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Abstract

When some treatment labels are missing, the number of the observed treated group is
much smaller than the control group. The imbalanced dataset can make treatment effect
estimation more challenging. To address this issue, we develop an inference framework
that integrates an Absent Data Generating (ADG) algorithm with kernel matching. The
proposed method incorporates a modified Kernel Fisher Discriminant (KFD) into the causal
inference framework to recover missing treatment assignments. SMOTE and Borderline-
SMOTE are mainly designed for imbalanced classification problems. These methods
generate synthetic observations through local interpolation. In contrast, the ADG algorithm
learns the main patterns in the observed treated units. The algorithm then generates the
unobserved samples by updating the data structure step by step and drawing samples based
on the learned relationships. Consequently, it provides a distribution-based mechanism for
recovering missing treatment information rather than relying solely on neighborhood-based
interpolation. The recovered treatment labels are subsequently incorporated into kernel
matching to improve ATT estimation and interval inference. Monte Carlo simulations and
a real-data application demonstrate that the proposed method provides more accurate ATT
estimates and more reliable confidence intervals under severe treatment-group imbalance.

Keywords: missing treatment labels; synthetic data generation; imbalanced data; kernel
matching; causal inference; confidence intervals

1. Introduction

In practical research, missing treatment labels constitute a common yet often over-
looked data issue, widely arising in medical studies, policy evaluations, and industrial
experiments. In medical studies and electronic health record applications, treatment infor-
mation is often partially missing because of incomplete documentation, irregular follow-up,
or inconsistencies across data sources. Discarding observations with missing treatment
labels may substantially reduce the effective sample size and introduce estimation bias.
When the treatment is relatively rare, missing labels can further aggravate sample im-
balance, leading to underestimated uncertainty and overly narrow confidence intervals.
To address these challenges, we propose a framework that recovers missing treatment
labels from observed covariates and subsequently estimates treatment effects in observa-
tional studies with incomplete treatment information. This type of imbalanced data can
reduce the performance of treatment effect estimation methods. This problem can affect
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the reliability of the results. Some common methods include inverse probability weighting
(IPW) [1], doubly robust (DR) estimation [2], and targeted maximum likelihood estimation
(TMLE) [3,4]. These methods are widely used in practice. However, IPW is sensitive to
extreme propensity scores. It can lead to unstable results [5]. DR and TMLE also depend on
the quality of the propensity score model and the outcome model. This issue becomes more
serious in small samples. These limitations motivate the use of kernel matching. Kernel
matching uses smooth weights and uses information from all observations. It reduces the
impact of poor matches and provides a flexible way to estimate the ATT.

As an estimator that is theoretically asymptotically unbiased and possesses desirable
statistical properties, kernel matching assigns weights to control samples through a kernel
function to construct counterfactual outcomes for each treated individual. Ding et al. [6]
established the consistency and asymptotic normality of the kernel-matching estimator for
both the average treatment effect (ATE) and the ATT, and further extended the theoretical
results to the setting where the propensity score is unknown, providing a solid theoretical
foundation for empirical applications. However, the asymptotic normality of these esti-
mators, particularly when confidence intervals are constructed using bootstrap methods,
typically relies on the assumption that the sample size tends to infinity.

To address the above issue, one possible strategy is to first apply binary classifica-
tion algorithms to identify and impute the missing treatment labels, thereby obtaining a
complete dataset on which confidence interval estimation can subsequently be performed.
However, when the identification task focuses on a rare treated subgroup, directly applying
conventional binary classifiers, including the support vector machine (SVM) [7] and logistic
regression [8], often becomes unstable and yields suboptimal performance. The fundamen-
tal reasons can be summarized in three aspects. First, when treated samples are extremely
scarce, prediction bias is likely to occur, with the model tending to classify most test samples
into the majority control group [9]. Second, an imbalanced training set may mislead the
model in learning the true classification boundary [10]. Finally, in regions where the two
classes substantially overlap, standard learning objectives may place insufficient emphasis
on difficult minority class observations, making it challenging for the classifier to accurately
distinguish these critical regions and thereby exacerbating classification bias [11,12].

To overcome the limitations of existing machine learning classification methods under
such settings, this paper introduces data resampling and data generation techniques from
the machine learning literature into the causal inference framework to address the data
imbalance problem. The Synthetic Minority Oversampling Technique (SMOTE) [13] intro-
duced the core idea of generating new synthetic samples through interpolation between
minority class observations, establishing a research paradigm for synthetic oversampling.
Unlike traditional approaches that rely solely on resampling the original data, SMOTE inno-
vatively achieves data balance by effectively “creating” new samples. In addition to SMOTE,
a refined method proposed by Han et al. [14] concentrates the generation of synthetic mi-
nority instances in regions close to the class separation boundary, while Batista et al. [15]
further studied frameworks that combine multiple heuristic strategies with synthetic over-
sampling to enhance the representation and classification performance of minority samples.
Overall, these synthetic oversampling methods generally outperform simple resampling
of the original data because the additional information utilized by the model does not
come from repeated sampling but is generated within the feature space through synthe-
sis mechanisms. This further helps reduce the lack of representation caused by too few
minority samples. Other studies including ADASYN [16], CTGAN [17], and diffusion-
based models [18] show good results for creating synthetic tabular data to solve problems
about the imbalanced dataset. For example, Sauber-Cole and Khoshgoftaar [19] showed
that synthetic data can improve prediction performance when the minority class has very

https://doi.org/10.3390/sym18071132


https://doi.org/10.3390/sym18071132

Symmetry 2026, 18,1132

30f26

few samples. Majeed and Hwang [20] studied CTGAN for tabular data generation. They
found that CTGAN can produce more realistic data than many traditional oversampling
methods. The model also keeps more structure in the data. In addition, Chen et al. [21] re-
viewed several modern oversampling methods. They showed that these methods can help
solve class imbalance problems in real applications. These studies show that generative
oversampling methods are becoming more important. At the same time, they also show
that generating high-quality synthetic data is still a difficult and open problem.

Motivated by these developments, we further combine the ADG method with kernel
matching to improve the accuracy of treatment effect estimation. Since kernel matching
leverages similarity measures in a reproducing kernel Hilbert space to construct weighted
comparisons between treated and control units, it captures complex nonlinear relationships
in covariates. However, kernel matching does not always work well when the data is
highly unbalanced. It also performs poorly when overlap is weak. The weights can
become unstable. The treatment effect estimation may then have high variance. Then, we
use ADG to address this problem because it increases the number of treated samples and
improves the overlap between groups. It also makes the weighting process more stable. The
generated samples are built in the same feature space used by the kernel. This makes them
consistent with the matching process. The kernel method can then use the added structure
in the data. As a result, the combined method reduces variance and improves balance
between covariates. It produces more stable and reliable estimates of treatment effects.

In this paper, we aim to recover missing treatment labels by integrating the ADG into
a causal inference framework and propose an ADG-based kernel-matching approach to
address severe treatment-group imbalance arising from missing treatment assignments.
We show that incorporating synthetic oversampling into the label recovery process can
mitigate the imbalance induced by missing labels and consequently provide more reliable
treatment effect estimates than existing approaches while maintaining negligible bias.

The remainder of this paper is organized as follows. Section 2 introduces the notation
framework and outlines the core ideas of kernel matching for estimating treatment effects.
In Section 3, we propose a kernel-matching estimator combined with the ADG algorithm
to handle missing treatment assignments and imbalanced data structures. Section 4 reports
Monte Carlo simulation results to assess the finite-sample performance of the proposed
approach. An empirical application is presented in Section 5 to demonstrate its practical
usefulness. Finally, Section 6 concludes the paper with closing remarks and discusses
possible avenues for future research.

2. Notation and Fundamental Concepts of Kernel Matching

In observational studies, we adopt the potential outcome framework proposed by
Robins et al. [22]. Under this framework, each individual i is associated with a pair
of potential outcomes {Y;(1),Y;(0)}, where Y;(1) denotes the potential outcome if the
individual receives the treatment, and Y;(0) denotes the potential outcome if the individual
does not receive the treatment. We observe the treatment indicator W; € {0,1}, along
with a set of pre-treatment covariates X;. The observed outcome Y; can be written as
Y; = W;Y;(1) + (1 — W;)Y;(0). The primary causal estimator of interest in this paper is ATT,
defined as

Tarr = E[Y(1) = Y(0) | W = 1].

A dataset of size N is assumed to contain Nj treated observations and Ny control
observations, denoted by {Y;, X;, Wi}f\i 1» Where all observations are assumed to be inde-
pendently drawn from their respective populations. Let X denote the covariate space.
Define Ty, as the index set of observations satisfying W; = w, so that 77 and 7 correspond
to the treated and control groups, respectively. Let X7; = {x; : i € To} C A’ denote the
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set of covariates for the control group, and X7; = {x; : i € 71} C & denote the set of
covariates for the treated group. In a well-specified setting with adequately large and
properly balanced treated and control groups, and free from missing or misclassified treat-
ment labels, kernel-matching estimators for ATT typically yield stable point estimates and
reliable confidence intervals.

The following assumptions are crucial for deriving the asymptotic properties and will
be maintained throughout the analysis. They are standard in the causal inference literature
and widely adopted in existing studies; see, for instance, refs. [23,24]. Let X € Rf be a
vector of covariates, and denote by X its support. For any x € X, define the propensity
scoreas p(x) =Pr(W=1]| X =x).

Assumption 1. (i) (Conditional Independence) The treatment assignment is independent of the
potential outcomes given covariates, i.e., W L {Y(1),Y(0)}|X, where L denotes statistical inde-
pendence [25]; (ii) (Positivity) the propensity score is strictly bounded away from 0 and 1, namely,

p(x) € (0,1).

Assumption 1 (i), the conditional independence assumption [26-28], restricts the way
in which potential outcomes may differ across treatment status by ensuring that selection
into treatment is fully explained by observed covariates. While Assumption 1 implies
that the conditional distribution of Y(0) given X is the same for treated and control units,
the distribution of X conditional on W = w € {0,1} may still depend on w. This imbalance
in the covariate distributions is precisely what can lead to bias in simple comparisons of
outcomes between treated and control groups when covariates are not properly accounted
for. Since the focus of this paper is on the ATT, it is not necessary to impose conditional
independence for Y (1) in the same way as in the ATE setting.

Next, we present kernel-based matching estimators designed for estimating the ATT.
Under the notation introduced above, we assume N to be a natural number, i.e., N € N,
and assume that K(-) denotes a kernel function while / represents a bandwidth parameter
satisfying i — 0 as N increases. For convenience, without loss of generality, we let

Xi—x _(Xo—x1 Xp—x Xig — Xy
h 7 hy T hy !

and

Xi—x 1 Xjs — x
K 1 — K 1s S .
() =0x(%
s=1
The kernel-based matching estimators that rely on covariates X to impute the unob-
served potential outcomes are constructed as follows:

Y, W, =0,
Y o YK(LJ'*XI'
Y;(0) = jWi=0 Y T

Xi—X;

w0 K(]T>

and B
Zjh:fwjzl Y‘K< = £ Wo—0
~ — 1 i — Y,
Y;(1) = Z/:szlK(X hX,) i
Y; it W;=1.
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Then, the proposed kernel-matching estimator for the ATT is given by

X;—X;
h

o - wk(B) )

| £ (1 - wy) vk (
T = w Y, —
Nl

1)

where N; = Zfil W; gives the sample size of the treated subgroup, obtained by summing
the treatment indicators over all units. The asymptotic results for kernel-matching estima-
tors are established based on the following assumptions concerning the kernel function.

Assumption 2. The kernel function K(-) is assumed to be symmetric and to satisfy a set of standard
reqularity conditions, namely:

(1) [K(u)du =1;

(2)  [uPK(u)du < oo;

3 K2(u)du < oo;

4 [ |u|3K (u)du < co.

The regularity conditions on the kernel function form the basis for deriving the estima-
tor’s asymptotic behavior, providing the foundation for both its asymptotic unbiasedness
and a precise description of its limiting distribution.

Under Assumptions 1 and 2, Theorem 3.2 in [6] establishes that the kernel-matching
estimator possesses desirable large-sample properties: it is consistent and asymptotically
normal. However, these theoretical guarantees fundamentally rely on asymptotic ar-
guments, namely that the sample sizes of both the treated and control groups tend to
infinity. When the sample size is sufficiently large, the asymptotic normality established in
Theorem 3.2 provides a theoretical justification for constructing confidence intervals via
bootstrap methods. In small-sample settings, however, particularly when the treated group
is extremely sparse, these guarantees no longer hold. In such cases, bootstrap resampling
may fail to adequately capture the distributional characteristics of the original sample,
leading to confidence intervals with unsatisfactory performance, such as under-coverage
or excessive conservativeness, manifested by reduced coverage probability or abnormal
fluctuations in interval length. Therefore, we integrate the ADG algorithm with kernel
matching to recover missing treated samples and restore data balance before treatment
effect estimation.

3. Confidence Interval Estimation for ATT

In this section, we first introduce the ADG algorithm and then develop its integration
with kernel matching for estimating ATT and constructing reliable confidence intervals
under imbalanced data settings.

In practical applications, due to survey errors, data entry mistakes, and other factors,
the treatment indicator W is often missing for a subset of individuals, leading to a severe
shortage of treated samples. This issue directly affects the performance of kernel-matching
estimation: when the treated group is sparse, the matching weights tend to concentrate on a
small number of control observations, resulting in increased variance of the ATT estimator,
wider confidence intervals, and reduced coverage probability.

To address this issue, we incorporate the ADG algorithm into the causal inference
framework. By rebalancing the original data distribution, the proposed approach improves
the estimation accuracy of kernel matching and enhances the reliability of confidence
interval coverage under imbalanced samples. Specifically, ADG first identifies and imputes
missing treatment labels, and then kernel matching is applied to the rebalanced data to
obtain more stable and accurate confidence intervals for ATT.
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Suppose we observe a sample of size N, but the treatment assignment is partially
missing. To characterize this missingness, we introduce an observation indicator R;:

1, if W;is observed,

R; =
0, if W;is missing.

The observed dataset can therefore be written as Dy,s = {(X;, Y;, W;, R;) :i=1,...,N},

where W; is only observed when R; = 1. In the presence of severe class imbalance, we

define the training set without loss of generality as follows. Let the covariates of the control
I
i=1"

satisfying W; = 0 and R; = 1. Similarly, let the covariates of the treated group, denoted

group, denoted by X', be defined as {x; },_,, representing the set of observed samples

by X", be defined as {x;" 5;1, representing the set of observed samples satisfying W; = 1
and R; = 1. Both X ~and X "are subsets of the full covariate set X'. Together, they form
the training set. Under class imbalance, we have [, < [_. For notational simplicity, [, is
written as [. To incorporate the above data generation mechanism into the kernel-matching
framework, we apply an artificial data generation approach tailored for settings with scarce
treated samples. The main idea is to make new treated data points near the border between
the two groups. The method creates these new points inside the existing groups and selects
each group for new data. At the same time, a group with fewer samples has a higher
chance of being selected. This increases the size of the smaller class and keeps the original
data pattern as much as possible. Therefore, this gives a more balanced dataset for later
treatment effect analysis.

First, within the causal inference framework, we define “missing treated data” as
those observations that should belong to the treated group but are unobserved, leading to
class imbalance. In other words, these missing observations can be understood as “treated
samples that ought to exist but were not recorded.” By introducing this concept, we can
leverage synthetic methods to regenerate these missing observations, thereby alleviating
the imbalance caused by the scarcity of treated samples and providing a more reliable data
foundation for subsequent treatment effect estimation. The available observed data may
provide sufficient information to infer and synthesize additional within-class observations.
However, the existence of missing data does not imply prior knowledge of their exact
quantity or precise locations in the feature space. Nevertheless, in imbalanced classification
settings, particularly in causal inference settings where treated samples are scarce, this
assumption provides a theoretical foundation for synthetic oversampling of the minority
fjﬂ C X", assumed
to be independent and identically distributed. Furthermore, for j = 1,2,...,k, denote
X ;€ Aasaj.

Based on Fisher linear discriminant analysis, for the binary classification problem

class. The set of missing treated data is represented by A = {x;"}

of distinguishing treated from control samples, we introduce Kernel Fisher Discriminant
(KFD). As noted by Hofmann et al. [29], when a properly selected kernel function is em-
ployed for the data transformation, and all computations rely solely on kernel evaluations,
explicit operations in the high-dimensional feature space are unnecessary. The so-called
kernel trick allows this property to be applied to Fisher discriminant analysis, resulting in
KFD [30]. Specifically, KFD extends Fisher linear discriminant analysis to the feature space,
with the objective

max J(w) = S5 @

w w’l Sjw

where S(g represents the between-class scatter matrix and S?/)v the within-class scatter matrix
in the feature space, whose forms are given by

https://doi.org/10.3390/sym18071132


https://doi.org/10.3390/sym18071132

Symmetry 2026, 18,1132 7 of 26

st =ad,
3
- ¥ s, ®
ice{—+}

where d = m? — mﬁ, S?’ = Ycxi (qb(x) — mlq’) (([)(x) - m?)T with m? = %Zﬁle ¢(x))
and a nonlinear mapping ¢ : X — F, which embeds data into a Hilbert space equipped
with inner product (-, -). The corresponding kernel function K is defined on X’ x X such
that K(x,x') = (¢(x), ¢(x’)), thus enabling inner products in the feature space to be
computed implicitly via K.

To address data imbalance, we extend KFD by generating synthetic treated samples in
the projected feature space. In most settings, informative samples lie near the boundary of
the control group. The treated group often generate multiple clusters in high-dimensional
settings. We leverage projection-region similarity to guide data generation, which preserves
the clustering structure of the data while also reducing model bias.

Assume that the treated samples in the training set can be divided into C distinct
clusters, where C is an integer greater than one. The positive dataset X' tis organized as a
collection of C mutually exclusive subsets. Specifically, it can be expressed as the union
of cluster-wise groups, X+ = (J%_; X}, with the property that any two distinct clusters
share no common elements, i.e., X;" N XC‘," =@, ¢ # (. Each subset X" corresponds to
the samples of the c-th minority cluster and is defined as X" = {xl+ o x2+, e xf;c}. The
size of each cluster is denoted by I, = |X;"|, and the total number of positive samples
across all clusters is given by Y<_; I, = I. Correspondingly, the missing treated dataset A
is partitioned into C disjoint clusters, denoted by A;, where c = 1,2,...,C, and each A,
corresponds to a minority cluster X:". Specifically, A, = {leCr i }fil, with U, Ac = A,
AsNA: = @, ¢ # ¢, where |Ac| = k. and Y5 ; k. = k. For each c, let aj. = xltﬂ',c’
j=1,2,...,k;, which serves as an extension of the notation a; defined earlier.

To achieve the two desired properties, we introduce the following constraints. First,
newly generated samples are required to lie close to the projection region of existing
minority samples. Second, the synthesized samples are expected to lie in close proximity to
the decision boundary of the majority class:

(@ g(are) —w'm? )" <3, @

(plare) —m?) (plae) —m) < A, 6)

where each class index ¢ € {1,2,...,C}, the subscript j ranges over j = 1,2,...,k.. 6 > 0 1is
a constant, and A > 0 is a tuning parameter controlling the proximity of generated samples
to the majority class boundary. Furthermore, mi/c = % Z;-C: 1 gb(x;,rc) is the feature-space

mean of the c-th minority cluster, while m” denotes the mean of the majority class.
According to the Representer’s Theorem [29], we assume that w and each ¢ (a; ) can
be represented by the feature-space images of X~ U X' . For notational simplicity, denote
all training samples by {x,}}_;, where n = I + [_. To be more specific, w = ¥ _; ap(xp),
and ¢ (a;.) — m? = p=1 ,B],;C¢(xp), where «, and ﬁ]pc are scalar-valued parameters in R.
Following Mika et al. [30], we define M := (M- — M;)(M_ — M)T,
N = Y Ki(I - 1,,)K]. Here, M, € R"*! is a vector whose j-th component is
given by (M+); = Iy, K(xj,x[). For each class i € {—,+},K; € R"/i denotes the
kernel matrix whose entries are defined as (Ki)r,s = K(xr, xé),r e{l,...,n},se{1,...,1;}.
Moreover, I represents the identity matrix of compatible dimension, while 1;, denotes the
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I; x I; matrix whose elements are all equal to 1/1;. So forj € {1,2,...k;},c € {1,2,...C},
the matrix representation of Equations (4) and (5) are given by

[aTKﬁ/'C +al(M_ — Mg)]z <4, (6)

and T
() K(p*) <A 7)
Accordingly, the corresponding learning task under class-imbalanced settings can be
formulated as the following optimization problem:

mo?x](oc) = %, (8)
s.t. ' )
[aTKﬁf'C +aT(M_ - Mi)} <3, )
and 7 '
(B) k(<) <, (10)

First, in order to solve the optimization problem (8)—(10), we let 6 = 0. The setting
indicates that the generated samples a;. are projected to the same position as the pro-
jected mean of the corresponding minority cluster. Under this condition, Equation (8) is
equivalently rewritten as

«TKB* +aT (M- — M) =0, (11)

Although an additional constraint is introduced, it does not impose any essential
restriction on the optimization problem, since a relaxed version of the original problem is
solved subsequently. By applying the Lagrangian relaxation method [31], the optimization
problem (8)—(10) can be equivalently reformulated by incorporating the denominator of the
objective function (8) into the constraints, while retaining only the numerator as the new
objective function. Consequently, the optimization problem associated with imbalanced
classification in (8) can be reformulated as

mo?x](oc) = a"Mu, (12)

s.t.
«'Na <R,R>0 (13)

where « denotes an n-dimensional coefficient vector composed of entries ay, a3, ..., &y, ie.,

o= [ny,00,..., 0] T, and ﬁ]'c represents another n-dimensional parameter vector defined as
£ ],C n],C ],C _ 1yl — _ 1yl —+

g = {13 By, ., B } , (M_)]- =X K(x]-,xé ), (Mﬁr)] = Ezle K(x]-,xglc),andK

is the n x n kernel matrix with entries (K),s = K(x;, xs). Based on the above reformulation,

the corresponding Lagrangian function is given by

C ke ,
Y(a,) =a'Ma— )"} /\]C-aTK,B]'C + /\]C-aT(M_ - MY9)

c=1j=1
C ke NT_ /. (14)
- Hi(B) K(B*) =i

£ () x(07)
—'yaTNa—'yR,
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where all parameters satisfy positivity constraints, i.e., v > 0, /\]C- > 0, and ;4]? > 0. Next,
the optimality conditions are derived by equating the partial derivatives of the Lagrangian
with respect to & and B/ to zero:

p) C ke

Y = 2Mn — 27N — 212)&( KB/ + (M_ —Mi)) —0, (15)
=1
and 3
c CrRIC
E),B]CY Aj(Ka) + 2u;Kp* =0, (16)
. /\C
By substituting p/¢ = —m C « derived from Equation (16), into Equation (15), we obtain
2
c k (X) ¢ e AS
(M —yN)w ZZ i -y (MM ) = (17)
c=1j=1 ] c=1 j=1
2
e (%) ke A
Define w = — Z 4 Z] 1 EE and v¢ = — 17 It follows that
C
(M —yN)a — wKe = Y {(M_ — M5 )v°}. (18)
c=1

Therefore, the vector « satisfies

C
((M—9N) —wK)a =Y (M_ — M )" (19)
c=1

Assume that the coefficient matrix ((M — yN) — wK) is nonsingular. Then Equation (19)
admits a unique solution, and solving the resulting linear system leads to the determi-
nation of the optimal coefficients a* = [a],a3,...,a;;]. The nonsingularity condition is
satisfied when the involved kernel-related matrices are full rank and the regularization
term guarantees the positive definiteness of the coefficient matrix. Under these conditions,
the optimization problem is well-posed and the resulting estimator is uniquely determined.

Thus, the projection of a test sample x; onto the direction w can be expressed
as follows:

Z Dcf .X'/, xt (20)

The solution to (19) yields the coefficients &, which define a more compact decision
boundary that better encloses the dominant class distribution. Although B does not
explicitly appear in (19), ifc influences « implicitly through the Lagrange multipliers AJC-
and y]c-. Therefore, while /¢ is not directly involved in prediction, it plays an implicit role
in locating missing samples. This mechanism explains how missing data contribute to
shaping a more compact majority class boundary.

Next, we present the process of generating synthetic observations according to the
newly determined decision boundary and updating the corresponding scatter matrices
using these generated samples. Independent observations are drawn according to the esti-
mated density of the existing minority class, with the sampling region restricted according
to the separating boundary defined by the optimal coefficient a.. Let l?of‘* be the estimated
distribution for minority samples, obtained by modeling X' Tusing a Gaussian mixture
model composed of u components and applying truncation determined by «., i.e.,
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1 u
==Y 0¥, 21)
Uy

where ¥}, ~ N (:”b/ Z%), truncated on X", a; € [0, 1], the set of coefficients {ab}Zzl indexed
by b =1,2,...,u, which satisfy the constraint that their sum equals unity, i.e., } ;_; 4, = 1.
A set of g independent samples is generated from 1/5,,“‘* denoted by ¥, ~ 1/5,,“‘*, for ¢ =
1,2,...,q. Let A collect these synthetic samples. The augmented set of minority class
samples is constructed by combining the original and synthetic samples as Xt =xtU
A= {xf,...,x;“,%f, ) ,x;;

Subsequently, the scatter matrices (3) are re-evaluated by using the augmented minor-
ity set. A modified optimization problem is obtained, which follows the same form as (8)
and (10). In this formulation, the matrices K, N, and M, together with the vectors M_and
M¢ forc=1,2,...,C, are evaluated using the updated sample sets X “and X' *. Solving
this problem results in a new optimal coefficient vector «... Based on this updated vector, we
re-estimate the divergence matrix by refitting the Gaussian mixture model and generating
g < |g9/2] synthetic missing points. This iterative process continues until the condition
g < 1is satisfied, at which point the resulting «, is adopted as the optimal solution.

At every iteration of the process, we adopt the X-means algorithm [32] because
the appropriate number of clusters is unknown a priori and can therefore be estimated
directly from the data. Nevertheless, other clustering approaches, such as model-based
clustering [33], could also be employed. Specifically, X-means is an extension of the k-
means algorithm, where the number of clusters denoted by C is determined automatically
according to the Bayesian Information Criterion (BIC) [34].

The BIC is also employed to determine the number of Gaussian components in the
estimated distribution of minority samples. At each iteration, the corresponding number of
mixture components is set as follows:

. Tu
arg %{? BIC (th* ) , (22)
where N denotes the set of natural numbers and
BIC (I?;‘*) = ulog(q) —2log(L) (23)

where L represents the likelihood associated with the minority class samples, under the
assumption that they are random samples drawn from 1?;‘*

The observations in A’ are put into different groups ¢ = 1,2, ..., C. Each observation
has a group center in the original feature space. The method measures the straight-line
distance from each observation to these centers. Each observation is then assigned to the

group with the closest center. More precisely, for each ¥, € Z/, define a discriminant

function d(c’) = ||x] —x||; its cluster label is determined as follows:

¢ =argmind(c’), (24)

C/

where ¥ = % szlzl xZ o represents the centroid of cluster ¢’ in the original feature space.
Consequently, for each cluster c = 1,2,. .., C, we obtain qc newly constructed observations,
with the total number of generated samples satisfying ZC 19 =14

The coefficients A] and p in the Lagrangian formulation are adaptively assigned such
that their values decrease as the number of minority samples within cluster ¢ increases
at the present stage, i.e., A]C = A/l and pl = p/I.. This implies that clusters containing
only a small number of observations incur a stronger penalty when constraints (6) and (7)
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are violated, whereas such violations are penalized less severely in clusters with a larger
number of observations. Since clusters containing fewer minority samples are considered
to be more severely underrepresented, they are assigned a larger number of perceived
absent observations. Accordingly, in cluster ¢, the number of inferred missing observations,
k., is set to be inversely proportional to the cluster’s current sample size [35].

We apply the ADG algorithm to deal with missing treatment labels. The algorithm
classifies and predicts the missing labels. This gives us a complete dataset. In this dataset,
all treatment assignments are fully observed. We use a kernel-matching estimator to
estimate the ATT. This estimator has a stable normal behavior when the sample size is
large. We then build confidence intervals for the treatment effect. These intervals are more
accurate and more stable. We present the detailed procedure of the proposed ADG-based
kernel-matching method in Algorithm 1. We show the flowchart in Figure 1.

Input Dops, K(-,-), 1, B, &

l

{ Initialize X < X't and kernel matrices }

1. ADG Generation Stage ‘l

‘ Cluster X'+ }_,‘ Solve linear system H Fit GMM & Generate samples ‘

{ ) { ) N I )
‘ Classify synthetic samples }—»‘ Assign to clusters H Update datasets
L ) L J L ]

‘ Update matrices ‘
s s> 12
~

No

2. Classification Stage

‘ Train the classifier C7 ‘

l

Assign missing treatment labels ‘

l

Construct treated /control groups ‘

3. ATT Estimation and Inference‘

ATT estimation ‘

l

Bootstrap B times ‘

Output T477 and confidence interval ‘

End

Figure 1. Flowchart of the proposed ADG-based kernel-matching procedure.
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Algorithm 1 ADG-Based Kernel Matching for ATT Confidence Interval Estimation

Input: D, kernel function K(-,-), bandwidth &, number of Bootstrap replications B,

significance level «

Output: ATT estimator T47r and confidence interval [L, U]

10:

11:
12:

13:

14:
15:

16:
17:

18:
19:
20:

21:

22:

23:

24:

25:
26:
27:

28:
29:
30:

1: Initialize X+ < X+ and compute initial matrices K, N, M, K;, M, fori € {—,+}.
2: whileg > 1do

3:
4

Cluster X'+ into C groups and determine C by minimizing the BIC
Let y]C = % and A, = AC forj=1,2,...,k;, c =1...C, where k. is chosen propor-
tionally to 1/1. subject to the constraint Y5, k. = k.

C)Z S

c
lc — kc kC
Compute (M%), = %2421 K<xj,xzc), w=-YL 155 4yc and v* = -} o

Solve linear system (19) to obtain

Fit a Gaussian mixture model to X'+, where the number of components u is chosen
to minimize the BIC in (22). B

Generate g synthetic samples A = {%/,... ,5?;}, based on the resulting Gaussian
mixture model obtained above.

Use the a* to determine, based on (20), whether each synthetlc sample x[ ,forl =

1,2,...,q, should be assigned to class +1 or not. Define A’ as a subset of .A consisting

+ +
oNf observations incorporated into the minority class, i.e., A = {xl Y xl s XL q,} -
A.

Assign the newly generated observations to clusters according to (24). For each
cluster c € {1,2,...,C}, let . denote the number of samples in A that are assigned to
clusterc. B _ B B

Update XY+ <~ XTUA and X < X~ UX™.

1 I+q'
Update (M-); i):ﬁ 1 K(xj,%,) and (M), < l+q’ Y0 K(xj,x)) forxj € X.
ZC c
Update ) lc+qc Y H (x]-,xgrc) for x; € X.

(
Update (K), s K(xr,xs) for rse{l,..n+q}.
(K+),s = K(xr,x) forr € {1,2,...,n+q},s € {1,2,...,1 +q},
(K-),s = K(x, x5 ) forr € {l,2,...,n +q}t,se{1,2,...,1_}.

Update M <~ (M_ — My )(M_- — M).

Update N < Yer 4y Ki(I—1,)K].

Update g « [q/2],1 + |XT|, n + |X|.
end while
Obtain the optimal projection coefficients a, corresponding to the discriminant direction
that optimizes the Fisher criterion in the kernel-induced feature space.
Construct the n x 1 kernel vector %, by evaluating the kernel function between x and all
elements in the training set augmented with the synthetic minority samples X', where
the /-th entry is given by (xy), = K(xy, Sx) for x; € X.
Train a one-dimensional binary classifier C7(SVM) on T =
{(h(Xg;a*),yg) 1Xy € X, 0=1,. ..,n},where h(xg o) = azkxk.
Obtain the decision threshold v,. Classify a new sample x as +1 if h(x; &) > v,, and as
-1 otherwise.
Use the ADG procedure to assign treatment status for units with missing treatment
1nd1cat0rs Construct the treated group Z; = {i : W; = 1} and control group Zy = {i :

=0}
Compute the ATT estimate according to (1).
forb=1toBdo

Draw a bootstrap sample with replacement

Compute ff(‘bT)T
end for
Compute the empirical quantiles L = Q, /2, U = Q14,2

return T477 and confidence interval [L, U]
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4. Monte Carlo Simulation Experiments

4.1. Simulation Setup

This section presents a Monte Carlo simulation study. The study evaluates the finite-

sample performance of the proposed method. It also compares the proposed method with

several alternative approaches. The results show that the ADG-based kernel-matching

estimator performs well in estimating the ATT. It achieves high accuracy in most settings.

For comparison, we also include several commonly used ATT estimation methods:

Kernel matching [6] (denoted as “KM”).

Kernel matching + SVM (denoted as “KM + SVM”).

Kernel matching + SMOTE [13] (denoted as “KM + SMOTE”).

Kernel matching + Borderline-SMOTE [14] (denoted as “KM + BSMOTE").

The ADG-based kernel-matching estimator for the ATT, introduced in Section 3, is
referred to as the “proposed” method. Since kernel-based estimators are known to
be sensitive to the choice of bandwidth and kernel function, the specification of these
tuning parameters plays an important role in practice. A detailed discussion of the
corresponding selection criteria is provided in the following subsection.

We consider four different settings. These settings are listed below.
Setting I:

- Forw € {0,1}, the covariate X € R? follows a bivariate standard normal distri-
bution conditional on W = w:

X|W=w~N(0,L);

- Let uy(x) = x1, where x; denotes the first component of x. Given X = x and
W = 0, the potential outcome Y (0) follows a standard normal distribution:

(Y(0) — pa(x)) ~ N(0,1).
- GivenX=xand W =1,
(Y(1) = p1(x)) ~ N(0,1).

Setting 1I:

- Forw € {0,1}, the covariate X € R? follows a bivariate standard normal distri-
bution conditional on W = w:

X|W=w~U(-11]);

- Given X = x and W = 0, the potential outcome Y (0) follows a standard normal
distribution:
Y(0) | X =x~N(0,1);

- Let uy(x) = x1, where x; denotes the first component of x. Given X = x and
wW=1,
(Y(1) = pa(x)) ~ N(0,1).

Setting III:

- Forw € { 0, 1}, the covariate X € R? follows a bivariate standard normal distri-
bution conditional on W = w:

X|W=w~N(0,L);
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- Given X = x and W = 0, the potential outcome Y (0) follows a standard normal
distribution:
Y(0) | X = x ~ N(0,1);

- Let yy(x) = 0, where x; denotes the first component of x. Given X = x and
w=1,
(Y(1) = pa(x)) ~ N(0,1).

e Setting IV:

- Forw € {0, 1}, the covariate X given W = w follows a standard normal distribution:
X|W=w~N(0L);

- Given X = x and W = 0, the potential outcome under control satisfies
Y(0)| X =x~N(0,1).

- Let
pi(x) = 1 (Qs(@(x1)) - 8),

where x; denotes the first component of x, ®(x) denotes the cumulative distri-
bution function of the standard normal distribution, and Qg(-) is the quantile
function of a chi-squared distribution with eight degrees of freedom. Then, given
X=xand W =1,

(Y(1) = pa(x)) ~ N (0, 1).

For Settings I-1V, the simulated observations are produced from the following data
generating mechanisms. These settings are constructed based on the framework developed
by Ferman [24], with minor adaptations introduced for the present study. The four settings
are designed to progressively increase the level of difficulty in order to comprehensively
evaluate the robustness of the proposed method. Setting I serves as a baseline with a
well-specified linear structure and identical covariate distributions across treatment groups.
Setting II introduces distributional changes and heterogeneous treatment effects, assessing
robustness to covariate shift and structural asymmetry. Setting III considers the case
where covariates are irrelevant to the outcome, examining whether the method avoids
spurious treatment effects. Finally, Setting IV imposes a highly nonlinear and heavy-tailed
transformation, creating a challenging scenario to evaluate performance under severe
model misspecification. We generate datasets with initial sample sizes of Ny = 1000 and
N1 = 500. To better reflect the scarcity of treated units commonly encountered in real-
world applications, treatment labels are randomly missing, resulting in an observed control
sample size of Ny = 500 and an observed treated sample size of N; € {25,50,100}. For
each scenario, we conducted 1000 Monte Carlo simulations to estimate the ATT.

4.2. A Study of Bandwidth and Kernel Function Selection for Kernel-Based Matching

Since the performance of the kernel-matching estimator for the ATT depends critically
on the choice of kernel function K(+) and bandwidth £, investigating appropriate selections
for both is of substantial theoretical and practical importance. In this section, we conduct a
systematic analysis of kernel and bandwidth choices through Monte Carlo simulations.

In the simulation study, we evaluate the performance of the kernel-based ATT esti-
mator in terms of bias and RMSE. The data generating process follows Setting I, with a
fixed sample size of Ny = 1000 for the control group and N; = 500 for the treated group.
In this study, two representative kernel functions, namely the Gaussian kernel and the
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Epanechnikov kernel, are employed for analysis. The bandwidth parameter is set to
h € {0.01,0.03,0.05,0.07,0.09}. All reported results are based on 1000 Monte Carlo repli-
cations. The simulation results for bias and RMSE of the ATT estimator are presented in
Figures Al and A2 in Appendix B.

When comparing the Gaussian and Epanechnikov kernels, Figures A1 and A2 show
that the estimator based on the Epanechnikov kernel consistently achieves lower bias and
RMSE than that based on the Gaussian kernel. This advantage is particularly pronounced
when the bandwidth is small. As further illustrated in Figure A1, this pattern holds across
most bandwidth values & € {0.01,0.03,0.05,0.07,0.09}, with the difference becoming
more evident at smaller bandwidths. These findings indicate that the Epanechnikov
kernel yields higher efficiency, especially in settings where control of rejection rates is
important. This superior performance can be attributed to its favorable weighting structure
and its widespread practical applicability, which together contribute to more stable and
reliable estimation in kernel matching. Moreover, the Epanechnikov kernel demonstrates
robustness across a relatively wide range of bandwidth values, making it particularly
suitable for applications emphasizing estimation accuracy.

Regarding bandwidth selection, as shown in Figures A1 and A2, the estimator is sensi-
tive to the choice of bandwidth for both kernel functions. A small bandwidth leads to high
variance, while a large bandwidth induces excessive smoothing and reduces estimation
accuracy. Based on Theorem 4 and Corollary 2 of Ding et al. [6], which establish the asymp-
totic normality of the kernel-matching ATT estimator, the estimation error converges to
zero as N — oo and i — 0, provided that N h* — 0. Consistent with this theoretical result,
and supported by the simulation evidence reported in Appendix B (Figures Al and A2)
regarding the choice of kernel function and bandwidth, the condition Ni* — 0 implies
the guideline h < N~1/4 Motivated by this requirement, and further supported by the
simulation results, we adopted the bandwidth choice i = N~2/3 for the final implementa-
tion. Given the sample size N = 1500, we therefore selected the Epanechnikov kernel with
bandwidth i = 0.01 for the subsequent numerical studies and empirical analysis.

4.3. Performance Analysis of the Proposed Estimation

As shown by the results in Appendix B, we employ the Epanechnikov kernel with
a bandwidth of & = 0.01 for the settings with sample sizes Ny = 1000 and N; = 500.
To reflect realistic scenarios with missing treatment labels, we further impose random
missingness on the treatment indicators, resulting in observable treated group sizes
N; € {25,50,100}, while the control group size remains fixed at Ny = 1000. This simulation
design is conducted under Settings I-IV. We evaluate and compare the point estimation
performance of the ATT across five methods: KM, KM + SVM, proposed, KM + SMOTE,
and KM + BSMOTE, in terms of bias, standard deviation (SD), and root mean square
error (RMSE). For a more comprehensive evaluation of interval estimation, 95% confidence
intervals are constructed for the estimators under consideration using bootstrap techniques.
In particular, the percentile bootstrap approach [36] is employed, with 1000 bootstrap
samples generated to obtain the corresponding interval estimates. The interval estima-
tion properties of the ATT are further investigated by examining the empirical coverage
probabilities (CPs) and average confidence interval widths (AWs) associated with the four
competing estimators. Complete simulation findings for Settings I-IV are documented in
Appendix C (Tables A1-A4).

In the estimation of ATT, the proposed ADG-kernel-matching method yields bias and
RMSE values that are generally comparable to those of competing approaches across most
scenarios, despite not consistently attaining the minimum values. From Tables A1-A4,
across all four Settings I-1V, the proposed method consistently exhibits the best or near-best
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overall performance. It outperforms or significantly surpasses other methods in terms of
RMSE, CP, and AW. Specifically, under Setting I, the proposed method performs optimally
across all sample sizes: its bias is close to zero, and both SD and RMSE are the lowest.
The CP remains stable between 0.96 and 0.97, closely aligning with the nominal level of 0.95.
In contrast, KM + SMOTE and KM + BSMOTE exhibit extremely poor coverage, indicating
complete failure. Under Setting II, the proposed method continues to perform strongly;,
with RMSE substantially lower than KM and KM + SVM. For example, when N; = 100,
the RMSE of the proposed method is 0.1107, compared to 0.1271 for KM and 0.1289 for
KM + SVM. The CP converges smoothly from 0.960 to 0.950, effectively matching the
nominal level. Under Settings III and 1V, the proposed method maintains the lowest RMSE
and SD, while its coverage probability consistently ranges between 0.93 and 0.97. In contrast,
KM and KM + SVM exhibit slightly lower or less stable coverage, whereas KM + SMOTE
and KM + BSMOTE show severely deficient coverage, rendering them unreliable.

It is worth noting that in some small-sample scenarios (e.g., N7 = 25 in Settings
II-1V), KM + SMOTE and KM + BSMOTE may yield slightly lower SD and RMSE than
the proposed method. However, their coverage probabilities are severely inadequate,
indicating substantial distortion in confidence intervals and making them unsuitable for
valid statistical inference. These seemingly improved error metrics come at the cost of
unreliable interval estimation and thus lack practical relevance. In contrast, the proposed
method achieves strong accuracy while consistently providing reliable coverage. Moreover,
the AW of the proposed method decreases appropriately as the sample size increases across
all settings (e.g., from 0.7203 to 0.4242 in Setting I, and from 0.6520 to 0.3017 in Setting
IV), reflecting effective control of model complexity and avoiding both overfitting and
underfitting. SMOTE and BSMOTE generate synthetic samples by linear interpolation in
the feature space. However, they do not consider the cluster structure of the data. They also
ignore the uncertainty in the data generation process. Therefore, the generated samples may
not accurately reflect the original data distribution, especially near the decision boundary.
This can produce biased variance estimates and lead to lower coverage probabilities for the
resulting confidence intervals.

In contrast, ADG constructs synthetic samples in a cluster-aware manner by explic-
itly accounting for the local structure of minority data through the quantities k. and g..
This design helps preserve the intrinsic distributional characteristics of each cluster and
yields more stable resampling behavior, which in turn improves the accuracy of variance
estimation and leads to better coverage probability.

In summary, the proposed method is the most reliable approach for ATT estima-
tion across all four simulation settings. It achieves low estimation error, high stability,
coverage probabilities close to the nominal level, and well-controlled model complexity.
While KM and KM + SVM provide reasonable benchmarks, they are inferior in both ac-
curacy and reliability, and KM + SMOTE and KM + BSMOTE should be avoided due to
severely distorted confidence intervals. In more complicated scenarios, such as Setting IV,
both point and interval estimation can be substantially improved through the use of the
proposed estimator.

5. Empirical Application

In this section, we apply the proposed method to a real dataset that investigates the
effect of maternal smoking during pregnancy on infant birth weight (MSBW) [37,38].

Analysis of Data from the MSBW Dataset

To assess the performance of the proposed estimator, the ATT is estimated using both
treated and control groups. The dataset contains (N = 4642) observations. The variables
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considered in the analysis include: bweight (the infant’s birth weight), mbsmoke (equal to 1
if the mother smoked during pregnancy and 0 otherwise), mhisp (equal to one if the mother
is Hispanic and 0 otherwise), deadkids (number of previous child deaths), alcohol (equal to
one if the mother consumed alcohol during pregnancy and 0 otherwise), mrace (equal to
one if the mother is White and 0 otherwise), fedu (father’s education level), and prenatal
(whether the mother received her first prenatal care visit within the first three months
of pregnancy).

In this dataset, the outcome variable bweight denotes birth weight, and the treat-
ment variable mbsmoke indicates whether the mother smoked during pregnancy. The set
of potential confounders includes mhisp, deadkids, alcohol, mrace, fedu, and prenatal.
The sample consists of N; = 864 treated individuals and Ny = 3778 control individuals.
Table 1 summarizes the descriptive characteristics of the MSBW dataset and provides the
p-values obtained from t-tests assessing differences in covariate means between the treat-
ment and control groups. The results suggest that the covariate balance between the two
groups is generally inadequate across the variables. For all variables, the null hypothesis
of equal means is rejected, indicating that the treated and control groups have statistically
significant differences in their average characteristics.

Table 1. Descriptive statistics for the MSBW dataset variables.

Experimental Data p-Value of Two-Sample t-Test
Variable Treated (864) Control (3778) Treated/Control
Mean (SD) Mean (SD) Experiments
mhisp 0.024 (0.154) 0.036 (0.187) 0.04
deadkids 0.318 (0.466) 0.246 (0.431) 0.00
alcohol 0.091 (0.288) 0.019 (0.136) 0.01
mrace 0.809 (0.393) 0.847 (0.359) 0.01
fedu 10.703 (4.097) 12.673 (3.481) 0.01
prenatal 1.307 (0.630) 1.178 (0.473) 0.00

We impose random missingness on treatment labels, yielding observed sample sizes
of Ny € {30,50,100} for the treated group and Ny = 300 for the control group. Ta-
ble 2 presents the estimated ATT of maternal smoking during pregnancy on infant birth
weight obtained using different methods under varying treated sample sizes. The per-
formance of the proposed ADG-kernel-matching estimator (denoted as “proposed”) is
evaluated against three competing approaches: the kernel-matching-based SVM estimator
(“KM + SVM”), the SMOTE-based estimator (“KM + SMOTE"), and the BSMOTE-based
estimator (“KM + BSMOTE”). The proposed method employs the Epanechnikov kernel
with a bandwidth parameter of (h = 0.01). For all methods under consideration, estima-
tion uncertainty is quantified by reporting standard errors together with 95% bootstrap
confidence intervals obtained from (B = 1000) bootstrap samples.

Across all settings, the proposed method consistently yields ATT estimates rang-
ing from —265.9 g to —274.5 g, suggesting that maternal smoking has a markedly ad-
verse impact on birth weight. These estimates are remarkably close to those reported by
Almond et al. [39] and Cattaneo [37], which show that maternal smoking reduces infant
birth weight by approximately 200-250 g using propensity score subclassification and
regression adjustment methods. The similarity between our findings and those of previous
studies provides empirical support for the validity of the proposed approach. In com-
parison, competing methods often yield confidence intervals that include zero or display
greater overlap with zero, indicating less stable and statistically weaker estimates. Notably,
the KM + SMOTE and KM + BSMOTE approaches tend to substantially underestimate
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the magnitude of the negative effect of maternal smoking. These findings suggest that
conventional oversampling techniques are insufficient to recover the true treatment effect
under severe class imbalance. Importantly, the 95% confidence intervals obtained with
the proposed method remain entirely below zero across all sample sizes, offering strong
evidence that maternal smoking during pregnancy has a detrimental impact on infant birth
weight. Overall, these results demonstrate that the proposed method not only produces esti-
mates consistent with established empirical evidence but also provides superior robustness
and reliability, particularly in settings with limited treated samples and imbalanced data.

Table 2. Estimates of the ATT, together with their SE and associated 95% CI, are reported for the
MSBW dataset under different estimation methods.

Sample Size Method Estimate (SE) 95% CI
KM —174.6 (110.5) (—383.3,49.1)
KM + SVM —295.3 (80.5) (—283.6,29.9)
N; =30 Proposed —265.9 (100.2) (—452.4, —70.1)
KM + SMOTE —48.0 (51.2) (—139.9, 58.76)
KM + BSMOTE —47.2 (43.6) (—454.1, 81.5)
KM —175.6 (88.1) (—337.0, 8.0)
KM + SVM —182.6 (56.3) (—213.5,1.8)
N1 =50 Proposed —272.6 (87.7) (—389.5, —108.9)
KM + SMOTE —48.8 (50.12) (—142.3,54.5)
KM + BSMOTE —47.4 (54.3) (—147.6, 59.8)
KM —179.3 (65.8) (—296.2, —39.1)
KM + SVM —122.9 (44.0) (—143.9, 6.8)
N; =100 Proposed —274.5 (63.6) (—368.4, —130.7)
KM + SMOTE —49.8 (43.5) (—128.9, 46.6)
KM + BSMOTE —45.4 (47.6) (—135.4,54.4)

6. Concluding Remarks

This paper investigates the problem of treatment effect estimation in observational
studies with missing treatment labels. By integrating the ADG with kernel matching, we
propose a unified framework that combines synthetic data generation with label recovery
to alleviate the imbalance induced by missing treatment information.

Extensive comparisons with classical methods in both simulation studies and real
data analyses demonstrate the superior performance of the proposed method. Beyond
the specific numerical results reported in this study, our findings suggest that generative
oversampling techniques can serve as a useful tool for improving the precision of causal
effect estimation when treatment information is incomplete. In this sense, the proposed
approach contributes to the growing literature on causal inference under data imperfections
and highlights the potential of combining modern data synthesis methods with matching-
based estimators.

Several limitations should be acknowledged. First, the performance of the proposed
procedure may be sensitive to the tuning parameter A, which in turn affects the accu-
racy of label recovery. Although satisfactory performance is observed in our empirical
studies, developing data-driven methods for selecting A remains an important direction
for future research. Moreover, further methodological improvements are needed to ex-
tend the proposed algorithm to a broader class of observational data structures, including
high-dimensional covariates, heterogeneous populations, and more complex missing-data
mechanisms, thereby enhancing its applicability in practical causal inference problems.
Recent advances in generative oversampling methods, such as GAN-based and diffusion-
based approaches, have demonstrated strong performance in imbalanced learning. While
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this study focuses on the ADG framework, future work may consider integrating these
modern generative models into causal inference procedures to further improve treatment
effect estimation under severe imbalance and incomplete treatment information. In ad-
dition, the computational cost of the proposed ADG algorithm grows as the sample size
increases. This is mainly because the method needs to create synthetic samples and train a
classification model. As a result, the method may have difficulty dealing with very large
datasets. At the same time, the algorithm can be easily run in parallel. The synthetic data
generation step can be split into smaller parts. The model training step can also be done in
batches or on different machines. Modern machine learning tools can further reduce the
running time in practice.
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Appendix A. Generalization Error Bounds for ADG

In this section, we derive bounds on the generalization error of the ADG algorithm to
ensure reliable estimation of the ATT and its confidence intervals.

The generalization error [40] is defined as the expected loss on unseen data drawn
from the same distribution G. For a decision function  and loss function £, it is given
by Ex{L(h)}. We denote by Bp the one-dimensional binary classifier adopted in ADG.
This classifier is trained on the dataset D = {(h(xs;af),y;) | xy € X~ UX T, L =1,...,n}
where each sample consists of a transformed representation 1 (x; ar) paired with its cor-
responding label yy and af is the optimal solution obtained from the KFD optimization
problem, and /(x;;af) = &} ky,. Let vp denote the decision threshold of Bp. For a test
point x;, the KFD classifier assigns a label to the test sample x; according to the value of the
decision function h(x; ). Specifically, the output is given by

1, if h(xp; ap) > vp,
Oxrp (xt) =
—1, otherwise.

In other words, the instance is classified into the positive class when the decision
score exceeds the threshold vr, and into the negative class otherwise. Using the law of
total probability, the generalization error of KFD can be decomposed into class-weighted
conditional error terms. Define the classifier as §; = sign(vr — h(x¢; «r)); then, the overall
misclassification rate can be written as

errk = T-P(Jr=1|yr = -1)+ 1 P(r = -1y =1),
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where the two terms correspond respectively to the false positive and false negative
probabilities weighted by the class priors where 71; denotes the prior probability of class
ie{-11}.

Lemma A1 (Generalization Error Bound for KFD [41]). Suppose that, in the feature space, data
from each class follow a Gaussian distribution with means p; and a common covariance matrix X for
i € {—1,1}. Let the training sample size be n = 1. + 1_, where |; denotes the number of samples
from class i, and let 71; be the corresponding class prior. For every p € (0,1), the generalization
error associated with KFD is bounded by

P < o —2|gzenri— /214 ,/21 4)]) >1-p, (Al
emcs Lo ( [gw(e)) e ( (38> 0

here TT — l P P I i s

A (D) T I A (T) I Here, g(r) = rfr x|+ =

+
max(0, x), Amax(X) denotes the largest eigenvalue of X, and ® is the cumulative distribution func-
2
tion of the standard normal distribution. Moreover, T(€) = AmaTX(E) (1 +4/ 52+ ﬁ) +1(Zn),

where e = |/2log %, and the quantity T(Xy,) refers to the condition number corresponding to Ly,
the sample covariance matrix, and n > 0 is a reqularization constant ensuring nonsingularity.

From Lemma A1, g(-) is monotonically decreasing for » > 1, implying that a smaller
T(€) yields a tighter upper bound. With the regularization parameter 7 fixed, 7(€) is mainly
determined by 7(X,) and the sample size n. As n increases, (A1) becomes tighter when
other quantities are held constant. This behavior naturally arises in synthetic data genera-
tion, particularly in ADG, where additional observations are generated at each iteration.
From Theorem A1, as the sample size grows, the condition number of the covariance matrix
in the feature space tends to decrease. Consequently, under the ADG framework, better
numerical conditioning results in a tighter upper bound for the generalization error. An
important theoretical problem is to characterize the behavior of the covariance operator
projected onto the observation-induced Hilbert space as new observations are incorporated
into the dataset.

Let &, = P,ZP!, where P represents the orthogonal projection operator onto the
subspace of the Hilbert space generated by the observed samples. It is further assumed
that the feature representations corresponding to the observations are linearly independent.

1
Then the projection operator can be expressed as P, = (X‘,fTXZ) ’ XﬁT, in which Xﬁ is
constructed by concatenating feature vectors ¢(x,) as column entries, wherex; € X~ U X' ™.
When a new observed data point x,,; is incorporated into the training set, the projection
space is expanded accordingly, leading to a new projection matrix PZ’ 1
is how the covariance operator projected onto this data-induced Hilbert space evolves as

A natural question

additional observations are included. Theorem A1 addresses this issue by characterizing the
relationship between the sample size and the condition number of the projected covariance
operator. Specifically, Theorem A1 shows that, as the number of training samples increases,
the condition number of the covariance operator associated with the feature subspace
decreases. Consequently, the projected feature space becomes better conditioned, which
leads to a tighter generalization error bound for the proposed ADG method.

Theorem A1 (Condition Number Decreases with Sample Size). Assume that H be a separable
Hilbert space, and ¥. : H — H be a self-adjoint positive semidefinite covariance operator. Let
{x¢}j_, C X and define {; = ¢(x;), £ = 1,...,n, where the feature mappings {{,} are linearly
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independent. Define the finite-dimensional subspace H, = span{{y,...,{n}, and let P, denote
the orthogonal projection onto H,. The projected covariance operator is defined as

Zn - Pn ZPn .
Then, the condition number
)\max (Zn>
T(Xy) = ——=—+
( " ) Amin (Zn )

satisfies
T(Xp41) < T(Xa), Vn e N.

Proof. Following [35],letx, € X, ¢ =1,...,n, and define {; = ¢(xy) € H, where H isa
separable Hilbert space induced by feature map ¢. Let H,, = span{(j, ..., (s}, and assume
Zo ~ N (u, L) in H. Define the projected covariance operator ¥, = PnZPnT , where P, is the

-1/2
orthogonal projection onto H,,, given by P, = (XZTX;?) x¢T, x0= [C1, -, Cnl-

After appropriate rotation and scaling, assume XZ)TXZ) = I. Then

Ppyy = (XfH)T - [(X’f)T | C’Ll}

and hence .
= (X)) oun

Z‘*n—‘,-l =
ZHZXf €Z+1Z€n+l

By defining |11 /|* = ¢} 1ECu41 and invoking the result established in Appendix A
of Pourhabib et al. [35], one can bound the largest and smallest eigenvalues of >, 1 as
follows:

Amax(2n+1) S )\max(zn> + ||€n+1“2/ )\min(z‘n-‘rl) Z /\min<zn) + ||€n+1||2
Therefore, for the condition number T(A) = Amax (A)/Amin (A),

Amax (Zn) =+ [ g1 |12 ~ Amax(Zn)

T(Zp41) < " ().
)‘min(zn) + ||€n+1 ||2 )\min (Zn

)

Thus, the condition number decreases as n increases. [

In summary, the ADG algorithm incorporates a synthetic data generation mechanism
into the KFD framework. Based on the aforementioned theoretical analysis characteriz-
ing the decrease in generalization error, the introduction of artificially generated samples
enriches the structure of the feature space, improves the spectral properties of the pro-
jected covariance operator, and ultimately leads to a tighter generalization error bound. In
contrast, although methods such as SMOTE and BSMOTE also rely on synthetic sample
generation, their construction differs from the KFD framework and therefore cannot be
naturally embedded into its kernel-based operator formulation. As a consequence, the co-
variance operator in the reproducing kernel Hilbert space is not adjusted in a way that
allows the above error bound to be directly applied. Furthermore, the proposed method
enhances the representation of the treated group in the reproducing kernel Hilbert space.
This improvement leads to a more stable ATT estimation. The estimation of ATT becomes
less sensitive to noise. The method also produces more robust confidence intervals.
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Appendix B. Simulation Study on Bandwidth and Kernel
Function Selection
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Figure Al. Absolute bias of the kernel-matching-based ATT estimator under Setting I for Gaussian
and Epanechnikov kernels across different bandwidths.
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Figure A2. RMSE of the kernel-matching-based ATT estimator under Setting I for Gaussian and
Epanechnikov kernels across different bandwidths.
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Appendix C. Monte Carlo Results Associated with Section 4.3
Table Al. Estimated ATT performance from simulations under Setting I.
Sample Size Method Bias SD RMSE AW CcpP
KM —0.0042  0.2931 0.2930 1.1289 0.941
KM + SVM 0.0011 0.2832 0.2831 1.1103 0.945
N; =25 Proposed 0.0007 0.1574 0.1571 0.7203 0.967
KM + SMOTE 0.0295 0.3591 0.3601 0.3046 0.373
KM + BSMOTE  0.0087 0.4312 0.4312 0.3231 0.380
KM —0.0041  0.2050 0.2051 0.8202 0.945
KM + SVM 0.0145 0.1997 0.2002 0.8001 0.944
N; =50 Proposed —0.0083  0.1545 0.1544 0.5267 0.954
KM + SMOTE 0.0047 0.3432 0.3431 0.3045 0.320
KM + BSMOTE —0.0008  0.3620 0.3620 0.2887 0.313
KM —0.0045  0.1553 0.1553 0.6061 0.938
KM + SVM 0.0119 0.1545 0.1549 0.5751 0.936
N; =100 Proposed —0.0026  0.1083 0.1083 0.4242 0.953
KM +SMOTE —-0.0269  0.3385 0.3394 0.2987 0.333
KM + BSMOTE  0.0065 0.3458 0.3458 0.3135 0.320
Table A2. Estimated ATT performance from simulations under Setting II.
Sample Size Method Bias SD RMSE AW CP
KM —0.0008  0.2331 0.2329 0.9268 0.941
KM + SVM —0.0120  0.2391 0.2393 0.9340 0.938
N; =25 Proposed 0.0052 0.1822 0.1816 0.6125 0.956
KM +SMOTE  —0.0270  0.1819 0.1820 0.2485 0.621
KM + BSMOTE  0.0085 0.1564 0.1563 0.2258 0.573
KM —-0.0111  0.1722 0.1725 0.6550 0.935
KM + SVM —0.0065  0.1742 0.1742 0.6669 0.946
N; =50 Proposed 0.0089 0.1392 0.1390 0.4167 0.953
KM +SMOTE  —-0.0042 0.1171 0.1171 0.2355 0.671
KM + BSMOTE  0.0028 0.1341 0.1341 0.2358 0.623
KM —0.0040 0.1271 0.1271 0.4874 0.943
KM + SVM —0.0006  0.1289 0.1289 0.4729 0.953
N; =100 Proposed —0.0010  0.1105 0.1107 0.3945 0.952
KM + SMOTE 0.0076 0.1181 0.1182 0.2730 0.653
KM + BSMOTE  0.0065 0.3458 0.3457 0.2490 0.656
Table A3. Estimated ATT performance from simulations under Setting IIL
Sample Size Method Bias SD RMSE AW cP
KM 0.0025 0.2812 0.2811 0.9202 0.940
KM + SVM —0.0005  0.2807 0.2806 0.9724 0.955
Ny =25 Proposed 0.0076 0.2083 0.2019 0.4406 0.958
KM + SMOTE 0.0101 0.1857 0.1858 0.2892 0.581
KM + BSMOTE  0.0105 0.1813 0.1815 0.2827 0.611
KM 0.0101 0.2096 0.2097 0.8668 0.944
KM + SVM 0.0072 0.2086 0.2086 0.7958 0.941
N; =50 Proposed 0.0047 0.1870 0.1852 0.4717 0.968
KM + SMOTE 0.0025 0.1755 0.1755 0.2266 0.587
KM + BSMOTE  0.0051 0.1873 0.1873 0.2463 0.476
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Table A3. Cont.
Sample Size Method Bias SD RMSE AW cP
KM 0.0009 0.1518 0.1518 0.4956 0.946
KM + SVM —0.0004 0.1478 0.1478 0.5729 0.940
N; =100 Proposed 0.0042 0.1135 0.1130 0.4189 0.931

KM + SMOTE 0.0001 0.1699 0.1698 0.2672 0.524
KM + BSMOTE  0.0015 0.1829 0.1828 0.2508 0.598

Table A4. Estimated ATT performance from simulations under Setting IV.

Sample Size Method Bias SD RMSE AW CP
KM 0.0023 0.2807 0.2806 1.1112 0.947
KM + SVM 0.0003 0.2801 0.2800 1.0700 0.939
Ny =25 Proposed 0.0053 0.1995 0.1994 0.6520 0.969

KM +SMOTE —0.0211  0.1833 0.1844 0.2666 0.468
KM + BSMOTE —0.0171  0.1942 0.1972 0.2523 0.667

KM 0.0100 0.2109 0.2111 0.7994 0.947
KM + SVM 0.0081 0.2097 0.2097 0.7962 0.938
N; =50 Proposed 0.0028 0.1957 0.1948 0.4886 0.965

KM +SMOTE —0.0195  0.1741 0.1750 0.2525 0.581
KM + BSMOTE —-0.0160  0.1895 0.1900 0.2514 0.591

KM 0.0016 0.1521 0.1520 0.5807 0.945
KM + SVM 0.0012 0.1484 0.1484 0.5646 0.962
N; =100 Proposed 0.0065 0.1111 0.1111 0.3017 0.950

KM +SMOTE  —0.0132  0.1684 0.1688 0.2801 0.573
KM + BSMOTE —0.0063  0.1770 0.1771 0.2436 0.684

Appendix D. Simulation Results for Different Values of §

To assess the sensitivity of the proposed method to the tuning parameter 6, we con-
duct a Monte Carlo study over a range of values § € {0,0.01,0.05,0.1} under Setting I
with N7 = 25. The corresponding results are summarized in terms of absolute bias, SE,
and RMSE. As shown in the table, the bias exhibits a mild increasing trend as ¢ increases,
rising from 0.0007 when J = 0 to 0.00436 when ¢ = 0.1. However, this increase remains
numerically small, suggesting that the estimator is relatively stable across a broad range
of 4. In contrast, both the standard error and RMSE remain highly stable across all config-
urations. The SE varies only slightly between 0.2676 and 0.2838, while the RMSE shows
similarly negligible variation, ranging from 0.2665 to 0.2831. These results indicate that
although ¢ may introduce a slight bias—variance trade-off, its overall impact on estimation
accuracy is limited.

Overall, the Monte Carlo evidence suggests that the proposed estimator is robust
to moderate changes in J, and the choice of § does not materially affect its finite-sample
performance within the considered range. In particular, setting § = 0 yields slightly smaller
bias and has the additional advantage of simplifying the computation of &, thereby making
the overall procedure more computationally convenient.
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Figure A3. Comprehensive performance evaluation in terms of bias, SE, and RMSE across different

values of 6.
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