [19], that define whether an outbreak will grow or fade out [20].
For example, models considering age-structured and sanitation-dependent transmission
have provided insight into how improvements in hygiene led to a shift in the average age
of infection that drove the emergence of large polio epidemics in high-income countries
before vaccines became available [21] and several other noteworthy studies have also been
reported in the literature, such as [22-26].

In addition to advancing theoretical insight, mathematical models have played a
vital practical role in public health planning and policy-making [27]. Models have helped
establish optimal vaccination strategies, including routine immunization, pulse vaccination,
and supplementary immunization activities [28]. They allow the examination of additional
factors, such as waning immunity, environmental transmission from contaminated water,
and the prevalence of asymptomatic carriers [29]. During the global eradication campaign
still in progress, models have been at the heart of determining poliovirus importation risks,
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assessing response strategies against outbreaks, projecting future patterns of transmission,
and informing resource deployment by international health agencies [30]. By providing
simulations of different scenarios, such as changes in vaccination coverage, the introduction
of new vaccines, and the improvement of sanitation, mathematical modeling offers a cost-
effective and powerful tool for foreseeing challenges and preparing robust strategies for
disease control [31].

Models of classical polio traditionally are segmented into susceptible, exposed, in-
fectious, and vaccinated classes. One such model is the SEIV model of Archana and
Agarwal [32], which is given by

S(t
E(t
"
(

A — BSI — rBSE — ( +v)S,

)
) =BSI+rBSE — (b+u+11)E, o
)
)

I
t

(b +V1) —(n+a)l,
1% vS

where the compartments represent susceptible S, exposed E, infectious I, and vaccinated V
individuals. Despite the fact that this model captures important aspects of polio transmis-
sion, it does not consider a recovered compartment, whereas, in reality, individuals who
recover from an infection usually develop long-term immunity. In reality, poliovirus can be
transmitted during the incubation period, as exposed individuals may shed virus before
symptoms appear. Moreover, recovered individuals typically acquire long-term immunity.
Ignoring these features may underestimate transmission potential and distort predictions
of disease persistence.

Biological Motivation and Model Modifications:

To address these gaps, we develop a modified SI,, [V R model with two key innovations
driven by polio-specific epidemiology:

1. Recovered compartment (R): Including recovered individuals allows us to track
long-term immunity dynamics, which is essential for projecting elimination timelines
and assessing the impact of waning immunity. In reality, individuals who recover
from infection typically develop long-term immunity, and capturing this population
is crucial for accurate long-term projections.

2. Enhanced force of infection: Unlike classical models that assume no transmission
during the incubation period, our force of infection includes transmission from both
pre-infectious (a21,) and fully infectious (1) individuals. This captures the critical
role of silent spread and better reflects real-world polio transmission dynamics, where
asymptomatic shedding during the pre-infectious phase drives undetected circulation.

These modifications are not merely mathematical exercises—they are biologically
motivated by the unique features of poliovirus epidemiology. The inclusion of transmission
from exposed individuals is particularly significant, as it addresses a key factor in polio
persistence that has been inadequately represented in previous modeling studies.

2. Problem Formulation

In this work, we overcome these limitations and improve biological realism by devel-
oping a modified SI;, IV R model that includes a recovered class R and an improved force of
infection that considers transmission from both pre-infectious and infectious individuals.

Hence, in our model the total population N(t) divided into five subpopulations namely
Susceptible S(t), pre-infectious I, (t), Infected I(t) ,Vaccinated V (), and Recovered R(t)
while the parameters details are given in Table 1 and graphically flowchart is mentioned
in Figure 1.
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The proposed model is formulated as:
ds
dly
ﬁ = '3(0(11 + U(ZIP)S — (‘M + 5)1;71
dl
= =~ (w7, 2)
av
— =AS—uV
dt STV
dR
— =9l —uR
ar — T

A > S ﬁ(a1[+“21p)> I e I |~——>}l+w

;V

1
Y

Figure 1. Flow diagram of the SI,IV R model illustrating transitions between compartments.

Table 1. Descriptions of Prameters.

Symbol Meaning

A Recruitment rate into susceptible population

B Rate of transmission from susceptible to pre-infectious
aq Rate of transmission due to infectious class

ay Transmission rate due to pre-infectious class

U Natural mortality rate

A Vaccination rate

) Rate of flow from I (t) to I(t)

w Disease-induced mortality rate

0% rate of recovery in infectious individuals

It is important to note the scope of the present study. Our analysis focuses exclusively
on temporal dynamics at the population level using a deterministic compartmental frame-
work. Factors known to be epidemiologically significant for polio—such as age-structured
contact patterns, sanitation-dependent transmission, and spatial heterogeneity—are outside
the scope of this work. This deliberate scoping decision maintains analytical tractability and
allows us to rigorously establish threshold behavior Ry, stability properties, and bifurcation
patterns. The incorporation of age structure or spatial dynamics would require partial
differential equations or agent-based models, which would shift the focus away from the
core analytical contributions presented here.
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Model Assumptions

The proposed SI,IVR model is developed under the following epidemiological and
demographic assumptions:

(i) The total population is assumed to be homogeneous, meaning every individual has
an equal probability of coming into contact with any other individual per unit time.

(i) Recruitment into the susceptible population occurs at a constant rate A, and all
newborns are assumed to be susceptible.

(iii) Natural mortality occurs at a constant rate y in all compartments.

(iv) The force of infection incorporates transmission from both pre-infectious and in-
fected individuals, recognizing that pre-infectious individuals may contribute to viral
shedding and disease spread before showing symptoms.

(v) Vaccination is administered only to susceptible individuals at a constant rate A. Vacci-
nated individuals acquire permanent immunity and move to the vaccinated compart-
ment V. No waning immunity is considered.

(vi) Individuals who recover from natural infection develop permanent immunity and
move to the recovered compartment R. No waning immunity or reinfection
is considered.

(vii) Disease-induced mortality occurs only in the infectious compartment I at rate w.

(viii) All parameters are non-negative and constant over time.

These assumptions provide a biologically plausible yet mathematically tractable frame-
work for analyzing the transmission dynamics of poliovirus and the impact of vaccina-
tion strategies.

3. Basic Properties of the Model

Positivity, boundedness, reproduction number, stability analysis, bifurcation analysis,
sensitivity analysis, and numerical simulation are covered in this section. Before presenting
the said properties of the model, we give some definitions that explore the idea of a neural
network (NN) and the need for its application to the said model.

Definition 1 (Neural Network Performance). In the concept of neural network, the performance
refers to the model’s goal achievements in the context of accuracy and best approaches. For the
performances, accuracy, mean square error, absolute errot, recall, and precision are required for the
concerned data. Further, for improvement in performance, the training, networking design, and
placement of the hyperparameter should be modified.

Definition 2 (Average Square Error). The measurement of efficiency is termed the mean square
error. It is used for the computation of the mean square deviation between the exact and estimated or
Approximate result, which implies the correctness of network predictions.

Definition 3. Mu(u) For the rate of learning or step size interval, we usually chose y. A hyper-
parameter is used for controlling biases and weight age when the network variation occurs in the
learning rate of the training. The rate of learning rate y refers to the magnitude of step size in loss
quantities in optimization techniques under gradient.

3.1. Positivity

Theorem 1. The solution of the system at the given initial conditions is always non-negative for
t>0.

Proof. Epidemiological models must be positive to model disease dynamics realistically.
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The 1st equation of system (2)

ds
i A — ﬁ(uc11+0c21p)5 —(u+A)S
We have
ds
E + [,8(0611+0621p) +u +)\]S = A

The above ODE:s are solved by Integrating Factor method with the given Initial condition.
The Integrating Factor is

LE — oJslBlarl+aal,)+p-+Aldt

Hence we have

S(t) _ (S(O) N /Ot A(efof[5(a11+1x21,,)+y+/\]dt)>e—fot[ﬁ(all—l—aﬂp)-&-y—i—/\]dt

S(t) non-negative for all time ¢ > 0.
The same approach allows us to show that all other system variables are also non-
negative whent > 0. O

3.2. Boundedness

For the model, the closed set D represents a feasible region.
5 A
D=4(51,LV,R) eR}: N < g

Theorem 2. The closed set D is bounded and positive invariant.

Proof. The total population N = S + I, + [ + V + R. Taking derivative

dN d

T E(S—I—IP—I—FFV—I—R)
= AN—puS—puly —pl—pV—-—puR—-wl
= A—uN-wl
< A—uN

To simplify, we have
at, A ot
N(t) < N(0)e " + ﬁ(l—e ")
Ast — oo, e — 0 and so lim;_,eo N(t) < %
Thus, D is bounded and absolutely invariant in R%. O

3.3. Basic Reproduction Number

Now we calculate the basic threshold number for our proposed problem (2). For this
purpose we use next-generation matrix method.
We consider the infectious classes in the proposed model. Let Y = (I, I).

‘ [/B(ocll—i—zlep)S} v [ (4 + )1,
0 =0, + (p+w+ )1
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The Jacobian matrix of F and v evaluated at DFE are

£ parS® Py S° vo |t 0
0 0 -5 (ptw+9)
1
y-1_ [ ) (1’ ]
(pt0)(ptw+y)  (ptw+y)
BarS° Ba1S% BayS°

FVvi= |+t (p+opt+wt+y) (p+w+7)

0 0

The spectral radius of FV~! is the threshold number Ry :

,35\4250 ﬁt)&1505
Ry = +
(p+6) (to)(p+tw+7)
Substituting S0 = ;4%\:
Ry = BA(az(p+w + ) + a10)

(H+A)(p+0)(p+w+7)

The basic reproduction number Rj represents the average number of secondary in-
fections produced by a single infected individual in a completely susceptible population.
Biologically, Ry < 1 implies that each infected individual replaces itself with less than
one new infection, causing the disease to die out. Conversely, Ry > 1 indicates that each
infected individual generates more than one new infection, leading to disease persistence
and potential outbreaks as seen in the Figure 2.

ROvs Band A ROvs a and a,

0.9
0.8

07
f < 06

o 06
04
05
02
04

04 08 03

0.2

(@) (b)
ROvs Aand p ROvs § and v
12 05
1"
15 0 05 048
9 0.46
10 s 045
2 7 g 044
5 04
6 0.42
5
4 0.35 04
03 04
3
0.2 0.2 03 08 M35
2 02 06
| 04
0 02 0.36

(o) (d)
Figure 2. Three-dimensional graphs of Ry for Model 2 using parametrs values y = 0.5, A = 1000, g =
0.002, &1 =0.2, ap =0.15, A =0.6, 6 =09, w = 0.6, v = 0.23.
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3.4. Equilibriums Points
3.4.1. Disease Free State

When a community is in a disease-free state (DFS), there is no disease infection.
The symbol for it is E°.

The infectious classes are taken to be equal to zero in order to reach this state. We
observe that the DFS is given by E? = (S°,0,0,VY,0).

A AA
E0:< ,0,0, ﬁ)
ptA p(p+A)

3.4.2. Disease Endemic State

E* = (8%, I; ,I*, V*, R*) represent the Disease Endemic State which indicates that the
infection is present in the population. The endemic equilibrium point for the system (2)
is follows:

g _ Ao twty)
B(day +ar(p+w+7))’
s (ptw+T) .
I = =T,
B(ayd +az(p+w+17))’
V= C5* = ,
p p(p+o)(p+w+17)
R =Tp,
H

It is clear from this expression that the infectious class I* depends explicitly on the
basic reproduction number Ry. Indeed, I* is directly proportional to (Rgp — 1), and a
biologically meaningful endemic equilibrium can exist only when Ry > 1 because in this
case, I'* > 0 and the infection persists in the population, settling into a stable endemic state.
If Ry < 1, then I* would be a negative value, which is not biologically realizable.

3.5. Stability Analysis

Biologically, the local and global stability of the disease-free equilibrium when Ry < 1
means that even if a small number of infected individuals are introduced into the pop-
ulation, the infection will not persist and will eventually be eliminated. This threshold
condition is crucial for public health planning, as it defines the conditions under which
outbreaks can be controlled.

3.5.1. Local Stability

Using the Routh-Hurwitz criterion. By examining the eigenvalues of the Jacobian
matrices of the specified model at equilibria, we first examine the local stability of equilibria.

Theorem 3. When Ry < 1, the disease free equilibrium (DFS) of the system (2) is locally asymp-
totically stable; nevertheless, when Ry > 1, it is unstable.
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Proof. The system (2) at DFE has the following Jacobian matrix:

—(u+A) —BayS° —BayS° 0 0

0 BanS? — (u +9) Ba;S° 0 0

0= 0 ) —~(p+w+y) 0 0
A 0 0 —u 0

0 0 % 0 —u

The eigenvalues of this matrix J° are given by
X10=—H, x3=—(p+A)
the eigenvalues of the submatrix:

_ /30(250 - (,M + (5) 5&150

A
k) —(p+w+7)

The characteristic equation for matrix A is:
x? + ax+a =0
where
_ 0
ay = (p+06)+ (p+w+7) - pass
ay = (u+0)(u+w+7vy) — BaS°(u +w+7) — Py S
Note that a4; and a, can be written as:

0615+062(}1+w+’)/) 0615

s y+w+,y]+[(ﬂ+5)+(u+w+v)](1—Ro)

a = BS°|

a = (p+9)(p+w+7)(1-Ro)

Thus, when Ry < 1, we have a; > 0 and ay > 0, and by the Routh-Hurwitz criterion,
all eigenvalues have negative real parts. This demonstrates that when Ry < 1, our system
is locally asymptotically stable. [

3.5.2. Global Stability Analysis of Equilibria
Now we discuss the Global Stability Analysis of DFE.

Theorem 4. The DFE(E) is globally asymptotically stable in D when Ry < 1.

Proof. We prove GAS using Lyapunov functions and LaSalle’s invariance principle.
Consider the Lyapunov function:

IT'=Al,+A], Ai=(p+w+y), Ay =pSa.
Differentiate Lyapunov function:

= AyB(aaT + a2ly)S — (1 +0)1y] + Aololy — (- w + 7)1
= (ALBDQS + Ard — A1(]/l —|—5))Ip + (ALBtXlS — Az(]/l +w+y)I

Using S(t) < 8% A; = (4 +w + ), and A = BS%; and rearranging, we get:

r< [(y +w+7)BazS’ + S a5 — (p+w +7)(u +(5} Ip+ [(p 4+ w + 7)a1 BS° — a1 BS° (u + w + 7))1]
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I < (Ro—1)(p+8)(n+w+7)l

Hence, we prove that I' <OwhenRy < 1,and T = 0 only at the DFE (I, = 0).
The disease-free equilibrium is therefore globally asymptotically stable in the feasible
region according to LaSalle’s invariance principle. [J

3.6. Bifurcation Analysis

Here, we discuss the existence of bifurcation which has been discussed in various
articles [33,34]. A rigorous proof of forward bifurcation is provided using the central
manifold theory [35] and the method of Chavez and Song’s method [36].

3.6.1. Existence of Bifurcation

We put Ry = 1 to find S, the bifurcation parameter, and replace it by §*

R, = B (a(p +w+7) +a19)
0 (n+0)(n+w+7)

B — (+o)(p+w+7)
SO(an (4 4+ w + ) + a16)

Jacobian matrix of the system (2) at DFE is as follows:

—(n+A) —B*ayS° —pB*a;S° 0 0
0 B*axS® — (u+9) B*a1S° 0 o0
)0 = 0 ) —(p+w+y) 0 0
A 0 0 -u 0
0 0 0% 0 —pu
After the simplification some eigenvalue is x1, = —p and x3 = —(u + A).

The characteristic equation for the remaining matrix with eigenvalue x is

det(|]J|° = Ix) =0

* 0 __ * 0
det B*azS (5;4—|—5—0—x) B*a1S _0

—(p+w+y+x)

After finding the determinant we have x2+a1x+ap =0.
Where
a1 = (p+8) + (u+w+7y) = prazs’

= pu+0)(p+w+v) - PaS(p+w—+7) — pras %

Putting B* in a, value we get;
ay = 0

SO
2 _
x*4+a1x=0

x(x+a;)=0
One of the roots of the above equation is zero. Which show the existence of the bifurcation.

3.6.2. Determining the Direction of Bifurcation

To find the direction of bifurcation, we have found the Right and Left eigenvectors
through which we will explore what kind of bifurcation is occurring here. The right
eigenvector is provided by
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1 ()W =0
—(;4 + )\) —‘B*l)ézso —ﬁ*also 0
0 B*aaS® — (u+9) B*aS° 0
0 ) —(p+w+7y) 0
A 0 0 —U
0 0 % 0 —u

Wy

e —
g g g
@D =
I

o O O O O

w5

—(p + AM)wy — B*axS%w; — Bra;Sw;s
(ﬁ*lxzso — (}l + (5))&)2 + ,5*061507/03
03— (i 0+ 7)s -
Awy — Wy
YWw3 — Hws

o O O O O

—(p+MNwy — BraSwy — a1 S%ws = 0
(B*a8° — (4 + 6))wy + B*a18%ws = 0
dwy — (p+w+7v)ws =0
Awyp — pwy =0
Yywz — pws = 0

The system of equations is solved in terms of w,. The solutions are:

~ BS%(aa(p 4w + ) + wid)
(H+A)(p+w+7)
U+ w+y
CABS (ap(p + w + ) + a16)
p(p+A)(p+w+7)
0]

T uir o)

w1 =

w3

Wy

The left eigenvectors that match the zero eigenvalues are now:

v.jPl(g) =0
—(u+A) —B*apS° —B*a;S° 0
BranS? — (u +9) Bra1S° 0
) —(p+w+7y) 0
0 0 —u
0 v 0 —u
—(u +A)vr +Avg =0

—(B*a28%)v1 + (B a2S” — (p +6))vy + 603 = 0

[ZJ] Uy 03 04 05}

o > oo
c o oo
I
c oo oo

—B*218%; + B*a18%0; — (p+w +7)v3 + 705 =0
—uoy =0
—pous =0

after solving, we get the Left eigenvectors as: v; = v4 = v5 = 0 and

* 0
0327'8 45 02
u+w—+y
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https://doi.org/10.3390/sym18030435

Symmetry 2026, 18, 435 12 of 25

By setting S =1, I, =y> =, I =y3, V =14, R =ystheequations of the system (2) are:

k1(y) = A — Blarys + azy2)y1 — (4 + Ay

ka(y) = B(arys + a2y2)y1 — (1 +6)y2

ks(y) = dy2 — (n +w +7)ys 3)
ka(y) = Ayr — pya

ks(y) = vys — pys

We choose the function k based on the value of the left eigenvectors v, meaning that
we only choose those k at which the components of v are non-zero. Thus, we compute the
second-order partial derivatives of only k; and k3 as follows:

ka(y) = Barys + azy2)y1 — (1 + )2
4)
ka(y) = 0y2 — (4 +w +7)ys
2% 2% 0, fori=1
2 £y 2 oo .
ayiayl (Porﬁ ) - aylayl (Porﬁ ) - ,8“2/ fori =2
Bay, fori=3
9%k, 9%k3
=0 forotheri,j, and =0 Vij
9y;0y; J 9Y;0Yi /

The second-order partial derivatives of k, and k3 with respect to the bifurcation
parameter 8* are now calculate:

(), fori=1
llhﬁ - nol1, ori 2

X1Y1, fori =3

0%k3
dy;9p*
Now, taking into account the eigenvectors on the left and right, we calculate the
bifurcation coefficients 2 and b as:

(Py,B*) =0 Vi=4,5

i azkg
a= DWW ==, (5)
gij=1 " oyioy;
and , X
0%k
b Z_: vgWi TR (6)
gi=1

Since only k; has non-zero second-order partial derivatives, we have:

% Pk o 2k ks o
dy1dya  Oyadyr T2 dyidys Y3y !

and all other derivatives are zero. Thus,

a = vy [2wywyfay + 2wiwsfag | = 2vafwr (kpwy + aqws)

Using the value of wy and w3
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0
2= 20,8 B3 (az(u+w+v)+a15)w2] [w a(p+w+) + b
(H+A)(p+w+7) (p+w+7)
20w (aa (p + w + 1) + w16)?
(p+A)(p+w+7)?
it is clear that a < 0.
Similarly, for b:
b= Z VLW; Z ks
= k la a/s* 2 LYy a6
Pky Pky o Phky 2y

- Y = 7
dy10p* dy0p* 207 9yz0p*
Thus,
b= (%) [ZU1 -0+ WZIXZSO + wyxlso] = '0250(052602 + 0(1W3)

0280wy (o (4 + w + 7) + a16)

b:
(H+tw+7)

we have b > 0.

Since a < 0 and b > 0, the bifurcation is forward. According to reference [37], in the
case of 4 < 0 and b > 0, when Ry increases through one, the disease-free equilibrium
loses its stability, whereas there appears a stable endemic equilibrium. In the former case,
if Rg < 1, then the system is attracted to the disease-free equilibrium, implying that any
small infection will die out. In the latter case of Ry > 1, the endemic equilibrium turns out
to be stable.

3.7. Sensitivity Analysis for Ro

We investigate the parameters that are most sensitive and contribute most to the basic
reproduction number, as they must be controlled to efficiently halt disease spread. We apply
the sensitivity index formula developed in established literature [38,39]. to each parameter
using baseline values from Table 2 and graphically presented in Figure 3. These baseline
values were drawn from published literature and reasonable estimations as indicated

BA(ax(u+ w + ) + a16)
(H+M)(p+0)(n+w+7)

The partial derivatives of Ry with respect to each parameter were calculated using the

Ry =

sensitivity index formula:

Ry _9Ro P
I, = oy X R
1.  Sensitivity of p:
oRy B
— — =1
B Ry
2. Sensitivity of A:
oRy A
3. Sensitivity of ay:
8R0 le ﬁA5

&1
% 2L~ 04743
o1, " Ry C (uAAM) () (u+w+7) " Ro

https://doi.org/10.3390/sym18030435


https://doi.org/10.3390/sym18030435

Symmetry 2026, 18, 435

14 of 25

4. Sensitivity of ay:

oRy _ ap BA(p+w+17) a
ORo 2 _ x X2~ 05057
day Ry (p+A)(p+d)(p+w+7v) Ro

5. Sensitivity of A:
L)

X — & —0.5455
oA Ry
6.  Sensitivity of J:
IRy 1
— X — =~ —0.1685
el Rp
7. Sensitivity of u:
oR
0 x 099
8;4 RO
8.  Sensitivity of w:
aRO w
— X — ~ —0.2140
dw R()
9.  Sensitivity of v:
oR
220 T~ —0.0820
C
Table 2. Sensitivity index for parameters in the model.
Parameter Value Source Sensitivity Index
B 0.002 [32] +1.00
A 1000 [32] +1.00
o 0.2 Estimated +0.4743
o 0.15 Assumed +0.5257
A 0.6 [32] —0.5455
o 0.9 [40] —0.1685
U 0.5 [32] —0.99
w 0.6 [40] —0.214
% 0.23 [40] —0.0820

Sensitivity Analysis of R0 for Polio Model

Sensitivity Index

A I I I I I I
N > SN v N -~ D o) A

Figure 3. Sensitivity Analysis using parameters values u = 0.5, A = 1000, g = 0.002, a; = 0.2,
ap =015, A =06, 6§ =09, w =06, v =0.23.
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3.8. Global Sensitivity Analysis

To assess the impact of parameter uncertainty on the basic reproduction number R,
a global sensitivity analysis was performed using the Partial Rank Correlation Coefficient
(PRCC) method combined with Latin Hypercube Sampling (LHS). Unlike local sensitivity
analysis, which evaluates parameter influence at a single baseline point, global sensitivity
analysis accounts for simultaneous parameter variation across biologically feasible ranges,
thereby providing a more comprehensive measure of uncertainty.

A total of 10,000 samples were generated using LHS to ensure efficient and uniform
exploration of the multidimensional parameter space. For each sampled parameter set,
the basic reproduction number Ry was computed. The PRCC values were then calculated
to determine the strength and direction of the monotonic relationship between each param-
eter and Ry, while controlling for the effects of other parameters. The parameter ranges
and corresponding PRCC results are presented in Table 3 which is graphically presented
in Figure 4.

The PRCC results indicate that the progression parameter &, and the transmission
rate 8 exert the strongest positive influence on Ry, confirming that increased transmission
intensity and faster progression significantly enhance disease spread.

Table 3. Parameter ranges and PRCC results for the basic reproduction number Ro.

Parameter Range PRCC Value p-Value
B [0.001, 0.003] 0.7706 0.0000
A (500, 1500] 0.7711 0.0000
K1 [0.01, 0.39] 0.5794 0.0000
o [0.01, 0.29] 0.8889 0.0000
o [0.02, 0.16] —0.5636 0.0000
u [0.01, 0.09] —0.8726 0.0000
A [0.02, 0.10] —0.6715 0.0000
w [0.02, 0.10] —0.1000 0.0000
0% [0.06, 0.40] —0.3537 0.0000

Partial Rank Correlation Coefficients for R0

1 T T T T T T T T T

0.5

PRCC value
o

-0.5

Figure 4. Global Sensitivity Analysis.

Notably, the vaccination rate A exhibits a strong and statistically significant negative
correlation with Ry (PRCC = —0.6715, p-value < 0.05). This demonstrates that increas-
ing vaccination coverage substantially reduces the transmission potential of the disease.
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Among the controllable intervention parameters, A represents one of the most influential
mechanisms for driving Ry below the epidemic threshold.

Although the natural mortality rate y shows the strongest overall negative correlation,
it does not represent a feasible control strategy. In contrast, vaccination is a practical
and implementable public health intervention. Therefore, the global sensitivity analysis
quantitatively confirms that strengthening immunization programs is a highly effective
strategy for disease mitigation and long-term epidemic control.

All parameters are statistically significant, indicating the robustness of the model
predictions and reinforcing the reliability of the uncertainty quantification framework.

3.9. Numerical Simulation
3.9.1. Endemic Behavior When Ry > 1

The analytical results obtained from working on the model’s numerical simulation
using the MATLAB ode45 solver are discussed in this section.
We obtain
Ro =30

by selecting the specific values of parameters A = 60, u = 0.06, = 0.033, a; = 0.15,
a0y = 01,6 = 093, v = 098, A = 0.09, and w = 0.01. Using the initial values
S(0) = 500,1,(0) = 450,1(0) = 300,V (0) = 150, and R(0) = 100, the graph below is
produced. This demonstrates that the population’s infection rate increases with time when
Ro > 1.

In the long term, all the populations of susceptible (S), pre-infectious (1), infected (I),
and Vaccinated (V) decline rapidly. There was a sudden decrease in the number of suscepti-
ble populations, indicating a mass outbreak. At the peak of the pandemic, the number of
individuals vulnerable to getting the disease declined sharply to a new low.

The recovered (R) population demonstrates a smooth and considerable rise throughout
the simulation. This is a direct result of the extensive infection, as much of the population
moves from being susceptible, exposed, or infected to being recovered which is graphically
presented in Figure 5.

Polio Model - Endemic Behavior (R, > 1)

1200 T T T T T T T T T
Susceptible
Pre-infectious
1000 Infected -
Vaccinated
Recovered
800 [ b
c
o
©
= 600 [ b
o
o
o f
400 B
200 t_/ i
O L 1 1 1 1 1
0

2 4 6 8 10 12 14 16 18 20
Time

Figure 5. The Population dynamics when Ry = 3.0 > 1.
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3.9.2. Disease Free Behavior When Ry < 1

By selecting the particular values of A = 100, 4 = 0.059, B = 0.001, «; = 0.001,
ap = 0.001, 6 = 0.09, v = 0.012, A = 0.004, w = 0.05 . we arrive at

Rp = 0.0185.

Additionally, the starting values are S(0) = 500, I,(0) = 450,1(0) = 300, V(0) = 150,
and R(0) = 100.

Using the settings mentioned above, the graph below is produced. The graph below is
produced. It indicates that the infection is approaching zero when Ry < 1 and the dynamics
are showing in Figure 6.

Polio Model Dynamics

1400 w ‘ ‘ ‘
Susceptible
Pre-infectious
1200 [ Infected )
Vaccinated
Recovered
1000 | 1
S 800 .
=
>
<3
a 600 1
400 —
200 1
0 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Time

Figure 6. The population dynamics when Ry = 0.0185 < 1.

At long last, the pre-infectious (1), infected (I)and Vaccinated (V) populations all
trend strongly downwards to near zero. This means that the disease is not self-maintaining.
The number of susceptible (S) individuals, on the other hand, has a uniform rise over
time. This is a direct result of the disease disappearing, as fewer people are transitioning
to the exposed or infected states. The system’s overall dynamics, whereby the infection
disappears and the number of susceptibles increases, is exactly what one should expect
when the reproductive number is less than one Ry < 1.

3.9.3. Effect of Vaccination on Subpopulations

It follows from the Figure 7 that the vaccination rate A significantly affects the dynamics
of all subpopulations. For larger values of A, the susceptible population S(t) decreases
more rapidly, as there is a quicker movement of individuals into the vaccinated class. Thus,
for larger values of A, the vaccinated population V (t) increases more rapidly and settles
at a higher equilibrium value. Larger vaccination rates also cause a significant decline in
both pre-infectious (I,) and infected I(t) populations, which decrease more rapidly and
reach zero much faster than in the case of small vaccination rates. This is pre-infectious
(Iy) because increased vaccination reduces the pool of susceptible individuals that are
available for infection. Lastly, the recovered population R(t) is seen to have a decreasing
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trend for increasing values of A due to the fact that fewer infected individuals result in
fewer recoveries. In general, the results show that increased vaccination rates suppress
the transmission of the disease, reduce the populations of pre-infectious and infected,
and improve long-term protection due to a larger vaccinated population.

1800 Effect of Vaccination Rate (A) on Susceptible Population 0 Effect of ination Rate () on P
x=01 | x=01
=03 45 A=03
1600 - A=06 I A=06
A=09 40 | A=09
= A=12 A=12
@ 1400 o 35 H
= w
g 5
S = 30
§ 1200 %
e S 25
2 1000 %
£ 2 20
g 3
2 &
2 800 wise
10
600
5l
400 . . . . . . . . . . 0 . . ]
2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time Time
(a) (b)
Effect of Vaccination Rate ()) on Infected Population s Effect of ination Rate (\) on
A=01
A=03 ar
A=06
A=09 35k
A=12 .
= S
5 E°
s 325
a S
3 g 1|
3 B 21
3 e ||
k3 8 15¢|
£ 3 {
o« |
1H
|
05
[
0 L L L L L L
16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time
() (d)
1500 Effect of Vaccination Rate (A) on Vaccinated Population
A=01
A=03
A=06["
A=09
= A=12
s —
‘5 1000
&
S
a2
S
o
o
2
T
<
S 500 -
3
>
0 .
18 20

(e)
Figure 7. Effect of Vaccination on subpopulations using parameters values y = 0.5, A = 1000,
B =0.002, a1 =02,ap =0.15,6 =09, w = 0.6, y = 0.23.

3.9.4. Effect of Parameters on Infected

The Figure 8 shows the sensitivity of the infected compartment I(t), to variations in
key model parameters, namely, a1, a2, 7, and A. From panels (a) and (b), one can see that
an increase in either ay or a; leads to a higher peak and larger endemic level of infection.
In contrast, panels (¢) and (d) indicate that an increase in 7y or A decreases both peak
and steady-state values of infected individuals, suggesting these parameters are control
measures such as recovery or vaccination rates. In general, the analysis identifies those
parameters whose change most impacts the dynamics of infection and therefore may offer
potential points of intervention.
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Figure 8. Effect of a1,a5,, A on Infected using parameters values y = 0.5, A = 1000, 8 = 0.002,
6=09, w=06a1 =02,y =015 A = 0.6,y = 0.23.

4. Neural Networking

The methodology of a neural network is like an artificial network that works through
hidden layers with the maximum and minimum operations of multiplication and addition
using the matrix vectors rules of linear algebra, probability, and data science. The already
saved data of the model parameters are putted in the code of NN in matlab package which
tested all the data for validation, training, performance, histogram, fitting values and root
mean square error (RMSE), mean square error (MSE) and absolute error (AE). The code has
the ability to search the data using their built-in function for all such properties given in
the figures below. The flow chart for NN is given in Figure 9.

I*Hﬂml.qu"i J-idd-'nl.lj.u.! I j ﬂllpl.rtl.lj.u

fﬁﬁ@ﬁ %ﬁ“%ﬁ% B T_J

5

Figure 9. The Neural Network flowchart for target and output values.

For the biological justification, Neural network is linked with numerical simulation
of both local stability Ry < 1 and global stability Rp > 1 in the form of saved data 1
and data 2 in mathlab 2020 software as usual. After that, the data are used in the neural
network code of the MATLAB package in which the target and output built-in functions
are already stored in form of hidden layers for the five compartments up to 1000 epochs.
The performance and correlations of the data are then tested and worked on with the saved
data to train, test, and validate all data along with comparison, regression, absolute error,
and mean square error for the already saved data. Further, we extended the discussion of
the neural network section. The NN analysis, like Al is the combination of Already saved
work related to the said model or its modified versions applied to this model to check its
comparison or correlation with the saved numerical simulation in the form of a system of
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differential equations. This analysis pointed out that the previous works on polio infection
are comparable with this model. Furthermore, it has small absolute and mean square errors
as the curves of the NN overlap on the previous simulation curves. The NN are performed
twice, applied to the saved simulation of the model for Ry < 1 and Ry > 1.

Keeping in view the above points, this section presents the neural network analysis
of the polio model, representing the dynamics of the compartments based on simulated
data for the cases Ry > 1 and Ry < 1. The neural network has two or three hidden layers
that process the simulated data and return the output in the form of graphs showing all
the training, validation, and testing data, along with mean squared errors, performance
metrics, regression plots, and fit values. The graphs are shown in Figures 10a—f and 11a—d.
Figure 10e is the comparison between the SI,,IVR model and neural network dynamics
for Rp > 1 while Figure 10f is the absolute error. Similarly, the graphs are shown in
Figures 12a—f and 13a-d are neural network dynamics for Ry < 1. Figure 12e is the com-
parison of the polio model and neural network dynamics for Ry < 1, while Figure 12f is the
absolute error. Figure 13a—d showing the sample NN along with different characteristics
of the model. In both cases, the NN curves are on the curves of human polio dynamics,
showing very small mean square errors, which implies the correctness of obtained scheme.

All Data (1) R = 1.0000 Train Data (1) R = 1.0000
600 600 600 600

Outputs| —— Outputs
400 - Targets 400 400 - Targets 400

200 L/ 200 200 200
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0 [ 0
0 2000 4000 6000 0 200 400 600 0 2000 4000 0 200 400 600
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Figure 10. Neural Network dynamics of all five Compartments of Human SI,, IV R Polio model having
Rp > 1for (a) All data, (b) Train data, (c) Valid data, (d) Test data, () Comparison of Approximate
solution with NN and (f) Absolute error.

https://doi.org/10.3390/sym18030435


https://doi.org/10.3390/sym18030435

Symmetry 2026, 18, 435

21 0f 25

Best Validation Performance is 2.1491e-13 at epoch 351

— Train
0
10 —— Validation
Test
i =
oal
£ o5
= 10
8
I
°
o 1010
3
o Ve
1z
H
o 101
=
1020
0 50 100 150 200 250 300 350
351 Epochs
@)
Training: R=1 Validation: R=1
. 1000 1000
5 © Data 5 O Data
K] —Fit T
5 00~ Vet 8 w0
% 3
“E’, 600 - 2 600
£ S
= 400+ T
- y o
1 M
= 5
3 20 & 20
5
3 <]
o - - - - 0 - -
0 200 400 600 800 1000 0 200 400 600 800 1000
Target Target
Test: R=1 All: R=1
o 10007 1000
@
e © Data g
2 —Fit 3
= s00- et < 800
+ +
% 600 - “;'J‘ 600
£ £
+ 400 ~ 400
W u
! 1
;i 200 3 20
5
3 o
0 200 400 600 800 1000 0 200 400 600 800 1000
Target Target

(o)

with error.
All Data (1) R = 1.0000
1500 1500
1000 1000
500 500
0 1000 2000 3000 500 1000 1500

MSE =1¢e-07, RMSE = 3.9e-04100p =1.0e-06, o = 3.9e-04

0
A
p [—Eror] ol
0 1000 2000 3000 -2 0 2
x10°
(a
Validation Data (1) R = 1.0000
1500 1500
1000 1000 /
500 500 /
0 100 200 300 500 1000 1500

MSE = g6e-07, RMSE = 4.1e-0420;1 =-5.5e-06, o = 4.1e-04

0 l“ 10

100 200 300 -2 0 2
%10

o

(0)

Figure 12. Cont.

«10% Error Histogram with 20 Bins

Zero Error

Instances
o

0.5

R R YT
IREBB8IIZIL-8883832828%
8588838853339 2383%hb8¢%
88888888820 28588338865
888828888 2388888888
SocscsssscFBTage22292
S S S S S oo o
Errors = Targets - Outputs

(b)

Function Fit for Output Element 1

+ Training Targets
+ Training Outputs
+ Validation Targets.

Validation Outputs

- TestTargets
+ TostOutputs.
Erors

—Fit

Output and Target

Error

(d)
Figure 11. Neural Network dynamics of all five Compartments of Human SI,IVR Polio model

Train Data (1) R =1.0000
1500 1500

"

o~
-

1000 1000

500 500
0 500 1000 1500 500 1000 1500

M':':E1 = 1¢#¢-07, RMSE = 3.7e-0410d1 =-5.1e-08, 0 = 3.7e-04
[

0 50
-1 \‘ 0

0 500 1000 1500 -2 0 2

x10°%

Test Data (1) R =1.0000
1500 1500
1000 1000
500 500
0 100 200 300 500 1000 1500

MSE = 1g8e-07, RMSE = 4.3¢-04 u = 1.3¢-05, o = 4.3¢-04

x10%

(d)

having Ry > 1 for (a) Performance, (b) Histogram with error, (c) Regression and (d) Fitting values
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Figure 12. Neural Network dynamics of all five Compartments of Human S, IV R Polio model having
Rg < 1 for (a) All data, (b) Train data, (c) Valid data, (d) Test data, (e) Comparison of Approximate
solution with NN and (f) Absolute error.
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Figure 13. Neural Network dynamics of all five Compartments of Human SI,IVR Polio model
having Ry > 1 for (a) Performance, (b) Histogram with error, (c) Regression and (d) Fitting values
with error.

5. Conclusions

In this work, a revised SI,IVR mathematical model was developed and analyzed
to explore the transmission dynamics of poliovirus and the influence of vaccination on
disease control. By including a recovered class and an improved force of infection that
depends on both pre-infectious and infected individuals, the model captures important
epidemiological features that are absent in classical formulations.

We established some basic qualitative properties of the model: positivity, bounded-
ness, and the existence of a biologically feasible invariant region. The basic reproduction
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number Ry was calculated using the Next Generation Matrix method and we proved its
threshold role concerning disease persistence. Our analysis has shown that the disease-free
equilibrium is locally and globally asymptotically stable whenever Ry < 1, and thus the
virus is eliminated. When R( > 1, there exists a unique endemic equilibrium, and from
stability analysis, it follows that infection persists.

Using the central manifold theory and Chavez and Song’s method, we established and
analyzed the forward bifurcation. Further, sensitivity analysis identified the most sensitive
parameters that greatly affect Ry, and recovery rate and vaccination rate played the most
critical roles. The results make vaccination a very effective way to reduce infection levels
and suppress it for a longer period of time.

Numerical simulations supported the results of the analytical derivations, showing
how changes epidemiological parameters alter the dynamics of susceptible, pre-infectious,
infected, vaccinated, and recovered populations. The results, in particular, showed that
increasing the rate of vaccination substantially suppresses infection, thereby reducing the
burden of disease across the population. All the data are tested for the neural network,
showing a very small error, which implies the validity of obtained scheme.

Overall, the findings underline that sustaining high vaccination coverage is not only
beneficial but essential for achieving eradication and long-term disease control.

5.1. Limitations

It is recognized that numerical simulations within this study are based on parameter
values from current literature and reasonable estimations, rather than being calibrated
with a specific geographic region or outbreak dataset. Therefore, this limitation does not
detract from the theoretical contributions of this work but rather provides a foundation for
subsequent applications in specific contexts.

5.2. Future Research Directions

Building on this work, several future directions emerge.

Model extensions:

Future models should incorporate waning immunity by including transition terms
from recovered back to susceptible compartments. They should also differentiate between
natural and vaccine-induced immunity for populations with mixed immunity profiles.
Additional extensions include booster vaccination, age-structure, spatial dynamics, and en-
vironmental transmission.

Future models should incorporate waning immunity, booster vaccination, age struc-
ture, spatial dynamics, and environmental transmission.

Data integration:

The model should be calibrated to real polio data from endemic regions using Bayesian
estimation methods.

Control optimization:

Optimal control theory can design time-varying vaccination strategies, while cost-
effectiveness analysis can compare pulse versus continuous vaccination.

Neural network applications:

Physics-informed neural networks and neural ODEs offer promising tools for parame-
ter identification and data-driven modeling.
These extensions will enhance the model’s applicability for polio eradication efforts.
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