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Abstract

Systems Medicine aims to understand the dynamics of physiological systems and the
differences between healthy and disease states, to then bring the latter back to health. To
this aim, it is critical to identify the states that allow modifying the phenotype of a model
system and are robust to perturbations. Indeed, for these changes to be sustained in time,
the system’s robustness shall be investigated through various analyses and their emerging
results. Lie symmetry analysis—a study of fixed variable relations in a differential equa-
tions model—uncovers the model’s hidden robustness through its conservation laws. The
emerging conservation laws can then be used as a series of robust invariant characteristics
of the system under a specific type of perturbations. Although it holds much predictive
potential for robustness investigations, the application of Lie symmetry-based conservation
law analysis to physiological systems is currently unexplored. Here, we propose a novel
application of Lie symmetry-based conservation law analysis to identify the conservation
laws—and their existence conditions—influencing the dynamics of a system towards robust
remission or relapse. This methodology is used to analyse a minimal model of rheumatoid
arthritis with the aim to: (i) investigate the existence and extent of robust disease charac-
teristics as conservation laws of the model, (ii) clinically interpret their biological viability,
and (iii) inform model plausibility, testing, and selection. This novel application of the Lie
symmetry analysis can retrieve the robust characteristics of physiological conditions, thus
providing a new analytical contribution to the Systems Medicine field.

Keywords: Systems Medicine; disease states; autoimmune disorders; rheumatoid arthritis;
robustness; Lie symmetry; conservation laws; differential equations; ODEs

1. Introduction
Complexity in biological systems arises from the many molecules and mechanisms that

allow such systems to express and maintain their functions. Physiological systems and their
molecules are subject to naturally occurring perturbations, stemming from either mutations,
environmental variations, or random fluctuations in the biochemical concentrations under
scope [1]. Robustness plays an important role in such complex functional interplay [1–3],
allowing a biological system to maintain its functionalities, despite being subject to both
internal and external perturbations [3]. Indeed, a system whose state is not changed
despite perturbations is called robust [1]. Robustness is widely encountered both in
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physical and biological systems [2,3]. For instance, in the budding yeast cell cycle, definite
structural network motifs maintain their robust oscillatory behaviour under perturbations,
therefore correctly ensuring cell differentiation [4,5]. Therefore, it is possible to investigate
molecular mechanisms underlying cell cycle dysregulation as a proxy to understand cellular
oncogenesis. Thus, investigating the robustness of biological systems allows for a better
assessment of their functions by either resisting or adapting to perturbations. In the context
of physiological systems, investigating robustness is key to gaining rich insights into how
health and disease states adapt to treatment-like perturbations, therefore opening the floor
to hypotheses of therapeutic treatment in silico. The first step towards the in silico study of
a physiological system’s robustness is its formal description, to allow accurate analyses to
be performed [4,6–8].

Systems Medicine addresses physiological systems and their functionalities, also in
terms of robustness of networks arising among their components, with the aim to investi-
gate disease dynamics and identify possible therapeutic interventions. Mathematical-based
tools are needed to precisely investigate the structure and dynamics of such physiological
systems [6–8]. Dynamical models are used to formally study complex physiological net-
works that are not fully understood [7,8], also in terms of their robustness [1,2,9]. Dynamical
physiological models allow for the investigation of both the pathogenesis and pathophys-
iology of disease conditions, alongside any common underlying disease mechanisms.
For instance, complex physiological networks can describe individual tumoural [10–13]
and autoimmune disorder [7,14–16] dynamics, alongside possible interactions between
them [17–19].

Analysing robustness trends in dynamical physiological models is key to understand-
ing health and disease mechanisms for many in silico conditions of interest [1–3]. For
instance, robustness analyses help address disease heterogeneity [6]. The course and prog-
nosis of the same disease are inconsistent and largely vary among patients because both
genetic and environmental factors play an important role in disease onset [7,20]. Studying
robustness in in silico physiological network models enables the prediction of how an
ad hoc physiological system will react and adapt to different induced treatment-based
stimuli. Analysing the personalised system’s robustness response will enable a deeper
understanding of the response a patient might potentially undergo upon personalised
treatment [21,22]. Robustness analyses also allow investigating how treatment-induced
disease states changes are maintained in time. Therefore, when engineering personalised
treatment, a change from a disease state to health maintained in time will be favoured over
a temporary change, which will possibly require further treatment-based stimuli to be sus-
tained [21,23]. Numerous dynamical models exist that address disease heterogeneity and
investigate personalised treatment in physiological systems by altering the environmental
conditions and testing drugs as input. One such example is the study of the dynamics of
different disease stages in Systemic Lupus Erythematosus (SLE) in terms of tissue-level
and systemic inflammation, for different naturally occurring and treatment-based stimuli
[7,14]. Finally, robustness analyses allow for the validation and evaluation of dynami-
cal models [24–26]. Building a dynamical model includes choosing between alternative
representations of the same qualitative behaviours featured in the system’s phenotypical
landscape [25]; in this context, robustness analyses allow distinguishing between more and
less plausible models by comparing clinical and experimental evidence with the robust
behaviours exhibited. Therefore, by studying which robustness principles a model obeys,
it is possible to refine existing dynamical models and possibly build new ones that better
describe the mechanisms under investigation [24,25].

In summary, analysing robustness in physiological dynamical systems is key to fully
utilising their predictive power in investigating disease and health mechanisms under

https://doi.org/10.3390/sym18071143

https://doi.org/10.3390/sym18071143


Symmetry 2026, 18, 1143 3 of 37

varying conditions, as well as in testing novel treatment hypotheses in silico. Moreover,
from a modelling perspective, robustness insights could pave the way towards a more
precise mathematical reproducibility of the clinical and experimental evidence on a condi-
tion of interest via modelling evaluation and validation. However, while significantly rich,
studying robustness in dynamical physiological models is not straightforward and needs
to be performed through structured and precise analytical techniques, whose development
field is still currently growing [1–3,25].

Differential equations (DEs) are widely used to investigate how dynamical systems
behave as one or more of their variables change and, by extension, how robustness arises
in their adaptation mechanisms to perturbations [27,28]. DEs can inform how biochemical
quantities or concentrations in a system evolve in time and space, thus enabling the
analysis of their time- and space-dependent behaviour. Different types of DEs can be used
in dynamical modelling. Ordinary Differential Equations (ODEs) inform how a system
evolves in time, thus allowing to analyse its time-dependent behaviour. To do so, ODEs
incorporate time-dependent derivatives of the dependent variables in the system [8,28].
Indeed, ODEs have been used to model the temporal evolution of cell-cycle kinetics [4] and
interacting cell populations [16].

Robustness in ODE models can be analytically analysed through various available
tools [27,28]. Among these, conservation laws allow studying a system’s robustness in terms
of its structure and internal mechanisms [2,29]. Conservation laws allow for the analytical
identification of quantities or relations that do not change—thus, that are robust—under
different types of perturbation [29–31]. For instance, a conservation law arising in closed-
population Susceptible–Infected–Recovered (SIR) models accounts for the unchanging total
number of individuals in the system, thus supporting robustness to changes in the total
population number—with the same dynamics being reproduced irrespectively of the total
population number assumed and of its possible fluctuations [26].

The conservation laws of a DE model—and therefore of an ODE model—can be de-
rived through Lie symmetry analysis. In simple terms, a symmetry is a transformation
that, when applied to an object or a system, leaves something unchanged [26,32]. In DEs,
a Lie symmetry is a transformation of a model’s variables preserving its solutions [32].
Therefore, Lie symmetry analysis can be useful in model simplification, evaluation
and analysis [24,26,33]. Lie symmetries are linked to conservation laws by Noether’s
theorem [34], which allows the use of Lie symmetry analysis-based methods to find the
conservation laws of a DE model [29,35]. The Lie symmetry-based analysis of conservation
laws via Noether’s theorem has been implemented in various biological systems, such as
genomics [36] and population studies [37], but is still widely unexplored in physiological
systems of health and disease.

In this study, a Lie symmetry-based conservation law analysis is proposed as a novel
approach for systems biology and medicine to gain insights on the robustness of physi-
ological disease systems. While conservation laws are widely applied in scientific fields
other than biology [29,30,38], their application for robustness investigation in disease and
health models is currently unexplored. The discussed methodology involves an original
investigation of a physiological system’s structure in terms of a set of formally derived
analytical conditions. Such conditions are found to be expressed in terms of variables
and experimentally based parameters augmented in the disease model. The proposed Lie
symmetry-based conservation law analysis could, therefore, potentially be applied to a
range of patient-specific clinical parameters towards the prediction of in silico personalised
treatment approaches. Therefore, this study aims at paving the way towards the analytical
application of Lie symmetry-derived conservation laws to retrieve the robust characteristics
of a physiological condition of interest in terms of its mathematical model’s structure—thus
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providing a new analytical contribution to the Systems Medicine field. As a clinical case
study, the proposed analysis is conducted on the mathematical model of cytokine-mediated
inflammation in rheumatoid arthritis (RA) [16], an autoimmune disorder.

Autoimmune disorders affect approximately 10% of the global population [7,39] and
are characterised by an abnormal response of the immune system in a patient’s body,
usually through inflammation [7]. Currently, it is often possible to achieve drug-dependent
remission in about 30% of the population affected by autoimmune diseases [40]. How-
ever, once a drug is withdrawn due to the unfeasibility of maintaining a drug treatment
indefinitely, only between 10% and 20% of patients maintain remission [40]. Thus, about
50% of the patients with drug-dependent remission maintain drug-free remission, while
the remaining 50% fall into relapse (see Figure 1). Therefore, it appears to be critical to
analytically investigate drug-free remission so that it becomes achievable for all patients
[21].

Rheumatoid arthritis (RA) is a chronic, systemic autoimmune disease affecting 1% of
the UK population [41], with symptoms such as prolonged pain, inflammation, swelling
and stiffness in the joints, as well as whole-body tiredness and high temperatures [41,42].
This persistent joint inflammation, both in the bone and cartilage tissues, progressively leads
to joint destruction and, if left untreated, disability and early death [7,20,41]. In particular,
the synovium in a patient’s joints experiences synovial hyperplasia, a condition where the
layer of cells lining the joint capsule—also known as the synovial lining cells—proliferates
[7]. This aberrant proliferation leads to an inflammatory response [16] mediated by the re-
cruitment of both adaptive and innate immune cells to the inflamed site, here the synovium,
partly via the production of cytokines [43–46]. Cytokines are important cellular signalling
proteins and immune system mediators secreted and released by cells upon inflammation
[46], kickstarting a series of defence mechanisms, thus activating various cellular responses
to infection and injury [43]. Dysregulation in the production of inflammatory cytokines is
largely associated with autoimmune diseases, such as RA [16,38,43,47]. In RA progression,
the imbalance between pro- and anti-inflammatory cytokines—caused by an aberrant
concentration of pro-inflammatory cytokines—is key to synovial hyperplasia [41,42,48–51].
A large range of cytokines has been identified in the synovium during RA onset, both
clinically and experimentally, modulating the severity and the duration of the associated
inflammation [38,47,52]. Among them are the pro-inflammatory cytokines Interleukin-1
(IL-1) and Tumour Necrosis Factor-α (TNF-α) [38,42,44,48,51], and the anti-inflammatory
cytokines IL-1 Receptor antagonist (IL-1Ra) and Interleukin-10 (IL-10) [38,45,47]. Pro- and
anti-inflammatory cytokines interact with each other within an activator/repressor rela-
tionship [43,53,54]. Indeed, the pro-inflammatory cytokine TNF-α upregulates both its own
production and that of other pro-inflammatory cytokines [42,48,51,55]. Moreover, TNF-α
upregulates the production of the anti-inflammatory cytokine IL-10, thus acting as its acti-
vator. At the same time, IL-10 upregulates IL-1 Receptor (IL-1R), another anti-inflammatory
cytokine, and acts as a repressor by downregulating TNF-α [38,53].

Mathematical modelling and robustness analysis of RA dynamics can help to elucidate
its disease mechanisms, as well as informing decision-making within treatment administra-
tion and development [7,16]. Indeed, dynamical modelling allows studying RA dynamics
at multiple spatial scales, such as the molecular, cell and joint levels [41]. For instance, a
two-variable ODE model of RA [16], referred here to as the “Baker model”, has been used
to describe and study the dynamics of pro- and anti-inflammatory cytokines within the
inflamed synovium at the cell level via intracellular interactions [16,41]. Hill equations
are embedded into the Baker model to integrate an activator/repressor dynamic [56,57],
as per the experimental evidence of the interactions among pro- and anti-inflammatory
cytokines [43,53,54]. The cytokine dynamics emerging from the Baker model stem from the
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interactions within the system and with the surrounding environment [16]. Thereafter, the
authors studied RA’s heterogeneity and robustness to naturally occurring and treatment-
based perturbations through the investigation of the cytokines’ dynamics in their parameter
space [16]. However, the conservation laws regulating the cytokine RA-inflamed synovium
system were not explored, therefore giving a partial view of the overall robustness. Indeed,
the multiple behaviours observed in the pro- and anti-inflammatory cytokines’ parameter
space investigated allow for the systematic classification of various model behaviours,
which can then be further investigated in terms of the system’s conservation laws.

Figure 1. Scheme of the research approach towards the achievement of sustained drug-free remission
in patients affected by autoimmune diseases. Statistical data on autoimmune diseases [21,39,40]
indicate that—from the top-left corner, clockwise—about 10% of a fully healthy population develops
an autoimmune disease [39]. After a drug-mediated treatment is administered to this diseased 10%,
drug-dependent remission results in about 30% of the patients [40]. If treatment is withdrawn [21,40],
between 10% and 20% of the patients maintains remission [40] (i.e., about 50% of the patients with
drug-dependent remission [21]). The remaining patient population falls into relapse. Figure created
with and adapted from BioRender.com.

In this study, the proposed novel Systems Medicine application of Lie symmetry-based
conservation law analysis is tested on the Baker model of RA to assess the system’s robust-
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ness not only in terms of its temporal dynamics, as published in [16], but also with respect
to its structure-based conservation laws regulating the RA-inflamed synovium system.
The aim of this case study is to uncover any robust characteristics of the Baker RA system
that remain hidden in a traditional dynamics study of the model, but that can potentially
be found via the novel application of a structural Lie symmetry-based conservation law
analysis. Thus, a conservation law with respect to time—also known in the literature
as “conservation of energy” and likened to experimental reproducibility [36,58]—emerges
from the Baker model for a set of parametric conditions of validity. This conservation law
is then linked via clinical and experimental evidence to the emergence of inflammation
flares in RA [42,59–61], in particular to their unfeasible coexistence in one same disease
phenotype. This insight is then used to shed light on (i) inflammation flare robustness
and (ii) model evaluation and selection for the Baker model. Lastly, the proposed Lie
symmetry-based methodology is argued to hold potential in paving the way towards a
quantitative and potentially personalised modelling for RA patients—and more widely for
other similar autoimmune disease models. In conclusion, the proposed original application
of Lie symmetry analysis to the RA Baker model allows gaining novel analytical informa-
tion on the onset of disease phenotypes of interest, and to further discuss the optimisation
of the mathematical in silico representation of inflammation dynamics.

2. Materials and Methods
2.1. Definition of the Baker Model

The general form of the 2013 Baker et al. [16] two-variables Ordinary Differential
Equations (ODEs) model 

dp
dt = −dp p + ϕ(p)θ(a)
da
dt = −daa + ψ(p)

(1)

investigated in this paper describes the dynamics of pro- and anti-inflammatory
cytokines in the synovium during rheumatoid arthritis (RA) progression, respectively
described by the p(t) and a(t) time-dependent variables. The two ODEs in Equation (1)
represent the change in time of both cytokines’ concentrations—mathematically described
by the two derivatives with respect to time, dp

dt and da
dt —via two terms:

1. The linear, natural degradation terms of both cytokines, scaled by the two pro- and
anti-inflammatory cytokine-specific factors dp and da, respectively;

2. The interaction terms between cytokines, modulated by the functions ϕ(p), θ(a) and
ψ(p), which can be chosen depending on the specific type of cytokines’ dynamics and
cytokine–cytokine interactions of interest.

Equation (1) assumes that all cytokines in the synovium have similar response patterns,
thus considering the synovium as a spatially homogeneous collection of cells. Moreover,
the model neglects other cytokines’ functions other than their natural degradation and
cytokine–cytokine interactions, such as cytotoxic mechanisms [16,41].

The generalised model in Equation (1) can be further defined by explicating its interac-
tion terms [16], thus integrating some specific type of cytokine–cytokine interaction dynam-
ics of interest. As previously discussed, experimental evidence shows that pro- and anti-
inflammatory cytokines follow an activator/repressor relation on one another [16,43,53–55].
Consequently, embedding the Hill equations

ϕ(p) = c0 + c1
pm1

cm1
2 + pm1

θ(a) = c3
cm2

4
cm2

4 + am2
ψ(p) = c5

pm3

cm3
6 + pm3

(2)
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qualitatively plotted in Figure 2 allows integrating the pro- and anti-inflammatory cytokines’
activator/repressor interactions within the model’s structure [56,57].

As a result, the dimensional model
dp
dt = −dp p +

(
c0 + c1

pm1

c
m1
2 +pm1

)(
c3

cm2
4

cm2
4 +am2

)
da
dt = −daa + c5

pm3

c
m3
6 +pm3

(3)

arises, where [16]:

• c0, c1, c2, c3, c4, c5, c6 > 0 are some constant parameters. c0 is the basal pro-inflammation
cytokines’ production rate. The 2013 Baker et al. [16] model assumes some level of in-
flammation to always be present in the synovium system. Therefore, c0 > 0 allows for
a basal concentration of inflammation-inducing pro-inflammatory cytokines to always
be active in the system, and thus inflammation to always be included; c1 describes the
additional pro-inflammatory cytokines’ production rate due to their self-upregulation
at the p saturation maximum concentration; p = c2 is the half-maximal concentration
point for the self-upregulation in pro-inflammatory cytokines’ dynamics; c3 describes
the basal inhibitory effect in the absence of anti-inflammatory cytokines; a = c4 is the
half-minimal concentration point for the pro-inflammatory cytokines’ downregulation
due to the anti-inflammatory cytokines; c5 describes the maximal activator effect of
pro-inflammatory cytokines on anti-inflammatory cytokines within anti-inflammatory
cytokines’ dynamics; and p = c6 is the half-maximal concentration point for the
upregulation of anti-inflammatory cytokines by pro-inflammatory cytokines within
anti-inflammatory cytokines’ dynamics.

• m1, m2, m3 are the Hill coefficients modulating the strength of the activator/repressor
responses within the pro- and anti-inflammatory cytokines’ interactions. Graphically,
a larger Hill coefficient will correspond to a steeper Hill function curve in Figure 2 and
vice versa.

Thanks to the Hill functions ϕ(p), θ(a) and ψ(p), the dimensional model in Equation (3)
effectively describes the activator/repressor cytokines’ interactions discussed. Indeed, ϕ(p)
and ψ(p) contribute positively to the growth of both pro- and anti-inflammatory cytokines,
thus reflecting the activator role played by pro-inflammatory cytokines. At the same time,
θ(a) interacts with ϕ(p) by hindering pro-inflammatory cytokines’ growth, consequently
showing anti-inflammatory cytokines acting as repressors within the cytokines’ interactions.

To more easily investigate the dynamics yielded by Equation (3), Baker and
colleagues [16] perform a nondimensionalisation on the model, reducing the number of
parameters by defining new dimensionless ones. Indeed, the use of dimensionless variables
and parameters allows for an easier assessment of model features, such as term sizes
and physical mechanisms, and can potentially simplify the equations by taking care of
negligible terms [62–64]. To perform a nondimensionalisation, all variables in the model
are first defined in terms of their characteristic scales and their dimensionless factors. A
characteristic scale is a reference value used to normalise the dimensional variable, thus
to define a dimensionless factor. In general, there is no unique way to perform this step
and the choice of characteristic scales is usually informed by the scientific literature on the
known system’s characteristics [62,64]. Thus, the emerging

dp
dt = −γp + 1

1+am2

(
α1 + α2

pm1

1+pm1

)
da
dt = −a + α4

pm3

α
m3
3 +pm3

(4)
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nondimensionalised model arises, where its dimensionless parameters are interpreted
as [16]:

1. α1 = c0 = c0c3
c2da

is the basal pro-inflammatory cytokines’ production rate;

2. α2 = c1 = c1c3
c2da

is the additional pro-inflammatory cytokines’ production rate thanks
to their self-upregulation;

3. α3 = c6da
c3

= c6
c2

is the pro-inflammatory cytokines’ concentration for half-maximal
anti-inflammatory cytokines’ production;

4. α4 = c5
c4da

is the anti-inflammatory cytokines’ production rate;

5. γ =
dp
da

is the ratio between the pro-inflammatory cytokines’ degradation rate dp and
the anti-inflammatory cytokines’ degradation da.

In Baker et al. (2013) [16], the dimensionless parameters α1, α3 and γ are determined by
both the size and structure of the cytokines and the chemical environment within the host.
Therefore, in a patient, these parameters are assumed to remain either fixed or changing at
a much larger timescale in a patient compared to the inflammation-dependent parameters
α2 and α4. In particular, according to the authors [16]: (i) α1 << α2, as the background
level of pro-inflammatory cytokines p production is assumed to be much smaller than the
event-stimulated production α2. This relation between α1 and α2 allows the model to reflect
an effective response to infection and injury; (ii) α3 = c6

c2
is expected to be of order one,

as the half-maximal p concentrations for both self-upregulation (c2) and a upregulation
(c6) are argued to have reasonably similar values to reflect a downregulation of p; and
(iii) γ = dp/da ≈ 1, as the two degradation rates dp and da are argued to be similar.

Another step to further define the model in Equation (4) is choosing a value for
its Hill coefficients m1, m2 and m3 [16]. This choice will modulate the strength of the
activator/repressor relationship between the pro- and anti-inflammatory cytokines in the
RA-inflamed synovium [16,57], thus affecting both the cytokines’ concentrations and the
disease’s evolution in time. This selection is informed by a series of dynamics investigations
performed on different adaptations of Equation (3) for various m1, m2, and m3 values [16].
Therefore, the best model according to the published results has m1 = m2 = m3 = 2, since:

• m1 = m2 = m3 = 1 restricts the range of behaviours allowed by the model. In
particular, m1 = 1 prevents bifurcations and bistability from arising.

• The two cases where m1 > 1 (here m1 = 2 for simplicity), m2 = m3 = 1 or m2 = m3 = 2
both allow a wider range of qualitatively equivalent behaviours to show compared to
m1 = m2 = m3 = 1. However, for m2 = m3 = 1, the equilibria tend to arise for larger
concentrations of p and a, and are thus deemed less favourable for computational ease.

• For m1, m2, m3 > 2, the shapes of the Hill functions do not change, but only their
steepness does. Consequently, adopting m1, m2, m3 > 2 does not widen the range of
possible behaviours while formally complicating the model.

Following these results, the m1 = m2 = m3 = 2 Hill coefficients are substituted into
Equation (4) to recover 

dp
dt = −γp + 1

1+a2

(
α1 + α2

p2

1+p2

)
da
dt = −a + α4

p2

α2
3+p2

. (5)

Thereafter, the authors in Baker et al. (2013) [16] use Equation (5) to investigate different
RA expressions and hypothetical treatment strategies through the evolutionary dynamics
of pro- and anti-inflammatory cytokines.

In this study, the nondimensionalised and Hill coefficient-integrated model in
Equation (5)—which will be referred to from here onwards as the “Baker2013 model”—will
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be used as the case study for cytokines’ dynamics in the RA-inflamed synovium. Indeed,
it gives a wide range of phenotypical behaviours previously investigated by Baker and
colleagues [16] that can be further studied via the proposed Lie symmetry analysis.

Figure 2. Activator/repressor relationship between the pro- and anti-inflammatory cytokines (re-
spectively p and a) in the RA-inflamed synovium, as per the general Baker et al. (2013) [16] model in
Equation (1). (a) Graphical representation of the activator/repressor relationship between p and a.
(b,c) Examples of the qualitative forms of the Hill functions ϕ(p), θ(a), and ψ(p) with respect to the
pro- and anti-inflammatory cytokines’ concentrations, respectively p and a. (b) ϕ(p) and ψ(p) plotted
with respect to the pro-inflammatory cytokines’ concentration, p. ϕ(p = 0) = c0, thus allowing a
basal pro-inflammatory cytokines’ positive production rate c0. The ϕ(p) curve grows monotonically,
hitting a half-maximal concentration point at p = c2 and asymptotically reaching some saturation
maximum at ϕ(p) = c0 + c1. Similarly, ψ(p) grows monotonically from ψ(p = 0) = 0, hitting a
half-maximal concentration point at p = c6 and asymptotically reaching some saturation maximum
at ψ(p) = c5. (c) θ(a) plotted with respect to the anti-inflammatory cytokines’ concentration, a. θ(a)
decreases monotonically from some maximum θ(a = 0) = c3, hitting a half-minimal concentration
point at a = c4 and asymptotically reaching a minimum at a = 0. Figure adapted from Baker et al.
(2013) [16] and generated using Python 3.12.7.
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2.2. Lie Symmetries and Conservation Laws

In simple terms, a symmetry is a transformation that, when applied to an object or
a system, leaves something unchanged [26,32]. For instance, the geometrical symmetry
of an object is a transformation that preserves its structure. In general, symmetries are a
fundamental aspect of many laws of nature, and they can often be encountered in everyday
life. Take, for example, the shapes of butterflies and human bodies in nature, which both
show geometrical bilateral symmetry. Art and architecture also often feature geometric
symmetric characteristics, albeit man-made, such as mirrored facades or repeated patterns
of columns and arcs.

Symmetries are not solely confined to their everyday qualitative instances. In the
mathematical study of biological systems, symmetries allow for the analysis and the ex-
ploitation of the inherent regularity found in many such systems [65]. Indeed, symmetries
can be used in various problems to ease their investigation [32]. In the context of mod-
elling biological systems, geometrical symmetries can often be noticed straightforwardly
and thus be easily exploited [32,33]. As an example, let us consider a tumour spheroid
model [66]. First, geometrical symmetries will be found by observing the spheroid. Indeed,
a series of rotations about its centre will be identified, such as 2π, that leave the spheroid
unchanged. Thereafter, it is possible to use this symmetrical characteristic to simplify the
mathematical form of the tumour model under study. In particular, the spherical symmetry
of tumour spheroids will allow the investigator to perform a change of variables (from
Cartesian to spherical polar coordinates), which will then ease the emerging dynamics
under investigations [66].

In mathematical modelling, symmetry analysis can also be extended to study the
properties of Differential Equations (DEs) [26,32,67]. Symmetries applied to DEs are called
Lie symmetries [26,32,67]. The origins of Lie symmetries trace back to the 19th century,
when the Norwegian mathematician Sophus Lie first began to investigate the application
of invariant transformations to DEs [65,68,69]. To explain what an invariant transformation
is, we shall go back to the first qualitative definition of symmetries. As just discussed, a
symmetry in general is an operation that leaves something unchanged [26]. This qualitative
definition of symmetry can be mathematically formalised via the introduction of invariance.
An object can be described as invariant under a certain transformation when such an
operation leaves it unchanged. Applied to the original definition of symmetry, it can be
said that an object has at least one symmetry when it is invariant under some transfor-
mation. By extension, it can thus be said that a symmetry applied to a certain system or
object is an invariant transformation, when it leaves such object or system invariant, i.e.,
unchanged [26,33,65].

A practical example can be used to better understand what an invariant transformation
is. Let us say we want to study the spread of an infectious disease in a population. It is
assumed that each individual is initially susceptible to the disease, can get infected and
can recover, thus gaining immunity. Moreover, it is assumed that the total population
N remains constant; thus, births, immigration, emigration, and deaths are not included
in this study, i.e., the population is closed. Such a scenario can be modelled via an ODE
Susceptible–Infected–Recovered (SIR) model, an approach that has been widely used in
mathematical epidemiology to successfully study a wide variety of contagious diseases,
such as coronavirus disease 2019 (COVID-19), in a defined time window [26,70,71]. Even
before formally analysing the SIR model mathematically, some observations can be made
based on the qualitative understanding of the problem at hand. For instance, it can be
said that no matter the exact point in time when the disease starts spreading, the infection
dynamics will stay the same. In other words, no matter whether the first infected case
appears (for example, today or in a month’s time), the way the disease spreads within
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the population will remain largely the same. Another observation is that the recovered
population does not influence the spread of the disease. Indeed, it is known from the
assumptions that once a person recovers, they cannot get re-infected, and thus can no
longer contribute to the disease spread [70,71]. What these observations imply is that no
matter the conditions imposed on the model, as long as the current assumptions hold,
neither the initial infection time-point nor the recovered population number will influence
the infectious dynamics of the disease. From a mathematical point of view, it can thus be
said that the dynamics of the disease spread will be (i) invariant under time translations,
and (ii) invariant under translations within the recovered population [26]. Now, let us
move one step further in the SIR example and assume we want to study a more mathemati-
cally complex SIR model. Let us say that the previous modelling assumptions still hold,
specifically that the total population N is conserved and that each recovered individual
does not revert to a susceptible state. Let us also assume that the mathematical form of the
SIR model is now considerably more complex to analyse compared to the first example,
and would thus be more challenging to solve analytically and computationally. Nonethe-
less, the definition of invariant transformations as unchanging identities characterising
a system allows observing that the disease spread will still be invariant under both time
and recovered population translations without having to explicitly solve the now more
complicated SIR model.

Let us now look at invariant transformations in the context of Lie symmetries. In the
scientific literature, Lie symmetries are often referred to as just “symmetries” when the
research analysis is performed around a DE or a DE system. Thus, in this paper, the terms
“symmetry” and “Lie symmetry” will often be used interchangeably. Often, the equations
describing a DE model can be simplified by changing its variables via a specific manip-
ulation. This simplification principle was previously discussed in the tumour spheroids
models’ example, where a change from Cartesian to spherical polar coordinates has been
shown to significantly ease its investigation [66]. Finding a fit manipulation for an effective
change of variables can, however, be potentially challenging. Symmetries can help in
making this change-of-variables choice [26]. In particular, manipulation of variables arising
from a symmetry study can transform both the dependent and independent variables of a
DE model. This symmetry-informed manipulation results in a formally new, simpler DE
model that reproduces the same result as the original model [26,32,67]. Formally, it can be
said that this new DE model is a Lie symmetry to the original model if the applied transfor-
mation is invariant. In other words, a Lie symmetry can be found if the new DE solution set
maps to the original one [26,32,67]. To better understand the implications of Lie symmetries
and their connection to translational invariants, let us go back to the SIR example. It is
known that, for a specific set of assumptions, the SIR model will yield at least two invariant
translations, respectively concerning time and the recovered population number [26]. Thus,
this result can be used to identify a change of variables which will (i) simplify the SIR model
and (ii) involve the time and/or the recovered population variables. In particular, through
Lie symmetry analysis, a particular variable simplification—i.e., a Lie symmetry—can be
found that allows retrieving, from the solution set of the more complicated SIR model, the
solution set of a simpler model [24,26,32].

Model simplification is not the only application of Lie symmetries in dynamical mod-
elling. More specifically, Lie symmetries can help uncover the conservation laws of a
model under study [2,26,37,65,67,72–74]. Conservation laws are powerful constraints in
the dynamics of many systems present in nature [29–31] because they allow for the identifi-
cation of some quantities or relations in a dynamical system which do not change under
different types of perturbation. Their identification provides insights into the system’s
dynamics and a means for the simplification of the model’s form [29–31]. For instance,
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a commonly known conservation law is the conservation of energy, stating that energy
in an isolated system can never be created or destroyed but only transformed [58]. The
conservation of energy has been successfully used to investigate various systems, such as
early-cell metabolic pathways [75], physiologically structured population models [76] and
respiratory circuits [77]. Conservation laws and Lie symmetries are tightly interconnected
via Noether’s theorem [29,36,37,65,67]. First formulated in 1915 by Emmy Noether in the
context of calculus of variations [34], Noether’s theorem aims to identify invariant transfor-
mations called “Noether’s symmetries” [35,36]. In its less rigorous formulation, Noether’s
theorem states that every Lie symmetry held in a physical system has a corresponding
conservation law [36]. In other words, a DE system admitting a Lie symmetry algebra
will also allow for one or more conservation laws, which can be derived via Lie analysis.
Noether’s theorem has been successfully applied to link conservation laws and symmetries
to both physical and biological systems [36,37,65], for example to population models [37]
and genomics [36] to discuss their arising conservation laws. To better understand how
Noether’s theorem comes into play and its relationship with Lie symmetries, let us once
again take the SIR model example above, and perform a three-step analysis towards the
identification of its conservation laws [37]: (i) compute the Lie symmetries of the model,
(ii) find the respective invariants, and (iii) identify their conservation laws. Earlier, the SIR
model was discussed to be (i) Lie symmetric with respect to time and, thus, (ii) invariant
to time translations [26]. Noether’s theorem then allows (iii) identifying a conservation
law linked to the time translation, here energy conservation [26,36,58]. Another conserva-
tion law of the SIR model can be identified using the closed population assumption. As
per the above assumption, no births, immigrations, emigrations, or deaths occur within
the SIR model. Mathematically, this assumption can be expressed by augmenting the
N = S + I + R equation into the SIR model, where N is the total population, and S, I and R
are the susceptible, infected and recovered populations, respectively [26]. Via Lie analysis,
it is then possible to (i) find, i.e., a Lie symmetry defining (ii) N as an invariant of the model.
Then, Noether’s theorem [34,36] allows identifying (iii) the mass-conservation law of the
SIR model [26].

To better solidify and correctly use the Lie symmetry and conservation laws con-
cepts that have been qualitatively discussed, some mathematical formalism will now
be introduced.

Definition 1. Rσ[u] is a system of N k-th order ODEs if

Rσ[u] = Rσ(x, u, ∂u, . . . , ∂ku) = 0, σ = 1, . . . , N, (6)

for one independent variable x ∈ X and m dependent variables u ≡ u(x) =
(
u1(x), . . . , um(x)

)
∈

U [72,73].

In Equation (6), the set of all partial derivatives ∂pu of order p = 1, . . . , k of the m
dependent variables u = u(x) with respect to the independent variable x is defined as

∂pu =

{
∂puµ(x)

∂xp | µ = 1, . . . , m
}

=
{

uµ
p | µ = 1, . . . , m

}
∈ Up, p = 1, . . . , k

(7)

for u(x) =
(
u1(x), . . . , um(x)

)
[73].

Definition 2. The total derivative D of the m dependent variables u ≡ u(x) =
(
u1(x), . . . , um(x)

)
∈

U with respect to the independent variable x is defined as the differential operator
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Dx =
∂

∂x
+

∂uµ

∂x
∂

∂uµ , µ = 1, . . . , m, (8)

where it is implied that the repeated indices sum together [26,73].

Definition 3. A Lie point symmetry can be defined as the variables transformation from the m
dependent variables u ≡ u(x) =

(
u1(x), . . . , um(x)

)
∈ U with respect to the independent variable

x—to the transformed variable set (x̃, ũµ), µ = 1, . . . , m—respectively described by the set of
functions f and gµ as

x̃ = f (x, u, ϵ),

(ũ)µ = gµ(x, u, ϵ), µ = 1, . . . , m,
(9)

which can be written in its local form as

x̃ = x + ϵξ(x, u) + O(ϵ2) ,

(ũ)µ = uµ + ϵηµ(x, u) + O(ϵ2), µ = 1, . . . , m
(10)

where ϵ ∈ IR parametrises the curve connecting each original solution of the system Rσ[u] to its
Lie-transformed equivalent [26,72]. Equation (10) is the Taylor series to the first order in ϵ for the
Lie group transformation in Equation (9), where the O(ϵ2) terms group together all higher-order
terms of the series.

In Equation (10), the functions ξ(x, u) and ηµ(x, u) act as individual components of
the vector connecting the set of points to which the (x, uµ), µ = 1, . . . , m variables can be
mapped to by a suitable choice of ϵ and are defined as

ξ(x, u) =
∂x̃
∂ϵ

∣∣∣∣
ϵ=0

and ηµ(x, u) =
∂ũµ

∂ϵ

∣∣∣∣
ϵ=0

, (11)

for µ = 1, . . . , m [26,72].

Definition 4. The Lie algebra of infinitesimal generators of symmetry, i.e., the Lie symmetry
generator, for the k-th order ODE system Rσ[u] in Equation (6) is defined as [26,73]

X = ξ(x, u)
∂

∂x
+ η1(x, u)

∂

∂u1 + · · ·+ ηm(x, u)
∂

∂um

= ξ(x, u)
∂

∂x
+ ηµ(x, u)

∂

∂uµ , µ = 1, . . . , m
(12)

where the functions ξ(x, u) and η(x, u) are the individual components of the vector field describing
the variable transformation, as per Equation (11), considering m dependent variables u ≡ u(x) =(
u1(x), . . . , um(x)

)
∈ U with respect to the independent variable x.

Definition 5. Consider the transformations performed by some Lie algebra of infinitesimal genera-
tors of symmetry G, defined as per Definition 4. Then, in general, the action of G on a manifold Ωp

is given by a differentiable map Γ : G × Ωp → Ωp such that:

Γg : (x, u) 7→ (x̃, ũ), (13)

where g ∈ G is a fixed element of the Γ map, which will be referred to as a point transformation [26]—
once again, considering m dependent variables u ≡ u(x) =

(
u1(x), . . . , um(x)

)
∈ U with respect

to the independent variable x.
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Definition 6. A local invariant of the transformation group G, as defined in Definition 4, is a
function I : Ωp → IR such that

I(Γg(x, u)) = I(x, u), (14)

where the action of g ∈ G is described by the Γ map as per Definition 5 [26]—once again, considering
m dependent variables u ≡ u(x) =

(
u1(x), . . . , um(x)

)
∈ U with respect to the independent

variable x.

Definition 7. A local conservation law of the k-th order ODE system Rσ[u] in Equation (6) is the
divergence expression

div Φ[u] ≡ DxΦ[u] = 0, (15)

holding for all solutions of the ODE system. In Equation (15), Dx is the total derivative with respect
to the independent variable x as per Equation (8), Φ[u] = Φ(x, u, ∂u, . . . , ∂ru) are known as the

“fluxes of the conservation law”, and the order r of the highest-order derivative ∂r in Φ[u] is known
as the “differential order of the conservation law” [73].

In this study, the Lie symmetry concepts discussed here will be used to find the
conservation laws emerging from the Baker2013 model in Equation (5). While the defi-
nitions above are needed to introduce the main theoretical notations and characteristics
of Lie symmetries for k-th order ODE systems—as per the Baker2013 model—they are
not going to be explicitly implemented in this paper. Indeed, the implementation of the
computational tools presented below will allow deriving the conservation law trends of
the Baker2013 model without explicitly going through the otherwise overly complex Lie
symmetry analytical steps needed.

2.3. Computational Materials

Various computational techniques allow deriving the conservation laws for a system
of k-th order ODEs, as per Definition 1 and Definition 7, without having to explicitly
compute the Lie symmetry generators and the invariants of the model [72,73]. An example
of a computational package enabling the production of such analysis is the Maple GeM
software package for automated symmetry and conservation law analysis [72,73,78,79]. In
general, the GeM package contains numerous powerful computational routines enabling
the application of Lie symmetry and conservation law formalisms for different DE systems.
Its appeal not only resides in the efficiency and accuracy of its analysis but also in the
user-friendly symbolic approach it takes [72,78]. In particular, the GeM package can be used
to seek the conservation laws of a DE model via four different methods, briefly described
in Table 1.

In particular, the direct method uses local multipliers depending on both independent
and dependent variables of the system. Then, the linear combination of the equations of
the system, augmented with such multipliers, will give rise to a divergence expression for
the fluxes of conservation laws of the form in Definition 7 [73].

In this study, the Maple GeM software package for automated symmetry and conser-
vation law analysis is used to investigate the conservation laws governing the Baker2013
model in Equation (5). The computational analyses will be performed using the following
tools’ versions: Maple 2024.2. Maplesoft, a division of Waterloo Maple Inc., Waterloo,
ON, Canada [80,81]; and the GeM symbolic software package for general symmetry and
conservation law analysis of differential equations, version 32.12 [72,73,78,79,82]. The
implementation of the Maple software and the GeM package is fully reproducible, once
set up as shown in the Maple script file in the Supplementary Material. Indeed, all Lie
symmetry-based conservation law derivations performed in this study do not contain any
non-deterministic, probabilistic or data-heavy element to them, which could potentially
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hinder both replicability and reproducibility. Therefore, all results of the GeM Maple pack-
age implementation found below and in the Supplementary Material—both partial and
final—are fully reproducible. Moreover, the Eureka2 shared High-Performance Computing
cluster, developed by the University of Surrey Research Computing Team (Guildford, UK),
was used to breach local computing processing limitations, but its implementation does
not influence the quality or the form of the results presented.

Table 1. Summary of the four methods for conservation law derivation available in the Maple GeM
software package for automated symmetry and conservation law analysis [72,73,78,79]. Table adapted
from Cheviakov (2010) [73].

Method Brief Description

Direct
Method available for simpler multipliers and DE systems, possibly involving arbitrary

functions. Its computational complexity lies in resolving an overdetermined Partial
Differential Equations (PDEs) system to derive the fluxes of conservation laws.

Homotopy 1 Method available for complicated multipliers and DE systems, not involving arbitrary
functions, rather one-dimensional integration to compute the fluxes of conservation laws.

Homotopy 2

Method available for complicated multipliers and DE systems, not involving arbitrary
functions, rather one-dimensional integration to compute the fluxes of conservation laws.

Compared to Homotopy 1, Homotopy 2 is more general and may give more complicated flux
expressions.

Scaling symmetry Method available for complicated multipliers and DE systems, possibly involving arbitrary
functions. Only method involving repeated differentiations.

3. Results
In this study, the Lie symmetry methodologies discussed in Sections 2.2 and 2.3

are used to assess how conservation laws arise in physiological systems of autoimmune
disorders via a case study of rheumatoid arthritis (RA) [16], and how inflammation flares
can be used as an indicator of biological feasibility.

3.1. Lie Symmetries and Conservation Law Analysis Preparation

The first step in the Lie symmetry and conservation law analysis of the Baker2013
model (Equation (5) [16]) is to rearrange its form so that it is optimal for its investigation.
Let us begin by noticing that the model is a first-order Ordinary Differential Equations
(ODEs) system. Definition 1 in Section 2.2 is used to define a system of N first-order ODEs

Rσ[u] = Rσ(x, u, ∂u) = 0, σ = 1, . . . , N, (16)

for one independent variable x and m dependent variables u ≡ u(x) =
(
u1(x), . . . , um(x)

)
, where

the set of all partial derivatives ∂pu of order p = 1, . . . , k is defined in Equation (7) [72,73,83]. Ac-
cording to the scientific literature on Lie symmetries, all systems of first-order ODEs admit
an infinite-dimensional Lie algebra of infinitesimal operators as in Definition 4 [32,37,84].
In other words, performing a Lie symmetry analysis on a system of first-order ODEs may
potentially generate an infinite number of symmetries. Consequently, the derivation of
both the Lie symmetry algebra and the conservation laws of a system of first-order ODEs is
potentially expensive and non-exhaustive [32,37]. One method to manipulate the form of a
system of first-order ODEs to best analyse its Lie algebra is by recasting it to a system of
higher-order ODEs, whose Lie algebra is known to be finite [32,37,84]. In particular, for a
first-order two-ODEs system as per the Baker2013 (Equation (5)) model, the steps below
allow for this change-of-order manipulation [37]:
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1. Consider the two-variable first-order ODE model to be of the formp′(t) = F(t, p(t), a(t)) = 0 (i)

a′(t) = G(t, p(t), a(t)) = 0 (ii)
(17)

2. Using (ii), find an expression for p in terms of a and a′ only, which will be labelled
(iii) for ease.

3. Differentiate (iii) with respect to time t in order to derive an expression for p′, which
will be labelled (iv) for ease.

4. Input (iii) and (iv) into (i) and manipulate the equation in order to derive an expres-

sion for a′′(t)—i.e., d2a(t)
dt2 .

Thus, the new expression for the original first-order ODE model will be a second-order
ODE in terms of a(t), a′(t) and a′′(t) only, without any loss of information. According to
the scientific literature, it is then known that the Lie algebra of the recast model consists of
at most eight infinitesimal generators of symmetry (Equation (12)) [32]. It is then possible to
seek an exhaustive set of symmetries for the recast model, and by extension for the original
first-order ODE model [32,37].

Following the steps above, the Baker2013 model (Equation (5)) is rewritten as a second-
order ODE in terms of a′′(t), a′(t) and a(t) only, as shown below. The full steps taken to
derive this second-order ODE are shown in Appendix A.

3.1.1. Baker2013 Change-of-Order Manipulation

1. Consider the Baker2013 model
dp
dt = −γp + 1

1+a2

(
α1 + α2

p2

1+p2

)
(i)

da
dt = −a + α4

p2

α2
3+p2 (ii)

in Equation (5), where its dimensionless parameters are interpreted as discussed in
Section 2.1 [16]:

(a) α1 = c0 = c0c3
c2da

is the basal pro-inflammatory cytokines’ production rate;

(b) α2 = c1 = c1c3
c2da

is the additional pro-inflammatory cytokines’ production rate
thanks to their self-upregulation;

(c) α3 = c6da
c3

= c6
c2

is the pro-inflammatory cytokines’ concentration for half-
maximal anti-inflammatory cytokines’ production;

(d) α4 = c5
c4da

is the anti-inflammatory cytokines’ production rate;

(e) γ =
dp
da

is the ratio between the pro-inflammatory cytokines’ degradation rate
dp and the anti-inflammatory cytokines’ da.

2. Use the ODE (ii), i.e.,

a′ = −a + α4
p2

α2
3 + p2

(ii)

and algebraically manipulate it to get the expression

p = α3

√
− a + a′

a′ + a − α4
(iii)

for p in terms of a and a′ only, given a′ ∈ [−a,−a + α4) for the existence of biologically
reasonable solutions.
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3. Differentiate (iii) with respect to t in order to derive the expression for p′

p′ =
α3α4

2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 (iv),

given a′ ∈ [−a,−a + α4) for the existence of biologically reasonable solutions,
once again.

4. Input (iii) and (iv) into (i) such that

α3α4

2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 =− γα3

√
− a + a′

a′ + a − α4

+
1

1 + a2

[
α1 − α2α2

3

(
a + a′

a′ + a − α4

)(
1 − α2

3
a + a′

a′ + a − α4

)−1
]

and rearrange to derive the second-order ODE

a′′ =− a′ +
2
α4

(
a′ + a − α4

)3/2√−a − a′·

·
{

1
α3(1 + a2)

[
α1 − α2α2

3
a + a′

a′
(
1 − α2

3
)
+ a
(
1 − α2

3
)
− α4

]
− γ

√
− a + a′

a′ + a − α4

}
,

(18)

given a′ ∈ [−a,−a + α4) for the existence of biologically reasonable solutions,
once again.

The second-order ODE in Equation (18) is the recast Baker2013 model in Equation (5) [16],
which is known to have at most an eight-dimensional Lie symmetry algebra [32]. Due to
the complexity of the steps in the change-of-order manipulations for the Baker2013 model,
the full algebra is shown in Appendix A.

This change of order is not the only manipulation to be performed. In fact, recast-
ing the Baker2013 model (Equation (5) [16]) into the equivalent second-order ODE in
Equation (18) allows restricting the dimension of its Lie algebra [32], but it is not sufficient
to use the Maple GeM software package for automated symmetry and conservation law
analysis effectively [72,73,78,79]. Indeed, the simplifications of overdetermined ODE sys-
tems performed by the GeM package are carried out via the Maple rifsimp routine [85],
which does not tolerate non-transcendental functions such as powers and trigonomet-
ric functions [74,78,82]. The recast model in Equation (18) contains powers, and would
thus prevent the rifsimp Maple routine from working correctly. Therefore, some arbitrary
functions of the forms F(a′, a), G(a′, a) and H(a) can be introduced and used as “place-
holders” for the non-transcendental functions in the model. This manipulation will thus
allow the use of the rifsimp routine within the GeM package correctly, without any loss of
information [74,78,82]:

3.1.2. Baker2013 Non-Transcendental Functions Manipulation

Let us consider the previously manipulated second-order ODE in Equation (18) for the
Baker2013 model (Equation (5) [16]), given a′ ∈ [−a,−a + α4) for the existence of biologi-
cally reasonable solutions. Indeed, Equation (18) contains numerous non-transcendental
functions, here powers. Thus, the arbitrary functions

F := F(a′, a) =
(
a′ + a − α4

)1/2
=
√

a′ + a − α4

G := G(a′, a) =
(
−a − a′

)1/2
=

√
−a − a′

H := H(a) = a2,

(19)
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are defined and input into Equation (18) to yield

a′′ =
2
α4

F3G

{
1

α3(1 + H)

[
α1 − α2α2

3
a + a′

a′
(
1 − α2

3
)
+ a
(
1 − α2

3
)
− α4

]
− γ

G
F

}
− a′, (20)

given a′ ∈ [−a,−a + α4) for the existence of biologically reasonable solutions.
The Lie symmetry and conservation law analysis of the Baker2013 model (Equation (5) [16])

can now be performed via the Maple GeM package [74,78,82] by using Equation (20).

3.2. Computation of the Fluxes of Conservation Laws

As previously discussed in Section 2.3 of the Materials and Methods, the Maple GeM
software package [72,73,78,79] is used to investigate the conservation laws governing the
Baker2013 model (Equation (5) [16]). In particular, the computational power provided by
GeM is used via the steps below:

1. Prepare the Maple environment for GeM analysis. Specifically, input the second-
order ODE (Equation (20)) for the Baker2013 model—with conditions on the arbitrary
functions—derived in Section 3.1 and initialise GeM.

2. Generate the determining equations for the conservation laws. An overdetermined
Differential Equations (DEs) system will be returned, possibly in terms of the con-
servation law multipliers Λ(t, a) which are specifically taken as factors in the linear
combination of equations in the DE system.

3. Simplify and reduce the overdetermined DE system of conservation law-determining
equations, while performing a conservation law classification analysis.

4. Solve the determining equations case-by-case. If any conservation law multipliers are
present, their forms will be recovered.

5. Generate the conservation law fluxes by choosing one of the available methods, which
have been briefly discussed in Section 2.2, Table 1.

The full Maple code script following these steps and showing the full outcome of the
relative computations can be found in Supplementary Materials. The resulting classification
analysis for the Baker2013 model is shown in Figure 3.

Each solved determining equation is then used to determine the fluxes of conservation
laws and the conservation laws (as per Definition 7 in Section 2.2) case-by-case. Table 2
summarises these results, which can be fully found as outputs to the GeM computational
analysis in the Supplementary Materials.

As per the decision tree plot in Figure 3, the conservation law analysis of the Baker2013
model [16] identifies eight cases defined by the parametric conditions p1, p2, p3, p4, p5, p6 and p7.
Cases 1 and 6 differ in the conditions defining them but their conservation laws are
equivalent. Both cases are solved via the “Direct” method, thus using the multiplier
Λ1(t, a) = 0 to derive the two identical fluxes of conservation law Fluxt = c1, where
c1 is an arbitrary constant. Using Definition 7—in particular div Φ[u] ≡ DxΦ[u] = 0
where Φ[u] = Φ(x, u, ∂u, . . . , ∂ru) are known as the “fluxes of the conservation law”—the
conservation law

c1Dt = 0 ⇒ Dt = 0 (21)

can thus be written for the Baker2013 model by letting Φ[u] = Fluxt = c1 and simplifying
the constant parameter c1 out. The conservation law in Equation (21) describes a conserva-
tion of the time variable t within the pro- and anti-inflammatory cytokines’ dynamics. This
conservation of time corresponds to conservation in energy [36,58], a well-known property
of many physical and biological systems. In practical terms, conservation of energy implies
that if a set of experimental assays was to be performed on the current model, their results
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would be reproduced in time. More formally, conservation of energy implies robustness of
the predicted cytokines’ dynamics to time perturbations.

Figure 3. Classification of cases for the conservation law analysis of the Baker2013 model
(Equation (5) [16]). The results from the classification analysis are graphically presented via a decision
tree plot. Each branch in the tree corresponds to a different case, defined by a series of parameter
conditions. Green branches correspond to equivalent conservation law analysis results, although
their parametric conditions differ. The tree plot can be read from the top down, starting from the first
condition, labelled p1. The “<>” branch corresponds to the case holding for p1 ̸= 0; on the other
hand, the “=” branch corresponds to the case holding for p1 = 0. As the tree plot branches down,
more conditions will be added to the previous ones, thus generating new cases as stemming branches.
The full analytical form of all parameters can be found in Supplementary Materials. Figure generated
using Maple 641 2024.2 [80,81] and the GeM symbolic software package 32.13 [72,73,78,79].

All other cases (namely, 2, 3, 4, 5, 7 and 8) yield the multiplier Λ∗
1(t, a) = c1 + c2 exp (t),

where c1 and c2 are two arbitrary constants. Due to the level of complexity of the Baker2013
model and the presence of the non-trivial multiplier Λ∗

1(t, a) in the unsolved flux expression,
the “Direct” method cannot solve these other fluxes of conservation law. Both integration
solver methods (i.e., homotopy 1 and homotopy 2) are also not compatible with these
derivations, as they do not support the augmentation of arbitrary functions in the model, as
discussed in Section 3.1. Thus, the scaling method is implemented by assuming a temporal
symmetry generator X1 = ∂t from Equation (21), recovering Fluxt = 0. Consequently, no
additional conservation law is found for the Baker2013 model.

In summary, the Baker2013 model predicts conservation of energy—i.e., experimental
reproducibility—in some precisely defined parametric conditions of its parameter space.
For the Baker2013 model to realistically reflect the evidence on RA, the results emerging
from its robustness analyses must agree with its clinically observed disease phenotypes.
In other words, the conservation of energy trends in the Baker2013 model must be con-
sistent with the expected RA disease behaviours. As part of the complex RA disease
phenotypic repertoire [20,47,52,59,60], inflammation flares are often clinically observed in
patients [20,59,60]. Because of their oscillatory behaviour, clinical assays performed on a
RA patient experiencing inflammation flares will not produce the same result consistently
in time. In other words, experimental reproducibility is incompatible with inflammation
flares. The Lie symmetry analysis on the Baker2013 model allows for some areas of its
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parameter space to not be bounded to conservation of energy (see Table 2 and Figure 3).
This conditional existence of conservation of energy allows for the robust emergence of
oscillatory phenotypes in the Baker2013 model, indicating that Lie symmetry allows iden-
tifying inflammation flares as an indicator of biological feasibility in RA modelling. To
summarise, a comparison of the results of Lie symmetry-based conservation law analysis
with the clinical RA evidence on inflammation flares allows performing a successful model
evaluation check on the disease phenotypes predicted by the Baker2013 model.

Table 2. Summary of the conservation law analysis results of the Baker2013 model (Equation (5) [16]).
Each case is labelled as per the decision tree plot in Figure 3 and the conditions of all cases are
summarised. The full analytical form of all parameters can be found in Supplementary Materials.

Case Conditions Solution Method Multipliers Λ1(t, a) Fluxes of Conservation
Law

1 p1 ̸= 0 Direct 0 Fluxt = c1

2 p1 = 0, p2 ̸= 0 Scaling c1 + c2 exp (t) Fluxt = 0

3 p1 = p2 = 0, p3 ̸= 0 Scaling c1 + c2 exp (t) Fluxt = 0

4 [p1, p3] = 0, p4 ̸= 0 Scaling c1 + c2 exp (t) Fluxt = 0

5 [p1, p4] = 0, p5 ̸= 0 Scaling c1 + c2 exp (t) Fluxt = 0

6 (as 1) [p1, p5] = 0, p6 ̸= 0 Direct 0 Fluxt = c1

7 [p1, p6] = 0, p7 ̸= 0 Scaling c1 + c2 exp (t) Fluxt = 0

8 [p1, p7] = 0 Scaling c1 + c2 exp (t) Fluxt = 0

4. Discussion
The aim of this paper is to explore novel analysis methods for the study of robustness in

physiological modelling, and therefore to derive mathematically informed conclusions on a
system’s response to perturbations. These conclusions are instrumental to propose testable
predictions on the biological system under investigation. Robustness plays a key role in
maintaining and adapting a system’s functionalities as a response to one or more changes
in its environment [1–3]. Indeed, robustness holds interest in Systems Medicine, as its study
allows investigating (i) how a patient’s state transitions from health to disease (and vice
versa) under various stimuli, and (ii) how these changes are maintained in time [8,86–88].
In the context of drug-dependent remission of a disease, and its development after drug
withdrawal in patients, robustness analyses enable investigating the differences between
patients maintaining remission, thus achieving a robust remission state, and patients
falling into relapse. Therefore, robustness analyses can assist in the identification of the
mechanisms occurring in patients with drug-free remission that achieve a sustained health
state, thus hypothesising how such a state may be induced.

Focussing on the ultimate aim of exploring analytical properties leading to sustained
remission dynamics, this paper investigates robustness in the rheumatoid arthritis (RA)
physiological system as a case study. In particular, robustness is investigated with respect to
the model of pro- and anti-inflammatory cytokines in the RA-inflamed synovium published
by Baker and colleagues [16]. A Lie symmetry analysis of the model is performed by
investigating the conditions for the emergence of different conservation laws in the RA-
inflamed synovium. Ultimately, the results are used to gain a deeper understanding of the
properties characterising the system’s robustness. The Lie symmetry analytical approach
identifies at most two different conservation law cases that the RA model can exhibit,
alongside their parametric conditions for validity. In particular, a conservation law solely
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with respect to the time variable—known in the literature as “conservation of energy” and
linked to experimental reproducibility [36,58]—is found for two out of the total set of eight
emerging parametric combinations. This conservation law trend is then compared to the
RA disease phenotypes observed clinically and experimentally [42,59–61] to conclude that
the parameter-dependent existence of conservation of energy supports the emergence of
inflammation flares in RA progression. Therefore, the Lie symmetry analysis indicates that
the emergency of inflammation flares is of interest in the study of robustness, and therefore
sustained RA remission or relapse, according to the conditional emergence of conservation
of energy.

In other words, specific numerical parameter sets in the Baker model enable the robust
emergence of experimental reproducibility in their predicted health or disease state. From a
clinical point of view, each patient experiencing RA is characterised by a specific, personal
set of numerical parameters that can be potentially derived from clinical testing. These
numerical values can then be input into the analytical form of the conservation of energy
conditions of existence derived in this paper to “personalise” the resulting insights ad hoc
for a specific patient. Therefore, it will be potentially possible to identify which conservation
law case is associated to the patient’s specific RA condition. In terms of remission and
relapse, a patient in a state of achieved remission whose profile falls under conservation of
energy validity is predicted to satisfy experimental reproducibility. Therefore, the acquired
state of remission will be maintained robustly in time, i.e., any future assay performed
on their RA condition will yield the same set of results. Similarly, a patient that falls into
relapse and whose profile falls under conservation of energy validity is predicted to be in a
robust state of relapse. On the other hand, patients whose profile is not compatible with
conservation of energy validity will not be subject to experimental reproducibility, thus
being in either a non-robust, evolving state of disease or a robust flaring conditions.

Considerations based on the experimental reproducibility of the findings were also
used to perform model evaluation, concluding that the Baker2013 model can be used
to describe the cytokine dynamics in the RA-inflamed synovium without loss of infor-
mation, not only in terms of predicted temporal dynamics—as published by Baker and
colleagues [16]—but also in terms of its structural robustness via its conservation laws.

4.1. Lie Symmetry Robustness Analysis Towards Sustained Drug-Free Remission in RA

The investigations performed in this paper show that a Lie symmetry-based approach
can be effectively implemented to analytically derive the conservation laws of a physiologi-
cal system. In particular, conservation law determination allows for the identification of
the invariant parameters and variable identities within the studied system [2,29,73]. In a
clinical context, the conservation laws arising from the mathematical structure of a physio-
logical model can then be translated into the mechanisms allowing a robust characteristic
of the disease to be achieved. For instance, conservation laws in a clinical context can
be used to gain insights on the robust characteristics pushing a disease system towards
(i) drug-dependent remission, (ii) drug-free remission maintained in time, and (iii) relapse.

In this paper, a robustness study through Lie symmetry-derived conservation laws
is performed on the model of pro- and anti-inflammatory cytokines in the RA-inflamed
synovium by Baker and colleagues [16] (i.e., the Baker2013 model). RA holds interest
for Systems Medicine as the mechanisms governing the achievement and maintenance
of both drug-dependent and drug-free remission are currently unknown [7,21,39,40]. In
particular, treatment strategies that induce drug-dependent remission in (a minority of)
RA patients do exist. However, this remission state is often lost upon drug withdrawal in
favour of relapse [21,39,40]. To address this critical aspect, the robustness analyses proposed
in this study enable a deeper analytical understanding of the RA mechanisms that may
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favour either robust remission or relapse in patients, thus offering a strategy towards the
elucidation of RA remission mechanisms. The parameter-dependent conservation law with
respect to time yielded by the Baker2013 model upon robustness analyses through Lie
symmetry, often referred to as “conservation of energy” [36], reflects the conditional time-
invariant property of pro- and anti-inflammatory cytokines’ dynamics in the RA-inflamed
synovium. As briefly discussed in Section 3.2, conservation of energy is a well-known
property of many biological systems, and it reflects the system supporting experimental
reproducibility within its parameter space [36,58]. Clinically, experimental reproducibility
reflects a patient’s state being robustly maintained in time in the absence of perturbations,
as performing the same experimental assay at different time points, on the same patient,
should not change its outcome. Consequently, conservation of energy being supported
by the RA model reflects an unchanged system’s state in time that (i) is robust around its
current state, and (ii) adapts to perturbations in favour of this same state. From a clinical
point of view, a patient whose health or disease state is compatible with conservation of
energy will be robust in time and will therefore indicate either maintained remission or
severe relapse, respectively. On the other hand, a patient whose condition is not compatible
with conservation of energy will not experience experimental reproducibility and will
therefore be in a dynamical non-robust condition of disease—which is therefore appropriate
for the application of treatment-like perturbations aiming to change this state towards
remission.

In the present work, the Lie symmetry-based analysis on the RA model also shows
that conservation of energy is not supported for all parametric conditions in the Baker2013
model (see Table 2 and Figure 3). Indeed, various parametrically defined conditional cases
for conservation laws’ existence in the Baker2013 model do not yield any conserved quanti-
ties. This conditional “breakage” of the conservation of energy in the Baker2013 model does
not support experimental reproducibility for all emerging disease phenotypes. From a clini-
cal point of view, this conditional model characteristic can be reflected by the same patient’s
disease state changing in time without the intervention of any kind of perturbation for some
RA phenotypes. Indeed, from both clinical [20,47,52,59,60] and mathematical [16,41,89–91]
points of view, RA is a complex disease, as it incorporates different disease stages and
phenotypes which do not always align with experimental reproducibility. For instance,
oscillatory inflammation behaviours can often be observed in RA patients. Clinically, these
oscillations emerge as periodic flares of inflammation, followed by periods exhibiting a
less severe inflammatory condition [16,20,41,59,60]. Sustained inflammation flares move a
patient’s disease state through different degrees of disease severity repeatedly over time.
Therefore, carrying out a clinical assay on a patient experiencing RA-induced inflammation
flares will not yield the same results at different time points. The Lie symmetry-informed
presence of parametric conditions in the Baker2013 model “breaking” conservation of en-
ergy indicates the presence of robust inflammation flares under a set of specific conditions.
Therefore, a clinical interpretation of conservation of energy in the model allows for gaining
insights on disease dynamics that may potentially lead to robust disease phenotypes, i.e.,
RA-specific inflammation flares.

The conditional presence of robust inflammation flares emerging from the proposed
analysis provides a “map” towards the achievement of in silico drug-free remission in
RA patients. The parameter and variable-based conditions for the emergence of the con-
servation of energy—as per Table 2, Figure 3 and the Supplementary Material—can be
interpreted as analytical instructions for the existence of conservation of energy in the
model parameter space. In future studies, these Lie symmetry investigation results could
also be visualised through partitioning a system’s parameter space into areas reflecting
how its conservation of energy conditions of existence change and meet.
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Clinically derived data from a given patient could also potentially inform the quan-
titative identification of the unknown variables and parameters building the conditions
of existence for conservation of energy. This further step would open room for the quan-
titative identification of treatment approaches built ad hoc for that individual patient.
Once the parametric conditions for the existence of conservation of energy are found in
terms of enumerated parameter and variable values and localised in a parameter space, it
would be possible to hypothesise how to move between them—and therefore break the
robust conditions around sustained disease states localised within them. The localised
conservation of energy areas may then be used to inform both clinical decision-making
and model evaluation. In other words, from a clinical point of view, each patient’s RA
condition can be potentially defined by a set of numerical assay-derived parameters. Once
input in the proposed analytical conditions of existence for conservation of energy, each
patient’s state can be associated to a specific case depending on the numerically resolved
parametric conditions. Thereafter, it will be potentially possible to personalise the hypo-
thetical treatment-like perturbation that can be applied in silico towards the achievement
of a robust state of remission.

To this purpose, further robustness analyses could be integrated into the proposed
Lie symmetry methodology to provide additional information on sustained trends in a
disease model, alongside their validity conditions. For instance, Linear Stability Analysis
(LSA) is a mathematical methodology widely used to study a system’s behaviour around its
equilibria [22]. In particular, LSA allows for the enumeration and quantitative identification
of the stable health and disease states of a physiological model, as well as the dynamical
trends around them [22]. For the Baker2013 RA model used in this paper as a case study,
Baker and colleagues [16] perform a LSA to describe the dynamical characteristics of health
and disease phenotypes under various mathematical conditions and perturbation hypothe-
ses. Integrating such LSA insights into the conservation of energy results in Section 3.2
would open room for a further layer of information to be added to our current robustness
investigations. For instance, it would enable the identification of the formalisms behind
the emergence of different phenotypes driving—and possibly breaking—inflammation
flares in the RA model parameter space. Or again, the equilibria information provided by
LSA could be used to inform health and disease-specific conservation law behaviours in
RA, therefore enabling more accurate and precise hypothesis-driven treatment towards
sustained remission.

In summary, the Lie symmetry-based analysis performed in this paper paves the way
to the quantitative investigation of (i) the existence and parametric extent of robust health-
and disease-associated conservation laws, (ii) their distribution in a model’s parameter
space, and (iii) the quantitative perturbations needed to move the system’s states between
them. In the RA case study presented here, this approach would allow for the investigation
of the conditions maintaining RA aggravation over time, thus yielding new information on
RA progression in its most severe cases. This investigation would then allow a targeted
exploration of the RA parameter space via treatment-like stimuli, potentially enabling prac-
titioners to test the extent of a patient’s response to localised perturbations, e.g., reflecting
a test therapy. Additional methodologies such as LSA could therefore be integrated to
provide further information to the quantitative and parameter space-localised robustness
insights gained via Lie symmetry analysis.

4.2. Lie Symmetry Analysis for Model Evaluation

From a more formally mathematical perspective, Lie symmetry analysis is argued to
aid not only in robustness information, but also in model evaluation. From a mathematical
angle, various formally different models can yield the same dynamics for one same disease
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condition. Model evaluation and selection are thus paramount to determine which can-
didate model is best able to describe both clinical and experimental evidence. However,
this procedure can be challenging, as multiple models might fit evaluation and selection
criteria equally well [24]. In this paper, it is argued that Lie symmetry-based conservation
laws provide powerful insights into this issue. A clinical interpretation of the emerging
conservation laws of a physiological model can provide rich information on the feasibility
of disease phenotypes predicted by dynamical modelling, based on the underlying model
structure. Indeed, the comparison of conservation laws and temporal dynamics onto the
same parameter space can restrict the set of predicted disease behaviours, based on their
feasible coexistence. Therefore, model evaluation and selection can be more accurately
performed not only based on how well a putative model fits experimental and clinical data,
but also on how well the underlying mathematical structure reflects biological feasibility.

The Baker2013 model case study gives an example of how conservation laws
can aid in modelling evaluation. As we have discussed, RA is a complex disease
and incorporates different disease stages and phenotypes, such as periodic flares of
inflammation [16,20,41,59,60]. From a modelling selection and validation perspective, the
best model sufficiently reproducing RA dynamics would admit such oscillatory behaviour.
Baker and colleagues [16] show that flares in the form of limit cycles are qualitatively
admitted by the Baker2013 model; thus, the published dynamical modelling provides
information on the mathematical existence of flares in the RA-inflamed synovium. At the
same time, the results of the conservation law analysis in Section 3.2 shows that conser-
vation of energy is a characteristic of the Baker2013 model, and it has been argued that it
is an indicator of experimental reproducibility—unlike inflammation flares. Therefore, it
is foreseen that the Baker2013 model will not sufficiently reproduce RA dynamics if all
its oscillatory phenotypes coexist in the same parameter space sections as conservation of
energy. The conservation law analysis in Section 3.2 allows for a series of conditions where
no conservation laws exist, thus breaking conservation of energy. In other words, there are
conditions on the existence of the conservation of energy yielded by the Baker2013 model
that allow for the reasonable existence of inflammation flares, as sustained flares could
potentially lie in the parameter space areas not imposing experimental reproducibility.

In summary, the conservation of energy trends of the Baker2013 model—arising from
our proposed Lie symmetry-based analysis—allow critically evaluating how well the
model reflects the inflammation flare disease phenotype clinically expected [20,41,59,60].
Therefore, it is possible to conclude that the Baker2013 model can potentially reflect the
oscillatory nature of RA-induced inflammation, given that its structure allows for the
feasible coexistence of both experimental reproducibility—i.e., conservation of energy—and
oscillatory phenotypes. In the future, a more accurate evaluation of the Baker2013 model
building on these observations will involve the mapping of both oscillatory phenotypes
and conservation of energy areas in its parameter space, to then visually compare how the
two meet and coexist in the same phenotypic repertoire.

4.3. Modelling Perspectives

The proposed Lie symmetry methodology is not limited to Ordinary Differential
Equations (ODEs) systems (such as the Baker2013 model in Equation (5)) to study their
robustness characteristics and inform model evaluation. Indeed, it can be extended to all
Differential Equation (DE) models of physiological systems. Lie symmetry analysis can
be applied to DE models of various nature, such as higher-order and multiple-variables
ODEs and Partial Differential Equations (PDEs). Indeed, while some limitations emerge
with Lie symmetry analysis of first-order ODEs, the methodology can be applied to both
higher-order ODE systems and PDEs. The implementation to more complex ODE and
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PDE physiological system is analytically equivalent, and the use of the computational
tools aiding in conservation law derivation is largely unchanged [32,67,72,82]. Thus, the
proposed methodology could potentially be applied to other physiological systems of
different spatio-temporal scaling.

For instance, DE models of various granularity of autoimmune disorders other than
RA [7] can be studied via Lie symmetry analysis. As an example, RA modelling could be
investigated further to explore robust cell-led mechanisms involved in RA progression.
One of the main assumptions that was made in the Baker2013 model is the simplification
of all cellular behaviour variability. This assumption allows modelling the synovium as a
spatially homogeneous collection of cells [16,41]. While easing the model’s definition and
analysis, this assumption also prevents to gain a more in-depth understanding of the specific
cell-led mechanisms involved in RA progression. Other RA models take into account the
specific mechanisms involved in the disease, albeit by complicating the mathematical
formalisms they use [41]. Jit and colleagues [92] used a four-variable first-order ODE model
to investigate the molecular-level dynamics of Tumour Necrosis Factor-α (TNF-α) in RA,
including the formation of ligand–receptor and antigen–antibody complexes, as well as the
binding process of TNF-α to cell surface receptors. Thereafter, they studied and predicted
both the short- and long-term benefits of various treatment techniques inhibiting TNF-α.
To do so, the authors first focused on the identification of the steady states of the RA model,
distinguishing between health and pathological states in terms of TNF-α concentrations.
Subsequently, they performed a parameter space exploration of the system, with the
aim of reproducing various treatment conditions [41,92]. Odisharia and colleagues [90]
developed a five-variable ODE model to describe interactions between B cells, T cells and
cells forming in the cartilage once tocilizumab treatment is applied. The authors study
this RA model by investigating the resulting dynamics numerically, including cartilage
degradation, as various parameters are changed [41,90]. Using the proposed Lie symmetry-
based methodology on such models, the robustness of these systems can potentially be
investigated, alongside their model evaluation, thus deepening the current understanding
of RA. A common set of conservation laws arising in RA models can then be potentially
identified. Therefore, this common set of RA conservation laws could be used to find a
common set of robust characteristics linking together different healthy and diseased steady
states.

This information could be used to further define more realistic RA models. To better
understand this, we can think about the case study investigated in this paper. A pre-
constructed model of RA dynamics (i.e., the Baker2013 model [16]) is used to inform the
conservation law analysis, explore robustness and derive model evaluation observations.
However, Lie symmetry analysis results could also work in the opposite direction, i.e.,
informing a model with respect to the RA robustness gathered by comparing multiple
models’ robustness results. This bidirectional approach could help not only in evaluat-
ing robustness and model formalisms but also in optimising the dynamics definitions
embedded in the models.

Finally, data fitting may be potentially performed to estimate the model parameters
and experimentally evaluate the results discussed in this paper. For a mathematical model
to be biologically relevant, most—but optimally all—its parameters must be derived from
clinical or experimental data. The complexity of the model will then heavily depend
on the availability of the biological data used to support the parameter choices and to
validate the resulting dynamics [41]. However, in RA, it is difficult to collect clinical and
experimental data from in vivo and in vitro studies relevant to human research [41,93–95].
Indeed, RA dynamics in humans do not develop as in animals, and must therefore be
induced therapeutically with a short disease lifetime in patient samples [41,94]. While such
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clinical trials and studies provide the optimal biologically relevant setting for RA data
collection, the information that can be gathered from patients is limited [41,94]. Nonetheless,
RA mathematical studies such as the ODE model by Jit and colleagues [92] use various
experimental information to estimate their parameters [41]. Therefore, in spite of the
currently limited availability of RA experimental data to validate the robustness analysis
performed for the RA model of Baker and colleagues [16], there is room for a more accurate
experimentally and clinically based parameter evaluation and investigation. Much research
is currently being performed on the use and discovery of RA biomarkers data [96] and their
correlation with cytokine profiles [97]. Cytokines themselves are being considered as RA
biomarkers, as recent technological developments have allowed for large cytokinetic data
sets to be generated from small patient body fluid volumes [98]. Therefore, in the future
there will be potential room for the clinical data evaluation of the robustness observations
performed for the RA case study in this paper. For instance, Nakada and colleagues
[99] have recently investigated the interplay between various cytokines involved in RA
progression via a data-informed quantitative ODE model to explain inter-patient variability
in anti-inflammatory treatments [41]. Although this model is pharmacokinetic [99], and
therefore mostly focuses on the time course of time exposure [41], the methodologies used
to manipulate the experimental and clinical data could potentially be applied in the future
to validate the robustness observations from this case study.

The applicative scope of this Lie symmetry robustness analysis is wider than the RA
test case, and can cover other dynamical DE models of health and disease. For instance,
the Lie symmetry analytical methodology can be used to unveil mechanisms of disease in
cancer. Cell cycle modelling optimally fits this aim, as its dysregulation is strongly linked
to oncogenesis [4,7,13,100]. Given the evolutionary conservation of the cell cycle network
across eukaryotes, minimal cell cycle networks can be used to investigate key dysregulated
components often mutated in disease [4]. The cell cycle can be modelled as a network
of cyclin-dependent kinases, which can then be investigated in terms of its robustness
properties [4,13]. The arising Lie symmetry-based conservation laws’ trends can then be
interpreted in terms of the phenotypic behaviours observed in the clinical and experimental
literature, therefore opening room to discussion about key robust dysregulation mecha-
nisms in aberrant cell growth and division. For example, minimal autonomous cell cycle
oscillator designs [4,101] can be used as case studies for future Lie symmetry robustness
investigations. Studying shifts in these minimal models’ phenotypic regimes with respect
to their ability to exhibit oscillations can then be further investigated by identifying their
underlying conservation laws. This information would then give further insights into what
network components and interactions remain conserved under set parametric conditions,
and therefore what robust characteristics remain unchanged under phenotypic shifts in cell
cycle dysregulation.

4.4. Limitations and Advances

The proposed and discussed Lie symmetry-based conservation law analysis for ro-
bustness investigations of physiological models holds room for analytical, computational
and technical growth.

From an analytical perspective, the proposed Lie symmetry methodologies can be ap-
plied to find the discrete Lie point symmetries—and therefore the associated concentration
laws—of all given ODEs of order higher than one and PDEs [32,37,84]. In this case, the
system of ODEs or PDEs would not need any analytical preparation to account for any
Lie symmetry analysis assumption, and could straightforwardly be input in a computa-
tional solver of choice (here the GeM Maple software package). However, as discussed in
Section 3.1, the Lie symmetry analyses cannot be applied directly to a system of first-order
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ODEs. Indeed, according to the relevant literature on Lie algebra, all first-order ODEs
and their systems admit an infinite-dimensional Lie algebra of infinitesimal operators—
and therefore an infinite-dimensional set of conservation laws [32,37,84]. This analytical
bottleneck implies that all attempts to find an exhaustive set of conservation laws for
first-order ODEs would be insufficient, complex and computationally expensive. Therefore,
an analytical limitation of first-order ODE systems is that these need to be algebraically
manipulated and recast into an equivalent higher-order form before being computationally
analysed for their conservation laws. The Baker RA model analysed in this paper as a
case study represents such an example. However, as shown in Section 3.1, the analytical
manipulations needed to prepare its form to Lie symmetry analyses can be performed with
no issues either analytically (as done here) or computationally.

The proposed Lie symmetry-based conservation law analysis holds room for growth
also from a computational perspective. First, the limitations of the computational tech-
niques used in the Lie symmetry and conservation law analysis of the RA-inflamed syn-
ovium case study is discussed. As per Section 2.3, the Lie symmetry-based conservation
law analysis has been carried out using the Maple GeM symbolic software package for
general symmetry and conservation law analysis [72,73,78,79]. As previously argued, the
Baker2013 model (Equation (5) [16]) cannot be directly input into the GeM package. Indeed,
this model is a first-order system of ODEs of the form shown in Equation (16), and, as such,
admits an infinite-dimensional Lie algebra of infinitesimal operators [32,37,84]. Therefore,
a recasting is performed with respect to the two-variables first-order system of ODEs in
Baker2013 to a single equivalent one-variable second-order ODE, namely Equation (18).
Moreover, its form had to be further manipulated to adapt to the GeM package limita-
tions in handling non-transcendental functions, [74,78,82] here powers. This limitation is
brought by the rifsimp symbolic routine [85] used in the GeM package [74,78,82]. To do so, a
series of arbitrary functions (i.e., Equation (19)) were introduced, which allowed rewriting
the Baker2013 model in the GeM-friendly form in Equation (20). These change-of-order
and non-transcendental functions manipulations are algebraic and must be performed
analytically. In future studies, there will be room for the computational implementation of
these two manipulations via Maple-based routines. This would ultimately allow a user to
straightforwardly input their DE model in the GeM routine without necessarily having to
cope with potentially complex analytical manipulations.

Furthermore, the potential of the GeM package for the computation of fluxes of con-
servation laws is limited by introducing arbitrary functions to handle non-transcendental
functions in the model of interest. As per Section 2.3, the GeM package offers four different
methods to compute the fluxes of conservation laws of a system of DEs, which are briefly
described in Table 1. For the conservation law analysis in Section 3.2, two of these methods
are employed: the “direct” and the “scaling” methods, which are the only two available
flux computation methods allowing the use of arbitrary functions within the GeM package.
Indeed, the two integration-based methods, “homotopy 1” and “homotopy 2”, do not
support the integration of arbitrary functions. Therefore, the potential of the GeM package
for the computation of fluxes of conservation laws is limited by introducing arbitrary
functions to handle non-transcendental functions in the model of interest. By extension, it
can be said that the rifsimp symbolic routine [85] implemented for simplification purposes
in the GeM package limits the analytical potential of GeM for the computation of fluxes
of conservation laws, due to non-transcendental functions’ intolerance. A future compu-
tational expansion could, therefore, include the implementation of an alternative Maple
routine for the simplification of overdetermined DE systems within the GeM routine. One
such package, for instance, is the Janet Maple routine, enabling the simplification of linear
PDE systems [102], not unlike rifsimp.

https://doi.org/10.3390/sym18071143

https://doi.org/10.3390/sym18071143


Symmetry 2026, 18, 1143 28 of 37

Alternatively, other computational techniques and routines other than GeM are avail-
able to perform Lie symmetry analysis on DE systems. One such computational routine ad
hoc for first-order ODE systems is the “symSys_1st_ODEs” Python and LaTeX-based project,
developed by Borgqvist and colleagues [26]. As discussed in Section 3.1, all first-order
ODE systems admit an infinite-dimensional Lie algebra of infinitesimal operators [32,37,84].
From a practical point of view, computing the infinitesimal generators of Lie symmetries
for a system of first-order ODEs without recasting the system to a higher order will imply
resorting to some kind of guess on the form of the generator being searched, which will
be referred to as an “Ansatz” [26,84]. Indeed, symSys_1st_ODEs uses such Ansätze to com-
pute the infinitesimal generators of symmetry (as Definition 4) of first-order ODE systems
[26]. These Ansätze will consequently restrict the range of search to those generators that
mostly agree with the form being guessed. Indeed, while symSys_1st_ODEs proves to be
successful in deriving a set of infinitesimal generators of symmetry for various first-order
ODE systems, such as the Susceptible–Infected–Recovered (SIR) model, its derivations are
limited to polynomial Ansätze. Consequently, its search for generators of symmetry will
exclude non-transcendental functions such as trigonometric functions. As far as we are
aware, there is currently no analytical methodology that allows computing the complete
set of all the symmetries of first-order ODEs that does not involve the input of some Ansatz.
Moreover, the implementation of this project is limited by the symbolic calculations per-
formed using the SymPy Python library [103], which can potentially lead to very long and
expensive computational runs. Therefore, in this paper, the Maple GeM software package
has been used for the Lie symmetry-based robustness analysis instead of symSys_1st_ODEs.
Nonetheless, an in-depth comparison of the symSys_1st_ODEs and GeM packages could
potentially allow integrating their individual strengths in a refined computational pipeline.

An analytical consideration on Lie symmetries may also be drawn from the work
presented in this paper. All the Lie symmetry-based robustness investigations are focused
on local conservation laws. As seen in Definition 7 (Section 2.2), all the derived conservation
laws for the models considered in this paper depend only on the independent and the de-
pendent variables of the system [104], and are thus local. However, conservation laws could
also be written not only in terms of the system’s variables but also their derivatives and
differentials [104]. Such so-called nonlocal conservation laws stem from potential systems
which can be derived from the original model using its local conservation laws [74,104].
Nonlocal conservation laws usually arise in systems involving arbitrary functions and
constant parameters [74], much like the Baker2013 model (Equation (5) [16]). Studying the
nonlocal Lie symmetries and conservation laws of a physiological system would widen the
potential of the proposed Lie symmetry-based conservation law analysis, as it would not
only expand robustness studies and model evaluations but it would also allow obtaining
solutions of the DE systems [104]. The GeM package includes the computational tools
needed to perform such nonlocal analyses [72,73,78,79], and it would thus aid in expanding
future studies in this direction.

5. Conclusions
This paper proposes the use of a Lie symmetry-based methodology towards robustness

investigations and model evaluation in physiological systems. For many complex diseases,
such as rheumatoid arthritis (RA), it is currently possible to clinically achieve drug-free
remission for numerous patients. However, the tools to identify the mechanisms yielding
drug-free remission are currently lacking [21]. Building and investigating dynamical
models of disease systems, with a focus on uncovering their robustness mechanisms,
may help in this task, although it requires the use of ad hoc analytical and mathematical
formulations [26,32,67].
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Here, Lie symmetry-based conservation law analysis is proposed as a mathematical
tool to undercover the robustness characteristics of a disease model, to then inform in
silico sustained drug-free remission of the disease. When investigating the development
of a patient’s state from health to disease, and possibly to learn how to bring the system
from disease back to health, it is key to know how the system responds to stimuli in
order to understand how these disease states change with time and upon perturbation.
Therefore, informed decisions based on what it is known about the physiological system’s
robustness will have to be made to hypothesise how to induce a different state and to
maintain that change in time—for instance, from a disease state to a drug-free remittance
state. The proposed Lie symmetry-based methodology allows gaining such a robustness
understanding from in silico studies of a physiological system’s model. In particular, this
approach can be used to derive model-specific conservation laws, providing information
on what characteristics of a system remain unchanged under various stimuli, as well as
the specific conditions to be satisfied for their maintenance. Therefore, from a clinical
standpoint, it would be possible to predict how the system’s structure sustains and possibly
adapts to hypothetical treatment-like perturbations.

Ultimately, this Lie symmetry study can contribute to paving the way towards one
of the main aims of Systems Medicine, i.e., personalised treatment of disease conditions.
For example, for a patient currently undergoing medical screening towards a disease’s
diagnosis, the Lie symmetry robustness analysis proposed will allow using this patient’s
medical record to: (i) clinically interpret the conservation laws arising for their specific
condition, (ii) enumerate their validity criteria ad hoc for the patient under study, and
(iii) hypothesise how to either maintain or break one or more conservation laws towards
the achievement of sustained remission. Moreover, this methodology could be applied
not only to clinical practice but also to the more mathematically based side of Systems
Medicine. Indeed, the resulting analysis can be used to inform currently existing disease
models, to ultimately refine their predictive in silico potential. Successively, the newly
refined physiological models can be practically used to inform more precise and accurate
personalised treatment hypotheses.
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//www.mdpi.com/article/10.3390/sym18071143/s1, Baker2013 Maple script: “Baker2013_GeM_
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the Supplementary Material Scripts: green for notes and comments, brown for code input, and blue
for code output.
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Abbreviations
The following abbreviations are used in this manuscript:

SLE Systemic Lupus Erythematosus
DE Differential Equation
ODE Ordinary Differential Equation
SIR Susceptible–Infected–Recovered
RA Rheumatoid Arthritis
IL-1 Interleukin-1
TNF-α Tumour Necrosis Factor-α
IL-1Ra Interleukin-1 Receptor Antagonist
IL-10 Interleukin-10
IL-1R IL-1 Receptor
COVID-19 Coronavirus Disease 2019
PDE Partial Differential Equation
LSA Linear Stability Analysis

Appendix A. Change-of-Order Manipulation
As discussed more in depth in Section 3.1, the first step in the conservation law analysis

of the Baker2013 model (Equation (5) [16]) is to rearrange its form so that it is optimal for
Lie symmetry investigations. In particular, two manipulations are performed: a change-of-
order manipulation and a transcendental functions manipulation. Due to the complexity of
the steps in the change-of-order manipulation, the full algebra is shown in this appendix.

A change-of-order manipulation allows one to recast a system of first-order Ordinary
Differential Equations (ODEs) into one or more higher-order ODEs. Indeed, according to
the scientific literature on Lie symmetries, all systems of first-order ODEs admit an infinite-
dimensional Lie algebra of infinitesimal operators as per Definition 4 [32,37,84]. Therefore,
performing Lie symmetry analysis for a system of first-order ODEs is potentially expensive
and non-exhaustive [32,37]. As a result, the first-order system of ODEs analysed in this
paper—i.e., the Baker2013 model [16]—is recast into the second-order ODE in Equation (18).

This change-of-order manipulation can be summarised in four steps, as discussed in
Section 3.1:

1. Consider the two-variable first-order ODE model to be of the form
p′(t) = F(t, p(t), a(t)) = 0 (i)

a′(t) = G(t, p(t), a(t)) = 0 (ii).

2. Using (ii), find an expression for p in terms of a and a′ only, which will be labelled
(iii) for ease.

3. Differentiate (iii) with respect to time t in order to derive an expression for p′, which
will be labelled (iv) for ease.

4. Input (iii) and (iv) into (i) and manipulate the equation in order to derive an expres-

sion for a′′(t)—4 d2a(t)
dt2 .

Thus, the new expression for the original first-order ODE model will be a second-order
ODE in terms of a(t), a′(t) and a′′(t) only, without any loss of information.

The full steps below show how to recast the first-order system of ODEs in the
Baker2013 model (Equation (5) [16]) into an equivalent second-order ODE (Equation (18)).
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1. Consider the Baker2013 model
dp
dt = −γp + 1

1+a2

(
α1 + α2

p2

1+p2

)
(i)

da
dt = −a + α4

p2

α2
3+p2 (ii)

in Equation (5), where its dimensionless parameters are interpreted as discussed in
Section 2.1 [16]:

(a) α1 = c0 = c0c3
c2da

is the basal pro-inflammatory cytokines’ production rate;

(b) α2 = c1 = c1c3
c2da

is the additional pro-inflammatory cytokines’ production rate
thanks to their self-upregulation;

(c) α3 = c6da
c3

= c6
c2

is the pro-inflammatory cytokines’ concentration for half-
maximal anti-inflammatory cytokines’ production;

(d) α4 = c5
c4da

is the anti-inflammatory cytokines’ production rate;

(e) γ =
dp
da

is the ratio between the pro-inflammatory cytokines’ degradation rate
dp and the anti-inflammatory cytokines’ da.

2. Use the ODE (ii) and algebraically manipulate it as

(ii) a′ = −a + α4
p2

α2
3 + p2

expand the denominator → a′ =
−aα2

3 − ap2 + α4 p2

α2
3 + p2

multiply the denominator out → a′
(

α2
3 + p2

)
= −aα2

3 − ap2 + α4 p2

expand the terms → a′α2
3 + a′p2 = −aα2

3 − ap2 + α4 p2

bring all p2 terms on the left-hand side → a′p2 + ap2 − α4 p2 = −aα2
3 − a′α2

3

collect p2 → p2(a′ + a − α4
)
= −aα2

3 − a′α2
3

rearrange for p2 → p2 = −α2
3

a + a′

a′ + a − α4

find the positive and negative roots → p± = ±α3

√
− a + a′

a′ + a − α4
.

To get biologically reasonable solutions, we want p± to be real and greater than or
equal to zero. Therefore, we restrict the range of values for a′ to a′ ∈ [−a,−a + α4) by
setting a+a′

a′+a−α4
≤ 0. Then, we can write the biologically reasonable expression for p

in terms of a and a′ only, given a′ ∈ [−a,−a + α4), as:

p = α3

√
− a + a′

a′ + a − α4
. (iii)
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3. Differentiate (iii) with respect to t as

p′ =
d
dt

(
α3

√
− a + a′

a′ + a − α4

)

perform the differentiation = −α3
2

(
− a + a′

a′ + a − α4

)−1/2[ (a′ + a′′)(a′ + a − α4)− (a + a′)(a′′ + a′)
(a′ + a − α4)2

]

expand the terms = −α3
2

(
− a + a′

a′ + a − α4

)−1/2
[
�a′2 +��aa′ − α4a′ +��a′a′′ +��a′′a − α4a′′ −��aa′′ −��aa′ −��a′a′′ −��a′2

(a′ + a − α4)2

]

simplify =
α3α4

2

(
− a + a′

a′ + a − α4

)−1/2[ a′ + a′′

(a′ + a − α4)2

]

use a common power =
α3α4

2

[
−�����a′ + a − α4

a + a′
· (a′ + a′′)2

(a′ + a − α4)�4 3

]1/2

multiply through =
α3α4

2

[
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3

]1/2

rewrite =
α3α4

2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 , (iv)

in order to derive the expression for p′, once again given a′ ∈ [−a,−a + α4) for the
existence of biologically reasonable solutions.

4. Input (iii) and (iv) into (i) and rearrange such that it is possible to derive

α3α4
2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −γα3

√
− a + a′

a′ + a − α4
+

1
1 + a2

[
α1 − α2α2

3

(
a + a′

a′ + a − α4

)(
1 − α2

3
a + a′

a′ + a − α4

)−1
]

i. expand the denominator in the second term of the square bracket:

→ α3α4
2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −γα3

√
− a + a′

a′ + a − α4
+

+
1

1 + a2

α1 − α2α2
3

(
a + a′

a′ + a − α4

)(
a′ + a − α4 − α2

3a − α2
3a′

a′ + a − α4

)−1


ii. multiply the two expanded terms in the square bracket:

→ α3α4
2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −γα3

√
− a + a′

a′ + a − α4
+

+
1

1 + a2

[
α1 − α2α2

3

(
a + a′

�����a′ + a − α4

)(
�����a′ + a − α4

a′ + a − α4 − α2
3a − α2

3a′

)]

iii. simplify the resulting term:

→ α3α4
2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −γα3

√
− a + a′

a′ + a − α4
+

1
1 + a2

[
α1 − α2α2

3
a + a′

a′ + a − α4 − α2
3a − α2

3a′

]

iv. inside the square bracket, collect the common factors in the denominator:

→ α3α4
2

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −γα3

√
− a + a′

a′ + a − α4
+

1
1 + a2

[
α1 − α2α2

3
a + a′

a′(1 − α2
3) + a(1 − α2

3)− α4

]
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v. multiply out the
α3α4

2
term on the left-hand side of the equation:

→

√
− (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −2γ

α4

√
− a + a′

a′ + a − α4
+

2
α3α4(1 + a2)

[
α1 − α2α2

3
a + a′

a′(1 − α2
3) + a(1 − α2

3)− α4

]

vi. resolve the square root by elevating both sides to the power of two:

→ (a′ + a′′)2

(a + a′)(a′ + a − α4)3 = −
{
−2γ

α4

√
− a + a′

a′ + a − α4
+

2
α3α4(1 + a2)

[
α1 − α2α2

3
a + a′

a′(1 − α2
3) + a(1 − α2

3)− α4

]}2

vii. multiply over the denominator on the left-hand side of the equation:

→ (a′ + a′′)2 = −(a + a′)(a′ + a − α4)
3

{
−2γ

α4

√
− a + a′

a′ + a − α4
+

2
α3α4(1 + a2)

[
α1 − α2α2

3
a + a′

a′(1 − α2
3) + a(1 − α2

3)− α4

]}2

viii. resolve the squared term on the left-hand side by applying a square root to both sides of the equation:

→ a′ + a′′ =
√
−a − a′(a′ + a − α4)

3/2

{
−2γ

α4

√
− a + a′

a′ + a − α4
+

2
α3α4(1 + a2)

[
α1 − α2α2

3
a + a′

a′(1 − α2
3) + a(1 − α2

3)− α4

]}

ix. rearrange the above expression to derive the second-order one-variable ODE:

→ a′′ = −a′ +
2
α4

√
−a − a′(a′ + a − α4)

3/2

{
1

α3(1 + a2)

[
α1 − α2α2

3
a + a′

a′(1 − α3) + a(1 − α3)− α4

]
− γ

√
− a + a′

a′ + a − α4

}

given a′ ∈ [−a,−a + α4) for the existence of biologically reasonable solutions, once again.
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