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Abstract

This paper proposes a novel data-driven K-Gap metric method based on the Koopman
operator for the detection and isolation of multiplicative faults in high-speed train suspen-
sion systems. A systematic comparison is conducted with a data-driven K-Gap approach
implemented through the fuzzy modeling framework. First, Takagi–Sugeno (T–S) theory is
employed to extend the K-Gap metric for nonlinear dynamic modeling of the suspension
system. Subsequently, the Koopman operator framework is introduced to lift the system
states into a high-dimensional observable space, enabling a globally linear representation
of the system. Building upon Koopman-based stable kernel representation (SKR), a more
accurate K-Gap residual metric is constructed. Finally, a unified fault diagnosis scheme is
developed with the K-Gap metric as the core indicator, and the two approaches are experi-
mentally compared in terms of their performance in detecting and isolating multiplicative
faults. The experimental results demonstrate that the Koopman-based method significantly
outperforms the T–S fuzzy model in terms of residual separability, fault classification
accuracy, and diagnostic stability, confirming its effectiveness and superiority for fault
diagnosis in complex nonlinear systems.

Keywords: Koopman operator; data-driven; fault diagnosis; k-gap metric; high-speed train
suspension system

1. Introduction
The high-speed train suspension system, a critical subsystem responsible for ensur-

ing operational safety and ride comfort, directly influences the dynamic performance
and operational reliability of rail vehicles [1–3]. With increasing complexity of operating
environments, faults in suspension dampers, springs, and actuators have progressively
emerged as potential sources of system performance degradation and even major accidents.
Such faults typically manifest as gradual parameter drifts (e.g., damping coefficient attenu-
ation, nonlinear stiffness variations), and are characterized by strong concealment, high
dynamic coupling, and susceptibility to environmental noise interference. If not detected
and isolated promptly, faults can accumulate progressively and evolve into catastrophic
failures, posing serious threats to the safe operation of high-speed trains. Consequently,
the development of highly sensitive and robust fault diagnosis methods has become a
critical challenge that demands urgent solutions in the field of rail transportation.
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Current research on the diagnosis of faults in high-speed train suspension sys-
tems focuses primarily on two categories of approaches: model-based [4–7] and data-
driven [8–11]. Model-based fault diagnosis methods operate by constructing precise physi-
cal or mathematical models and employing techniques such as residual generation, parame-
ter estimation, or observer design. However, during operation, high-speed train suspension
systems are frequently subject to strong nonlinearities (e.g., aging characteristics of rubber
components), time-varying loads (e.g., track irregularity excitation), and multi-source un-
certainties (e.g., sensor noise and unmodeled dynamics). These factors lead to significant
model mismatch issues, making conventional residual analysis methods susceptible to
interference and ineffective in distinguishing subtle faults from system uncertainties. In
contrast, data-driven methods utilize historical or real-time operational data to achieve fault
identification under model-free or weakly modeled conditions. By employing techniques
such as feature extraction, statistical learning, and subspace analysis, these approaches
offer advantages including reduced dependency on accurate modeling and enhanced
adaptability. In the context of fault detection, commonly used data-driven techniques
include Principal Component Analysis (PCA), Independent Component Analysis (ICA),
and deep learning. In recent years, with improved data acquisition capabilities in rail
transit systems and advances in data mining technologies, data-driven fault diagnosis has
become a prominent research focus.

Although existing research has made progress in detecting and identifying faults
in high-speed train suspension systems [12,13], diagnostic research specifically targeting
faults caused by minute variations in structural parameters remains limited. Such faults
multiplicatively affect the dynamic structure of the system, inducing no significant observ-
able changes in the output during their initial stages. Moreover, they are often intrinsic to
the system model, making them difficult to distinguish from environmental disturbances
and measurement noise. In addition, high-speed train suspension systems typically operate
under closed-loop control. The control loop actively suppresses the influence of fault-
induced disturbances on system output, further obscuring the characteristic signatures of
multiplicative faults and amplifying the complexity and technical challenges associated
with their detection. Given that multiplicative faults can be induced by perturbations in
system parameters, potentially compromise closed-loop characteristics or even induce
instability [14,15], a method capable of directly assessing the impact of such faults on
closed-loop system performance is essential. The gap metric, which precisely quantifies
the impact of system variations induced by multiplicative faults, serves as a powerful
diagnostic tool for such faults [16]. Originating from robust control theory, the gap metric
was first proposed by Zames and El-Sakkary in 1980. It quantifies the “dynamic distance”
between two systems within a closed-loop control structure, specifically measuring the
distinguishability of their behaviors under identical feedback conditions. Particularly in
data-driven scenarios, the gap metric can be applied without requiring complete system
models or with only partial model knowledge by utilizing techniques such as subspace
methods, system identification, or kernel-based approaches. This strategy substantially
improves the detection sensitivity and robustness. Refs. [17,18] established coprime factor-
ization and gap metric techniques for designing model-based and performance-based fault
detection and isolation (FDI) frameworks. These works introduced the K-gap metric as an
indicator for fault detectability analysis, and proposed definitions for fault detectability
indices and fault-to-uncertainty ratios to handle FDI systems subject to multiplicative faults.
Building on this foundation, ref. [19] advanced the K-gap metric technique by developing a
data-driven scheme for its implementation. This scheme was utilized as both a detectability
index and an isolability index for fault detection and isolation tasks. Subsequently, ref. [20]
conducted a more in-depth investigation into data-driven computational methods for the
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gap metric and its associated stability margin. Ref. [21] devised a hybrid fault diagnosis
scheme that integrates model-based and data-driven gap metrics. Complementing this
work, ref. [22] proposed a fault classification and grading framework specifically for subtle
faults, and developed a data-driven gap metric-based FDI method within this framework.

Data-driven fault detection methods based on the gap metric have been extensively
applied to linear time-invariant (LTI) multi-input multi-output (MIMO) systems in the
existing literature, demonstrating both strong theoretical performance and practical poten-
tial. However, the dynamic behavior of high-speed train suspension systems during actual
operation exhibits a significant deviation from the LTI assumption [23], due to complex
factors such as nonlinear damping, nonlinear elastic stiffness and frictional hysteresis. Per-
sistent reliance on linear modeling approaches can result in insufficient modeling accuracy
and compromised diagnostic performance, thereby failing to meet the requirements of
practical engineering applications. Consequently, it is necessary to extend gap metric-based
methods from traditional linear systems to nonlinear systems to address the fault detection
requirements of suspension systems under real-world operating conditions. Various meth-
ods are currently available for the analysis and modeling of nonlinear systems. A widely
adopted technique is the Takagi—Sugeno (T–S) fuzzy model. As described in [24,25],
this approach partitions a nonlinear system into multiple local linear subsystems and
synthesizes them via fuzzy weighting. This methodology effectively captures nonlinear
characteristics while retaining the advantage of analysis using linear tools. In contrast
to piecewise-linear approximation methods such as the T–S fuzzy model, the Koopman
operator framework does not rely on local approximations of nonlinear systems. Instead, it
lifts the original state space into a new observable space, where the nonlinear dynamics
can be characterized by a globally linear operator. This mechanism preserves the intrinsic
features of the nonlinear dynamics while enabling the application of linear system analysis
tools. In practical implementations, finite-dimensional approximations of the Koopman op-
erator, such as extended dynamic mode decomposition (EDMD), are commonly employed
to derive a linear representation of nonlinear systems directly from data. From a structural
perspective, the Koopman-based modeling approach transforms a nonlinear system into a
linear (or approximately linear) representation in a high-dimensional space. Consequently,
the Koopman framework provides a feasible pathway for extending gap metric-based fault
diagnosis methods from linear systems to nonlinear systems.

Recent years have witnessed significant breakthroughs in the control of nonlinear
systems based on Koopman operator theory [26–28]. For example, ref. [29] utilizes this
theory to construct an explicit dynamic model for soft robots through a data-driven ap-
proach, achieving precise manipulation through the application of mature model-based
control methods. As demonstrated in [30], an interpretable Koopman operator-based deep
neural network modeling method is proposed for data-driven modeling. When integrated
with model predictive control (MPC), this approach achieves high-precision modeling and
efficient motion control for autonomous vehicle dynamics.

In recent years, Koopman operator theory has also found increasing applications in
nonlinear FDI. In ref. [31], a data-driven actuator fault detection method was proposed.
By learning invariant basis functions through deep neural networks, Koopman-based
linear predictors are constructed, thereby enabling global fault detection without relying on
analytical models. In ref. [32], Koopman-based lifted linear models were integrated with
Luenberger observers to generate residuals for actuator fault identification in nonlinear
systems, allowing conventional linear FDI techniques to be applied to complex nonlinear
dynamics. The aforementioned studies have demonstrated the effectiveness of integrating
Koopman operators with observer design for signal-level residual generation. However,
the structural discrepancies between nominal and faulty systems, particularly in the context
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of multiplicative actuator faults, have yet to be quantitatively characterized from a system-
theoretic perspective.

Building on the aforementioned background and to address the technical challenges
of detecting and isolating multiplicative faults within the closed-loop architecture, this
study leverages the complementary advantages of Koopman operator theory and the
gap metric. The aim is to realize data-driven fault diagnosis for nonlinear closed-loop
systems, such as high-speed train suspensions. The former accurately captures the dynamic
evolution of the nonlinear system in a high-dimensional linearized space, while the latter
quantifies structural discrepancies between systems. This integrated approach effectively
preserves the dynamic characteristics of the system, enhances the distinguishability of fault
features, and ensures the accuracy of the modeling. The main contributions of this work
are as follows:

(1) We propose a data-driven online stable kernel representation (SKR) calculation
method for nonlinear suspension systems of high-speed trains, grounded in Koopman
operator theory. By leveraging the operator’s ability to provide a global linear mapping of
nonlinear dynamics, this method enables online estimation of the SKR without relying on
an explicit system model.

(2) We utilized the global linearization capability of the Koopman operator to extend
the data-driven K-Gap metric to nonlinear systems. This effectively overcomes the limi-
tation of traditional methods that depend on LTI assumptions, enabling the detection of
multiplicative faults.

(3) The proposed fault isolation method constructs a global linear embedding strategy
via the Koopman operator, which provides a globally linear description of the nonlinear
suspension system in a high-dimensional observable space. This approach addresses the
limitations of traditional T–S fuzzy models in fault diagnosis, such as the reliance on local
linearization and sensitivity to rule base configuration. Consequently, it effectively mitigates
the loss of feature information caused by ambiguous fault characteristics and alleviates
fault isolation difficulties stemming from overlapping fault clusters among multiple types
of faults.

2. Preliminaries and Problem Formulation
2.1. SKR-Based System Description and Model-Based K-Gap Metric

Consider a discrete-time MIMO system G(z) operating in an open-loop configura-
tion as

y(z) = G(z)u(z), (1)

where u ∈ Rl and y ∈ Rm denote the input and output vectors, respectively. An equivalent
state-space realization of this system is given by

G :

x(k + 1) = Ax(k) + Bu(k) + w(k),

y(k) = Cx(k) + v(k),
(2)

where x(k) ∈ Rn is the state vector, A, B and C are system matrices of compatible dimen-
sions. The terms w(k) and v(k) represent zero-mean Gaussian processes and measurement
noise, respectively.

In the absence of noise, i.e., when w(k) = 0 and v(k) = 0, the system admits a
normalized left coprime factorization (LCF) of the form as

y(z) = G(z)u(z) = M̂−1(z)N̂(z)u(z). (3)
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then the SKR is given by

K(z)

[
u(z)
y(z)

]
=

[
−N̂(z) M̂(z)

][u(z)
y(z)

]
= 0 (4)

where M̂(z) and N̂(z) constitute the LCF of G(z).
Furthermore, the model-based K-Gap metric between two systems characterized by

SKRs K1 and K2 is defined as

δK(K1,K2) = supu1

y1

∈K1u2

y2

∈K2

inf

∥∥∥∥∥
[

u1

y1

]
−

[
u2

y2

]∥∥∥∥∥
2∥∥∥∥∥

[
u1

y1

]∥∥∥∥∥
2

, (5)

where each subspace Ki ⊂ H2 is defined as

Ki =

{[
ui

yi

]
∈ H2 :

[
−N̂i(z) M̂i(z)

][ui

yi

]
= 0

}
, i = 1, 2.

Alternatively, this metric admits an equivalent formulation as a model matching
problem:

δK(K1,K2) = inf
Q∈H∞

∥∥∥[−N̂1(z) M̂1(z)
]
−Q(z)

[
−N̂2(z) M̂2(z)

]∥∥∥
∞

where δK(K1,K2) = δK(K2,K1) ∈ (0, 1) holds due to the symmetric nature of the metric.

2.2. Data-Driven Realizations of SKR and Fault Indicator Design

To facilitate the data-driven design of fault detection and isolation schemes, we intro-
duce the following input/output (I/O) representation of the system.

ys(k) = Γsx(k) + Hu,sus(k) + Hw,sws(k) + vs(k) (6)

where us(k) and ys(k) represent the input and output vectors as follows, with s denoting
the length of the data set.

us(k) =


u(k − s + 1)

...
u(k)

 ∈ Rs×ℓ, ys(k) =


y(k − s + 1)

...
y(k)

 ∈ Rs×m (7)

where Γs ∈ Rsm×n, Hu,s ∈ Rsm×sℓ, and Hw,s ∈ Rsm×sn.
Furthermore, stacked matrices Uk,s and Yk,s can be defined as
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Uk,s =


u(k − s + 1) · · · u(k − s + N)

u(k − s + 2) · · · u(k − s + N + 1)
...

. . .
...

u(k) · · · u(k + N − 1)

,

Yk,s =


y(k − s + 1) · · · y(k − s + N)

y(k − s + 2) · · · y(k − s + N + 1)
...

. . .
...

y(k) · · · y(k + N − 1)


(8)

The above-mentioned matrices can be equivalently expressed as

Uk,s =
[
us(k) · · · us(k + N − 1)

]
, Yk,s =

[
ys(k) · · · ys(k + N − 1)

]
(9)

with Uk,s ∈ Rsℓ×N , Yk,s ∈ Rsm×N and N denoting the length of the data set.
Based on Equations (7) and (10), the I/O data model is given by

Yk,s = ΓsXk + Hu,sUk,s + Hw,sWk,s + Vk,s (10)

and it can be further expressed as[
Uk,s

Yk,s

]
=

[
I 0

Hu,s Γs

][
Uk,s

Xk

]
+

[
0

Hw,sWk,s + Vk,s

]
(11)

Construct the following Hankel matrices:

Zp =

[
Up

Yp

]
, Z f =

[
U f

Yf

]
(12)

where Up = Uk−s,s, Yp = Yk−s,s, U f = Uk,s, Yf = Yk,s, with subscripts p and f denoting
past and future, respectively.

The data-driven SKR Kd,s of system G can be characterized by the following condition:

Kd,s

[
U f

Yf

]
= Kd,s

[
Uk,s

Yk,s

]
= 0 (13)

s.t. Kd,s

[
I 0

Hu,s Γs

]
= 0.

It can be computed by the LQ decomposition of input and output data asZp

U f

Yf

 =

L11 0 0
L21 L22 0
L31 L32 L33


Q1

Q2

Q3

 (14)

Then one can obtain [
U f

Yf

]
=

[
L21 L22

L31 L32

][
Q1

Q2

]
+

[
0

L33Q3

]
(15)

where L33Q3 = Hw,sWk,s + Vk,s.
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From Equations (9) and (13), the following relationship can be derived.

Ψs

[
U f

Xk

]
=

[
L21 L22

L31 L32

][
Q1

Q2

]
(16)

Ψ⊥
s Ψs = 0 ⇐⇒ Ψ⊥

s

[
L21 L22

L31 L32

]
= 0 (17)

Consequently, the data-driven SKR can be represented as follows:

Kd,s =
[
−Γ⊥

s Hu,s Γ⊥
s

]
=

[
L32L†

22L21L†
11 − L31L†

11 −L32L†
22 I

]
(18)

where (·)† denotes the pseudo-inverse.
Furthermore, the normalized data-driven SKR K̂d,s is given by

K̄d,s = VT
1 (19)

where VT
1 is obtained from the following singular value decomposition (SVD).

Kd,s = UΣVT = U
[
Σ1 0

][VT
1

VT
2

]

As established in [19], given the SKRs K(1) and K(2) derived from systems G(1) and
G(2), the data-driven K-Gap can be computed as

δKd,s

(
K(1),K(2)

)
= σ̄

([
I − (K̄(2)

d,s )
⊤K̄(2)

d,s

][
(K̄(1)

d,s )
⊤K̄(1)

d,s

])
(20)

As the data length parameter s → ∞, the data-driven K-Gap converges to its model-
based counterpart:

δKd,s(K
(1),K(2)) → δK(K(1),K(2))

Building upon the K-Gap metric, this paper can further propose a residual-induced
minimum fitting distance measure. This measure quantifies the similarity between real-
time residual data and a pre-constructed fault dictionary, thereby serving as a practical
fault detection indicator.

3. T–S Fuzzy Modelling and FDD Indicator Design
3.1. T–S Fuzzy Modeling for Suspension Systems

We established differential equations for the suspension dynamics of high-speed
trains in [24]. Building on this model, we construct the system dynamics by ex-
plicitly incorporating track irregularity and active control forces as critical inputs.
These forces are represented by the vector u(k) = [ f fr, f fl , f rr, f rl , d]⊤. The out-
put is defined as y(k) = [z0, ϕ0, θ0, z1, ϕ1, θ1, z2, ϕ2, θ2]

⊤; The state vector is x(k) =[
z0, ϕ0, θ0, z1, ϕ1, θ1, z2, ϕ2, θ2, ż0, ϕ̇0, θ̇0, ż1, ϕ̇1, θ̇1, ż2, ϕ̇2, θ̇2

]⊤. Here, we denote the verti-
cal displacement, pitch, and roll angles in the c.g. of the carbody (i = 0), front bogie (i = 1),
and rear bogie (i = 2) as zi, ϕi, and θi. The inputs include active control forces f fr, f fl , f rr,
f rl , and the vertical wheel-rail contact displacement d obtained from the track spectrum.

The state-space representation of this nonlinear suspension system is given by

G :

x(k + 1) = g(x, k) + Bu(k) + w(k)

y(k) = h(x, k) + v(k)
(21)
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where g(·) and h(·) are continuously differentiable nonlinear functions with appropri-
ate dimensions; B represent the input matrices, respectively, derived from the differ-
ential equations; w(k) and v(k) denote Gaussian-distributed process and measurement
noise sequences.

Since the K-Gap method is designed for LTI systems but the train suspension is
nonlinear, we utilize T–S fuzzy theory to construct a locally linearized model. This facilitates
the use of K-Gap in diagnosing multiplicative faults within the system. Taking into account
system (22), the locally linearized fault-free model of the high-speed train suspension
system is expressed as follows:

Rule Pi: If η1(k) is N1,i, η2(k) is N2,i, · · ·, and ηq(k) is Nq,i, thenx(k + 1) = Aix(k) + Bu(k) + w(k)

y(k) = Cix(k) + ν(k)
, i ∈ {1, 2, · · · , ϱ} (22)

where a set of measurable premise variables η(k) =
[
η1(k), η2(k), · · · , ηq(k)

]
. The system

is described by ϱ fuzzy inference rules, where the i-th rule Pi employs the fuzzy sets Nj,i

(j = 1, 2, . . . , q).
Then, the global form

G :


x(k + 1) =

ϱ

∑
i=1

µi(η(k))(Aix(k) + Bu(k) + w(k))

y(k) =
ϱ

∑
i=1

µi(η(k))(Cix(k) + ν(k))
(23)

where the fuzzy membership functions µi(η(k)) satisfy both the normalization condition
∑

ϱ
i=1 µi(η(k)) = 1 and the inequality 0 ≤ µi(η(k)) ≤ 1.

Similarly, the local T–S fuzzy I/O data model for the fault-free system G is derived
as follows:

Rule Pi: If η1(k) is N1,i, η2(k) is N2,i, · · ·, and ηq(k) is Nq,i, then

Yk,s = Γi,sXk + Hi,u,sUk,s + Hi,w,sWk,s + Vk,s (24)

with

Γi,s =


Ci

Ci Ai
...

Ci As
i

, Hi,u,s =


0 0 · · · 0

CiB 0
. . .

...
...

. . . . . . 0
Ci As−1

i B · · · CiB 0

, Hi,w,s =


0 0 · · · 0

Ci
. . . . . .

...
...

. . . . . . 0
Ci As−1

i · · · Ci 0


3.2. T–S Fuzzy Based Data-Driven K-Gap Metric Design

Following Equation (15), the SKR under the fuzzy rule-based local linearization model
can be derived similarly. The fuzzy data-driven SKR is obtained as follows:Zp

U f

Yf

 =

Li,11 0 0
Li,21 Li,22 0
Li,31 Li,32 Li,33


Qi,1

Qi,2

Qi,3

 (25)

The local T–S fuzzy based data-driven SKR Ki,d,s is given by
Rule Pi: If η1(k) is N1,i, η2(k) is N2,i, · · ·, and ηq(k) is Nq,i, then

KT–S
i,d,s =

[
Li,32L†

i,22Li,21L†
i,11 − Li,31L†

i,21 −Li,32L†
i,22 I

]
(26)
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The normalized local T–S fuzzy data-driven SKR

K̄T–S
i,d,s = VT

i,1 (27)

where VT
i,1 is obtained from the SVD as

KT–S
i,d,s = UiΣiVT

i = Ui

[
Σi,1 0

][VT
i,1

VT
i,2

]

The local T–S fuzzy based data-driven K-Gap metric is redefined as
Rule Pi: If η1(k) is N1,i, η2(k) is N2,i, · · ·, and ηq(k) is Nq,i, then

δT−−S
Ki,d,s

(
K(1)

i ,K(2)
)
= σ̄

([
I −

(
K̄(2)

d,s

)T
K̄(2)

d,s

][(
K̄T–S(1)

i,d,s

)T
K̄T–S(1)

i,d,s

])
(28)

where K(1)
i and K̄T–S(1)

i,d,s denote the i-th fuzzy SKR and normalized data-driven SKR for

system G1, while K(2) and K̄(2)
d,s represent the SKR and the data-driven SKR for system G2.

Remark 1. Given the relatively short duration of the stacking window s, we assume that the system
G2 behaves linearly within this interval. Consequently, the normalized data-driven SKR K̄(2)

d,s for
G2 can be calculated using Equations (8)–(20).

The global fuzzy data-driven K-Gap metric δT−−S
Kd,s

is defined as

δT−−S
Kd,s

(
K(1),K(2)

)
=

ϱ

∑
i=1

µi(η(k))δKi,d,s

(
K(1)

i ,K(2)
)

(29)

where K(1) represents the global SKR for system G1. The calculation of δT−−S
Kd,s

is summa-
rized in Algorithm 1.

Algorithm 1 . Implementation of T–S fuzzy data-driven K-Gap metric δT−−S
Kd,s

Require: I/O data u1, y1 of system G1; u2, y2 of system G2

Ensure: δT−−S
Kd,s

(K(1),K(2))

1. Initialization step: Set the fuzzy rule configuration, the time period K, and the data-
driven parameters s and N.

2. Compute normalized SKR K̄T–S(1)
i,d,s for G1 under each fuzzy rule using Equations (25)–

(28).

3. For k = 1 to K

3.1. Compute normalized SKR K̄(2)
d,s (k) for G2 using Equations (8)–(20).

3.2. Calculate local T–S fuzzy K-Gap metric δT−−S
Kd,s

(K(1)
i ,K(2)(k)) using Equation (29).

3.3. Calculate global T–S fuzzy K-Gap metric δT−−S
Kd,s

(K(1),K(2)(k)) using Equation (30).

4. Return: δT−−S
Kd,s

(K(1),K(2)).

4. Koopman Modelling and FDD Indicator Design
4.1. Koopman Modelling for Suspension Systems

The Koopman operator typically captures the intrinsic dynamics of nonlinear systems
through linear evolution. With appropriate modifications, its applicability can be extended
to controlled dynamical systems. As an illustrative example, based on the previously
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established differential equation model, a discretized high-speed train suspension system,
assuming no model uncertainty, can also be expressed in the following form:x(k + 1) = g(x, k) + Bu(k) = f

(
x(k), u(k)

)
y(k) = h(x, k) = Cx(k)

(30)

where k denotes the discrete-time index. C represents the input matrix, which can be
derived from the differential equation model [24]. The construction of the Koopman
operator is fundamentally dependent on the definition of the extended state vector
χ = [xT, uT]T ∈ Rn × ℓ′(U ), where u = (ui)

∞
i=0 denotes the sequence of future con-

trol inputs and ℓ′(U ) refers to the sequence space with each ui ∈ U . Under the assumption
of linear control signal evolution, the system can be transformed from a time-varying
(non-autonomous) framework into an equivalent state-driven, autonomous representation.

χ(k + 1) = F
(
χ(k)

)
=

 f
(
x, u(0)

)
Su

 (31)

where S denotes the shift operator, defined by (Su)(i) = u(i + 1). Here, u(0) ∈ Rm

represents the current control input and corresponds to the initial element of the sequence u.
Consequently, the Koopman operator for system (31), which is defined on the extended

state χ, can be expressed as
(Kϕ)(χ) = ϕ

(
F(χ)

)
(32)

where K represents a Koopman operator in an infinite-dimensional functional space,
and ϕ ∈ R is an observable function defined in the lifted state space.

In practical applications, the focus is on constructing finite-dimensional approxi-
mations of the Koopman operator, K. To this end, we extend the extended dynamic
mode decomposition (EDMD) framework to accommodate systems with control inputs.
The EDMD algorithm approximates the Koopman operator from the observed data by
employing a set of predefined lifting functions as

ϕ(χ) =
[
ϕ1(χ) · · · ϕNϕ

(χ)
]T

(33)

where basis function ϕi : Rn × ℓ′(U ) → R, i ∈ {1, . . . , Nϕ} maps the extended state space
to scalar observables. The finite-dimensional approximation A is determined by solving
the following leasT–Squares optimization problem:

min
A

K

∑
j=1

∥∥∥ϕ
(
χ+

j
)
−Aϕ

(
χj
)∥∥∥2

2
(34)

To preserve linear prediction capability and computational tractability, lifting functions
are assumed to be of the form of

ϕi(x, u) = ψi(x) + Li(u) (35)

where ψi : Rn → R is typically a nonlinear function, and Li : ℓ′(U ) → R is a linear operator
on the control input sequence. Without loss of generality, one can set the number of lifting
functions to Nϕ = N + m for some N > 0. This allows the overall lifting process to be
reformulated as

ϕ(x, u) =

ψ(x)

u(0)

 (36)
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where ψ(x) = [ψ1(x), . . . , ψN(x)]T encapsulates the nonlinear components dependent on
the state, and u(0) denotes the current control input. Accordingly, the objective function
can be rewritten in terms of lifted state features as

min
Ak ,Bk

K

∑
j=1

∥∥∥ψ(x+j )− Akψ(xj)− Bkuj(0)
∥∥∥2

2
(37)

where the first N rows of the Koopman approximation matrix A are partitioned as [Ak | Bk],
with Ak ∈ RN×N and Bk ∈ RN×m.

The decoder matrix C′, which projects the lifted states back onto the original state
space, is obtained by solving the following leasT–Squares problem.

min
C′

K

∑
j=1

∥xj − C′ψ(xj)∥2
2 (38)

Consider a dataset collected from the high-speed train suspension system, structured
as follows:

X = [x1, . . . , xj], X+ = [x2, . . . , xj+1], U = [u1, . . . , uj] (39)

where j denotes the total number of samples.
The lifting process maps the collection of state snapshots into a higher-dimensional

feature space as follows:

Xlift = [ψ(x1), . . . , ψ(xj)], X+
lift = [ψ(x2), . . . , ψ(xj+1)] (40)

Here, the lifting function is defined as ψ(x) :=


ψ1(x)

...

ψN(x)

, where {ψi}N
i=1 denotes a set

of predefined basis functions, such as monomials, trigonometric functions, or exponentials.
The matrices Ak ∈ RN×N , Bk ∈ RN×m, and C′ ∈ Rn×N are estimated by solving the

following leasT–Squares optimization problems:

min
Ak ,Bk

∥∥X+
lift − AkXlift − BkU

∥∥
F

min
C′

∥∥X − C′Xlift
∥∥

F

(41)

where ∥ · ∥F denotes the Frobenius norm.
The closed-form solutions to the aforementioned problems are given by

[Ak, Bk] = X+
lift[Xlift, U]†, C′ = XX†

lift (42)

where (·)† denotes the Moore–Penrose pseudoinverse.
Finally, the Koopman linearized model for the nominal high-speed train suspension

system is z(k + 1) = Akz(k) + Bku(k)

y(k) ≈ CC′z(k) = Ckz(k)
(43)

with initial condition z0 = ψ(x0) = [ψ1(x0), . . . , ψN(x0)]
⊤, CC′ = Ck.
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Similarly, consider the multiplicative fault model of a high-speed train suspension
system in the absence of model uncertainty asx f (k + 1) = g f (x f , k) + Bu f (k) = f f (x f (k), u f (k))

y f (k) = h(x f , k) = Cx f (k)
(44)

The corresponding Koopman linearized model isz f (k + 1) = A f
k z f (k) + B f

k u f (k)

y f (k) ≈ C f
k z f (k)

(45)

When model uncertainty is considered, the Koopman representations of both fault-free
and faulty systems take the following form:

G :

z(k + 1) = Akz(k) + Bku(k) + w(k)

y(k) = Ckz(k) + v(k)
(46)

G f :

z f (k + 1) = A f
k z f (k) + B f

k u f (k) + w(k)

y f (k) = C f
k z f (k) + v(k)

(47)

where w(k) and v(k) represent process and measurement noise, respectively.
Consider the Koopman model for a fault-free system,

Yk,s = Γk
s Zk,s + Hk

u,sUk,s + Hk
w,sWk,s + Vk,s (48)

where Zk,s, Uk,s and Yk,s are Hankel matrices constructed from the state z, input u and
output y, respectively. The system matrices

Γk
s =


Ck

Ck Ak
...

Ck As
k

, Hk
u,s =


0 0 · · · 0

CkBk
. . . . . .

...
...

. . . . . . 0

Ck As−1
k Bk · · · CkBk 0

, Hk
w,s =


0 0 · · · 0

Ck
. . . . . .

...
...

. . . . . . 0

Ck As−1
k · · · Ck 0

 (49)

4.2. Data-Driven K-Gap Metric in Koopman Model

As indicated by Equations (15)–(19), given that the system parameters of the Koopman
model are known, the Koopman-based data-driven SKR Kk

d,s can also be calculated using
the following expression:

Kk
d,s =

[
−Γ⊥

s Hk
u,s Γ⊥+

s

]
(50)

Then, perform an SVD to obtain the normalized Koopman-based data-driven SKR, de-
noted as K̄k

d,s. Finally, the Koopman-based data-driven K-Gap metric δk
Kd,s

can be expressed
as follows:

δk
Kd,s

(
K(1)

K ,K(2)
K

)
= σ̄

([
I −

(
K̄k(2)

d,s

)T
K̄k(2)

d,s

](
K̄k(1)

d,s

)T
K̄k(1)

d,s

) (51)

where K̄k(1)
d,s and K̄k(2)

d,s respectively represent the normalized Koopman-based data-driven
SKR of system G1 and G2. The calculation of δk

Kd,s
is summarized in Algorithm 2.
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Algorithm 2. Implementation of Koopman-Based Data-Driven K-Gap Metric δk
Kd,s

1. Input-output data u1, x1 of system G1; u2, x2 of system G2;

2. Initialize the time period K, data-driven parameter s, and recorded data points ji;

3. Construct the datasets X+
1 , X1, U1 for system G1 according to Equation (40);

4. Compute Ak
1, Bk

1, Ck
1 for system G1 offline using Equation (43);

5. Obtain the Koopman-based SKR Kk(1)
d,s according to Equation (50), and normalize it

using Equation (20);

6. For k = 1 to K;

6.1 Construct the datasets X+
2 , X2, U2 for system G2;

6.2 Compute Ak
2, Bk

2, Ck
2 for system G2 online;

6.3 Obtain the normalized SKR Kk(2)
d,s for the current instant k;

6.4 Calculate δk
Kd,s

(
K(1)

K ,K(2)
K

)
using Equation (51);

7. End For;

8. Return δk
Kd,s

(
K(1)

K ,K(2)
K

)
.

5. The Fault Detection and Isolation Scheme
5.1. The Fault Detection Scheme

In the preceding sections, we have presented data-driven evaluations of the K-Gap
metric for nonlinear systems using two approaches: T–S fuzzy local linearization and global
linearization based on the Koopman operator. Based on these methodologies, the following
conclusions can be drawn:

J(k) =

δT−−S
Kd,s

(
K(o),K( f )(k)

)
T–S fuzzy model

δk
Kd,s

(
K(o)

K ,K( f )
K (k)

)
Koopman model

(52)

where K(o) and K(o)
K are SKRs of the fault-free system, K( f )(k) and K( f )

K (k) are SKRs of the
faulty system. For each instant of time k in the faulty system, one can obtain its correspond-
ing SKR, K( f )(k) or K( f )

K (k), via data-driven modeling and conduct a comparison of the
K-Gap metric with the fault-free system.

Consequently, a straightforward and effective fault detection scheme can be imple-
mented on the basis of the K-Gap metric. The detection logic is as follows: J ≤ Jth fault-free

J > Jth faulty
(53)

where Jth is the threshold derived from historical data for the fault-free system.

5.2. The Fault Isolation Scheme

Furthermore, the K-Gap metric offers a powerful tool for fault isolation by quantifying
the extent to which different faults alter the system dynamic structure. Since an equivalent
linear Koopman model of the high-speed train suspension system has been established in
the preceding analysis, we now consider two Koopman-based representations, denoted as
G( f1)

K and G( f2)
K , corresponding to two distinct fault modes for subsequent fault diagnosis

studies. Each representation yields a distinct model-based SKR, denoted as K( f1)
K and K( f2)

K
respectively. The K-Gap metric between them is then defined as
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δk

(
K( f1)

K ,K( f2)
K

)
= inf

Q∈H∞

∥∥∥[−N̂k
f1

M̂k
f1

]
− Q

[
−N̂k

f2
M̂k

f2

]∥∥∥
∞

(54)

where G( f1)
K = M̂k

f1
N̂k

f1
and G( f2)

K = M̂k
f2

N̂k
f2

are the left coprime factorization of the system.
Based on Equation (4), consider introducing a postfilter R(z) to enhance the discrimi-

nation between different Koopman-based faulty models. Let

∥ R
[
−N̂k

f1
M̂k

f1

]u f1

y f1

 ∥2≫∥ R
[
−N̂k

f2
M̂k

f2

]u f2

u f2

 ∥2 (55)

where

u f1

y f1

,

u f2

y f2

 ∈ H2, ∥R∥∞ = 1.

As noted in [33], Equation (54) can be equivalently formulated as

δk

(
K( f1)

K ,K( f2)
K

)
= inf

Q∈H∞
sup

∥ξ∥2=1
∥(Ĥk

f1
− QĤk

f2
)ξ∥2 = sup

∥ξ∥2=1
inf

η∈H2
∥Ĥk

f1
ξ − Ĥk

f2
η∥2 (56)

where Ĥk
f1
= [−N̂k

f1
M̂k

f1
], Ĥk

f2
= [−N̂k

f2
M̂k

f2
] and ξ =

u f1

y f1

, η =

u f2

y f2

.

According to Equation (56), let the graph operators of the two systems be denoted by
Ĥk

f1
and Ĥk

f2
. The K-gap can be written as

δk

(
K( f1)

K ,K( f2)
K

)
= sup

∥ξ∥2=1
inf

η∈H2

∥∥∥Ĥk
f1

ξ − Ĥk
f2

η
∥∥∥

2
. (57)

where ξ, η ∈ H2, ∥ξ∥2 = 1.
This expression can be interpreted as follows. For a given input unit ξ, we first

search all η to identify the value that minimizes the difference in responses between the
two systems (operation inf). Then, among all possible inputs ξ, we select the one that
maximizes this minimal difference (operation sup).

Therefore, this quantity characterizes the maximum separable discrepancy between
the two systems. In fact, there exists a pair (ξ, η) for which the norm ∥Hk

f1
ξ − Hk

f2
η∥2 can

be made arbitrarily close to the K-gap distance δk. Consequently, this quantity characterizes
the worst-case discrepancy between the two systems.

Thus,for some ξ, η ∈ H2 with ∥ξ∥2 = 1 and ∥R∥∞ = 1.

δk

(
K( f1)

K ,K( f2)
K

)
=

∥∥∥ Ĥk
f1

ξ − Ĥk
f2

η
∥∥∥

2
≥

∥∥∥R
(

Ĥk
f1

ξ − Ĥk
f2

η
)∥∥∥

2

(58)

One can further obtain

δk

(
K( f1)

K ,K( f2)
K

)
≥

∥∥∥R Ĥk
f1

ξ
∥∥∥

2
−

∥∥∥R Ĥk
f2

η
∥∥∥

2
(59)

According to Equation (59), Equation (55) can also function as a fault isolation indicator
by reflecting the disparity between

∥∥∥Ĥk
f1

ξ
∥∥∥

2
and

∥∥∥Ĥk
f2

η
∥∥∥

2
. As demonstrated, the K-gap

metric effectively distinguishes between residuals generated by the two fault models. More
specifically, the terms

[
−N̂k

f1
M̂k

f1

]
and

[
−N̂k

f2
M̂k

f2

]
can be grouped together when the

metric δk

(
K( f1)

K ,K( f2)
K

)
is sufficiently small. Conversely, effective fault isolation becomes

feasible when this metric is sufficiently large. Extending our previous work on gap metric-
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based fault detection, this study demonstrates that the K-Gap metric serves as a reliable
fault isolation indicator. However, establishing appropriate thresholds is essential to ensure
robust isolation performance, which leads to the following formal definition.

Definition 1. The set of faults K(Fi)
K is considered isolable if, for each i = 1, 2, . . . , L, the follow-

ing holds:

∀K(Fi)
K ∈ C fi

, K(Fj)

K /∈ C f j
, i ̸= j, j = 1, 2, . . . , L

with each set C fi
is defined as

C fi
⊆

{
K(Fi)

K : δk
Kd,s

(
K( fi)

K ,K(Fi)
K

)
≤ δi

}
, 0 < δi < 1

where K(Fi)
K denotes the SKR of a faulty system, while C fi

refers to a fault cluster. As illustrated in

Figure 1, this cluster has K( fi)
K as its center and δi as its radius.

if if

( )iF

K

( )if

K

( )jf

K

i

j

Figure 1. Schematic diagram of fault isolation based on the K-Gap metric.

Theorem 1. Given the fault sets K(Fi)
K and their corresponding clusters C fi

with cluster centers
Kk

fi
and radii δi for i = 1, 2, . . . , L, the faults are isolable if

δk
Kd,s

(
K(Fi)

K ,K(Fj)

K

)
> δi + δj, ∀i ̸= j, i, j ∈ {1, 2, . . . , L} (60)

Proof. K(Fi)
K ∈ C fi

, i ∈ {1, . . . , L} and thus

δk
Kd,s

(
K( fi)

K ,K(Fi)
K

)
≤ δi (61)

For any j ∈ {1, 2, . . . , L}, j ̸= i, the following inequality holds:

δk
Kd,s

(
K( fi)

K ,K( f j)

K

)
≤ δk

Kd,s

(
K(Fi)

K ,K( fi)
K

)
+ δk

Kd,s

(
K(Fi)

K ,K( f j)

K

)
This implies

δk
Kd,s

(
K(Fi)

K ,K( f j)

K

)
≥ δk

Kd,s

(
K( fi)

K ,K( f j)

K

)
− δk

Kd,s

(
K(Fi)

K ,K( fi)
K

)
.

On the basis of Equation (59), one can obtain

δk
Kd,s

(
K(Fi)

K ,K( f j)

K

)
> δi + δj − δk

Kd,s

(
K(Fi)

K ,K( fi)
K

)
> δj.

Consequently, K(Fi)
K /∈ C f j

. According to Definition 1, the faults under consideration
are therefore isolable. This proof is completed by noting that fault isolability is achieved if
and only if there is no overlap among their corresponding clusters.
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Algorithm 3. Implementation of FDI
1. Input fault-free system data (u, y, x) and faulty system data (u f , y f , x f );
2. Initialize the time period K, data-driven parameters s, N,

and the number of recorded data points j;
3. Perform offline computation of the threshold Jth, δ1, δ2, and δ3

based on Algorithm 1 ;
4. For k = 1 to K;

4.1 For z = 1 to 3;
4.1.1 Calculate J based on Algorithm 1;
4.1.2 Calculate

δK
Kd,s

(
K( f )

K ,K( fz)
K

)
;

4.2 End For;
4.3 If J > Jth;

4.3.1 A fault is detected;
4.3.2 If

δK
Kd,s

(
K( f )

K ,K( f1)
K

)
< δ1,

δK
Kd,s

(
K( f )

K ,K( f2)
K

)
> δ2,

and

δK
Kd,s

(
K( f )

K ,K( f3)
K

)
> δ3;

The fault is isolated in fault cluster C f1 ;
4.3.3 Else If

δK
Kd,s

(
K( f )

K ,K( f2)
K

)
< δ2,

δK
Kd,s

(
K( f )

K ,K( f1)
K

)
> δ1,

and

δK
Kd,s

(
K( f )

K ,K( f3)
K

)
> δ3;

The fault is isolated in fault cluster C f2 ;
4.3.4 Else If

δK
Kd,s

(
K( f )

K ,K( f3)
K

)
< δ3,

δK
Kd,s

(
K( f )

K ,K( f1)
K

)
> δ1,

and

δK
Kd,s

(
K( f )

K ,K( f2)
K

)
> δ2;

The fault is isolated in fault cluster C f3 ;
4.3.5 Else;

The fault cannot be isolated;
4.3.6 End If;

4.4 Else;
Fault-free or undetectable;

4.5 End If;
5. End For;
6. Return

J, Jth, δ1, δ2, δ3,
and

δK
Kd,s

(
K( f )

K ,K( fz)
K

)
, z = 1, 2, 3.

Furthermore, the fault isolation scheme can be implemented with the following logic.

If δk
Kd,s

(
K(Fi)

K ,K( fi)
K

)
≤ δi and δk

Kd,s

(
K(Fi)

K ,K( f j)

K

)
> δj, then the fault satisfies K(Fi)

K ∈ C fi
;

otherwise, K(Fi)
K /∈ C fi

.
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The fault isolation procedure given in Algorithm 3 for the data-driven K-Gap metric
in nonlinear systems, represented by T-S fuzzy models follows a theoretical framework
similar to the approach based on the Koopman operator. Therefore, its detailed derivation
is omitted here.

6. Verifications
6.1. Simulation Environment and Parameters Setting

To validate the proposed FDI method, this study develops a SIMPACK-MATLAB/
(SIMPACK 2018.1, MATLAB R2022b) Simulink co-simulation platform based on the struc-
ture of the CRH trailer and the monitoring points, as illustrated in Figure 2. The platform
features a trailer model that incorporates active control forces, impossible faults, and track
irregularities described by the Chinese high-speed low-excitation spectrum, thus realisti-
cally simulating the measurement of speed and vibration acceleration signals in the axle
box and bogie.

Figure 2. Co-simulaion platform.

In the aforementioned co-simulation environment, Simpack is used to construct a
multi-body dynamics model to describe the suspension system, while Simulink is employed
to design the fault detection and diagnosis architecture. The two platforms interact through
a co-simulation interface. The simulation sampling frequency is set to 1000 Hz to ensure
the stability and accuracy of the multi-body dynamics model, particularly under high-
frequency vibration conditions of the suspension system. It is important to note that the
1000 Hz setting refers to the system simulation step size and does not imply that the fault
diagnosis algorithm needs to operate at the same frequency. In practical applications,
the sampling frequency for vibration signals is typically 1–5 kHz, whereas the diagnostic
algorithm can run at a lower frequency (e.g., 100–200 Hz) or employ sliding windows and
data downsampling strategies for processing. Furthermore, the method proposed in this
paper primarily involves matrix operations and singular value decomposition. Given the
computational capabilities of current onboard embedded processors (such as DSP or ARM
platforms), and with a reasonable window length setting, the algorithm is entirely feasible
for implementation.

The suspension system model incorporates nine nonlinear terms involving sin(ϕ0),
sin(θ0), . . . , sin(θ2). Building on our previous work [24] on designing fuzzy rules for the
suspension system, the T–S fuzzy rules adopted in this paper are formulated as follows:
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Rule P1:if ϕ(k) < −α, ϕ1(k) < −α and ϕ2(k) < −α,

then δT−−S
Kd,s

(K(o),K( f )) = δK1,d,s(K
(o)
1 ,K( f ))

Rule P2:if ϕ(k) < −α, ϕ1(k) < −α and ϕ2(k) ∈ [−α, α],

then δT−−S
Kd,s

(K(o),K( f )) = δK2,d,s(K
(o)
2 ,K( f ))

...

Rule P27:ifϕ(k) > α, ϕ1(k) > α and ϕ2(k) > α,

then δT−−S
Kd,s

(K(o),K( f )) = δK27,d,s(K
(o)
27 ,K( f ))

where the relevant parameters are consistent with those in [24] and are not reiterated here
due to space constraints.

The computation of the Koopman operator via the Extended Dynamic Mode Decom-
position (EDMD) algorithm typically relies on manually designed lifting functions. Based
on the dynamic characteristics of the high-speed train suspension system, the selected
lifting functions incorporate Fourier series, polynomial functions, and Gaussian kernel
functions. Specifically, since the original nonlinear differential equations exhibit oscillatory
and trigonometric terms due to vibration dynamics and coupling relationships, Fourier-
series-based observables are introduced to capture the inherent periodic behaviors of the
system. Polynomial and Gaussian kernel functions are further employed to characterize
nonlinear coupling effects and local dynamic variations, respectively. The number of
recorded data points is j = 30,000. In the simulation study, three types of multiplicative
faults were considered, and the fault isolation radii achieved by different methods are
presented in Table 1. The corresponding fault detection thresholds for the T-S fuzzy and
Koopman-based methods are 0.204 and 0.235, respectively.

Table 1. Fault descriptions and isolation radius.

Fault Scenario Case 1 Case 2 Case 3

Location Secondary suspension actuator
(air spring fault)

Primary suspension
(spring fault)

Primary suspension
(damper fault)

Time interval t ≥ 20 s t ≥ 20 s t ≥ 20 s
Performance degradation −10% −10% −10%

Isolation radius δi (T–S fuzzy modeling) 0.00024 0.00031 0.00033
Isolation radius δi (Koopman modeling) 0.275 0.294 0.251

6.2. The Prediction of Suspension Dynamics Based on Koopman Operator

To ensure the feasibility of the FDI scheme, it is imperative to utilize the Koopman
operator to accurately predict the dynamic characteristics of the train suspension systems
under normal and various faulty conditions. Therefore, it is crucial to validate the effec-
tiveness and robustness of the Koopman models constructed for the normal and fault
modes. This validation involves comparing the model predictions with actual measure-
ments to assess their prediction accuracy and generalization capability across different
operational scenarios.

Figures 3 and 4 present the prediction results of the Koopman operator for the dynamic
behavior of the high-speed train suspension system over 10,000 sampling points (equivalent
to 10 s). These results cover both normal operation and a fault condition associated with the
air spring in the secondary suspension actuator. Specifically, Figure 3 displays the predicted
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state variables (ϕ0, ϕ1, ϕ2) under normal conditions, while Figure 4 shows the corresponding
variables (z0, z1, z2) for the system experiencing an air spring fault. The results indicate
that the Koopman model effectively captures the system nonlinear dynamics, with the
predicted trajectories showing strong agreement with the actual measurements. This
finding validates the efficacy of the Koopman linearized model even in complex fault
scenarios. To quantitatively evaluate the trajectory tracking accuracy, the Root Mean
Square Error (RMSE) and Mean Absolute Error (MAE) are calculated for both scenarios.
For Figure 3, the average RMSE and MAE are 3.003 × 10−5 and 1.896 × 10−5, respectively.
Meanwhile, the Figure 4 achieves an even lower average RMSE of 2.091 × 10−5 and an
MAE of 1.077 × 10−5. These micro-level errors demonstrate that the proposed model can
reconstruct the latent state trajectories with exceptional precision.
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Figure 3. Prediction of high-speed train suspension dynamics based on Koopman operator in
fault-free case.

0 2 4 6 8 1 0
- 0 . 0 6

- 0 . 0 4

- 0 . 0 2

0 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

���
��

��
0(ra

d)

T i m e  ( s )

 A c t u a l  s t a t e
 E s t i m a t e d  s t a t e

(a) Prediction result 1

0 2 4 6 8 1 0
- 0 . 0 6

- 0 . 0 4

- 0 . 0 2

0 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

���
��

��
1(ra

d)

T i m e  ( s )
(b) Prediction result 2

Figure 4. Cont.

https://doi.org/10.3390/sym18071122

https://doi.org/10.3390/sym18071122


Symmetry 2026, 18, 1122 21 of 28

0 2 4 6 8 1 0
- 0 . 0 6

- 0 . 0 4

- 0 . 0 2

0 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

���
��

��
2(ra

d)

T i m e  ( s )
(c) Prediction result 3

Figure 4. Prediction of high-speed train suspension dynamics based on Koopman operator in
faulty case.

6.3. Experimental Verification of FDI

Figures 5 and 6 compare the fault detection performance of T–S fuzzy models and
Koopman-based approaches for three representative fault cases (Cases 1–3), where the
data-driven K-Gap metric residuals are colored curves and the corresponding detection
thresholds are red dashed lines. The Koopman-based K-Gap method demonstrates superior
performance, exhibiting significantly greater variations in sensitivity between different
types of faults compared to the T–S fuzzy approach. A limitation of the T–S model lies
in its nearly indistinguishable K-Gap residual responses to faults that belong to the same
suspension subsystem category. We attribute this limitation to the fact that manually con-
figured fuzzy rules cannot sufficiently capture the nuanced data patterns of the suspension
system. Although the T–S based K-Gap method is capable of fault detection, the poor
distinguishability of its residuals poses challenges for subsequent fault isolation.
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Figure 5. Fault detection results based on T–S fuzzy modeling [24].
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Figure 6. Fault detection results based on Koopman operator.

Figures 7 and 8 compare the fault isolation performance of the T–S fuzzy models and
the Koopman-based methods for three representative fault scenarios (Cases 1–3). Corre-
spondingly, the data-driven K-Gap metric residuals are depicted as colored curves, while
the isolation boundaries are indicated by red dashed lines. Figure 7 specifically analyzes
the faults that occur in the secondary suspension spring actuators using the T–S fuzzy
approach. The results reveal that the post-fault K-Gap values become critically small and
exhibit negligible variation, which fundamentally hinders reliable fault isolation. In con-
trast, Figure 8 shows that the globally linearized Koopman method generates sufficiently
distinct K-Gap values, enabling clear differentiation between fault types. As presented
in Tables 2 and 3, the Koopman operator-based method generally outperforms the T–S
fuzzy modeling approach in terms of fault detection and isolation performance. Notably, it
accomplishes fault isolation tasks that are unattainable with T–S fuzzy modeling. However,
it should also be noted that due to the substantial computational overhead associated with
data stacking in the Koopman operator, there may be observable latency issues in specific
fault scenarios.

Table 2. Comparisons of fault detection rates.

Fault Case 1 Fault Case 2 Fault Case 3

T–S fuzzy modeling 0.96 0.91 0.96
Koopman modeling 0.99 0.97 0.98

Table 3. Comparisons of Fault Isolation Rates.

Fault Case 1 Fault Case 2 Fault Case 3

T–S fuzzy modeling 0 0 0
Koopman modeling 0.98 0.99 0.96

CNN 0.72 0.92 0.53
LSTM 0.56 0.95 0.36
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Figure 7. Fault isolation results based on T–S fuzzy modeling [24].
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Figure 8. Fault isolation results based on Koopman operator: (a) Case 1; (b) Case 2; (c) Case 3.

In summary, the T–S fuzzy k-gap metric can achieve fault detection; however, it
struggles to effectively accomplish fault isolation among different fault types. To further
validate the effectiveness of the proposed Koopman k-gap metric in characterizing fault
separability, comparative experiments with deep learning-based fault diagnosis methods
were conducted. Specifically, CNN and LSTM, which are representative deep learning
models for fault diagnosis, were selected as benchmark methods for comparison with the
proposed approach . Among them, CNN can effectively extract local temporal features,
while LSTM excels at modeling temporal dynamic dependencies. The fault isolation rates
of different methods are presented in Table 3.

In the above comparative experiments, fault cases 1, 2, and 3 were assigned labels 1, 2,
and 3, respectively. A sliding window with a length of 256 and a step size of 96 was used to
generate samples from three types of fault data, and the dataset was divided into training
and testing sets with a ratio of 8:2. All deep learning models were trained using the Adam
optimizer with an initial learning rate of 1 × 10−3. Specifically, the CNN model consisted
of three convolutional layers, each followed by Batch Normalization, a ReLU activation
function, and a pooling operation, in order to progressively extract local features from
the fault signals. The LSTM model adopts a two-layer stacked architecture and achieves
fault classification through recursive modeling of temporal information. The confusion
matrices for fault isolation on the test set using the CNN and LSTM models are shown in
Figures 9 and 10, respectively. The results show that both deep learning models perform
well in identifying Fault case 2, but performance degrades for Fault case 1 and Fault
case 3, with particularly evident misclassification for Fault case 3. Fault case 2 induces
relatively significant system dynamic changes, producing distinguishable characteristic
patterns that can be captured by both CNN and LSTM models. In contrast, the dynamic
variations caused by Fault case 1 and Fault case 3 are relatively subtle, which increases the
difficulty of fault classification. In particular, under Fault case 3, the system state deviation
is small and the time varying characteristics are more pronounced. After sliding window
segmentation, some samples contain insufficient fault information, making it difficult for
the diagnostic model to learn stable and discriminative features, thereby resulting in a
higher misclassification rate.
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Figure 9. Fault isolation results based on CNN.

Figure 10. Fault isolation results based on LSTM.

The comparative scheme described above utilizes classification accuracy and confu-
sion matrices to comprehensively evaluate the fault identification performance of different
methods. Based on comprehensive experimental results, the proposed Koopman fuzzy
k-gap method achieves the highest overall accuracy in fault isolation compared to deep
learning methods such as CNN and LSTM. This conclusion can be attributed to the fun-
damental differences in the system modeling foundations between the Koopman fuzzy
k-gap method and the other comparative schemes, and further validates its effectiveness
in characterizing fault feature separability and achieving fault isolation performance. It
should be particularly noted that the Koopman fuzzy k-gap method falls within the cate-
gory of data-driven FDD schemes. However, the input/output representation of the system
is derived from its analytical structure, implying that it contains more prior knowledge
information about the system. In contrast, deep learning-based FDD methods mainly rely
on process data and cannot fully utilize the prior knowledge embedded in physical models.
Coupled with the limitations of available data, this further restricts their fault detection
and isolation performance.

Experimental results demonstrate that the Koopman operator based K-Gap method
surpasses the T–S fuzzy model in the task of identifying multiplicative faults in nonlinear
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systems. Although both approaches facilitate data-driven fault detection using the K-Gap
metric, the T–S model suffers from two major limitations: (1) an inability to generate
discriminative residual patterns across different fault categories, and (2) insufficient separa-
tion between fault clusters, leading to higher misclassification rates. These shortcomings
originate from the dependence of the T–S model on manually designed fuzzy rules and its
linearization framework, which limits its ability to fully capture the global dynamics of the
system. Consequently, essential fault-related features are lost, often resulting in overlapping
K-Gap residuals with minimal inter-class distances, a key factor that severely compromises
fault isolation accuracy. In contrast, the Koopman operator based fault isolation method
maps the system state space into a high-dimensional observable space, achieving a globally
linear representation of the nonlinear system dynamics. This approach not only preserves
the global dynamical information of the system, but also effectively captures subtle fault-
induced deviations in the high-dimensional space. Consequently, within the Koopman
framework, the K-Gap metric exhibits greater sensitivity to the dynamic characteristics
of different faults, substantially improving the accuracy of both fault detection and isola-
tion. This advantage is particularly evident for slowly evolving or multiplicative faults.
Benefiting from its global modeling capability, the Koopman method accurately reveals
their cumulative effects and demonstrates significantly superior performance compared to
the locally linearized T–S model. Thus, the Koopman operator offers a robust theoretical
foundation and a distinct practical advantage for efficient and precise fault isolation in
nonlinear systems.

7. Conclusions
This study leverages Koopman operator theory to develop a globally linearized com-

putational framework for data-driven SKR in nonlinear systems. It extends the data-driven
K-Gap metric fault diagnosis method to nonlinear domains, with a specific focus on address-
ing the challenging problem of detecting and isolating multiplicative faults in high-speed
train suspension systems. Experimental results demonstrate that while both approaches
achieve satisfactory fault detection performance, the Koopman operator based K-Gap
metric exhibits a distinct superiority in fault isolation. This method can more effectively
differentiate between various types of multiplicative fault residuals, preventing feature
overlap in the residual space, and thereby improving isolation resolution. It is particularly
well-suited for slowly evolving faults within closed-loop control architectures. In contrast,
the T–S fuzzy approach suffers from limitations in complex nonlinear settings, including
local modeling inadequacies, poor fault separability, and sensitivity to rule configuration,
which constrain its robustness and practical applications.

Future research will focus on the integration of fuzzy neural networks and Koopman
operator theory, with the aim of constructing an interpretable neural network architecture
capable of adaptively learning optimal lifting functions. Simultaneously integrating the
framework of graph theory and multi-agent systems [34,35] to improve the real-time
performance and precision of fault diagnosis for structurally-complex nonlinear systems.
This research will provide a new technical pathway for building intelligent diagnostic
systems that balance interpretability with computational efficiency. Furthermore, in the
process of designing the aforementioned diagnostic architecture, robustness under high-
noise or severe uncertainty conditions, as well as generalization capabilities for various
fault types (such as additive faults, sensor biases, or intermittent faults) will be a central
focus of the research.
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