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Abstract

We derive the geodesic equation for point particles propagating in Moyal-type noncommu-
tative spacetimes using a field-theoretic approach based on the quasi-classical limit of the
noncommutative Klein-Gordon equation. Starting from a twisted-geometric construction
of the covariant Laplace-Beltrami operator, we obtain the noncommutative Hamilton—
Jacobi equation and show that all noncommutative effects are absorbed into an effective,
position-dependent mass function M(x) appearing in an otherwise standard relativistic
dispersion relation. The corresponding particle dynamics then acquires an additional term
in the geodesic equation that takes the form of a fixed external force FKIC =— % g"a, M?(x),
sourced entirely by the quantum nature of spacetime. We compute this effective mass
perturbatively up to fourth order in the noncommutativity parameter for a general met-
ric, proving that all odd-order corrections vanish identically. For the specific case of an
(r — 0) twist applied to spherically symmetric backgrounds, we obtain explicit expressions
demonstrating that the leading correction to geodesic motion appears at order ® and is
proportional to the probe particle’s mass, while massless particles remain unaffected.

Keywords: quantum gravity; noncomutative space; geodesic equation; klein-gordon equation

1. Introduction

The study of geodesics, defined as extremal paths of point particles in curved space-
time, has been central to general relativity since Einstein’s 1915 formulation [1]. The
geodesic equation:

Pt e it 1)
dr2 P dt dt
not only explained Mercury’s perihelion precession [2], but continues to underpin modern
gravitational physics. Nevertheless, various quantum gravity and modified gravity theories
predict deviations from classical geodesic motion in extreme regimes.

In f(R) gravity [3,4], modifications to Einstein’s theory through functions of the Ricci
scalar introduce an extra scalar degree of freedom (the “scalaron”), which couples to
matter and modifies particle trajectories. Loop quantum gravity [5] proposes spacetime
quantization, leading to quantum-corrected geodesics that may resolve singularities. Semi-
classical approaches [6,7] incorporate one-loop quantum corrections to the Schwarzschild
metric, producing “quantum hair” that alters geodesics near black holes. String-motivated
frameworks, like the Randall-Sundrum model [8], allow geodesics to leak into extra
dimensions, modifying gravitational dynamics at short distances.
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Particularly intriguing are Lorentz-violating theories [9], where preferred frames in-
duce anisotropic dispersion relations, and Horava-Lifshitz gravity [10], which achieves
renormalizability through anisotropic scaling between space and time at high energies.
Quantum gravity phenomenology [11,12] explores energy-dependent dispersion relations
leading to “rainbow geodesics”, where photon paths become energy-dependent, a predic-
tion testable through gamma-ray burst timing delays [13-16]. The propagation of scalar
and fermion particles in curved matrix models was studied in [17-19].

An important geometric perspective emerges in [20], where geodesic motion in space-
times with an explicit foliation structure is studied using spectral geometry methods,
motivated by Horava-Lifshitz gravity [10], the study of geodesic motion in spacetimes with
explicit foliation structure using spectral geometry methods is performed. This approach
reveals how the foliation’s extrinsic curvature influences particle trajectories, providing a
unified description that bridges algebraic and differential geometric viewpoints and, what
is important, it can be useful in different generalizations of the geometric setting.

A very general, and in some sense model-independent, feature of modified gravity
models that try to incorporate some quantum gravitational effects is that at the quantum
gravity scale (which is typically taken to be the Planck scale, but not necessarily), the
classical notion of spacetime as a smooth manifold should be modified to some sort of
noncommutative (NC) (or, at least, generalized) geometry. The very general argument in
support of this conclusion was given in [21,22]. Motivated by this, noncommutative geom-
etry [23] is considered as a mathematically rigorous framework for spacetime quantization.
An important work by Seiberg and Witten [24] established the relevance of noncommutative
geometry in the framework of super-strings and renewed the interest of the community in
the subject of noncommutativity. In [24], it was shown that in a certain so-called decoupling
limit the spacetime coordinates on a brane become noncommutative, [xi‘, x"] = i®"", This
discovery led to very prolific studies in the area of noncommutative (quantum) field theory,
see [25,26] for some earlier reviews. Theories based on the Moyal algebra [x#, x"] = i©*"
also admit extending the notion of spacetime symmetries, including diffeomorphisms, to
their “twisted” counterparts, see [27,28] for a review and [29,30] for an alternative approach
to twisted QFT and gravity on Moyal space. Recent advances have demonstrated concrete
observational implications: Nicolini et al. [31] showed how noncommutative smearing
regularizes black hole singularities, in [32] the NC corrections to the deviation angle as-
sociated with Mercury’s perihelion were found, the corrections to Regge-Wheeler—Zerilli
potentials and the gravitational NC quasinormal modes were addressed in [33-35].

Several works based on Feynman'’s early insights [36,37] about deriving equations of
motion from canonical commutation relations have been applied to various noncommuta-
tive spaces [38—47]. The violation of equivalence principle is reported for noncommutative
spaces compatible with the generalized uncertainty principle [48]. A more formal approach
to noncommutative geodesics can be found in [49,50].

In this work, we present a systematic derivation of the geodesic equation in Moyal-type
noncommutative spacetime, combining perturbative techniques with covariant x-product
methods. Our approach is a generalization of the one developed in [20] and the results
generalize both Feynman’s operator-based approach [36] and modern noncommutative
gravity theories [28], while offering new predictions for quantum gravity phenomenology
since our main result is that point particles in a noncommutative spacetime obey the usual
relativistic dispersion relation, but with an effective position-dependent mass M(x) induced
by noncommutativity and strong gravitational fields. We find that all the noncommutative
corrections can be entirely encoded in this effective mass, which leads to a geodesic equation
with an additional force term.
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This work is organized as follows: Section 2 revisits the derivation of the geodesic
equation from a field-theoretical standpoint in the commutative setting, emphasizing how
the Hamilton—Jacobi formulation naturally emerges from the quasi-classical limit of the
Klein—-Gordon equation; Section 3 extends this construction to Moyal-type noncommutative
spacetimes, leading to a NC Hamilton-Jacobi equation and a corresponding noncommu-
tative geodesic equation; Section 4 develops a perturbative analysis of the effective mass
function M(x), illustrating how noncommutative corrections first appear at second order
in the deformation parameter. Finally, Section 5 discusses the physical consequences of our
results. In several appendices, we provide some background material, complementing this
with a nonperturbative treatment, proving the reality of the effective mass M(x) and show-
ing that all odd-order corrections vanish, as well as collect the details of some calculations,
important for the main part.

2. From Field Theory to Geodesic Equation: Commutative Case

In this section, we briefly review the approach of [20], which allows us to derive the
geodesic equation starting from the formulation of QFT on a curved background. This
approach is useful for generalizations to some non-standard geometries, see [20] for details.
In Appendix C, we discuss the non-relativistic version of the approach developed below.
This should also serve as a motivation for our approach.

The dynamics of a massive field ® from the matter sector in quantum field theory on
a curved spacetime is described by the Dirac equation. The field that satisfies the Dirac
equation also satisfies the Klein-Gordon (KG) equation (which is easily seen by essentially
“squaring” the Dirac equation). Therefore, our starting point is the KG equation in some
curved space (we use (— + ++-) signature):

m2c?

(Dg - )cb =0, (2)
where U, is the Laplace-Beltrami operator for a fixed curved background metric gy
given by

-1
O,® = —0,(1/88" 0, D), 3)

Ve

and m is the mass of the field. Since we are interested in the geodesic motion, which is
defined for a point-like classical particle, we restrict ourselves to the one-particle sector, i.e.,
we interpret @ as a wave function and study it in the quasi-classical approximation. This
amounts to writing ® in the following form

@:Aexp(%S), 4)
where A and S admit asymptotic fi-expansions
A=Ay+hA1+..., S=S9g+hS51+.... (5)

Plugging (4) into (2) and using (5), we get to the leading order in 7, i.e., in the quasi-classical
limit, the equation for Sy,
8" (94S0) (9 So) + m?c* = 0. (6)

The Equation (6) is nothing but the relativistic Hamilton-Jacobi equation for a point particle
in a curved spacetime. Therefore, we can interpret Sy as the classical action, i.e., Hamilton’s
principal function, and by using the definition of the canonical momentum

pu = 9uSo, 7)
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and obtain a relativistic dispersion relation (Notice that we could have started with the
dispersion relation (8), which is very natural in the commutative case. Instead, we intend to
use this construction in the noncommutative case, where the dispersion relation is not that
obvious. Therefore we start with the relativistic Equation (2), which has a natural analog in
the noncommutative framework.)

s pupy + m?c® = 0. 8)

To analyze the dynamics stemming from this relativistic dispersion relation, one interprets
this as Hamiltonian constraint

H = g"pupy + m2c? =0, 9)

which leads to the Hamiltonian equations of motion

JoH . JoH
Er Pu = —N(T)wl (10)

X" = N(7)
where the derivative is with respect to some affine parameter T and N(7) is an arbitrary
function of T, the so-called lapse function, that reflects the time reparametrization freedom.
Notice that

itp, = —2N(1)m*c?, iM%, = —4N?*(1)m*c?, (11)

mcN(T) = %,/—gwxﬂxw (12)

Fixing the reparametrization symmetry by choosing the gauge N(7) = % corresponds to

which leads to

taking 7 to be the proper time. Then our dynamics reduces to

& pupy +m*c* =0,

XP =] g}wpv, (13)

) 1 E)g’J‘/3
P = =5 g PoPE-

Solving for p,, (13) immediately leads to the geodesic equation, where as usual,

gayg.”ﬁ = 55/
i+ r%x“xﬂ =0, (14)

and 1
I—'V“ﬁ = Eg‘w(aagvﬁ + aﬁgva - 3vga;%) (15)

are the standard Christoffel symbols. Thus, we have illustrated how to derive a geodesic
equation of a point particle starting from the field theory perspective (2).

3. From Noncommutative Field Theory to Noncommutative Geodesics

As illustrated in the previous section, one can obtain the geodesic equation starting
from the KG equation. In this section, we apply the same method to the noncommutative
generalization of the KG equation with the aim of obtaining the NC generalization of
the geodesic equation. One of the approaches to the NC KG equation is based on the
well-known formalism of NC differential geometry [28,33,34,51-55]. Since this is a crucial
(starting) point of our approach, for the interested reader, in Appendix A, we have outlined
the derivation of NC KG equation with all the details. Here we simply motivate the
origin of the NC generalization of Laplace-Beltrami operator ﬁg and proceed with the
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derivation of the NC Hamilton—Jacobi equation, NC dispersion relation and finally NC
geodesic equation.

As it is explained in detail in Appendix A, our approach to KG equation is based on
the geometric definition of the covariant Laplace-Beltrami operator (A1)

O, ® = *d+d®, (16)
which admits a very natural noncommutative generalization (A18)
O, ® = «7d «" do. (17)

This, in turn, leads to the NC KG equation written in terms of the classical metric and

*-product

2.2 m202

R mec 1
D—i—)d):*a W) x9,®|| + ——, 18

(8 2 NG [V[(\/§8> y]] 72 (18)
where the x-product between any two functions f and g can be written as (for more details,
see Appendix A)

frg=fg+ %@Vvay foug +0(@?). (19)

In the commutative case, there are several equivalent ways of obtaining the KG equation.
It is an interesting and important question whether their NC generalizations (if they exist!)
will lead to the same noncommutative KG Equation (18). We do not address this question
in the present work, but plan on addressing it elsewhere in the future.

There seems to be a lot of ambiguity in the choice of the quasi-classical representation
for ®@. Our goal is not to construct a fully noncommutative notion of particle trajectory,
but rather to determine how noncommutativity modifies the trajectories reconstructed
within the ordinary commutative spacetime description, i.e., from the point of view of
what we should interpret as a commutative observer. For this reason we employ the
standard, commutative, quasi-classical ansatz (4), ® = AelS/h A fully noncommutative
WKB analysis based on a x-exponential would correspond to a different notion of quasi-
classical limit and may contain additional noncommutative effects. Investigating such a
construction and its interpretation is beyond the scope of the present work. Thus, for
our purposes, we continue using the ansatz (4) and taking the quasi-classical limit (i.e.,
following exactly the same procedure as in the commutative case from Section 2), we obtain
the NC generalization of the Hamilton—Jacobi equation

1
—— %
V8

In order to extract the NC generalization of the dispersion relation, we first postulate,

[(\/gg“ﬁ) * (3250 aﬁso)} +m22 =0. (20)

as in the commutative case, p; = 9, So, then x-multiply from the left (20) with /g, which
is an algebraic x-inverse of %, ie.,

Ve — =1, (1)

and finally obtain
(V88"F) * (papp) + m*c*\/g, = 0. (22)

It is important to notice now that the canonical momentum p, lives in the cotangent sector
of the full phase space in the (classical) Hamiltonian mechanics, therefore the x-products
between an arbitrary function F(x) and momentum reduce to point-wise multiplication,
since the x-product is made of action of the tangent vector fields, i.e., F(x) x py, = F(x)py.
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This enables us to drop the x-product in (22) and, by dividing the whole equation by /g,
we finally obtain the NC dispersion relation

8" pupy + M?(x) =0, (23)
where we introduced an effective mass function, M(x)

2 V&«
V8

We emphasize that the explicit form of the effective mass function M(x) is model-

M?(x) = m?c (24)

dependent and follows from the particular noncommutative Klein-Gordon operator
adopted in this work. Different noncommutative formulations may lead to different
corrections to the corresponding Hamilton-Jacobi equation and, consequently, to different
expressions for M(x). Nevertheless, the quasi-classical procedure relating the Hamilton—
Jacobi equation to particle dynamics is independent of the specific noncommutative model.
In this sense, while the detailed form of the correction is model-dependent, the appearance
of modifications to the effective particle dynamics induced by noncommutativity is ex-
pected to be a more general feature. Another point worth emphasizing is that the effective
mass function M(x) should not be interpreted as an independent dynamical field or as a
new propagating degree of freedom. Rather, it is a derived geometric quantity, completely
determined by the background geometry and the noncommutative deformation. In this
sense, M(x) plays the role of an effective (local) parameter encoding noncommutative
corrections to particle motion rather than introducing additional dynamics.

Some comments are in order. Firstly, we see that the difference between the commu-
tative and NC dispersion relation is only in the mass term. Namely, all the NC effects in
the NC dispersion relation are absorbed in the effective mass function M(x). Thus, from a
physical point of view, the noncommutative dispersion relation of a point particle looks
like the commutative one with the position-dependent mass. Secondly, the effective mass
function M(x) is completely determined by the metric (or, more precisely, by the volume
form) and the type of noncommutativity. Therefore, technically, the key object to calculate
is the algebraic x-inverse /g, defined by (21). This will be the central goal of later sections.

To finish the derivation of the NC geodesic equation, we use the same constraint
analysis as in Section 2, with the only difference that now m?c?> — M?(x) and the position
dependence of the effective mass function results in an additional term in the equation
of motion, which looks like an external force (The effective mass term in the dispersion
relation and external force term in the geodesic equation can also be found in the Bohmian
interpretation of relativistic quantum mechanics [56,57].)

1 . oM?

" TN
T, "‘xﬁ——igww.

P (25)

We see that noncommutativity can be effectively described by a fixed external force

FZF\IIC = —1¢"9,M?(x). Therefore, the trajectory of a point particle moving in a curved

noncommutative space would deviate from the standard geodesic due to this extra force

that is sourced by the quantum nature of spacetime. To illustrate the NC effect of the

external force Fyc we will work out the Newtonian limit of the NC geodesic Equation (25).
The Newtonian limit is defined by 3 conditions [58]:

1.  Particles move slowly, i.e., ‘2—’5 < ‘%O.
The gravitational field is weak and can be considered as a perturbation of the flat
space, i.e., §uv = v + My, where ||l || < 1.

3. The gravitational field is essentially static, i.e., ||9:h]| < ||Vh]].
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Taking the above into account, the NC geodesic Equation (25) reduces to

1 o, 0M? ; lon® 1 oM
<0 - Ov --1 — _ ol
V=8 e Yooy 28 ox (26)

which, after using the Schwarzschild metric and assuming 37]\61 = 0, reduces to

2
+GMBH _1(,_2Msn\ oM
2 r Sor
MBH 1 oM? 7
0+G—570=—0 575 (27)
.. MBH B 1 oM?
gre B 7 22sine dp

As we will see in the next section, the effective mass function M(x) can be written as

V 1 1
M2 = mZCZ& = m2c? (1 + -OM1e""2(9,,9,,/3 (a ) > + O(®4)>. (28)
\/g 2 (Mﬂzf) V1V2\/§
Therefore, we see that the Newtonian approximation “feels” the noncommutativity only if
some components of the curvature, R, voo, are “significant” on the quantum gravity scale or,
more concretely, RO (or rather its gradient) should not be too small. (In fact, one has

1
90uv/8 = VE(9uTh +TE,T0), 3 - (9,1t 15, 10,).
Comparing this to R”l,pg = aprﬂw — 9, T" ov + 1"” l"A FV pv, leads to the estimate

M? = m?c%(1+ O(R?*@?)). Here R is not necessarlly the R1cc1 scalar, but rather a “scale

of curvature”, or more precisely the scale where ;fagg‘;ﬁ or the gradient of the Christoffel
symbol becomes relatively large.) Note that here R cannot be just the scalar curvature,
because, for example, R = 0 for Schwarzschild solution, while the analysis in the next
section shows that the nontrivial noncommutative corrections at this order do exist. The
condition that the gradient Vh changes significantly on the ® scale typically indicates a
very strong gravitational field for which the Newtonian limit is not applicable. Therefore,

the only hope to probe the noncommutativity is to work with a relativistic system.

4. The Effective Mass Function M(x): Perturbative Analysis

Looking at (24), it is clear that the main technical problem is to determine the function
/8, that has the property of being the algebraic x-inverse of f’ i.e, to find /g, from

the condition

VE ok — =1 (29)

for a given classical metric with determinant g and fixed noncommutativity determined by
©". In order to calculate /g, we assume that it exists as an element of A, (see Appendix A
for more details on *-product algebra). Therefore, it can be expanded as a power series in
the deformation parameter ©, and can be symbolically written as

V8. = ) Fu (30)
n=0

where F;, = @“1"1 ... @MnVn fy, 0, With f's being elements of A = C*°(M). Using
(30) and the definition of the Moyal x-product (A6), we rewrite (29) as

https://doi.org/10.3390/sym18071138
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i\" 1
(oot 5.5 -

m 1 i m-—s 1
— m_og (m — S)' (2> @,ulVl e @mest—S (ayl e aymist) <aV1 e avms\/g> . (31)

Except for the zeroth order (m = 0), which must be equal to 1, all the other orders (m > 0)
should be identically equal to zero. Below, we calculate V8, and, as the consequence,

2

M?, up to the fourth order included. In Appendix B, we prove as a general result that
all the odd orders must vanish, and demonstrate this explicitly for the first order. (In
Appendix B, we present a slight modification of the calculation done in this section. There
we adapt to 2-dimensional non-commutativity (meaning that only 2 of d dimensions will
be non-commutative) and to the specific case of a factorized ,/g. That was done not only to
double check the result of this section, but also to see if there is a chance (not yet realized)
to find a non-perturbative answer.)

In the zeroth order, we are basically dealing with no NC correction, so Fy = V8 ie.,
V8, = /8 +O(O). Up to the first order in ©, (30) reduces to \/g, = /g + F + O(©?)
and the condition (31) gives us, for m =1,

i 1 1 _ g 1 1
0= ;0" (a#PO)(av\/g> tho2= 70" (0 V8) (av\/g> TRz (32)

which trivially gives F; = 0 due to ©""(9,,,/g) (a,/ﬁ) = 0. This is true in general, namely,
for any two functions, f = f(g) and h = h(g), one has ©"V0, fd,h = 0. This agrees with
the general result from Appendix B. It is important to note that the vanishing of the linear
order (as well as all the odd orders, see Appendix B) is obtained for an arbitrary metric and
for a generic Moyal space, supporting previous results in the literature indicating that NC
corrections to gravity on Moyal type space always appear at ®2 order [51,59-61].

Next, up to the second order, (30) is /g, = /g + F» + O(©?), the condition (31) for
m = 2 is now

) 2
_ 1 5 1 1 1/ 5 1 1
0= E (2> @“ﬁ@V (aaa,,Po) (8/585\/?> + PZT/g = E (2) @aﬁ@’Y (a,xa,},\/g) E)ﬁag—\/g + Fz—\/g, (33)

which leads to

-\ 2

Note that this expression is also given for any metric and a general Moyal space.

As we already mentioned above, the third order, i.e., F3, must be zero, which is also
straightforward to verify by explicitly calculating F5 using (30).

Up to the fourth order, (30) is /g, = \/§+ 2+ Fy + O(®°) and the condition (31),
m = 4, is now

N\ 4 N\ 2
i 1 1/ 1
0= — <2) M @uzuz@ugus@m(amamamam%)(avlamavsamﬁ) +o <2) 0*F@7 (9,9, F) (aﬁag\/g), (35)

which gives us the expression for Fj:

4 2
i 1 1/1i ; 1
F = \/§(4! (§> @11/ (4,312 ) D Ddid ) + 3 (E) 0O (3,0, ) (aﬁaéﬁ)), (36)
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where F, is given by (34). As before, the result is valid for an arbitrary metric and a general
Moyal deformation. Now, we specify to the case of the so-called (r — 0) twist, that can be
conveniently written as

F = exp(—iA(9, ® 99 — g ® 9y)), (37)

where the only nontrivial components of ®*" are Y = — = 2A, and A is of the
dimension of length and represents the NC or quantum gravity scale. This is, in some sense,
a minimal (non-Killing) twist to produce a non-trivial NC deformation of a spherically
symmetric spacetime. To be even more specific, we take the 4-dimensional metric to be

1
ds? = —f(r)dt> + JTr)er + r2(d6? + sin” 0 d¢?), (38)
ie, 8= 12 sin §. Then we have from Fy = /8, (34) and (36)
1 1
_ _9x2 _ )4
h=-2 sinf’ By =ar r2sinf’ 39
leading to
272 4)%
2 6
= 11— + +0O(A%) ], 40
Vg, =1sin < r2sin26  r4sin6 ( )) (40)

in complete agreement with the result (A26) from Appendix B. For M?(r,6), we have, up
to the fourth order, the following result

2)2 404
M2=m262<1— + +0 A6) 41
2sin2®  r4sinZ0 (A%) (41)

or, taking into account the specific form of our metric,

2,2 4
M? = m?c? (1 - Z/\gr + 42 + (’)(/\6)). (42)

These formulas look very suggestive of the existence of a “nice” function, such that (40)
represents the first terms of its expansion, although we have not yet been able to demon-
strate this.

5. Discussion and Concluding Remarks

Upon combining (25) with (34), we get the general expression for the geodesic equation
with leading non-trivial noncommutative corrections:

m2c? 1

V&

g T = 10 g, [omnen (3,9, ) (avlavz )] +o©").| @)

Note that, in our approach, noncommutative corrections are essentially “isodeterminant”,
meaning that all the geometries with the same determinant of the spherically symmetric
metric given in (38) will have the same effective mass (and this is true to all orders), and
the only dependence on the metric is due to g on the right hand side of (43). (We expect
that the right hand side of (43) can be written in a more geometric way through some
components of the Riemann tensor, see discussion at the end of Section 3, although we

https://doi.org/10.3390/sym18071138
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have not yet found such an expression for it.) For instance, in the case of the metric (38),
the corrected geodesics take the form (to the leading order):

. f’(r).i,_
t+f(r>f =0,

51 iz Fr) o 2 L 2g02) L 2mPEf(r) o 4
POV ) P = o —rf()( +sin?07) = TE A+ O(MY),
2.2
é+g?9—sinﬁcosﬂ¢2:w)\z—i-(?(/\‘l),
r r4sin” 0

L2 .
¢+ i+2cotbdg =0.

So, the only dependence on f(r) is due to the explicit g"” dependence. Note that, as it
should be clear from the discussion in Appendix B, the equations for t and ¢ will remain
unmodified to all orders.

As we discussed at the end of Section 3, the leading non-trivial corrections to M?
are of the symbolic form R?@?, which shows that the effective noncommutativity should
be typically “enhanced” by strong gravity. Although in some highly symmetric cases,
like the one of (38), this effect could be masked, still this can be thought as some sort of
UV/IR effect: while noncommutativity is clearly a UV phenomenon of quantum gravity,
the enhancement is due to GR, which is an IR regime of the same quantum gravity theory.

Another important noteworthy consequence is that, as an immediate consequence
of Equation (25), there is a violation of the weak equivalence principle, since the noncom-
mutative force depends on the particle mass through the effective mass function M(x).
However, the leading correction scales as R*@2. If the noncommutativity scale is of the
order of the Planck scale, ® ~ (3, the effect is strongly suppressed whenever the character-
istic curvature radius is much larger than the Planck length. Consequently, any deviation
from geodesic motion is expected to be completely negligible in ordinary astrophysical or
laboratory settings and may become relevant, as is the case with essentially all effects due
to noncommutativity, only in regimes approaching the quantum gravity scale. Since M(x)
is not an independent field but a quantity determined by the background geometry and
the noncommutative structure, the violation arises purely from the effective modification
of particle dynamics induced by spacetime noncommutativity.

Despite not considering any specific model of noncommutative gravity and rather
discussing a model for probing a noncommutative spacetime, it is important to notice some
consistency with the general (model-independent) properties of noncommutative gravities:
the first non-trivial correction always starts with ®?2 order [51,59-61].

Another point of view on the result (43) is that it can be thought of as a toy model for
a concrete realization of the so-called rainbow gravity [62]. Indeed, while in the original
rainbow gravity theory different wavelengths “see” different gravity, in our case, noncom-
mutative corrections to geodesics are proportional to the mass of the probe particle. In
particular, in our model, massless particles will not see noncommutativity. (It is important
to stress that the conclusion that massless particles are unaffected by the noncommutativity
approach studied here applies to the scalar Klein-Gordon field considered here. Extending
the analysis to gauge fields or fermions would, in fact, require studying their corresponding
noncommutative wave equations and lies beyond the scope of the present work.) At the
same time, the more massive the probe particle is, the stronger noncommutativity it will
feel. Note that due to (28), this is a general result that does not depend on the metric (a
different metric could only either enhance or weaken this effect).
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Finally, we conclude this discussion by pointing out some possible generalizations and
future prospects for applications of the results presented in this paper. First, an obvious
generalization is to use a more general NC algebra (here we basically used [r, 0] = iA), i.e.,
a more complicated twist than (37). The only restriction in our derivation is that the twist
used must be Drinfeld (to guarantee the associativity of the x-product) and that it is of
Moyal-type in some coordinate system. This preferred coordinate system will define the
so-called “nice basis” (see [53,63] for more details). The second generalization stems from
the choice of the metric (38). Namely, we can keep the spherical symmetry, but allow for
certain anisotropies [64], meaning we can use metrics of the form

ds? = —Fdt?> + Gdr? + H(d6? + sin” 0 d¢?) (44)

where F,G and H are arbitrary functions of r and ¢, and FG # 1. (Note that in our
approach the corrections are obtained in a systematic way, which is rather different from
the usual “naive” approach based on putting star-product between the metric coefficients.
E.g., in our approach the results will differ from the corrections based on the following
modification of (44): ds2 = —Fdt?> + Gdr? + H % (d6? + sin® § d¢?).) For the metric defined
by (44), most of the results of Section 4 (like (30), (34), and (36)) would receive only a
slight modification. More precisely, one only needs to “re-scale” the determinant of the

metric as ¢ > £ ?ZH g. This will enable us to apply our results to metrics that describe

cosmological backgrounds [65,66], anisotropic situations [67-71], loop quantum gravity
black holes [72-76] and noncommutative black holes [77-80], to name a few.
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Appendix A. Twisted Laplace-Beltrami Operator

The geometric definition of the Laplace—Beltrami operator acting on a scalar field @ is
given by

Oe® = *d+d®. (A1)

While the exterior derivative d carries the information on the differential structure, the
metric structure is encoded in the Hodge star *, which is a map * : )" — )", and in the
commutative case is explicitly given by

V8 it

W = ———————
w r!(n _ ],)!w}llu-,ur Vr41-+-Vn

dx' 1 AL A dxt, (A2)

where w = %wmm,y,dx”l A...Ndxtr € (). The metric information is not only in
g = det( gw), but also in raising the indices of €, .., which is normalized as €, ,, = 1.
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From this discussion, we see that defining a noncommutative analogue of the Hodge *
introduces some variant of the noncommutative metric or, at least, gives a noncommutative
generalization of the Laplace—Beltrami operator. Here we review how it is done for a
noncommutative space defined via a Drinfeld twist, specifying to the simplest case of the
Moyal space.

The differential properties of a smooth manifold M are captured in its commuta-
tive algebra of smooth functions A = (C*(M), -), where - stands for the commutative
multiplication. Then, one takes as a definition of a noncommutative deformation of the
manifold M a noncommutative algebra A, = (C*°(M), x), where the *-product is now
some noncommutative product with respect to which the algebra A, is associative. One
standard way to construct such a product is via the so-called Drinfeld twist

F=f®fa, (A3)

where f’s are some differential operators, and the inverseis F ! = fA ® f4. F and F~!
are acting on C®°(M) ® C*(M). In terms of the twist, the associative x-product for any two
elements of C*(M) is given by fxg =mo F~1(f ® g), where m : C®(M) ® C*(M) —
C*®(M) is the usual multiplication map. As we said above, instead of giving general
definitions, we apply this to the simplest case of the Moyal noncommutative space. So, let
©" be a constant antisymmetric matrix and {9, } be coordinate basis vector fields on TM,
then the Moyal twist and its inverse are defined as

F :fA ®fA _ efé®way®ay, J__-,] — f"A ®fA _ e%@/"/a]ﬂ@ay’ (A4)

where the exponent should be understood as formal series expansion. From this, one can
easily read of f’sand f’s, e.g.,

_ 1 /i\" ~
fA= n'(é) @MV ... @M1VnQ, Dy, fa =y, Dy, (A5)

Immediately, (A4) leads to the well-known expression for the Moyal x-product

n!

(fxg)(x)=moF Y fog) = 0190, Bzf(x)g(y)|x:y = i 1 (%) @MV - @MV (- -3y, f (X)) (avl . -au,,g(x)>- (A6)

n=0

Of course, this means that the Moyal twist defines a noncommutative space generated
by the “noncommutative coordinates”

[xF xxV] = xF xx¥ — x¥ xxH = iOF. (A7)

The twist (A3) enables us to define NC geometric objects like Lie derivative £%, connection
v, curvature tensor R and torsion T, as well as allows us to deform the notion of the
symmetries for the noncommutative setting that are now encoded in the x-Lie algebra of
vector fields and the corresponding Hopf algebra (for more details see [28,33,34,51-55]).
Specifying to the Moyal twist (A4), we can define a general vector field v as

v =10k« d, = 09y, (A8)

and, in particular, v¥ = o (which is true in the Moyal case, but false in the case of a general
twist). In the same way, any one-form can be written as

w= w; *dxt = wydxt, (A9)
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with w}; = wy,. Defining the twisted wedge product, A, analogously to the x-product, i.e.,
for any two 1-forms,
w1 Ny wp := fA (w1) A fA (wn), (A10)

we can construct by induction the space of twisted k-forms, QX with the usual exterior
derivative, d : Q’j — QEH, satisfying the undeformed graded Leibnitz rule.

As an important demonstration, let us find the explicit form for a homogeneous k-form
W = fxdxl A, --- Ay dxtc € Q. For a basis 2-form dx*1 A, dx!2, we have from (A10)

dxt A, dxt? = FA(dxM) A fa(dxt?) = dxtt A dxt2, (A11)

where we used that (This trivially follows from the fact that d, acts on dx" as a commutative
Lie derivative £a;‘. But for any form w and any vector field X, one has £xw = (d oix +
ix od)w, which gives £ (dx") = 0, s0 only A = 0 terms in (A5), f° = fo = 1, contribute.)
fA(dx*) = fa(dxt) = dx*. Then, by repeated application of (A10), we get

w = fHrdxM Ny Apdxth = fdxP A Ndxte = dxtt Ay - A dxPE ok f (A12)

After introducing the main ingredients of Moyal differential geometry, we would
like to have a noncommutative generalization of the Hodge star as a right .A,-linear map,
w7 1 QL — ("7, such that for any w € Qf and any f € A,

T (wx f) =7 (w) * f. (A13)

Essentially, we want to consistently deform the commutative right module map, *, into the
noncommutative right module map, *”. The recipe is well known [54,55] as the quantization

map and it is given by
A —ZA

w7 (w) = F1 (+(5(F)f (@), (A14)
where S is the antipode, and
Aft =Tl R

is the co-product. For the Moyal case, antipode and co-product are given by the standard
rules for a Lie algebra:

S(1) =1, S(9y) = =9y, A1) =1®1, A(dy) =0, ®1+1®0,. (A15)
By the homomorphism property of A, we have
A@y; -+ 0y) = (O, ®T+1®09y,) -+ (O, @1 +1® 9y, ). (Al6)

From (A12), we know that only terms with A = 0 will contribute to (A14), leading to, with
the k-form w as above,

T (w) = Fo(+(S(FFo(dx A« AdxH))) x f = (+(dxf A+ Adx)) % f,  (A17)

where we used that, from (A5), f 0 — fo = 1. We stress that, on the right hand side of (A17),
the * is the usual commutative Hodge star (A2).

Now we are ready to define and calculate the noncommutative analogue, L, of the
Laplace-Beltrami operator (A1). The natural definition is

O,® = «"d " do, (A18)
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7 d 7 4D

where ® is a noncommutative (scalar) field. Using the result (A17), we have

dd = (9,®P)xdxt =0, Pdx! = dxV x (9, D),
7 (dD)

7 (dxt % 9, ®P) = %dxvl Adx2 A\ dx"3 (/3 8" €vnyinys) * O ®@.  (A19)
Taking exterior derivative

d(x7dd) = %dxr A dx" Ay dx* Ay dx¥? 5 [0 [ (v/28" €vvivans) * 04 P] |, (A20)

we get

= *F(dxr Ao A" Ay dx¥2 Ay dxP3) % {87 [(;\/ggwewmv3> * aVCD} ]

- e lES) 0] (a2)

and therefore, finally

~

Pl = ;g « [ [(V3 g") %3, (A22)

Notice that (A22) is a rather unambiguous and not entirely trivial result in this ap-
proach. For instance, naively one might expect that one should have x-product between all
the functions entering the expression. Instead, we see that the combination ,/g ¢"" appears
with the usual, commutative, multiplication.

Appendix B. On the Algebraic x-Inverse

As mentioned in Section 3, the central object to calculated is the algebraic x-inverse of
1/,/8, i.e., the function /g, defined by

Ve ok — =1. (A23)

The purpose of this appendix is to present some properties of the algebraic x-inverse in
general (Appendix B.1), calculate the general formula for a specific type of noncommutativ-
ity (Appendix B.2), and evaluate this formula for explicit examples up to fifth order in the
NC parameter (Appendix B.3). Here we are using the metric (38) and the NC deformation
defined by the twist (37), meaning that the noncommutativity is of the (r — 6)-type, and
that the determinant of the metric ¢ (and its algebraic inverse) can always be written as
a product of single variable dependent functions, i.e., \/g = f(r)g(0). Therefore, in the
second subsection of this appendix, we will adopt an obvious change of notation: »r — x,
0 — yand F — exp (49 Ady).

Appendix B.1. Proposition on Even Functions

Proposition Al. Let f(x;®) € C®(R") be even in ©, i.e., f(x; —O) = f(x;®). Also let xg be
some Moyal-type associative x-product (meaning (f xe §) *eh = f*e (¢*eh) = f*e ¢ *o I
as in the previous appendix. Then f 1, defined by f; ! xg f = 1, does not depend on odd degrees
of ©.

Proof. By associativity and uniqueness of 1, we have

filxef=1=fxofi',
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ie, f~ Lis a left/ right inverse. Then by the condition that f is even in ©®, we have

[ (x5 —0) x_o f(x;,—0O) = f(x;0) xe f, ' (x; —©),

where we used that for any two functions, f, g, one has f x_g § = g *g f (this easily follows
from the anti-symmetry of ©""). By uniqueness of the inverse, we must have

il (x-0) = £, 1(x;0),

ie., fi 1(x,y;®) also depends only on even powers of @. Also, for any real function f(x; @),
we have:

[ (x5:0) %o f(x,0) = f(x;0) xe fr ' (x; ),

where we used that for any two functions, f, g, one has f xg ¢ = ¢ e f. Again, by the
uniqueness of the inverse, we have that f;"!(x;©) is also real. In particular, if f(x;®) is
real and even in ©, f; ! is also real and depends only on even degrees of @. [

Appendix B.2. x-Inverse of f(x)g(y)

Let us study the x-inverse of f(x)g(y), where f and g are C*, ®-independent functions.
What follows is a purely perturbative construction. We assume the existence of the algebraic
*-inverse as a formal power series in the noncommutativity parameter and make no
claim regarding the convergence or radius of convergence of the full series. Rename
F(x)g(y) — ef®e8), We look for (f(x)g(y)); ! in the form:

(Fg);t = e fes io A (x, ).

Notation Al. f = f(x) and g = g(y), so we will use the following notation f' = 9 f, g’ = 9dyg,
etc.

The x-product is defined as:

we use A as a deformation parameter instead of ® to avoid the factor of 1 in the x-product,
as in (A6), and we must have:

o)

N (Ea(x,y)e ™ e™8) x (efef) = 1.
n=0
This expands as:
Y FAYA
) pzns] iugl,)fa@aﬁ@ (Fa(x,y)efe8) -alef -0l es = 1. (A24)

n,s,0

Evaluating terms in orders of A:

Let (n,s, ) be a set of degrees in (A24). Then we have up to O(A%)
A% (0,0,0): F = 1.
A, (0,1,0) +(0,0,1) = 0, which is consistent with the general result from the proposition.
A%, (1,0,0) 4 (0,1,1) 4+ (0,2,0) + (0,0,2):

Fl +f//g// 0= Fl _ (i)zf”g".
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A3, (1,1,0) +(1,0,1) +(0,3,0) + (0,2,1) + (0,1,2) + (0,0,3) = 0, again, consistency check gives 0.
A4, (2,0,0)+ (1,2,0) + (1,1,1) + (1,0,2) + (0,4,0) + (0,3,1) 4+ (0,2,2) + (0,1,3) + (0,0,4) :

B =25 f0g® 4 (2 + fD() =0 = B=2, g - ()2 + £ (")),
So we get:
1 ir)? iA)! iA)?
(efeg)*1 =efe g(1 +2(7( 2!) f's" + Ay 4!) f(4)8<4)) _ UAF 2!) ()%™ + f(g"?) + O()‘é))- (A25)
Appendix B.3. Explicit Case
A natural illustrative case to consider is efe8 = x "sin" ¥y, ie, f = —nlnx, g =

—kInsiny, as for appropriate choices of coordinates and the parameter k, this reduces to
familiar quantities. For the derivatives we have

k 2k
¢ = G g¥ = — I (2cos?y +1).
y sinty

Then, using this in (A25), we have up to O(A%):
1 At

+ —2-3!-2nk
x2sin?y 4! xtsinty

A k2 2.2k
P (02 T2 peosty 1) |+ 0(0)
2\ xtsin*y  xtsin*y

(2cos?y +1)

(x "sin Fy); 1 = x"sinfy (1 — A%k

1

x2sin?y

= x"sin‘y <1 — A’k

k3k + (1 —n)(2cos?y +1)

SN
x4sinty

+ O(A6)>.

For the special case of n = 2 and k = 1 (which corresponds to /g = 12 sin 0, compare
this to (40)), we have

1 \! 202 404
< 5 > :xzsiny(l— — + +(9(A6)>.
xZsiny /), xZsin®y  x*sin®y

Appendix C. Nonrelativistic Limit or the Correspondence Between
Schrodinger Equation and Newton’s Second Law

Here we give a complete standard argument for our approach in the non-relativistic
case. This should clarify some steps in our relativistic generalization developed in Section 2.
Let ¢ satisfy the Schrodinger equation

2
o = H(%,p) ¢ = (—fmvz + V(f)) $() (A26)
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and write ¢ = AeiS. At the moment, we are not making any assumption neither about A,
nor about S. Let us evaluate (|p|):

(wlply) = ? /(Ae*%S@(Ae%S))dV - /<|A|2€s + ?AW) av. (A27)
Now we assume that ¢ is a quasi-classical state, i.e., in (A27) one can neglect the second
term compared to the first one (This essentially means that we are assuming that S =
So+nhS1+..., A= Ayp+nhA1+...and that the higher order terms in 7 (and their gradients)
are negligible in the quasi-classical limit. This is done in Section 2 for the general case.),

1/h*>0//

wiply) " [ 1aPVsav. (a28)
This shows that, in this limit, we have
iy — (VS)y, (A29)

as long as 1 is quasi-classical (Formally, this follows directly from the following considera-
tion:

?ﬁp = (VS —ih(VInA)p = (VS)yp + O(h),

ie,p=VS+O(h) onyp= AE%S.). In order to better understand S, we plug ¢ = AeS in
(A26). We have, in the same limit,

0= —ihd;p+ H(X,p) p = 3:S + H(Z, VS)y(X) + O(h). (A30)
As i # 0, we conclude that, in the leading order
S+ H(X,VS) =0, (A31)

i.e., S satisfies the classical Hamilton-Jacobi equation and hence it must be that VS = J,

=2
which is consistent with the previous discussion. Assuming that H(¥, §) = L + V(¥), as
in (A26) (and using § = mX), we easily derive the equation for non-relativistic “geodesics”,
which is, of course, nothing but the Newton’s second law

dp _ d 39S | (VS)?) 3 o
dt — dt -

— ZVS=0VS+ (2-V)VS =V (at o VV (). (A32)
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