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Abstract

The charged-lepton masses are free Yukawa-sector parameters in the Standard Model,
whereas their measured pole-mass ratios display a highly structured hierarchy and satisfy
the Koide relation to notable accuracy. This paper develops a conditional mathematical-
physics proposal in which these dimensionless regularities arise from a charge-neutral
parent carrier-defect architecture before effective Higgs—Yukawa read-out. The assumptions
of the construction are stated explicitly as structural postulates and are separated from
their derived consequences. The central rule assigns equal primitive weight to admissible
internal sectors that are indistinguishable at the level where they first become exposed;
protected sectors are removed before counting, and later refinements are conditional on
previously selected sectors. Under this rule, the Koide relation follows as an equal-power
theorem between the democratic parent component and the orthogonal branch-splitting
component of the charged-lepton root-amplitude state. A minimal endpoint construction
then yields a rapidly stabilizing charged tower for the electron—-muon ratio. Because deeper
charged terms are too small to remove the remaining residual, the framework assigns that
residual to the continuation-dual neutral branch. The resulting neutral overlap gives a
leading solar-angle target of 33.21 degrees and closes the electron-muon ratio at the present
experimental precision; the Koide relation then fixes the corresponding tau ratios. The
construction does not replace the Standard Model but is proposed as a selection rule for
the boundary values of effective charged-lepton Yukawa parameters, with pole masses
used because the claimed invariant is attached to completed asymptotic particle read-out.
Running parameters, the absolute mass scale, and the full Pontecorvo-Maki-Nakagawa—
Sakata (PMNS) matrix remain outside the present derivation. The proposal has explicit
failure conditions: improved measurements can exclude the predicted tau ratios or solar-
angle target, and the claimed conditional uniqueness fails if a different counting scheme
satisfies the same postulates while producing different endpoint weights.

Keywords: charged-lepton hierarchy; Koide relation; lepton mass ratios; discrete symmetry;
equal-weight counting; neutral-parent structure; endpoint expansion; PMNS mixing

1. Introduction

The charged-lepton masses are among the simplest precisely measured quantities in
particle physics and among the least structurally explained. They obey the strong hierarchy

me < my < My,

but in the Standard Model their values are fixed by three independent Yukawa parameters
rather than derived from a deeper organizing principle. The present paper asks whether
the dimensionless charged-lepton hierarchy can instead arise as a carrier-readable invariant
of a common charge-neutral particle architecture.
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The work develops a quantitative specialization of the carrier-resolution framework
introduced in Ref. [1]. In that framework, particle species are interpreted as different carrier-
readable manifestations of a common loop-detectable codimension-two identity defect.
A neutral parent resolves asymmetrically into a lepton-facing Z-Lorentz branch and a
positive branch supporting nested Z3 closure, while higher Z,, structures act as conditional
refinements rather than as additional ordinary particle generations. The present paper does
not repeat the full ontology and topological motivation of that work. It asks a narrower
quantitative question: whether the same neutral-parent architecture and closure-refinement
logic can determine the charged-lepton mass ratios.

The relationship between the two papers is structural rather than merely termino-
logical. Ref. [1] introduced the carrier, codimension-two identity support, neutral-parent
resolution, protected internal components, carrier-facing exposure, nested Z, refinement,
saturation of a same-branch correction sequence, and neutral completion of a residual
closure seam. The present manuscript applies these principles to a different observable.
Instead of magnetic response in a completed hadronic branch, it studies the small charged
endpoint of the lepton-facing branch. The detailed counting coefficients derived below
are specific to the charged-lepton problem, but the organizing logic is inherited from
the broader carrier-resolution architecture rather than introduced solely to reproduce the
lepton spectrum.

The charged-lepton masses also exhibit the remarkable Koide relation [2—4],

Mo + My, + me B
s =
(V/Me + /Ty + \/17)

Because this relation is naturally expressed in square-root mass variables, it is commonly

2
>

represented as an angle condition in a three-dimensional root-amplitude space. In the
present framework, that geometry is not taken as fundamental. It is interpreted as a
continuous representation of a more primitive structural equality: equal normalized power
in the democratic parent component and in the complementary branch-splitting component.
Thus the Koide cone represents

Pgem = splits

rather than introducing an independently selected continuous mass angle.

The relevant source structure is a charge-neutral parent, denoted Py. The motivation is
not that every observed process is literally the decay of a single hidden particle. Rather,
positive, negative, and neutral particle channels repeatedly occur in correlated conservation
and closure patterns. Neutron beta decay,

n—pte +7,

is a familiar example: the charged positive, charged negative, and neutral channels form
a coordinated closure pattern rather than three unrelated primitive outputs. This does
not prove the neutral-parent interpretation, but it motivates treating particle identities as
different read-outs of a common neutral organization.

The first persistent resolution used here is

Py — Zy, ®(Zy — Z7).

The arrow denotes structural resolution or carrier read-out, not temporal evolution, particle
decay, subgroup inclusion, or a Lagrangian transition amplitude. The Z, side is the lepton-
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facing branch. After carrier embedding it supports a charged transverse read-out and a
neutral continuation read-out,

The Z; — Z;“ side is the positive closure branch. After read-out, it is compatible with
a hadron-facing threefold closure structure. The asymmetry is essential: a perfectly mir-
rored polarized resolution would tend to recombine into the unresolved neutral closure,
whereas persistent distinguishable matter requires complementary but non-identical read-
out branches.

The charged-lepton hierarchy is therefore not treated as a property of the negative
branch in isolation. The electron is interpreted as a small charged endpoint exposure of
the lepton-facing branch, but the count that selects this endpoint is measured against the
full neutral-parent closure architecture. Its first non-protected exposure occurs when the
completed positive-side closure is embedded into its first higher environment,

(2 = ZF) — Zy.
The successive structures
(Zy =2 ZF) o Zy) 5 Zs 5 Zg— Z7— -+

are nested conditional refinements of an already selected endpoint. They are not new gauge
groups, new colors, or fourth, fifth, and higher ordinary generations.

The counting rule used in the paper is level-wise structural indifference. Before metric,
energetic, or carrier-dynamical distinctions have emerged, admissible sectors that are
indistinguishable by the available branch, monodromy, protection, and closure data have
no structural basis for unequal primitive weights. Protected, identified, or cancelling sectors
are first removed or quotiented, and later substructure is counted conditionally inside the
sector in which it appears. Such later refinement does not retroactively alter the primitive
weight assigned at an earlier exposure level.

This equal-weight rule should not be interpreted as a fitted probability distribution
or as a claim that all post-read-out physical states have equal dynamical weight. It is a
premetric admissibility principle. A more complete carrier theory should explain how this
primitive structural indifference is preserved or transformed in the effective read-out. The
present manuscript investigates the consequences that follow if the charged-lepton branch
inherits this natural premetric weighting.

Throughout the paper, m,, m;,, and m; denote the physical charged-lepton rest
masses [5-7]. The internal construction first fixes relative root amplitudes. Their squares
are then interpreted as carrier-localized rest-energy coefficients,

2
m; = Myr;,

where the common charged-lepton scale M, cancels from all ratios. Appendix A states
the minimal assumptions under which these root-amplitude ratios may be compared with
physical inertial-mass ratios.

The internal space invoked here is not an ordinary microscopic region of spacetime. It
is a premetric admissibility structure whose primitive data are branches, sectors, exclusions,
identifications, monodromies, protected components, and closure relations. Vectors, projec-
tions, and angles are used only as representations of those structural data, just as discrete
graphs may be represented by matrices and finite groups by linear representations. The
Koide angle is therefore not introduced as a fundamental physical angle. It is the Euclidean
representation of an equal-sector-power invariant.
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The guiding hierarchy is

Py — premetric admissibility and closure
— carrier read-out

— dimensionless mass invariants.

The carrier supplies Lorentz-readable propagation, localization, and the common physical
scale. The premetric architecture supplies the dimensionless branch relations that may
survive the read-out.

The first quantitative consequence is the Koide relation itself. The charged-lepton
root vector is decomposed into a democratic parent component and an orthogonal branch-
splitting component. Equal primitive power in those two unresolved sectors gives

Pgem = splits

which is algebraically equivalent to the Koide relation. In this interpretation, Koide is not
imposed as an empirical constraint after the mass ratios have been chosen. It is the first
carrier-facing consequence of the equal-sector-power rule.

The second and principal quantitative result is the charged endpoint expansion. The
small electron mass is interpreted as one surviving endpoint unit in the first exposed
non-protected chamber environment, with successive corrections generated by conditional
higher-interface refinements. The resulting tower is

(m> _
my) g 3(4l-1)

The factor 4! — 1 is the first ordered exposure count after removal of the protected closure

oo k 2/7’1
1+ —— .
I iy

chamber, while the factor 3? records the leading charged-family and compensational-family
projection. The higher factors
. 2/n
= 3 —1)
are conditional refinements inside an already selected endpoint. Consequently, they enter
as nested products rather than as freely adjustable additive corrections.

This structure parallels the closure-interface logic already used in Ref. [1]: a rule-
generated same-branch sequence is extended until it saturates, and a residual that cannot
be removed by deeper terms is treated as evidence of a distinct neutral-parent completion
seam. The detailed coefficients are different because the observables and exposure spaces
are different, but the diagnostic principle is the same.

Numerically, the charged tower stabilizes rapidly and gives

()
— = 206.768291043.
Me J ch
This lies within approximately 1.8¢ of the observed inverse electron-muon mass ratio.
More importantly, the later charged terms are many orders of magnitude too small to
remove the remaining central difference. The residual is therefore not naturally interpreted
as an omitted deeper charged-interface correction.

Neutral-parent closure supplies a continuation-dual compensational read-out asso-
ciated with the neutrino sector. The compensational overlap is not imported from the
measured Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. It is obtained from a
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democratic three-direction neutral exposure with one protected chamber removed from the
Zs5 two-slot interface:

1

.2 nstr

9 = - - — = —
sin 12 3 3

and hence
cos? 05y 7
330
The neutral completion of the charged endpoint is therefore g574(7/30), rather than a term
fitted from solar-neutrino data. The same calculation gives the independent leading target

sin® 655 = 0.30000, 655 = 33.21°.

This value can be compared with the empirical solar-mixing region described by the PMNS
framework [5,8-10], but it is not used as an input to the charged-lepton calculation.
The completed endpoint prediction is
]
— = 206.768282689,
Me / pred
which differs from the observed central value by approximately —1.9 x 108, or about

—0.0040 at the quoted present experimental precision. Once this endpoint is fixed, the
Koide sector-power condition determines the large-t branch:

(’”T> — 3477441636, (’m) — 16.8180612.
e pred My pred

Thus the construction is sequential: charged endpoint counting plus neutral compensa-
tion determines m,, /m,, and the Koide sector-power relation then fixes the tau branch.
No continuous parameter is adjusted to the measured electron—-muon ratio, solar angle,
or tau mass.

The proposal is deliberately conditional. The structural assumptions are stated ex-
plicitly in Section 3; the subsequent formulas are derived within that architecture. The
paper does not claim to provide a local microscopic Lagrangian for the premetric domain,
since ordinary spacetime locality and continuous field evolution are not assumed to be
fundamental there. Nor does it derive the absolute charged-lepton scale, the full Standard
Model Yukawa sector, or the complete PMNS matrix. Its narrower claim is that several
otherwise separate charged-lepton and neutral-overlap regularities may be carrier-facing
manifestations of one neutral-parent admissibility structure.

The paper is organized as follows. Section 2 introduces the carrier-defect architecture
and its terminology. Section 3 separates the structural assumptions from the derived
claims. Section 4 formulates level-wise equal-weight counting and conditional refinement.
Section 5 derives the Koide relation as an equal-sector-power theorem. Section 6 develops
the charged endpoint expansion from the electron-zero boundary through the higher-
interface tower. Section 7 examines the minimality and conditional uniqueness of the
factors 4! — 1, 32, qn, and 7/30. Section 8 evaluates the stabilized charged tower. Section 9
derives the neutral-overlap completion and the solar-angle target. Section 10 explains the
relation to the Standard Model Yukawa description, pole masses, running parameters, and
conventional flavor models. Section 11 discusses the broader particle architecture and
the limits of the interpretation. Section 12 summarizes the independent predictions and
explicit failure conditions. The final sections state the scope of the framework and present
the conclusions.
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Appendix A discusses the conversion from internal root amplitudes to physical mass
ratios. Appendix B gives additional structural motivation for the Z,-Lorentz branch, the
positive Z, — Z3 closure branch, and the higher nested embedding hierarchy. Appendix C
presents a minimal Lorentz-read-out model. Appendix D develops the detailed neutral-
compensation construction underlying the main-text derivation of the factor 7/30.

The overall logical structure of the derivation is summarized in Figure 1.

( 1. Problem. Charged-lepton masses appear in the Standard Model as three inde—\
pendent Yukawa parameters.
.

s N
2. Structural framework. Carrier-resolution architecture: codimension-two iden-
tity, neutral parent, protected sectors, and nested Z, refinement.

.

Y

(3. Charged-lepton specialization. Level-wise structural indifference and protected—\

sector quotient fix the counting problem.
- J

¥

P
4. Koide theorem. Equal sector power gives

J

J

~

Pgem = split-
N J

Y

5. Charged endpoint. The leading charged contribution is

324 —1)]",

followed by conditional higher-interface refinements.
-

¥

P
6. Charged-tower saturation. The same-branch sequence stabilizes rapidly and
| leaves a small residual closure seam.

' Y
7. Neutral completion. The residual is assigned to the neutral continuation sector,
giving

J

3 7
- 22 pstr
sin” 65 = 10’ Q) = 30"

- J

Y

(8. Outputs. No-fit targets for

my /e, me /M, mr/my/

together with a leading solar-angle target.
S

7777777777777777777777777777777777777777777777777777777777

Figure 1. Compact roadmap of the argument. The charged-lepton hierarchy is developed as a
specialization of the carrier-resolution framework of Ref. [1]. Once the structural assumptions are
stated, no continuous coefficient is adjusted to the measured charged-lepton ratios or the leading
solar-angle target. The charged same-branch tower is continued until it saturates, after which the

remaining closure seam is assigned to the neutral continuation sector.

2. Carrier-Defect Architecture and Basic Terminology

This section defines the structural language used in the paper. The goal is not to
replace the Standard Model as an effective field theory. The Standard Model successfully
describes already read-out particles, fields, charges, and interactions, but it does not explain
why the charged-lepton mass ratios take their observed values. The present paper asks
whether those ratios may reflect a pre-read-out internal structure whose effects become
physical only after carrier embedding.
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This distinction is motivated by standard physics itself. In quantum field theory the
vacuum is not an empty mathematical background; it carries field structure, fluctuations,
phases, symmetry breaking, and renormalized parameters [11-13]. The physical masses
and couplings measured in experiment are not bare labels. They are read-out quantities
after embedding into the vacuum structure of the theory. The present framework asks
whether the embedding of particle-like defects into this carrier can leave calculable traces
in dimensionless mass ratios.

2.1. Carrier

The term carrier denotes the physically effective vacuum structure through which
a localized internal configuration becomes a particle-like read-out. It should not be un-
derstood as an ordinary material ether, nor as a substance placed inside spacetime. In
the present usage, the carrier is the spacetime vacuum viewed in its active physical role:
the support of local fields, phases, defects, renormalized parameters, and observable
particle manifestations.

The logical order is

internal configuration — carrier embedding/read-out — effective particle.

The internal configuration supplies structural data such as branches, sectors, exclusions,
identifications, monodromy, and closure relations. The carrier supplies the physical read-
out environment: Lorentz-readable propagation, effective field representation, localization,
rest-energy scale, and long-field stress-energy behavior.

This terminology is useful because the way a particle-like object is embedded into the
vacuum carrier is an under-explored structural question. The Standard Model describes the
resulting carrier-facing fields and interactions, but it does not by itself determine whether
different particles may originate as different read-outs of a common pre-read-out structure.

2.2. Defect, Read-Out, and Pregeometric Internal Space

A defect is a localized stable carrier manifestation of a nontrivial internal structure.
A particle is therefore not treated here as a structureless point inserted by hand, but as
the carrier-facing read-out of a localized defect whose internal identity can be continued,
closed, and recognized across admissible stages.

A read-out is the process by which an admissible internal configuration becomes a
physical manifestation describable by the usual effective language of particle physics: fields,
masses, charges, spinorial behavior, mixing matrices, and stress-energy. The present paper
does not claim that charged-lepton masses exist as ordinary physical masses before carrier
embedding. Instead, the internal counting structure fixes relative root amplitudes. After
read-out, the squared amplitudes become relative rest-energy coefficients.

The associated internal defect space is called pregeometric or premetric in a limited sense.
Before carrier embedding, the defect-internal structure has not yet been incorporated into
the spacetime-vacuum read-out that gives ordinary metric, energetic, and field-theoretic
descriptions. It should therefore not be assumed to carry an intrinsic distance, volume,
angle, or physical energy scale. Its primitive information is combinatorial and topological:
branch labels, sector relations, protected channels, excluded channels, identifications,
monodromy, and closure constraints.

This is why the Z, notation used below should not be read as a replacement for
Standard Model gauge groups at the observable level. Before Lorentz-covariant read-
out, the defect pocket is not yet a differentiable internal manifold carrying the Standard
Model groups as its primary description. The finite Z, structures describe pregeometric
internal continuation and closure. Continuous gauge and spinorial descriptions become

https://doi.org/10.3390/sym18071232


https://doi.org/10.3390/sym18071232

Symmetry 2026, 18, 1232

8 of 56

physically appropriate only after carrier read-out [14-17]. Appendix B gives the structural
argument for why the primitive Z, branch opposition is read out as spinorial behavior for
free fermions, while the positive Z, — Z3 closure and its higher embeddings belong to
the positive/hadron-facing side. Appendix C gives a minimal toy Lorentz-read-out model
illustrating this distinction.

2.3. Neutral Parent and Asymmetric Branch Architecture

The central structural object is the charge-neutral parent, denoted Py. It is not introduced
as a new observed particle, nor as a literal object that simultaneously decays into all possible
channels. It is an unresolved admissibility structure whose different carrier read-outs may
appear as distinct matter-particle channels.

The motivation for introducing such a neutral parent is severalfold. First, observed
particle processes do not treat charge as an isolated label; charge appears in closed com-
binations. Standard Model interactions preserve total electric charge, and physical re-
action channels are organized so that charge, spin, lepton-family labels, baryon num-
ber, and other conserved or approximately conserved quantum numbers are consistently
balanced [5,11,13]. This suggests that particle identities are not arbitrary independent
labels, but mutually constrained read-outs of a larger closure structure.

Second, it would be structurally unnatural to assume that all matter particles exist as
unrelated primitive species while the total charge content of allowed physical processes
nevertheless closes exactly to neutral combinations. The empirical success of charge
conservation and the repeated appearance of compensating particle channels suggest a
more economical possibility: charged and neutral particles may be different resolved
aspects of an underlying charge-neutral organization.

Third, familiar weak processes already point in this direction. Neutron beta decay;,

n—p+te +7,

does not produce an isolated charged particle. It produces a correlated charged-positive,
charged-negative, and neutral compensating structure. This does not prove the existence
of a neutral parent in the present sense, but it motivates using a charge-neutral parent as a
theory of origin: a structural source from which positive, negative, and neutral read-outs
emerge together under conservation and closure constraints.

The first resolved architecture of the neutral parent is therefore written schematically as

Py — Z, ® (Z5 = Z7).

This resolution is intentionally asymmetric. If the two polarized sides were simple mirror
copies, they would tend to recombine or annihilate at the unresolved level and would not
generate stable distinguishable matter read-outs. A persistent matter architecture therefore
requires complementary but non-identical branches: a lepton-facing Z, branch and a
positive closure branch Z; — ZJ.

The Z, side is the lepton-facing branch-resolution side. It supports a charged trans-
verse read-out and a neutral continuation read-out,

Z; — fl @VH.

Here ¢ denotes the charged-lepton read-out direction, while v denotes the neutral
compensating continuation direction. These symbols are structural labels, not claims
that the electron, muon, tau, and neutrinos are already present as independent particles
before read-out.
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The Z;7 — Z5 side is the positive closure branch. It is the counterpart of the charged
lepton-facing branch and supplies the first completed positive-side closure. In later carrier-
facing language this side is compatible with hadron-facing threefold closure, but it should
not be identified with the full SU(3) color gauge group at the pregeometric level. It records
a threefold closure condition inside the defect architecture. Appendix B explains why this
positive closure begins with Z3, whereas the free lepton-facing branch remains Z,-primitive
before spinorial carrier read-out.

Thus the charged-lepton hierarchy is not treated as a property of the negative Z,
branch in isolation. It is a projection of the full neutral-parent resolution

Py — Zy ® (Z5 = Z7).

This point is essential for the endpoint calculation: the charged endpoint is a leakage of the
lepton-facing branch, but the count that selects it is controlled by the full neutral-parent
closure architecture.

2.4. Positive-Side Nested Embedding Hierarchy

Once the positive-side closure
Zy =75

is completed, it is exposed through nested carrier-readability environments,
(Zy = ZF) > Zy) 5 Zs — Zg— Zy— -+ - .

These higher Z, structures are not additional particle generations, not new colors, and not
new independent gauge sectors. They are nested embedding environments of the already
completed positive-side closure.

This distinction explains why the first endpoint leakage count begins with

(ZF5 = ZF) < Zy.

The Z; level separates complementary read-out directions of the neutral parent, but it
is not yet a completed positive closure. The first completed positive-side support is the
embedded Z; — ZJ closure. The first non-protected exposure chamber therefore appears
only when this completed positive closure is embedded into a Z4 environment. The detailed
motivation for this assignment is given in Appendix B.

In the charged-lepton calculation, the electron endpoint is not a purely leptonic count.
It is a negative-side boundary leakage measured against the full neutral-parent closure
architecture. The leading factor 4! — 1 arises from the first exposed ordered chamber space
after the protected closure channel has been removed. The later Z4 — Z5, Z5 < Zg, and
deeper embeddings refine the already selected endpoint conditionally rather than opening
independent new endpoints. This is why the charged endpoint expansion has a nested
product structure rather than a sum of unrelated corrections.

2.5. Root Amplitude and Physical Mass Read-Out

The charged-lepton hierarchy is represented using the root vector

0 = (Ve /T, /).
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In the present interpretation, the square-root variables are internal root amplitudes. Their
squared carrier read-out gives physical mass weights:

2
m; = Méri ’

where M, is a common charged-lepton carrier scale. Since this scale cancels in ratios, the
paper focuses on dimensionless quantities such as m, /m, and m /me,.

This representation is not chosen merely for convenience. The Koide relation is
naturally expressed in square-root mass variables, suggesting that the relevant invariant is
not a direct linear mass sum, but a sector-power relation among root amplitudes [2—4]. The
detailed physical-mass interpretation is given in Appendix A.

2.6. Neutral Compensation

A neutral compensational read-out is a neutral continuation channel required to complete
the closure of a charged or asymmetric branch resolution. In the charged-lepton setting,
this role is associated with the neutrino sector.

This concept is introduced because the charged endpoint expansion nearly, but not
completely, closes the observed electron-muon ratio. The remaining discrepancy is too large
to be supplied by deeper charged-layer terms, yet it has the correct size to be interpreted
as a neutral compensation effect. Thus the neutrino sector is not treated as an unrelated
addition to the charged-lepton hierarchy. It appears as the neutral continuation channel
needed when the charged endpoint structure does not close by itself.

The present paper does not claim to derive the full PMNS matrix. It does, however,
derive the particular solar-sector compensational overlap needed to close the charged
endpoint residual. The observed solar mixing angle is therefore used only as an exter-
nal consistency comparison, not as an input to the charged-lepton hierarchy [5,8-10].
Appendix B explains why this neutral continuation is naturally paired with the charged
Z, lepton-facing branch rather than with the positive Z3-closure side.

2.7. Scope of the Terminology

The terminology introduced here organizes the structural calculation; it does not
replace the Standard Model as the effective description of carrier-facing fields and interac-
tions. The quantitative claims concern dimensionless charged-lepton mass ratios and the
associated neutral overlap. They do not constitute a complete formal theory of premetric
admissibility, carrier read-out, the absolute mass scale, or neutrino mixing.

The calculation uses the architecture

Py—Zy @& (Zy = Z3), (Zy = Zf) > Zy) > Zs = Zg— -+,

together with
Zy — 81 D).

Within these declared data, the endpoint expansion is the charged-lepton projection of the
broader neutral-parent closure structure rather than an isolated numerical rule. Figure 2
summarizes the architecture used below.
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[ side, but its count is controlled by !
: the full neutral-parent architecture. |

Figure 2. Compact schematic of the neutral-parent carrier-defect architecture. The unresolved neutral
parent P resolves asymmetrically into a lepton-facing Z, branch and an embedded positive closure
branch Z; — Z7 . The lepton-facing branch supports charged and neutral read-outs, while the posi-
tive closure branch is exposed through nested embedding environments Z4, Zs, Zg, . . .. The electron
endpoint is a charged leakage, but its count is controlled by the full neutral-parent architecture.

3. Structural Postulates and the Status of the Claims

Because the present proposal departs from conventional bottom-up approaches to
flavor physics, it is important to distinguish clearly between structural assumptions and
derived consequences. The framework developed here is therefore formulated conditionally.
It does not assume that the charged-lepton hierarchy has already been derived from a more
general mathematical theory of premetric admissibility. Instead, it introduces a small set
of explicit structural postulates that specify how admissible sectors are organized before
carrier read-out and then examines what quantitative consequences follow.

This formulation should not be interpreted as an incomplete effective field theory
awaiting a more microscopic Lagrangian description. The premetric domain considered
here precedes ordinary spacetime geometry, local dynamics, and continuous field evolution;
consequently, the appropriate foundational completion is expected to be a mathematical
theory of admissibility, protected sectors, closure, and carrier read-out, rather than another
local dynamical model defined on an already existing spacetime manifold.

Within this framework, the role of the postulates is analogous to that of axioms in
mathematics: they define the admissible structural setting. The subsequent endpoint
expansion, neutral-compensation algebra, and the charged-lepton mass-ratio predictions
are then derived consequences of those postulates rather than independently adjusted
numerical rules. This distinction is essential for assessing both the predictive content and
the limitations of the proposal.

Axiom 1 (Carrier-readable defect). A persistent particle channel is the Lorentz-readable manifesta-
tion of a localized internal defect. The internal structure fixes dimensionless relative amplitudes, whereas
carrier embedding supplies the common rest-energy scale and the ordinary field-theoretic representation.
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Axiom 2 (Neutral-parent closure). The charged-negative, positive-closure, and neutral-continuation
channels are complementary resolutions of a common charge-neutral admissibility structure Py. No
charged branch is counted as an isolated primitive object.

Axiom 3 (Level-wise indifference). At a fixed exposure level, admissible sectors that are indistin-
guishable by the available branch, monodromy, protection, and closure data carry equal primitive
weight. Unequal weights require an already available structural distinction and may not be inserted
merely to improve numerical agreement.

Axiom 4 (Protected-sector quotient). Identity, closure, or otherwise protected chambers are
removed or quotiented before exposed endpoint channels are counted. A protected chamber may
constrain closure without contributing a local endpoint leakage unit.

Axiom 5 (Conditional refinement). Once a parent sector has received its primitive weight, a later
embedding refines that sector conditionally. Deeper substructure multiplies the previous weight and
may not retroactively reweight the already selected parent exposure.

Axiom 6 (Quadratic mass read-out). For charged leptons, the carrier-localized rest-mass coefficient
is quadratic in the corresponding internal root amplitude, m; = Myr?, with a common charged-lepton
scale My. Hence the present construction determines mass ratios but not the absolute scale.

These postulates have different logical roles. The first, second, and sixth specify the physi-
cal dictionary. The third through fifth specify the counting calculus. The branch architecture

Py— Z, ®(Z5 = Z7), (ZF = ZF) > Zy — Zs — -+

is the minimal architecture investigated in this paper. The words “minimal” and “unique”
are used only relative to these declared data: no claim is made that abstract mathematics
forbids every imaginable flavor model. Rather, Section 7 shows that the numerical weights
used here are fixed once the postulates, the stated branch architecture, and the requirement
of one first charged endpoint are held fixed.

For clarity, Table 1 records the division between inputs, structural assumptions, and
calculated consequences.

Table 1. Logical status of the ingredients and results. Experimental values are not used to tune the
integer factors in the construction.

Item Status Role
Standard Model charged-lepton sector Background theory Supplies the effective Higgs—Yukawa
language and measured pole masses
Neutral-parent branch architecture Structural postulate Specifies the admissible charged,
positive-closure, and neutral channels
Equal primitive weight and protected Structural postulates Define the premetric counting rule
quotient
Quadratic root-amplitude read-out Structural postulate Converts amplitude ratios to mass ratios
Koide relation Derived theorem Follows from equal power of demo-
cratic and splitting sectors
32 (4! —1) and g, Derived within the Count the first endpoint and its condi-
stated architecture tional refinements
sin? 0?‘{ =3/10 Derived leading neu- Not taken from oscillation data
tral overlap
my /m, and tau ratios Predictions Compared with experiment only after
the count is completed
Absolute scale and full PMNS matrix Not derived Explicitly outside the present scope

The benefit of this formulation is that the proposal can fail cleanly. A derivation
of the postulates from a deeper theory would strengthen it; a contradiction among the
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postulates, a non-unique count satisfying the same constraints, or an excluded prediction
would invalidate it in its present form. The next section now states the counting calculus
implied by the level-wise postulates.

4. Equal-Weight Counting in Premetric Defect-Internal Spaces

The present paper uses one structural principle: equal primitive weight among indis-
tinguishable admissible sectors at the level where they first become exposed. The principle
is not specific to leptons. It applies to any premetric internal state space associated with
a carrier-readable defect. Its role is to specify how primitive weights are assigned before
metric, dynamical, energetic, or carrier-facing distinctions have appeared.

The internal spaces considered here are pregeometric in a limited but important sense.
They are not ordinary spacetime regions equipped with distances, angles, volumes, or
metric weights. Before carrier-facing read-out, the available data are combinatorial and
topological: admissible branches, identified sectors, protected channels, excluded identity
elements, connections, monodromy, and closure relations. In such a setting, there is no
intrinsic reason to regard one admissible sector as larger, closer, stronger, or more important
than another unless some additional structure distinguishes it.

This is the same kind of distinction that appears throughout topology. Metric size,
material composition, and geometric embedding are not the primary data; connectivity,
holes, boundaries, deformation class, and obstruction structure are. A premetric defect-
internal space is used in the same spirit: it distinguishes admissible sectors only by the
branching, identification, and closure data available before metric read-out [18-22].

This motivates the following rule.

Equal-weight defect-internal counting principle. In a premetric internal defect space,
admissible sectors that are indistinguishable by the available branch, connection, monodromy, and
closure data are assigned equal primitive weight at the level at which they first become exposed.
Protected, excluded, or identified sectors are removed or quotiented before the count is performed. If
later substructure appears inside an already exposed sector, it is counted conditionally within that
sector and does not retroactively change the primitive weight assigned at the earlier level.

The level-wise qualification is essential. A defect-internal structure is not treated as
a completed tree of final outcomes given all at once. It is exposed in stages. At a given
stage, only the currently exposed admissible sectors exist as distinguishable alternatives.
Later subbranches are refinements inside already formed sectors; they do not retroactively
change the primitive weights assigned at the earlier level.

Formally, if X indistinguishable sectors are exposed at a level, each receives primitive weight

1

If sector i later exposes Y; admissible subsectors, those subsectors are counted conditionally:

11

w: XY].

1
=y Wij = Witj); =
Thus the number Y; of later subsectors does not alter the earlier weight w;. The later
refinement is conditional on the prior formation of sector .

This staged rule is analogous to familiar constructions in conditional probability,
filtrations, branching processes, cell complexes, and simplicial refinements. In conditional
probability one writes

P(i, j) = P())P(jli),
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rather than assigning the parent event a weight proportional to the number of later refine-
ments it may contain. Likewise, in a filtration or cellular construction, coarse structure is
fixed before finer structure is attached. The later refinement does not rewrite the primitive
count at the earlier level.

The principle is deliberately conservative. It does not claim that all physical states
have equal probability after metric read-out. It applies only at the premetric internal count-
ing stage, before the carrier supplies scales, stiffnesses, propagation dynamics, effective
couplings, and field-theoretic response. Once those structures are present, unequal physical
responses may arise. But before they are present, assigning unequal primitive weights to
sectors that are identical by the available internal data would introduce an arbitrary bias.

A continuous representation may be used without changing the primitive status of the
invariant. This is standard in mathematics. A graph is discrete, but it may be represented
by an adjacency matrix, a Laplacian, a spectrum, or an embedding. A simplicial complex is
combinatorial, but it may be drawn geometrically. A finite group is algebraic, but it may
be studied through linear representations. In each case, continuous or linear language is a
representation of a more primitive structural object, not a replacement for it.

The same convention is used here. Root-amplitude vectors and geometric language
provide efficient representations of normalized sector counts. They do not make spacetime
geometry fundamental at the premetric stage. The counting-native statement is primary; the
continuous representation is used only when it faithfully encodes the same invariant. In this
sense, the geometric language used below is a calculational and visualization tool, while the
underlying principle remains level-wise equal-weight counting in defect-internal space.

5. Koide Relation as an Equal-Weight Theorem

We first apply the equal-weight defect-internal counting principle to the charged-
lepton root sector. The neutral parent is not assumed to contain an already actual Koide
mass geometry. Before carrier read-out, it contains admissible internal potentialities, not
three physical charged-lepton masses. The Koide relation is therefore not postulated as a
pre-existing geometric mass pattern. It is interpreted as the carrier-facing read-out of an
equal sector-power count in an unresolved internal root space [2—4].

Define the charged-lepton root vector

Iy = (%/\/W/M)

and its total root power
Piot = |I‘g‘2 = M, + my + me.

Here m,, m;,, m: denote the physical charged-lepton rest masses. The square-root variables
are interpreted as internal root amplitudes whose squared carrier read-out gives localized
rest-energy weights:

m; = ]\/Iﬂ’l2 ’

with a common charged-lepton carrier scale M,. This common scale cancels from all mass
ratios. The stress-energy interpretation of this read-out is discussed in Appendix A.

The vector ry belongs to an internal root-amplitude representation of the charged-
lepton read-out sector. Its components label charged-lepton branch amplitudes, not direc-
tions in ordinary spacetime. The democratic component is the equal-weight unresolved
parent direction. In root-vector representation it is

VMe + /Ty + /M
3

T'dem = (1,1,1).
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Its sector power is

Piem = |rclem|2 =

(/e + /T + \/Ti7)?
3 .
The branch-splitting sector is the complementary non-democratic sector, with power
Psplit = Prot — Pdem-

Before carrier-facing actualization, the democratic and branch-splitting sectors are
complementary potential sectors of the same normalized internal root state. Neither sector
has yet acquired an independent physical scale, metric weight, or dynamical preference.
Therefore, by the equal-weight principle, the two unresolved sectors carry equal primitive
root power:

Pgem = split-

This is the counting-native form of the Koide relation. The familiar 45° representation is
only the Euclidean visualization of this sector-power equality after the discrete counting
invariant has been represented in root-vector coordinates.

Theorem 1 (Koide relation from equal sector-power counting). If the normalized charged-
lepton root state is selected by equal primitive internal weight between the democratic parent sector
and the branch-splitting sector,

Pgem = split/
then the charged-lepton masses satisfy

me"'my‘l'ml’ 2

(Ve + g + /)7~ 3

Proof. Since
Prot = Pgem + Psplitr

the equal-sector condition gives
Prot = 2Pgem-

Substituting the expressions above,

Mme + My + my =2

(/e + |/ + /)
. .

Rearranging yields
me + my + mr 2

(Ve + /iy + Jiic)? 3

O

The same theorem explains why the Koide relation can be written as a geometric cone
without making ordinary spacetime geometry fundamental. Introduce the normalized

root vector
5= T
7 e

and the democratic unit direction

Then
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The equality Pyem = split is therefore equivalent to
L
\/E .

Thus the Koide cone is not an independent postulate. It is a faithful continuous representa-

(f-d?=5, F-d=

tion of the discrete two-sector equality
Pgem : Psplit =1 : 1.

The axes of this representation label admissible internal branch components, not directions
in already-given physical space.

It is important not to reverse the logic. The parent is not assumed to contain actual
charged-lepton masses or an actual Koide geometry before read-out. Rather, it contains ad-
missible internal potentialities. Since the democratic and branch-splitting sectors are potential
sectors of the same unresolved normalized root state, they have equal primitive status before
carrier-facing actualization. Their equal-weight resolution appears, after read-out, as the
Koide relation and, in a convenient Euclidean representation, as the Koide cone.

The remaining task is therefore not to postulate the charged-lepton mass ratios inde-
pendently. Once the equal-weight principle fixes the sector-power relation, the hierarchy is
reduced to determining the small endpoint displacement inside the same internal counting
architecture. The following section applies the same level-wise counting principle to the
first exposed chamber structure that opens the electron endpoint.

The equal-weight interpretation of the Koide relation can be visualized as the root-
space decomposition shown in Figure 3.

~

d
democratic direction
A
Piem = [tgem” Fopl " Koide cond fonas !
em em| split . Koide condition as
| . |
| equal sector power: |
) : Pem = split :
Tdem : 7777777777777777
1
© 1
45 1 !
1
1
L branch-splitting sector
Psplit = ‘rsplitl2

Figure 3. Root-space representation of the Koide sector-power condition. The charged-lepton root
vector r, decomposes into a democratic parent component r4., and an orthogonal branch-splitting
component rgpjit. The Koide relation is equivalent to the equal-power condition Pyem = Psplits
represented geometrically by a 45° root-space decomposition. The geometry is used only as a
representation of the underlying sector-power count.

6. From the Electron-Zero Boundary to the Endpoint Expansion

The Koide sector-power relation fixes one relation among the three charged-lepton
masses. To determine the hierarchy, one must still identify the small endpoint displacement
that makes the electron mass nonzero. This section develops that endpoint step. We begin
at the electron-zero boundary, then turn on the small electron endpoint and derive the
proposed endpoint expansion for m, /m,,.

The endpoint calculation should be read within the neutral-parent architecture intro-
duced in Section 2 and clarified in Appendices B and C. The electron endpoint is a charged
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leakage of the lepton-facing Z, branch, but it is not selected inside that branch alone. It is
measured against the full asymmetric neutral-parent resolution

Py — Zy @ (Z5 = Z7),
and, in particular, against the first exposure environment of the completed positive-side closure,
(Zf = Z3) = Z4.

Thus the chamber counts below refer to nested embedding environments of the posi-
tive closure branch, not to independent new particle generations, new colors, or new
gauge sectors.

6.1. Electron-Zero Koide Boundary

The smallness of the electron suggests that the first endpoint analysis should be
formulated at the electron-zero boundary,

me = 0.
Let
b=t
my
Then the Koide relation becomes
1+6* 2
(1+b)2 3
Solving gives
b* —4b+1=0,
so that the physical branch is
b=2-3.

Therefore the electron-zero Koide boundary gives

/my 7T
—_— = 2 - = P
. \f3 tan B

The trigonometric form is only a compact representation of the same boundary value.

The underlying claim is not that a literal spacetime angle is fundamental. Rather, the
electron-zero boundary is the root-vector representation of a three-branch boundary of the
two-sector Koide invariant.

The electron-zero solution is not exact phenomenologically, but it shows that the
dominant p-7 hierarchy is already constrained by the Koide sector-power relation. The
small nonzero electron can therefore be treated as an endpoint displacement rather than as
a freely fitted independent mass.

6.2. Exact Koide Displacement from a Nonzero Electron Endpoint

m m
a = 7‘8, b: 7;‘
p V Mg

Then the charged-lepton root vector may be written, up to an overall scale, as

Define the two root ratios

ry ~ (ab,b,1).

https://doi.org/10.3390/sym18071232


https://doi.org/10.3390/sym18071232

Symmetry 2026, 18, 1232

18 of 56

The Koide relation becomes
@+ 412
(ab+b+1)2 3
Equivalently,
(a®> —4a+1)b*> —4(a+1)b+1=0.

Solving for the physical branch gives
_ 2+2a—+3a%+12a+3

a’> —4a+1

b(a)

Ata =0,
b(0) =2 — /3,

as required.
Thus once the electron endpoint parameter a is known, the Koide sector-power relation
fixes the remaining -7 ratio:

—+£ =)

mr

The problem of deriving the charged-lepton hierarchy is therefore reduced to deriving one
small endpoint parameter,
2 Me
ac=—.
My

6.3. Leading Endpoint Leakage Count

We now apply the same equal-weight counting principle to the small nonzero electron
endpoint. The first exposed non-protected chamber is not a free-standing Z, object. It is
the first embedding environment of the completed positive-side closure,

(ZF = ZF) < Zy.
The ordered four-slot exposure environment contains
4!

chambers. One chamber is protected by the identity/closure condition and does not
contribute to endpoint leakage. Therefore the number of available non-protected leakage
chambers is

4! —1=123.

The endpoint leakage must also be projected through the charged-family and
compensational-family overlap structure. At leading order this gives a three-by-three
family-pair denominator,

3.

Therefore the leading number of admissible endpoint leakage channels is
N = 32(41 - 1) = 207.

The leading electron endpoint is then one equal-weight leakage unit:

me 1 1

m, — 32(41—1) 207
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Numerically,

1
207 = 0.0048309179.. .,

which already identifies the correct scale of the observed pole-mass ratio,

Me . 0.0048363317.

My
The interpretation is that the electron endpoint is not selected by a free carrier-
Lagrangian parameter and not by the lepton-facing Z, branch in isolation. It is the
first equal-weight leakage unit made available when the completed positive-side closure
(Z§ — Z) is embedded into the Z4 exposure environment, after the protected closure
chamber has been removed from the count.

6.4. Nested Higher-Interface Corrections

The leading endpoint leakage can be refined by higher embedding environments.
After the first exposure
(Z3 = Z3) = Zy,

the same completed positive-side closure is conditionally embedded into successively
higher environments,

Z4 — Z5, Z5 — Zé, 26 — Z7,

These steps should not be read as adding independent new layers or opening independent
new electron endpoints. They are nested refinements of an endpoint already selected at the
first exposure embedding.

Therefore the charged endpoint tower is written as

e

A1) [1+45 +q5q6 + 459647 + - - - |-

The product form expresses conditional refinement: g5 refines the endpoint inside the
Zs5 embedding environment, g¢ refines the already Zs-refined endpoint inside the Zg
environment, and so on.

Applying the same structural counting rule to the deeper embedding environments gives

2/n

= — >
- TeT

Here n! — 1 is the non-protected ordered chamber count at the Z, embedding level, the
factor 3 is the residual single-family projection after the endpoint channel has already
been selected, and 2/n is the two-sided spinorial residue distributed through the n-slot
embedding environment.
Thus
2/5 2/5

=2 212 0001120448 ...
95= 361—1) _ 357 001120448,

and
2/6 1

1= 361-1) 6471

= 0.000154536. . ..

The all-order endpoint formula is therefore

Me 1 ad 2/n
LI — _r
my,  32(4!—1) kgérglb' 3(nt—1)
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Keeping only the Z5 correction gives

me [, 2/
my, 207 3(5!—1) ]

Keeping the Zg nested correction gives

ﬂ~i1+ 2/5 n 2/5 2/6
my 207 3(5!—1)  3(5!—1)3(6!'—1)]
Section 8 evaluates this endpoint expansion numerically and shows that the charged
tower stabilizes by the Zs embedding level. The remaining central residual will then be

interpreted as a neutral-parent closure obstruction requiring neutrino-sector compensation.

7. Minimality and Uniqueness of the Counting Construction

The endpoint formula is numerically striking only if its ingredients are fixed before
comparison with the data. This section therefore states the precise sense in which the
construction is minimal and examines the most obvious alternatives.

7.1. Why the First Exposure Is Zy

The Z, branch distinguishes the charged transverse and neutral continuation direc-
tions, but it does not provide the completed positive closure against which a stable charged
endpoint can be measured. The positive branch first closes at Z,” — Z. An endpoint is an
exposure of that completed closure rather than another copy of it; hence the first external
ordered environment has four slots. Starting at Z3 would identify closure with exposure,
while starting at Z5 or higher would skip the first admissible environment and violate
level-wise selection.

Proposition 1 (First-exposure count). Under neutral-parent closure, protected-sector quotient,
and first-level selection, the number of exposed ordered chambers at the leading endpoint level is
4! -1

Proof. The first environment external to the completed threefold positive closure has
four ordered slots and therefore 4! ordered chambers. Exactly one chamber is the iden-
tity /closure continuation of the already completed parent and is protected. The quotient
therefore leaves 4! — 1 exposed chambers. Retaining the identity chamber violates the
protected-sector postulate; deleting more than one chamber requires an additional struc-
tural distinction not present at this level. [J

7.2. Why the Leading Family Factor Is 3

The endpoint is not a count of three observed charged leptons inserted by hand. It
is a projection between a three-direction charged-family read-out and a three-direction
compensational-family organization. Before a specific endpoint is selected, both indices
remain unresolved. Equal primitive weight therefore applies to the ordered pair, producing
3 x 3 possibilities. A single factor of three would erase one of the two unresolved projections;
a factor 32 would add an independent family index that is absent from the architecture.

Proposition 2 (Leading endpoint denominator). With one endpoint leakage unit, one four-slot
first exposure, one protected closure chamber, and two unresolved three-direction projections, the
leading endpoint weight is uniquely

32(4—1) 207

wgg) _ 1 1
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7.3. Why Higher Terms Multiply Rather than Add Independently

After the Z; endpoint has been selected, the Z5 environment does not open a second
primitive electron endpoint. It resolves the already selected endpoint. By conditional
refinement, the joint weight is the parent weight times the conditional weight. The same
argument repeats at each later stage. Consequently, the admissible series has the form

0 (1+ g5 + 586 + 45607 + ),
not w£°> (14+95+ g6+ g7+ - -+ ). The latter would treat later refinements as independent
first exposures and would retroactively change the primitive endpoint measure.

At level n, the ordered non-protected chamber count is n! — 1. The charged endpoint
has already been chosen, so only one residual three-direction projection remains. The
continuation residue has two opposed orientations distributed over # slots, giving 2/n.
These three independent pieces fix

2/n

= —_—e > .
W= 3—1) "0

Replacing 2/n, 3, or n! — 1 by another factor requires, respectively, a different orientation
content, a different residual family projection, or a different protected ordered chamber
space. Such a replacement is a different model, not an alternative implementation of the
stated one.

7.4. Why the Neutral Factor Is 7/30

The neutral sector begins with three indistinguishable continuation directions. The
leading solar overlap is therefore democratic, 1/3, before protected closure is imposed. At
the first neutral correction, two continuation slots are selected from five. There are (;) =10
such pairs, one of which is protected by closure. Because the overlap belongs to one of the
three neutral directions, the protected displacementis 1/ [3(;)] = 1/30. Hence

1 1 3
s 2pstr - _
sin” 6] = 3730 10°

The endpoint uses the closure-aligned complement and then projects back through one

neutral direction:
1-3/10 7

3 30°

No oscillation datum enters these fractions. Using 3/10 directly in the endpoint would

O, =

select the transverse overlap rather than its closure-aligned complement; omitting the final
division by three would fail to project the neutral correction onto the charged endpoint.

7.5. Scope of the Uniqueness Claim

The propositions above establish conditional uniqueness, not uniqueness among all
conceivable theories of flavor. The result can be summarized as follows:

Theorem 2 (Conditional uniqueness of the endpoint tower). Fix the neutral-parent branch
architecture, first-exposure rule, level-wise indifference, one protected identity chamber at each
ordered embedding level, two opposed continuation orientations, and conditional refinement. Then
the leading endpoint denominator, higher refinement factors, and leading neutral overlap are fixed as
2/n 7

Q,=—.

2041 — -7
SW=N =3y 30
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Any different numerical rule must alter at least one declared structural assumption.

This theorem is the appropriate answer to the concern that many unrelated integer
formulas might approximate the same mass ratio. The empirical agreement alone does
not establish the architecture; the scientific claim is that a small, explicit set of structural
assumptions generates several linked quantities and can be tested jointly.

8. Numerical Evaluation

We now evaluate the endpoint expansion derived in Section 6. The leading endpoint

estimate is .
me
- = ———— =0.004830917874 . ...
(mﬂ)z4 32(4! —1)

Including the first two nested corrections gives

(’”6) _ 1 [1 i 2/5} — 0.004836330668 . ..,
Zs

iy 207 3(5!—1)
and
MMe 1 2/5 2/5 2/6
m, ) = 207 |1 — 0.004836331504 . . ..
(my)zé 207|: +3(5!—1) +3(5!—1) 3(6!_1)] 00483633150

For comparison, using the 2022 Committee on Data (CODATA) recommended values [6,7,23]:
me = 0.51099895069(16) MeV, my = 105.6583755(23) MeV,

one obtains

<’”€> — 0.004836331699 . . .,
ml‘* obs

or equivalently

(m”> — 206.7682827(46).
Me / obs

The uncertainty in the inverse ratio is about 4.6 x 107 and is dominated by the
muon-mass uncertainty.

The endpoint leakage estimates for m,/m, are summarized in Table 2, and the corre-
sponding inverse ratios are shown in Table 3. The leading 1/207 estimate already identifies
the correct scale. The Zs5 correction moves the result close to the observed value, and the Zg
correction stabilizes the charged endpoint tower. The remaining difference is small and
experimentally meaningful at the present precision, but it is only at the level of about two
standard deviations.

Table 2. Endpoint leakage estimates for m,/my,.

Approximation Formula Value
. 1
Leading Z4 leakage 2@ 1) 0.004830917874
Including Z L + 25 0.004836330668
&5 207 | T35 1) '
. 1 2/5 2/5 2/6
Including Zg 207 {1 + 35! —1) + 35! — 1) 3(6! — 1)} 0.004836331504
Observed me/m " 0.004836331699
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Table 3. Comparison of the endpoint prediction for m,, /m, with the observed mass ratio.
Approximation Predicted m,/m, Difference from Observation Pull
Leading Z4 leakage  207.000000000 +2.31717 x 107! ~ 5.0 x 10%¢
Including Zs 206.768326805 +4.410 x 1075 ~ 9.60
Including Zg 206.768291043 +8.335 x 107° ~ 1.80

The large pull for the leading approximation should not be misread as a large absolute
error; it reflects the high precision of the electron-muon mass ratio. After the Z¢ correction,
the absolute residual in the inverse ratio is

Agbs = <m"> — (m”> — 833 %1075,
e Zg Me / obs

which is about 1.8¢ relative to the present uncertainty. Equivalently, in the direct ratio,

<me> = 0.004836331504 . . .,
My / 7,

while

<’”ﬂ’) — 0.004836331699 . . ..
My / obs

The reason the charged tower stabilizes so quickly is that the endpoint rule is nested.

The correction factors are
2/n

- _F > 5.
(T HELE

Explicitly,
g5 = 1.120448179 x 1073, g6 = 1.545356205 x 1074,
g7 = 1.890019751 x 107>,  gg = 2.066850203 x 10°.

But the successive contributions to the endpoint series are products:
g5 = 1.120448179 x 1073,

5q6 = 1.731491546 x 1077,
5q647 = 3.272553220 x 1012,
5G6479s = 6.763877286 x 10718,

Thus the Z7 and Zg terms do not appreciably change the displayed prediction. The all-order
nested value is already stabilized, to the precision relevant here, at the Z¢ level:

(’”e> — 0.004836331504 ... .,
m.” tower

or
my
- = 206.768291043.. ...
tower

Mme

Next insert the resulting endpoint value

a= ,/mg/m},
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into the exact Koide displacement formula

2420 —+3a2+12a+3
B a2 —4a+1

b(a)

Then m
—*—b(a)?
L ba)?

The resulting u—t ratios are shown in Table 4. The uncertainty in the observed ratio is

dominated by the present experimental uncertainty in the tau mass.

Table 4. Muon-tau ratio from the endpoint-corrected Koide constraint. Here A,s denotes prediction
minus observation.

Case mylmy Aobs
Leading endpoint

me/my = 1/207 0.05946571732 +4.53 x 107°
Charged tower

through Zg 0.05945988605 —1.31 x 107
Observed pole-mass ratio 0.05946119(30) —

The important point is structural. Once the endpoint displacement is specified, the Koide
sector-power relation fixes the remaining charged-lepton root direction. The nested charged
tower captures the electron endpoint to high absolute accuracy and stabilizes rapidly. The Z;
and Zg terms show that the remaining central electron-muon discrepancy is not removed by
extending the same charged sequence. This is the central diagnostic observation of the paper.
It suggests that the remaining gap should be interpreted not as another charged endpoint
correction, but as a residual neutral-parent closure obstruction. The next section interprets this
obstruction as the part supplied by the neutrino compensational sector.

9. Residual Closure and the Neutrino Compensation Sector

The nested endpoint-leakage rule gives a highly accurate charged-sector prediction for
the electron-muon mass ratio. More importantly, it shows where the charged calculation
stabilizes. Once the Z5 and Z4 nested corrections are included, the subsequent Z; and Zg
terms are far too small to remove the remaining central-value discrepancy. The residual gap is
therefore not naturally explained as another correction of the same charged endpoint tower.

In the neutral-parent framework, this is structurally significant. The charged endpoint
is not selected in isolation. A resolved weak branch contains a charged transverse lepton
and a neutral compensational continuation,

The charged endpoint tower computes the charged-side leakage before full neutral-parent
closure. The remaining residue is interpreted here as a small closure obstruction left
when one attempts to close the neutral parent using only the charged endpoint structure.
The neutrino sector is therefore not introduced as an unrelated empirical addition; it
is the neutral continuation branch required to patch this closure seam. The essential
neutral-overlap derivation is included here so that the main argument is logically complete.
Appendix D retains the fuller geometric interpretation and consistency checks.
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9.1. Neutral Exposure and Protected Two-Slot Displacement

Before PMNS read-out, the neutral continuation sector is represented by three in-
distinguishable compensational directions. Level-wise indifference assigns the primitive
solar-sector exposure

w _1

dem ~ 3°
At the Z5 neutral interface, the relevant overlap uses two slots. Equal weighting gives

(g) = 10 unordered pairs. One pair is closure protected and does not contribute to trans-
verse mixing. Projected through one of three neutral directions, its displacement is

5 1 1
prot = PN .
3() 30

The leading transverse neutral overlap is consequently

1 1 3
s 2pstr - _
sin” 6] = 3730 10°

This is an output of the chamber rule, not an insertion of the measured solar angle.

9.2. Closure-Aligned Complement and Charged-Endpoint Projection

The charged residual is patched by the closure-aligned part of the neutral continuation. Its
complementis 1 — 3/10 = 7/10. Projection through one of the three neutral directions gives

7/10 7
QV—T—%

Thus the same construction yields both the solar target and the endpoint correction; they

Xch = | —
my ch

denote the charged endpoint prediction stabilized through Z:

are not independently adjustable.
Let

Xch = L[1 + g5 + q595)
ch = 507 g5 T 95496,
where
. 2/5 . 2/6
=361 1T 361-1)
Numerically,
g5 = 1.120448179 x 1073, g4 = 1.545356205 x 1074,
so that

546 = 1.731491546 x 1077,

The charged tower gives
Xcn = 0.0048363315040, Xy = 206.768291043.

By contrast, using the CODATA charged-lepton values gives

m
Xk = <"> = 206.768282708 =+ 0.0000046,
m
obs

e
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or, in concise notation,

(””‘) = 206.7682827(46).
Me / obs

Equivalently,
Xobs = 0.00483633169896.

Thus the relative residual left by the charged tower is
Ares = 2905 _ 1 — 403109 x 108,
Xch

In the inverse ratio this same residual is

xg! = xg = 83350 x 107°.

obs

Relative to the experimental uncertainty of about 4.6 x 107, this is approximately 1.8c.
The charged tower is therefore already a highly accurate central-value prediction, but it
leaves a stable residual whose size is not removed by the deeper charged Z; and Zg terms.

The residual has the scale expected from a secondary projection of the already selected
Zs5-Z¢ interface. The neutral correction is therefore written as

Ay = 4546 Qy,
where 54, fixes the interface scale and (), is the neutral-overlap fraction. Appendix D derives

. 3 cosZestr 7
sin? 05 = 10’ O, = —5 12 0"

Thus the compensational correction is

7
Ay = 959635

Numerically,
Ay = (1.731491546 x 1077)% = 4.04015 x 1078,
This matches the central scale required to close the charged endpoint residual. The associ-

ated solar-sector value is
055 = 33.21°,

which lies close to the empirical solar-neutrino mixing region [5,10]. The observed solar
angle is not used as an input; it is used only as an external comparison.
The neutral-compensated endpoint prediction is therefore

7
Xall = Xeh (1 +Ay) = xXcn [1 + ‘75%30]-

Equivalently,
Xttt = s [1+ 5 + Gsq6] |1 + G586 =
full = 557 45 T 9596 159635 | -
This gives
Xgq1 = 0.00483633169940, xf_u}l = 206.768282689.
Hence

Xph — X = —1.87 x 1078,
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which is about —0.004¢ relative to the present experimental uncertainty. The electron-muon
endpoint hierarchy is therefore closed to present experimental precision without inserting
the observed solar PMINS angle as a fitted input.

The same relation can be read in reverse as a central-value consistency check. If the
charged endpoint residual is used to infer the solar projection required by the correction, then

cos? 01 _ Ares

3 9596
and therefore A
sin? 0V = 1 — 3= = (.30157.
q5496

This central value is close to the structural prediction
sin? 855 = 0.30000.

Because the present uncertainty in m,, /m, is much larger than the final neutral-corrected
residual, this inverse reading should not be interpreted as a precision extraction of the
solar angle. Its role is more modest: it shows that the central residual left by the charged
endpoint tower has the size expected from the first neutral compensational overlap count.
Once my, /m, is fixed, the Koide sector-power theorem fixes the large-t branch. Set

Comy _my
Y_E_xfull’ T—,,TE'
The Koide relation becomes
1+Y+T 2

A+VY+VT)2 3
Choosing the physical large-T branch gives

VT =2(1+VY) +1/3Y +12VY +3.

Therefore

("“) — 3477441636, (’"T> — 16.8180612.
e pred my pred

For comparison, using m. =~ 1776.93(9) MeV gives approximately

(mf) — 3477.37(18), (’"T) — 16.81769(85),
¢ / obs M/ obs

with uncertainties dominated by the tau mass. The tau-sector comparison is therefore
much less precise than the electron-muon test, but it is compatible at the present tau-mass
precision scale.

The complete two-step hierarchy prediction is summarized in Table 5.

This agreement should not be interpreted as a complete derivation of the PMNS
matrix or of neutrino dynamics. The result derives only the particular solar-sector neutral
compensational overlap required by the charged endpoint residual. A complete PMNS
theory would still need to derive the atmospheric angle, reactor angle, charge-conjugation—
parity (CP) phase, mass ordering, and full neutrino mass structure.
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Together with the Koide sector-power theorem, the corrected endpoint prediction
gives a compact two-step account of the charged-lepton hierarchy:

endpoint count + neutral compensation = m, /e,

Koide sector-power equality = mi¢/m,.

In this two-step structure, the tau mass is no longer a freely adjustable quantity once
the electron—-muon endpoint ratio has been fixed. Future higher-precision measurements
of the tau mass therefore provide a direct test of the proposed endpoint-plus-neutral-
compensation mechanism.

The logic of the endpoint tower and the subsequent neutral-compensation correction
is summarized schematically in Figure 4.

first exposure
(Zf = ZF) = Z4

leading endpomt

4'—1

charged endpoint tower

Zg reﬁnement
4596

neutral compensation

= J
{ Zs refmement }
e

-

Ldeeper refmement

959697 + 7
596 35

v l

2]

stabilized . - 5

charged tower i charged tower leaves a small residual | z

!

- - <

e > Mres = 2 -

xCh = \ Xch ! 9“

my)sw | Tt TTTTTTT TS g s

5

<)

<

corrected endpoint
Xl = Xen(1+Ay)

Y
predicted ratio

m
¥ _ xf -1
m ull
¢ / pred

Figure 4. Nested endpoint expansion and residual neutral compensation. The leading electron

endpoint is opened at the first exposure environment (Z; — Z) < Z4. Higher charged corrections
are conditional refinements gs, 4594, 459647, - - ., which rapidly stabilize by the Z¢ level. The remaining
charged-sector residual is then interpreted as a neutral-parent closure obstruction supplied by the
neutral compensational channel. In the present counting interpretation, the first neutral overlap gives
the structural factor 7/30, so the correction is Ay = g54¢(7/30).
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Table 5. Complete charged-lepton hierarchy prediction. The endpoint-counting tower, corrected
by the neutral-compensational factor g54q¢(7/30), predicts m,, /m.. The factor 7/30 is the structural
replacement for cos? 81, /3, corresponding to the solar-overlap prediction sin® 61, = 3/10. The Koide
sector-power theorem then fixes the large-t branch. The electron—-muon comparison is limited by
the present uncertainty in the muon—electron mass ratio, while the tau-sector comparison is limited
mainly by the experimental uncertainty in the tau mass.

Structural Observed Residual
Ratio Prediction Value (Pull)
my, /m 206.768282689 206.768282708(46) ~1.9 %1078
e ' ' (~0.0040)
/1, 3477.441636 3477.37(18) ( f%%?, )
—4
g /1y 16.8180612 16.81769(85) +%,;6902 31(%

10. Interface with the Standard Model and Renormalized Masses

The proposal is intended as a selection layer beneath, not a replacement for, the
Standard Model. It is therefore necessary to state how the structural quantities used above
are related to conventional particle physics.

10.1. Yukawa Couplings as Effective Read-Out Parameters

In the Standard Model, after electroweak symmetry breaking,

() = 5 i),

where y;(y) are renormalized charged-lepton Yukawa couplings and v() is the renor-
malized Higgs expectation value. The Standard Model correctly describes how these
parameters enter amplitudes and how they run, but it does not determine their three
boundary values from an internal flavor principle [11-13].

The present framework addresses that missing selection question. Its root amplitudes
do not bypass the Higgs mechanism. Rather, after carrier read-out they are mapped to
dimensionless ratios of the effective Yukawa boundary values:

N

Vi _mi _Ti

T m. 2
Yj i1
at the specified physical comparison point. The common factor v and the common charged-
lepton carrier scale cancel. In this sense, the model is analogous in logical placement
to flavor models that seek to explain Yukawa textures, while differing in the structural
mechanism used to select them.

10.2. Why Pole Masses Are Compared

Renormalized masses run with the scale and scheme; a numerical relation among
running parameters must therefore specify both. The invariant claimed here is attached
to a completed, isolated particle read-out. Accordingly, the natural first comparison is
with pole masses, defined by the position of the propagator pole and associated with the
asymptotic one-particle state. Radiative corrections are not denied: they are part of the map
from renormalized Lagrangian parameters to the completed pole observable.
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This choice is a physical hypothesis and a testable one. The paper does not claim that
the same bare numerical relation holds for running modified minimal-subtraction (MS)
masses at every scale. A complete dynamical theory would need a matching condition

!
rse — {yi(po)} — {m°"},
including electroweak and quantum-electrodynamic (QED) threshold corrections. The

present work identifies the first and last members of this chain at the level of ratios; deriving
the full matching map remains open.

10.3. Relation to Established Flavor Approaches

Froggatt—Nielsen models generate hierarchical Yukawa entries through charges and
powers of a small symmetry-breaking parameter [24]. Non-Abelian discrete-family models
organize multiplets and mixing textures through finite-group representations [25-27].
Family-gauge approaches to Koide-type relations seek radiative protection or dynamical
stabilization of the mass formula [28]. Those programs begin with conventional fields,
representations, and effective operators.

The present construction differs in three ways. First, its finite Z, labels describe
pre-read-out continuation and closure rather than observable gauge groups. Second, the
small hierarchy is obtained from protected chamber counts rather than a fitted expansion
parameter. Third, the charged and neutral quantities are linked by one parent closure
architecture: the solar overlap is not an independent mixing texture appended to the
charged-lepton sector.

These differences do not establish superiority. They define a distinct, more primitive
hypothesis that must earn credibility through linked predictions and through eventual
embedding into an effective Lagrangian. Conversely, the successful Standard Model
treatment of interactions is not evidence against the possibility that its Yukawa boundary
data are selected by a deeper admissibility structure.

10.4. What a Complete Interface Would Require

A full implementation must provide: (i) an explicit Lorentz-covariant field or defect
realization; (ii) a matching calculation to a renormalized Yukawa matrix; (iii) proof that
radiative corrections preserve or predictably deform the structural root direction; (iv) a
derivation of the absolute charged-lepton scale; and (v) extension to neutrino masses and
the complete PMINS matrix. The toy model in Appendix C addresses only the first item
at an illustrative level. These limitations are substantial, but they are separate from the
narrower conditional result established here: the stated structural postulates select definite
dimensionless ratios.

11. Discussion

The preceding sections give the main charged-lepton result. The Koide relation is
interpreted as an equal-sector-power theorem, the small electron endpoint is interpreted as
a first exposed leakage of the neutral-parent architecture, and the remaining charged-sector
residual is closed by a neutral compensational overlap. The central conceptual lesson is
that the charged-lepton hierarchy should not be modeled as an isolated lepton-only pattern.
It appears to depend on the coupled structure of the lepton-facing branch, the positive
closure branch, and the neutral compensational branch of a common parent.

11.1. Particle Structure as a Coupled Whole

A key point of the present work is that particle structure should be modeled as a
coupled whole rather than as a collection of isolated islands. In the Standard Model,
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electrons, neutrinos, quarks, nucleons, and gauge interactions are described by distinct
fields and representations, but observed processes are organized by charge closure, weak
transitions, spinorial read-out, neutral compensation, and confined positive-side closure.
This suggests that the deeper structural problem should be formulated at the level of the
whole particle architecture.

The charged-lepton hierarchy illustrates this point directly. In the present proposal,
the electron endpoint is a leakage of the lepton-facing Z, branch, but the count that selects
it is controlled by the full asymmetric neutral-parent resolution

Py— Z; & (Z = Z5).

Thus the positive-side closure branch participates in the charged-lepton mass hierarchy,
even though it is not itself a charged lepton. The relevant endpoint count begins with the
first exposure embedding of the positive closure,

(Z = Z7) — Zy,

and the higher corrections arise from nested embeddings of the same positive-side structure.

The neutral sector also participates. The charged endpoint tower stabilizes by the Zg
embedding level, and deeper charged terms are too small to close the observed electron—
muon residual. The residual is therefore interpreted as the part of the neutral-parent closure
that belongs to the neutral continuation branch,

ZZ_ — EI@VH

In this sense, the lepton mass ratios are not controlled by the charged leptons alone. They
are controlled by how the charged branch, the positive closure branch, and the neutral
compensational branch fit together inside one carrier-defect architecture.

The neutron beta-decay pattern provides a useful physical analogy:

n—p+e +7v.

This process does not display an isolated electron, proton, or neutrino as an independent
structural island. It displays a correlated positive, negative, and neutral closure pattern.
The present framework takes this as motivation for using a charge-neutral parent as a
theory of origin: the observed particle channels are treated as different carrier read-outs of
a common neutral organization.

At a more primitive level, the neutral parent may be viewed as a carrier-readable man-
ifestation of an archetype loop: a primitive closure structure whose different embeddings
generate lepton-facing, positive/hadron-facing, and neutral-compensating read-outs. The
full development of this archetype-loop particle architecture is beyond the scope of the
present paper. The narrower claim made here is that the charged-lepton hierarchy already
shows evidence of whole-architecture control: Koide sector-power balance, endpoint leak-
age, positive-side nested embedding, and neutral compensation are different projections of
one neutral-parent closure structure.

11.2. Implications for PMNS Mixing

The neutrino sector enters the present paper through a residual closure diagnostic.
The charged endpoint tower gives a highly accurate bare charged-sector prediction, but
after the Zg embedding level the remaining discrepancy is too large to be closed by deeper
charged-tower terms. The proposed interpretation is that this residual is not another
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charged endpoint correction. It is the part of the neutral-parent closure belonging to the
neutral compensational read-out.

This gives a natural link to PMNS mixing. In the present framework, the PMNS matrix
is not an unrelated neutrino-sector object added after the charged-lepton hierarchy is fixed.
It is interpreted as an overlap structure of the neutral compensational channel. The charged
endpoint calculation points to the need for a neutrino-like neutral continuation, while the
first neutral compensational overlap supplies the closure scale required by the residual.

The solar-sector overlap is not inserted from the observed PMNS matrix, but struc-
turally derived. The primitive neutral-continuation sector begins from a democratic three-
direction compensational exposure. The first neutral displacement is then identified with
one protected closure chamber in the Zs two-slot interface. This gives

. 1
sm29§t2r:§—3—:—

and therefore
cos? 5% 7
3 30"

The neutral correction entering the endpoint residual is consequently

7
Ay = 9596 35+

Thus the solar-sector factor is a structural prediction of the neutral-compensation count,
not an empirical parameter fitted from neutrino data.
The resulting value,
035 = 33.21°,

lies close to the empirical solar mixing region described by the PMNS framework [5,8-10].
This comparison is important, but it should be read in the correct direction. The observed
solar angle is not used to tune the charged-lepton hierarchy. Rather, the charged-lepton
residual predicts a solar compensational overlap that is independently close to the observed
solar-neutrino mixing scale.

This should not be read as a full derivation of the PMNS matrix. The present paper
derives only the particular solar-sector overlap that enters the charged-lepton residual.
A complete PMNS theory would need to derive the full compensation-overlap basis,
including the atmospheric angle, reactor angle, CP phase, and mass-ordering dependence.
The present result supplies one nontrivial overlap component and shows why the neutral
sector must participate in completing the charged-lepton hierarchy.

11.3. Relation to Previous Approaches to the Charged-Lepton Hierarchy

The charged-lepton hierarchy and the Koide relation have been studied from several
viewpoints. Some approaches treat Koide’s relation as an empirical mass formula or as a
geometric regularity in square-root mass space [2—4,29-31]. Others seek to protect or explain
it through radiative mechanisms, family gauge symmetry, flavor symmetries, discrete flavor
groups, mass-matrix textures, or Froggatt-Nielsen-type hierarchical charges [24-28,32].
These approaches have produced many suggestive structures, but the charged-lepton
masses usually still depend on fitted parameters, chosen charges, assumed textures, or
model-specific symmetry-breaking patterns.

The present proposal differs in its starting point. It does not begin with a Yukawa
texture, mass matrix, or continuous flavor symmetry. It begins with a premetric internal
counting rule: sectors indistinguishable at the level at which they first become exposed
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carry equal primitive weight. Koide’s relation is then interpreted as the carrier-facing
root-vector representation of

Pgem = split-

In this view, the Koide cone is not a fundamental geometric postulate and not a fitted mass
relation. It is the continuous representation of a sector-power balance.

The proposal also differs by treating the charged-lepton hierarchy as a whole-
architecture problem. The electron endpoint is selected by the positive-side nested embed-
ding, while the remaining charged residual is closed by a neutral compensational sector.
Thus the charged-lepton masses are not generated entirely inside an isolated charged-lepton
sector. The hierarchy is a projection of the coupled neutral-parent architecture.

The treatment of the electron is correspondingly distinctive. Instead of treating . as a
small fitted Yukawa coupling or suppressed texture entry, the present proposal interprets it
as one endpoint leakage unit selected by the first exposed non-protected chamber of

(2 = Z3) = Zy.

The leading factor 32(4! — 1) = 207 and the higher nested corrections are proposed as
chamber-counting consequences of the neutral-parent carrier-defect architecture, not as
independent numerical adjustments.

The treatment of the neutrino sector is also distinctive. The neutral correction is not
introduced as a freely adjustable mixing parameter. The solar-sector overlap entering the

residual is derived as
cos? 055 7

3 30
equivalent to the prediction
3
: 02 gstr
9 = —
sin“01; = 15

Thus the charged-lepton hierarchy and one PMNS-related overlap are linked by the same
residual-closure logic, rather than treated as unrelated phenomena.

Finally, once the corrected electron-muon ratio is obtained, the Koide sector-power
theorem fixes the large-t branch. Thus m is not an independent fitted parameter in
the proposed mechanism. Future higher-precision tau-mass measurements can therefore
directly test the combined endpoint-plus-neutral-compensation structure.

11.4. A Solar-Angle Prediction from Neutral Compensation

The neutral-compensation mechanism also gives a scoped prediction for the solar
neutrino mixing angle. This point is important because the solar angle is not used as an
input in the charged-lepton endpoint calculation. The charged endpoint tower first fixes the
interface scale g54¢. The neutral-overlap count then supplies the compensational fraction

7

Q, = —.
Y730

In the normalized 1-2 neutral subspace, this fraction is interpreted as

cos? 055
Q=212
3

Therefore
cos? 055 7
3 30’
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so that 7 3
cos? 65 = o sin? g3 = o
Equivalently,
sin 655 = 0.30000
and

3
g3 = iny/— = 33.21°.
12 arcsin 10

This should be read as a leading structural target, not as a fitted parameter. Current
global analyses of neutrino oscillation data give a solar angle close to this value. For
example, NuFIT 6.0 reports approximately

sin® 01, = 0.307-0.308 70012, 6y, = 33.687073°,
depending on the data variant and mass ordering [10]. The structural prediction
sin? 655 = 0.30000,  65% = 33.21°

therefore lies within the present empirical solar-mixing region.

The significance of this comparison is not that the present experimental data already
force the value 3/10. They do not. The present uncertainty in the solar angle is still large
enough that nearby values remain allowed. Rather, the point is that the same neutral-
overlap count which closes the central charged-lepton endpoint residual also predicts a
specific solar-sector target. In this sense the solar angle becomes an independent future test
of the neutral-compensation interpretation.

There are two possible outcomes. If future solar-neutrino and reactor data converge toward

sin? 61, = 0.30000,

then the leading neutral-overlap count would be strongly supported. If future data con-
verge to a nearby but distinct value, the present framework would require a calculable
higher-order correction to the leading neutral-overlap fixed point. Such corrections could
arise from the full PMNS embedding, from carrier read-out effects, or from higher neutral
overlap chambers not included in the leading Zs two-slot count.

Thus the conservative prediction of the present paper is

sin? 61, = 0.30000

as the leading neutral-compensation target, with possible subleading corrections to be
derived only in a more complete theory of the full PMNS matrix. This gives the proposal a
clear falsifiable direction: future precision measurements of the solar mixing angle should
determine whether the neutral-overlap value 3/10 is the final value or the leading term of
a slightly corrected expansion.

11.5. Status of the Proposal

The present framework is a structural derivation theory for dimensionless particle
invariants. It is not a local microscopic field theory of the premetric domain, because
spacetime geometry, Lagrangian dynamics, and continuous field evolution are not assumed
to be fundamental there. Instead, it specifies a pre-read-out admissibility structure and
asks which dimensionless relations survive carrier read-out.
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Equal primitive weighting is natural at that level: sectors that are indistinguishable by
the available branch, monodromy, protection, and closure data have no structural basis for
unequal weights. The principle is therefore not a numerical fit, although a fuller carrier
theory should explain how this structural indifference is transmitted into effective masses
and mixings.

Within the stated architecture, the same rule yields the Koide sector-power equality,
the small electron endpoint, the rapidly stabilizing charged tower, the neutral completion
factor 7/30, the leading target

2 pstr 3 str o
sin“ 07, = —, 01, = 33.21°,
10
and the downstream tau ratios. The remaining open task is to embed the endpoint and
neutral-overlap rules in a general mathematics of admissible chamber exposure and carrier
read-out. The present paper does not derive the other PMNS parameters or the complete
Standard Model interaction structure.

The claim is therefore limited but testable: the charged-lepton hierarchy may be a
carrier-readable invariant of a neutral-parent admissibility structure. A persistent exper-
imental exclusion of the solar target or tau ratios would falsify the leading construction,
while a nearby discrepancy would require a calculable higher-order neutral or carrier-read-
out correction.

12. Predictions, Cross-Checks, and Falsifiability

The framework should be judged by linked consequences rather than by the accuracy
of one isolated integer expression. Table 6 summarizes the quantities fixed by the present
leading construction.

Table 6. Outputs of the present construction and their testing status.

Quantity Structural Result Test
Charged tower my /me = Diagnoses the size and sign
206.768291043 of the neutral residual
Neutral-compensated ratio ~ m,, /m, =  Direct pole-mass compari-
206.768282689 son
Solar neutral overlap sin? 655 = 0.30000 Future global oscillation fits
Tau-electron ratio my/m, = 3477.441636 Improved tau-mass mea-
surements
Tau-muon ratio me/my = 16.8180612 Improved tau-mass mea-
surements
Higher charged corrections  Factorially suppressed ~ Any larger same-sequence
nested products correction would contradict
the tower

The first line is a cross-check rather than the final result: the charged tower must
stop at a residual of the scale later supplied by neutral closure. If its deeper terms could
be rearranged to fit the data, the neutral prediction would lose content. The factorial
suppression forbids that rearrangement within the stated model.

The following outcomes would falsify or force revision of the present leading con-
struction:

(F1) A future pole-mass determination excludes either predicted tau ratio after the
electron-muon ratio is fixed.

(F2)  Global oscillation data exclude sin? 1, = 3/10 at a level that cannot be attributed
to a derived higher-order neutral term.
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(F3) A formally consistent implementation of the same postulates yields a different
leading endpoint denominator, a different g,,, or a different neutral overlap. This
would disprove the claimed conditional uniqueness.

(F4) A microscopic Standard Model matching calculation shows that no carrier-readable
defect realization can produce the required pole ratios without introducing equiva-
lent continuous fitting parameters.

(F5)  The framework fails to extend coherently to the remaining PMNS observables or
produces mutually inconsistent sector assignments.

The last two tests are theoretical rather than experimental, but they are no less important.
The current numerical agreement is evidence worth investigating, not proof of the architecture.
The strongest future test is overconstraint: the same protected-chamber rules should determine
new quantities without adding a new numerical prescription for each sector.

13. Scope and Limitations

The present calculation is limited to dimensionless charged-lepton mass ratios and
the leading neutral overlap that closes the residual endpoint seam. It does not determine
the absolute charged-lepton scale, the full PMINS matrix, or a complete formal theory of
premetric admissibility and carrier read-out.

Three foundational tasks remain. First, the electron-zero boundary and the first
endpoint count should be derived from a general topology of the charged-lepton branch.

Second, the factors
2/n

32(4! - 1), qn = 3 —1)

should emerge as theorems of a general chamber-exposure calculus rather than only as the
minimal rules fixed within the present architecture. Third, the factor 7/30 should appear
as a special case of a broader neutral-compensation algebra.

The neutrino result is correspondingly restricted. The paper derives the leading
solar-sector target
3 cos? 05y 7
10’ 330
but not the atmospheric angle, reactor angle, CP phase, mass ordering, or neutrino

ia2 gstr
sin” 0], =

mass spectrum.

The use of pole masses is appropriate to the completed asymptotic read-out consid-
ered here, but a fuller theory must connect the structural ratios to renormalized Yukawa
parameters and their scale dependence. Likewise, the appendices provide a finite clo-
sure architecture and a toy Lorentz-readable dictionary, not a derivation of the complete
Standard Model weak, color, confinement, or hadronic sectors.

14. Conclusions

This paper has developed a conditional structural account of the charged-lepton
hierarchy. In the proposed premetric admissibility space, equal primitive power in the
democratic and branch-splitting sectors gives

Pgem = splitr

whose carrier-facing root-amplitude representation is the Koide relation. The Koide cone is
therefore interpreted as a representation of a discrete sector-power equality rather than as
an independently chosen continuous mass geometry.
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The small electron endpoint is selected by the first non-protected exposure of the
positive-side closure and refined conditionally through higher interfaces:

mey ___1
my) g 32(4!—1)

The tower stabilizes rapidly, giving

ad 2/n
1+E]’[m .

k=5n=5

e

My
_r = 206.768291043.
ch

Because deeper charged terms are too small to remove the residual, the remaining seam is
assigned to the neutral continuation branch.
The leading neutral count gives
2 gst
str 3 cos” 035 7

-2 _ > -
sin"6, = 75¢ 3 30

and hence the completed endpoint prediction

(’””> — 206.768282689.
me pred

The Koide sector-power relation then fixes

<mT> — 3477441636, <’”T> — 16.8180612.
e pred mV pred

Thus endpoint counting plus neutral completion determines the electron-muon hierarchy;,
while the Koide condition determines the tau branch.

These quantities are parameter-free targets within the declared architecture, not inputs
used to tune its integer factors. Improved tau and solar-mixing measurements can therefore
test the leading construction directly. A distinct counting scheme satisfying the same
postulates but yielding different endpoint weights would likewise defeat the conditional
uniqueness claim.

The framework is not presented as a microscopic Lagrangian theory of the premetric
domain. Its appropriate completion is a mathematical theory of admissible objects, pro-
tected sectors, composition and closure, together with a carrier read-out map to effective
masses, mixings, and interactions. At its present stage, the result is more limited: one
neutral-parent architecture organizes the Koide relation, the electron endpoint, charged-
tower saturation, a solar-angle target, and the tau branch. This linked structure is the
principal evidence that the charged-lepton hierarchy may be a carrier-readable invariant
rather than an isolated numerical coincidence.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the author.

Conflicts of Interest: The author is employed by Silicon Minds Inc. The company had no role in
the design of the study; in the collection, analyses, or interpretation of data; in the writing of the
manuscript; or in the decision to publish the results.

https://doi.org/10.3390/sym18071232


https://doi.org/10.3390/sym18071232

Symmetry 2026, 18, 1232

38 of 56

Appendix A. From Internal Root Amplitudes to Physical Rest Mass

This appendix clarifies the sense in which the mass ratios derived in the main text
are ratios of physical charged-lepton rest masses rather than ratios of abstract internal
labels. The distinction is important. The equal-weight counting argument is formulated
in a premetric internal defect space, whereas physical mass is measured as rest energy,
inertial response, and gravitational source. The purpose of this appendix is not to derive
the complete microscopic carrier dynamics. Rather, it is to state the minimal read-out
assumptions under which the internal root-amplitude ratios computed in the paper become
ratios of physical rest masses.

Appendix A.1. Three Levels of Description

We distinguish three levels.
First, the internal counting theory assigns a normalized root-amplitude direction

~ (7’3,7”,7’1—)
=
ViR R

The main text argues that this direction is fixed by equal-weight defect-internal counting.
This level is premetric and scale-free.

Second, a carrier read-out map embeds the internal defect state into a localized physical
excitation. This step supplies a common charged-lepton energy scale and converts internal
root amplitudes into localized rest-energy densities.

Third, at distances large compared with the defect core, the localized excitation is
described by an effective one-particle stress-energy tensor. The integrated rest energy is the
physical rest mass [33].

The present paper derives only the first level and uses the minimal structure of
the second and third levels to justify comparison with observed charged-lepton mass
ratios [5-7,23]. The absolute charged-lepton scale and the detailed carrier Lagrangian are
left for future work.

Appendix A.2. Minimal Read-Out Assumptions

Let r; be the internal root amplitude for charged-lepton channel i = ¢, u, 7. The
minimal read-out assumptions are:

1. Common carrier channel. The three charged leptons are read out through the same
charged-lepton carrier sector. Therefore a common carrier scale M, multiplies the
three channels.

2. Quadratic energy read-out. The localized rest-energy density is quadratic in the
internal amplitude. Equivalently, the primitive amplitude is r;, while the physical
energy weight is 2. This is consistent with the standard quadratic dependence of
field energies and quantum probabilities on amplitudes [11,13].

3. Normalized localization. For each channel, the carrier produces a localized rest-frame
energy profile p;(x) normalized by

/d3xpl-(x) =1

Differences in short-distance profile shape are allowed, but they do not alter the
integrated rest-energy coefficient at the level of mass ratios considered here.

4.  Long-field stress-energy equivalence. At distances large compared with the de-
fect core, the localized carrier excitation is represented by the standard effective
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stress-energy tensor of a massive particle with rest mass equal to its integrated rest
energy [33].

Under these assumptions, the rest-frame energy density of channel i has the schematic form
TP (x) = Myr? p;(x) + short-distance derivative/core terms.

After integration over the localized core, derivative and profile details renormalize the
common carrier scale or the normalized profile, while the channel-dependent coefficient is

r7. Thus
m; = /d3x T (x) = M,r2.
Consequently,
m_ 1
mj 7]2

This is the sense in which the internal root-amplitude ratios are identified with physical
charged-lepton mass ratios. The paper does not declare an internal number to be mass by
definition. Rather, it assumes a carrier read-out in which the internal amplitude controls
the coefficient of the localized rest-energy density.

Appendix A.3. Why the Read-Out Is Quadratic

The quadratic form
m; X Tl-z

is not an arbitrary choice. It is the standard way in which an amplitude or field mode con-
tributes to a positive energy functional. In ordinary field theory, energies and probabilities
are typically quadratic in amplitudes: a normal mode with amplitude A contributes energy
proportional to | A|?, and a quantum probability is quadratic in a wave amplitude [11,13].
Likewise, if r; is the internal root amplitude of a defect channel, the corresponding positive
carrier-energy weight is naturally r2.

This is also why the Koide relation is naturally written in terms of square roots of
masses. The square-root variables are treated as the primitive internal amplitudes, while
the physical masses are their quadratic carrier read-out:

ri = TYZZ'/Mg.

The main text therefore works in root space not for algebraic convenience alone, but
because the internal variables are amplitudes whose squared norms supply physical
rest-energy weights.

Appendix A.4. Relation to Stress-Energy and the Long-Field Limit

Physical mass is not only an internal energy label. In relativistic physics, rest mass
is the invariant coefficient of a localized stress-energy source. For a localized excitation
with worldline z/ (), the long-field effective stress-energy tensor takes the standard point-
particle form [33]

6@ (x — z(1))
T =m; [ utu’— " g
z,eff(x) m,/u u NET

where u# is the four-velocity. In a local rest-frame or asymptotically stationary long-field

T,

description, the integrated rest energy may be written schematically as

mz‘:/Zle”y‘:vdZ/
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where ¢# denotes the relevant rest-frame time-translation direction and #n* is the unit
normal to the spatial slice >.. Therefore, if the carrier read-out gives

[ #1000 = Mo,

then the same quantity M7 is the inertial rest energy and the long-field gravitational source
coefficient. In the weak-field limit, it is the quantity that contributes to the source term

for the metric through the effective stress-energy tensor. Thus the mass ratios computed
2
i
inertial descriptions.

from r¢ are ratios of the same masses that appear in the long-wavelength gravitational and

Appendix A.5. Why Only Ratios Are Claimed

The counting argument fixes the normalized direction

(rer Ty, rT)

in internal root space. It does not fix the common carrier scale M,. This is why the present
paper predicts ratios such as

2
me 12 My Ty
— — Th5y — — "o
my 13 me 12

rather than the absolute masses in MeV.
This limitation is also consistent with the structure of the Koide relation [2-4]. Koide
is homogeneous under a common rescaling

m; — Am,.

It therefore constrains the direction of the charged-lepton mass vector, not its overall scale.
The present theory explains this direction as an internal counting invariant and leaves the
absolute scale as a separate carrier-read-out problem.

Appendix A.6. Comparison with Standard Particle-Physics Language

In the Standard Model, charged-lepton masses are written schematically as

m; = ﬁ]/ ir

where v is the electroweak scale and y; are dimensionless Yukawa couplings [5,12,13]. The
Standard Model does not explain the hierarchy among the three y;. The present framework
may be viewed, at the level of ratios, as replacing the unexplained hierarchy of Yukawa
coefficients by a hierarchy of internal carrier-read-out weights:

2
yl’CXT'Z-.

The common scale remains external to the counting argument, while the relative weights
are fixed by the defect-internal invariant.

Thus the comparison with measured charged-lepton masses is meaningful in the same
sense that a theory of Yukawa ratios would be meaningful: it targets the dimensionless
hierarchy among physical rest masses, not the absolute electroweak or carrier scale [5-7,23].
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Appendix A.7. What Is Not Claimed Here

Several difficult questions are not solved in this appendix.

First, we do not derive the full microscopic carrier Lagrangian. We only state the
minimal form of the read-out needed for the internal root-amplitude ratios to become
physical rest-mass ratios.

Second, we do not derive the common charged-lepton scale M,. The present paper is
a theory of the dimensionless hierarchy, not of the absolute MeV scale.

Third, we do not claim that all short-distance core profiles are identical. The claim
is weaker: after normalization and common charged-lepton carrier read-out, the channel-
dependent integrated rest-energy coefficient is 7.

Fourth, we do not replace the effective field-theoretic description of charged leptons.
At long wavelength the result must reduce to the standard description of a localized
particle with mass m;. The present proposal concerns the internal origin of the ratios among
these masses.

With these limitations stated, the bridge from internal counting to physical mass
is defensible: the equal-weight argument fixes the relative root amplitudes; the car-
rier read-out maps squared amplitudes to localized stress-energy; the integrated stress-
energy is the physical rest mass; and the same mass appears in the long-field effective
stress-energy tensor.

Appendix B. Why Z, Is the Primitive Free-Fermion Read-Out and Why
Z3 — Z4 — Z5 — - - - Belongs to the Positive Closure Side

This appendix explains the structural role of the discrete monodromy symbols used
in the main text. The goal is not to replace the Standard Model groups SU(2) and SU(3).
Rather, the point is to clarify which finite pregeometric closure structures are being repre-
sented before carrier read-out, and why they appear as familiar continuous structures only
after the defect becomes a Lorentz-readable physical particle.

Appendix B.1. Finite Monodromy Before Carrier Read-Out

In the present framework, a particle is treated as a localized carrier-supported defect.
Before carrier read-out, the defect pocket is not assumed to be an ordinary differentiable
internal manifold equipped with a metric, spin connection, gauge bundle, or continuum
group action. Its primitive data are more limited: continuation, closure, branch opposition,
exclusion, and admissible return. This use of finite branching and monodromy language is
in the same broad mathematical spirit as standard uses of covering spaces, monodromy;,
and topological defect classification, although the present carrier-defect interpretation is
specific to this paper [15,18,21].

For this reason the notation

ZZ/ Z3/ Z4/

is used to describe finite internal monodromy and closure structure. It does not mean
that the Standard Model gauge groups are being replaced by finite cyclic groups at the
observable field-theory level. The finite symbols describe pre-read-out closure rules inside
the defect pocket. The usual continuous structures, including spinorial SU(2) and color
SU(3), become appropriate only after carrier embedding supplies a Lorentz-readable and
gauge-readable effective description [11,13,16].

Thus the intended logical order is

finite internal closure — carrier embedding — continuous effective field representation.
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The finite structure is not the observed gauge theory. It is the pregeometric closure pattern
whose carrier read-out may be represented by the observed gauge and spinorial language.

Appendix B.2. Z as the Primitive Free-Fermion Branch Structure

The first nontrivial internal distinction of a neutral parent is a two-sided branch
opposition. This is denoted by Z. It records the minimal fact that an unresolved neutral
configuration can be resolved into complementary read-out directions:

Py—Z; ®Zy.

At this stage Z; is not yet the continuous spin group. It is the primitive branch opposition:
two complementary orientations of the same unresolved parent.

After carrier read-out, however, a free fermion must be represented spinorially. The
familiar spinorial fact is that a 27t rotation does not return a spinor to itself, but changes its
sign, while a 477 rotation restores it:

2t P — =, 47 P — .

This two-valued return behavior is the standard double-cover structure of spinorial
representations [11,14]. It is precisely the type of two-valued return structure that a primi-
tive Zp branch opposition can support after Lorentz-readable carrier embedding.

The carrier-facing continuous representation of this two-valued structure is the spin lift

Spin(3) ~ SU(2),

rather than the rotation group SO(3) itself [11,14,17]. Thus the present interpretation is

carrier read-out

Z, internal branch opposition —————  SU(2) spinorial free-fermion representation.

The Z, structure is therefore not a substitute for SU(2). It is the pregeometric primitive
that makes a spinorial SU(2) read-out natural once the defect becomes a Lorentz-readable
free fermion.

This also explains why the charged-lepton side is fundamentally Z;-like in the present
paper. A charged lepton is a free fermion-facing read-out of the neutral parent. Its primitive
internal branch structure is two-sided, and after carrier embedding this two-sided structure
appears in the usual spinorial language of free fermions.

Appendix B.3. Lepton-Facing and Neutral-Compensating Z, Read-Outs

The Z, side of the neutral parent supports the lepton-facing read-out. In the charged-
lepton application it is useful to resolve this side schematically as

ZZ_ — fl @VH.

Here ¢ denotes the charged transverse read-out and v denotes the neutral continua-
tion read-out. The symbols L and || are structural labels: they indicate different carrier
embeddings of the same Z;-origin branch, not literal directions in ordinary spacetime.
This distinction is important. The electron, muon, tau, and neutrino channels are not
assumed to be unrelated primitive particles before read-out. They are different carrier-
facing manifestations of an underlying two-sided lepton branch. The charged branch
supplies the charged-lepton endpoint hierarchy; the neutral continuation branch supplies
the compensational channel needed to close the small residual left by the charged endpoint
tower. The later appearance of the solar-sector angle should therefore be understood as a
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Z3 pregeometric threefold closure

structural neutral-overlap prediction used to close the charged endpoint residual, not as an
empirical PMNS input or as a full derivation of neutrino mixing [5,8,10].

Appendix B.4. Z3 as the First Completed Positive-Side Closure

The positive side of the neutral parent is not merely another free Z, fermion branch. It
continues toward the first completed positive-side closure:

+
Z5 — Z7.

The Z; structure is interpreted as the primitive threefold closure condition of the posi-
tive branch. In carrier-facing language, this side is compatible with hadron-facing three-
fold closure. This is why it is natural to associate the positive side with the confined or
hadron-facing sector.

Again, Z3 should not be identified with the full Standard Model SU(3) color gauge
group. The relation is instead

carrier read-out SU(3) color-compatible effective description.

The finite Z3 records the minimal closure requirement: incomplete threefold sectors are
not carrier-readable as isolated asymptotic positive-side objects, while completed threefold
closure can support a hadron-facing read-out. The continuous SU(3) gauge description
belongs to the effective field-theory layer after carrier read-out [5,12,13,16].

Thus the neutral-parent architecture used in this paper is asymmetric:

The negative side supports free-fermion lepton-facing read-outs; the positive side supports
the first completed closure branch. Both sides belong to the same charge-neutral parent.

The notation Z;r — Z3+ should be read as an internal embedding relation, not as the
addition of an independent Z3 layer on top of a completed Z; particle. The positive branch
is a nested closure structure: the Z; branch orientation is completed only through its
embedding into the threefold Z; closure. In this sense, the positive-side primitive relevant
for later exposure is not a standalone Z;, but the embedded closure object

(2 = 73).

Appendix B.5. Nested Embedding into Z4, Zs, Zs, . . .
The higher structure

(ZF = Z) s Zy > Zs > Ze— Zy— - -

is attached to the positive closure side. It is not a sequence in which new layers are simply
added externally to previous layers. Rather, it is a nested embedding hierarchy. The already
formed positive closure (Z; — ZJ) is first embedded into a Z, exposure environment;
that embedded structure may then be embedded into a Z5 environment, and so on.

Thus Z4, Zs, Zg, . . . should not be interpreted as additional particle generations, new
colors, or new independent gauge sectors. They are carrier-readability environments in
which the same positive-side closure structure is exposed, tested, and refined at successively
higher interface order. This distinction is important because observed color and electroweak
gauge structures are already described by the Standard Model effective field theory; the
present Z, hierarchy is instead a pre-read-out closure hierarchy proposed to underlie
selected dimensionless mass ratios [5,11,13].
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The reason the first exposure begins with the embedding into Z is structural. The Z,
level provides branch opposition, but it does not by itself give a completed positive closure.
The first completed positive support is the embedded closure

(23 = 73).

Only after this threefold closure exists can it be placed into a larger exposure environment.
The first such environment is Zy:

(2 = Z3) = Zy.

The Z4 slot is therefore not a fourth color. It is the first carrier-readable exposure environ-
ment of the completed positive-side closure. Likewise, the later steps

Z4 — Z5, Z5 — Z6, Zé — Z7,

are nested embedding refinements of the same positive-side closure architecture.

This explains the logic of the endpoint expansion in the main text. The electron
endpoint is a negative-side charged leakage, but it is not selected inside the negative Z,
branch alone. It is measured against the full neutral-parent architecture. Since the positive
side first becomes complete as the embedded closure (Z} — Z7), the first non-protected
exposure chamber available to the charged endpoint is the ordered chamber space of
the embedding

(2 = Z3) — Zy.

Therefore the factor
4! —1

appearing in the leading endpoint count is not arbitrary. It is the ordered four-slot exposure
chamber of the first embedding environment of the completed positive-side closure, with
the protected identity /closure chamber removed.

Appendix B.6. Why the Higher Endpoint Corrections Are Nested

Once the electron endpoint has been opened through the first embedding environment
(Z3 = Z5) = Zs,

later environments do not create independent new electron endpoints. They refine the al-
ready selected endpoint leakage conditionally. This is why the charged endpoint expansion
has the nested form

mg_

1
m, A1) [1+ 45 + 4546 + 4549647 + - - - .

The factors g5, g6, 97, - . . are not independent additive parameters. They are conditional
refinement weights associated with the successive nested embedding environments

Zy — Zs, Zs — Z, Ze < 7,
Equivalently, the hierarchy should be read as
(Zy =2 Z) > Zy) s Zs > Zg— Z7— -+ -,

rather than as a list of independent layers added side by side.
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The rule 2
n
an = W—l)' n>>5,
therefore has the following interpretation. The factor n! — 1 counts the non-protected
ordered chamber possibilities at the Z,, embedding level; the factor 3 is the residual single-
family projection after the endpoint has already been selected; and 2/# is the two-sided
spinorial residue distributed through the n-slot embedding environment.

The rapid suppression of these terms is also structurally meaningful. The deeper
environments are not equally strong new openings. They are higher conditional refinements
of an endpoint already selected at the first exposure embedding. This is why the charged
tower stabilizes by the Z4 level, and why the remaining discrepancy cannot plausibly be
closed by simply continuing the charged tower to Z7, Zg, . . ..

Appendix B.7. Summary of the Read-Out Hierarchy

The structural hierarchy used in the paper can now be summarized as
Py —Z; @& (Z3 = Z3),

with
ZZ_ — fl S vy,

and the positive-side nested embedding hierarchy
(Zf = Z3) o Zy) = Zs > Zg— Zy— - - .

The Z, side gives the free-fermion lepton-facing primitive whose carrier read-out is spino-
rial. The Z; — Z; side gives the positive closure primitive whose carrier-facing comple-
tion is compatible with the hadron side. The higher Z, structures are not layers added
as independent sectors; they are nested embedding environments of the same completed
positive closure.

In summary, this appendix explains why the endpoint expansion in the main text is
not an isolated numerical ansatz. It is the charged-lepton projection of a neutral-parent
architecture in which the free-fermion Z, branch, the positive embedded Z; — Z3 closure,
and the higher

(Zz—>Z3)‘—>Z4‘—>Z5‘—>-"

embedding hierarchy play distinct but connected roles. A full development of this carrier-
defect particle architecture, including its complete relation to the Standard Model gauge
and confinement sectors, is beyond the scope of the present paper and is deferred to
future work.

Appendix C. A Toy Lorentz Read-Out Model for the Z, Lepton Branch
and the Embedded Z, — Z; Positive Branch

This appendix gives a minimal toy model showing how the finite internal structures
used in the paper may become Lorentz-readable after carrier embedding. The purpose
is not to derive the full Standard Model representation theory. Rather, the purpose is to
demonstrate structural compatibility between two ingredients used in the main text:

Z,  for the free lepton-facing branch,

and
Z§ — Zf for the embedded positive closure branch.
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The first naturally admits a spinorial free-fermion read-out. The second naturally ad-
mits a hadron-facing closure read-out in which isolated positive-side fragments are not
carrier-readable as free asymptotic particles. The toy-model language should be read
as a structural read-out dictionary, not as a replacement for the Standard Model gauge
description [5,11,13,16].

Appendix C.1. Lorentz Read-Out of the Z, Lepton Branch

Consider a minimal internal two-state branch variable
se{+ -}, s ~ —s only after a completed two-step return.

This is a toy representation of the Z, internal opposition. Before carrier read-out, s is not
yet an ordinary spin degree of freedom in spacetime. It is only a two-valued continuation
label inside the defect-internal structure.

A Lorentz-readable carrier representation must assign this two-valued internal oppo-
sition to a field-like object whose state is not returned to itself by a single 27 rotation, but is
returned by a 47 rotation. The minimal carrier-facing rule is therefore

R2m) i — —y, R(4r) i — ¢

This is the standard two-valued behavior of spinorial representations, associated with the
double-cover relation between spin groups and rotation/Lorentz groups [11,14,17]. Ina
spatial rest-frame representation, it is described by the spin lift

Spin(3) ~ SU(2),

and in a Lorentz-covariant setting by the corresponding spinorial representation of
Spin(3,1) [11,13,14]. Thus the toy read-out map is

— . o carrier read-out N . .
Z, internal branch opposition spinorial free-fermion behavior.

This does not mean that Z; is the Standard Model weak group. The finite Z; structure
is the internal primitive. The continuous spinorial representation appears only after the
defect is embedded into a Lorentz-readable carrier. In this sense, Z, is the correct primitive
for a free lepton-facing branch: it supplies the two-valued return structure whose carrier-
facing representation is spinorial.

The lepton-facing branch used in the main text is therefore written schematically as

ZZ_ — EI @VH.

The charged read-out £ and the neutral continuation read-out v|| are two carrier-facing
manifestations of the same Z, -origin branch. Their distinction is not that one is spinorial
and the other is not. Rather, both inherit the primitive two-valued branch structure, but
they are embedded differently into the carrier: one as a charged transverse read-out and
the other as a neutral continuation read-out. The latter appearance of the solar-sector angle
should therefore be understood as a structural neutral-overlap prediction used to close
the charged endpoint residual, not as an empirical PMNS input or as a full derivation of
neutrino mixing [5,8,10].
A compact toy representation is
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where ¢, denotes the charged carrier read-out component and ¢, denotes the neutral
continuation component. Under a spinorial 277 carrier rotation,

Y,-—-Y,-
Z, Zy’

while under a 47 rotation,
YZE —> ng'

This is the minimal Lorentz read-out of the Z, lepton-facing branch.

Appendix C.2. Lorentz Read-Out of the Embedded Z, — Z5 Positive Branch

The positive side is different. It is not a second free Z, spinorial branch. Its Z3 polarity
becomes carrier-readable only through completion into the threefold positive closure

z5 - 77

The toy model should therefore not assign an isolated free spinor to Z, alone. Instead, the
carrier-facing positive object is an embedded closure object:

P+ =Pz
A minimal toy closure rule is the following. Let
cj, j=123,

denote three internal positive-side closure components. They are not assumed to be
ordinary observed particles before carrier read-out. They are internal closure positions. A
carrier-readable positive-side object must satisfy the threefold closure condition

cicpcz ~ 1,
or, equivalently at the level of internal phases,
wiwrwsz = 1.
In the simplest cyclic toy case, one may take
w;j € Z3, w = 2/ w3 =1.

The point is not that hadrons are literally Z3 phase products. The point is that the positive
branch becomes carrier-readable only after a threefold internal closure has been completed.
This gives the qualitative confinement-like rule:

¢j not carrier-readable as an isolated asymptotic object,

but
cicpc3  carrier-readable as a closed positive-side object.

After carrier read-out, such a threefold closure can be represented by a color-compatible
effective description. Thus the relation is

carrier read-out

Z7 pregeometric threefold closure

hadron-facing threefold effective structure.
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This is only a structural analogy at the present level. The finite Z;" closure should not
be identified with the full SU(3) color gauge theory. The latter belongs to the effective
field-theoretic carrier-facing layer, while Z; denotes the internal closure primitive. The
standard color description and the associated confinement problem belong to quantum
chromodynamics (QCD) rather than to the finite toy closure rule itself [5,12,13,16].

Appendix C.3. Nested Lorentz-Readable Embeddings of the Positive Closure

The positive closure is not followed by a sequence of externally added independent
layers. Rather, the completed positive closure is nested into larger carrier-readability
environments:

(Zy =2 Zf) > Zy) s Zs > Zg— Z7— -+ - .

In the toy model, each embedding environment supplies additional ordered chambers
in which the same completed positive closure may be exposed and refined. This use of
ordered chambers and nested refinement is a structural counting assumption of the present
framework, not a standard QCD or electroweak construction.

At the first exposure level,

(ZF = ZF) = Zy,

the ordered chamber space contains 4! possible chamber orderings. One chamber is
protected by the identity/closure condition and is not available for endpoint leakage. Thus
the first non-protected exposure count is

4! —1.

This is the structural origin of the leading endpoint factor used in the main text.
At the next embedding level,
Zy — Zs,

the previously selected endpoint is not reopened as a new independent endpoint. It is
refined conditionally inside the Zs environment. Likewise, the Z¢ and deeper levels refine
already selected structure rather than adding independent channels. This is why the
endpoint expansion takes the nested product form

1445+ 4596 + 59697 + - - -,

rather than a simple additive sum of unrelated chamber corrections.
The Lorentz read-out interpretation is therefore different on the two sides of the
neutral parent:
Z, — free spinorial lepton-facing read-out,

whereas
Zf -+ Z§ — closed positive-side hadron-facing read-out.

The first supports free asymptotic fermion behavior. The second supports a closure condi-
tion whose incomplete components are not carrier-readable as isolated asymptotic positive-
side particles.

Appendix C.4. A Minimal Read-Out Table

The toy read-out dictionary is summarized in Table Al. The table should not be read
as a replacement for the Standard Model field content. Its role is only to show why the
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structural assignments used in the charged-lepton endpoint calculation are natural inside
the neutral-parent carrier-defect architecture.

Table Al. Minimal toy read-out dictionary for the neutral-parent architecture. The entries describe
how the finite pre-read-out structures used in the endpoint calculation may be represented after
carrier embedding. The table is not a replacement for the Standard Model field content; it is a
structural dictionary connecting internal closure data to the effective read-out roles used in the paper.

Internal Structure Primitive Role Toy Carrier Read-Out Physical Interpretation

Zy Two-valued branch op- ¥+ —1 undera2m car- Free spinorial lepton-facing
position rier rotation read-out

Z, =] Charged transverse em- 1, Charged-lepton channel
bedding

Z, =y Neutral continuation em- 1, Neutrino compensational
bedding channel

Z;’ — Z;’ Positive threefold clo- cjcpc3 ~ 1 Hadron-facing closed posi-
sure tive sector

(Zf - Z2)—> 24 First exposure environ- 4! — 1 non-protected Leading electron endpoint
ment chambers leakage count

Zy — Zs — Zg — Nested embedding re- g5, g596,- - - Conditional endpoint correc-

e finement tions

Table A1l should be interpreted only as a toy read-out dictionary. It records the
structural roles needed for the endpoint calculation: the lepton-facing side is Z,-primitive
and spinorial after carrier read-out; the positive side is an embedded Z; — Z3 closure; and
the higher Z, structures are nested exposure environments that refine the already selected
endpoint rather than introducing independent new particle sectors.

Appendix C.5. Scope of the Toy Model

This appendix is deliberately limited. It does not derive the full Lorentz group, the
Standard Model weak interaction, the SU(3) color gauge theory, confinement dynamics,
or the PMNS matrix. It only shows that the finite internal structures used in the main text
have plausible Lorentz-readable carrier manifestations:

Z, asa spinorial free-fermion primitive,

and
Z§ — Z§ asanembedded positive closure primitive.

The full development of this carrier-defect particle architecture is beyond the scope of
the present paper and is deferred to future work. For the present argument, the toy
model is sufficient to justify the structural distinction needed in the endpoint calcula-
tion: the lepton-facing side is Z,-primitive and spinorial after carrier read-out, while the
positive side is an embedded Z, — Z3 closure whose higher Z,, structures are nested
exposure environments.

Appendix D. Neutral-Overlap Closure and the Solar
Compensational Factor

This appendix explains the neutral-compensation mechanism used in Section 9. The
purpose is not to derive the full PMNS matrix. The narrower purpose is to explain why the
charged endpoint residual is naturally patched by a neutral overlap factor

307
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and why this factor can be read as the solar-sector compensational overlap associated with
the neutrino continuation channel.

The main point is that the charged endpoint tower computes only the charged trans-
verse leakage. It nearly closes the electron-muon ratio, but after the Z5 and Z4 refinements
the remaining discrepancy is too large to be supplied by deeper charged-tower terms.
The residual is therefore interpreted as a small unclosed seam in the full neutral-parent
architecture. The neutrino sector enters as the neutral continuation channel needed to close
this seam.

Appendix D.1. The Closure Problem Left by the Charged Tower

The charged endpoint tower computes the leakage associated with the charged
transverse branch,
Z, = 1.
This charged leakage is not selected in isolation. It is measured against the full neutral-

parent resolution
Py—Zy & (Z5 = Z7),

and its leading endpoint count begins at the first positive-side exposure environment,
(2 = Z3) = Zy.

The higher charged corrections then refine this endpoint through nested positive-side
embeddings,
Zy =725 —>Zg—---.

The important observation is that the charged tower stabilizes rapidly. After the
Zs and Zg refinements are included, the next charged terms are too small to remove the
remaining discrepancy with the observed electron—-muon mass ratio. Thus the residual is
not naturally another ordinary charged endpoint correction. Instead, it indicates that the
charged branch has nearly closed its own endpoint leakage, but has not yet closed the full
neutral-parent architecture.

In this sense, the residual should be read as a small unclosed seam in the parent structure:

charged tower residual = unclosed neutral-parent balance.

The role of the neutral compensational sector is to patch this seam. The neutrino sector is
therefore not added as an unrelated empirical ingredient. It is interpreted as the neutral
continuation branch needed to complete the same asymmetric parent closure:

ZE — 61@1/”

Appendix D.2. Neutral Mixing Structure Before PMNS Read-Out

To make the neutral compensation mechanism precise, one must distinguish the
pre-read-out neutral overlap structure from the full carrier-facing PMNS matrix. Before
carrier read-out, the present theory does not assume that physical neutrino flavor states
and physical neutrino mass eigenstates already exist as ordinary particles. It assumes
only a neutral continuation sector whose internal directions may later be read out in
PMNS-like form.

We denote the pre-read-out neutral compensation space by

comy
H P = span{cy, ¢, c3}.
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The three directions cq, ¢, c3 are primitive compensational-family directions. They are
not directions in ordinary space, and they are not yet physical neutrino mass eigenstates.
They label the three neutral continuation possibilities paired with the charged-family
closure problem.

A second set of directions is needed to describe closure read-out. Let

7—[51 = span{ny, ny, n3}

denote the neutral closure basis. For the purpose of defining overlap weights, both
sets of directions are taken to be normalized in the pre-read-out overlap representation.
The inner products below therefore measure sector-power overlaps rather than ordinary
spatial angles.

After charged-family read-out, the three compensational directions may be labeled by
the charged-lepton-paired indices

ClX/ x = 6, ]/l/ T/

with ¢, denoting the read-out labeling of the same three primitive directions cy, ¢, c3. In
ordinary particle-physics language, the PMNS matrix compares charged-lepton-paired
neutrino read-out directions with neutral mass or closure directions. Structurally, this is an
overlap matrix:

UZ? = (cq | nj), x=eut, =123

After carrier read-out, this overlap structure is the object represented phenomenologically
by the PMNS matrix [5,8-10].

The present paper does not derive the full matrix US!. It derives only the normalized
solar-sector overlap in the 1-2 neutral subspace. In that subspace, the electron-paired
neutral direction may be represented schematically as

cglz) = cos 9?{ 11 + sin Gftzr ns.
This equation defines the normalized 1-2 neutral subspace after projecting out the remaining
neutral directions. In the usual PMNS parameterization, the corresponding solar angle
is likewise the normalized 1-2 mixing angle, rather than the full matrix element |U,;|?
without qualification.
Thus

- 2 pstr
sm 912

is the neutral solar-leakage weight in the normalized 1-2 subspace, while

cos? 654
is the complementary closure-aligned weight. This is why the notation 65 is used. It is the
pre-read-out structural counterpart of the solar PMNS angle, not an empirical PMNS input
inserted into the charged-lepton hierarchy.

Appendix D.3. Primitive Democratic Neutral Exposure

At the primitive neutral-compensation level, the three directions cy, ¢, ¢3 are indistin-
guishable. No carrier-facing distinction has yet selected one as larger, lighter, heavier, more
strongly coupled, or dynamically preferred. By the equal-weight principle, they therefore
carry equal primitive weight:

cp:cp:c3=1:1:1.
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The primitive solar leakage is one direction selected out of this threefold neutral
exposure. Hence the uncorrected democratic value is

1
sin? Gg) =

3

This should not be read as a measured PMNS input. It is the democratic pre-read-
out value before the first protected neutral displacement is imposed. Equivalently, be-
fore the first neutral refinement, one solar leakage direction occupies one of three equal
compensational directions.
The complementary neutral component at this primitive level is
cos? 952) =1- % = %

However, the charged endpoint residual is not patched at this primitive level. The residual
appears only after the charged endpoint tower has already selected and stabilized the Zs-Zg
interface. Therefore the neutral overlap must be evaluated at the corresponding first higher
neutral interface, not at the uncorrected democratic level.

Appendix D.4. Why the First Neutral Correction Is a Two-Slot Overlap

A neutral mixing angle is an overlap quantity, not a one-slot occupation quantity. A
one-slot count would ask which single neutral continuation slot is occupied. A mixing
or compensation angle asks how one neutral read-out direction overlaps another closure
direction. It is therefore intrinsically pairwise.

For this reason, the first neutral correction is counted not by single Zs slots but by
two-slot overlap chambers among the five exposed Zs continuation positions. Define the
Z5 two-slot overlap space by

= {{i,j}:ijeZs i<}

2 5
c?| = <2> = 10.

The pairs are counted as unordered because the compensational quantity is a sector-power

Its size is

overlap, not an ordered transition amplitude. The overlap between slots i and j is the same
primitive chamber as the overlap between slots j and i. Interchanging the two labels does
not create a new sector-power chamber.

The five slots are counted as exposed continuation positions of the embedding en-
vironment. They are not quotiented by a global cyclic rotation at this stage, because the
overlap chambers represent carrier-facing exposed positions inside the selected interface.
The only symmetry reduction used here is the unordered-pair identification {i,j} = {j,i}.

This also explains why the neutral correction begins at Zs, rather than at Z4. The Z,4
exposure opens the leading charged endpoint,

(ZF = ZF) < Zy.

The neutral sector does not open a separate leading charged endpoint. It patches the
residual after the first higher refinement of the endpoint structure has become available.
The first such higher neutral overlap environment is the Zs two-slot exposure.
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Appendix D.5. The Protected-Chamber Displacement

Among the ten pairwise Z5 overlap chambers, one chamber is protected by the neutral-
parent closure condition. It is not available as an ordinary solar-leakage chamber. Instead,
it is reserved as the closure unit whose removal distinguishes the leakage-facing part from
the closure-aligned part.

Since the primitive democratic solar leakage is 1/3, removing one protected chamber
out of the ten Z5 two-slot overlaps subtracts

1 1

1
3 10 30
from the democratic solar leakage. The structurally corrected solar leakage is therefore

1 1 3
s 2pstr - _
sin” 6]y = 3730 10°

Thus the proposed solar-sector prediction is

3
s 2 pstr

05 = —.
T

The interpretation is simple. The neutral continuation begins with a democratic leak-
age weight of 1/3. The first Zs two-slot refinement contains ten possible overlap chambers.
One chamber is protected by closure and is removed from the ordinary leakage count.
The result is a slightly reduced solar leakage weight, 3/10, rather than the uncorrected
democratic value 1/3.

Appendix D.6. Closure-Aligned Complement and Endpoint Projection

The charged endpoint residual is not patched by the solar leakage part itself. It is
patched by the complementary neutral component aligned with parent closure. Since

3
:12 pstr
9 = —,
sm- oy, 10
the closure-aligned complement is
3 7
2pstr 1 _ _
cos“ 6], =1 0= 10°

This 7/10 is the neutral component available to close the charged endpoint seam.

However, the charged endpoint residual sees only one compensational family projec-
tion of this closure-aligned neutral component. The same threefold compensational-family
structure that entered the endpoint projection therefore contributes a further factor 1/3.
Hence the neutral overlap fraction that actually patches the charged endpoint is

1
O, = 3 cos® B35 =

W =
S
(O8]
(@]

Thus

7

Q, = —.
Y730

Combining this overlap with the Zs-Z4 interface scale gives the neutral-compensational
correction

7
Ay = q596 Yy = 0596 35+

This is the correction used in Section 9.
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The sequence of counts is summarized as

7

1 3*>1 3 7
30°

- 1010

_ 1_
30 10 3

1 1 7
3 '3 10
In words: democratic neutral exposure gives 1/3; removing one protected chamber from
the ten Zs two-slot overlaps gives the solar leakage 3/10; the complementary closure-
aligned part is 7/10; and one compensational-family projection gives the endpoint patch
factor 7/30. This sequence is illustrated schematically in Figure Al.

The neutral-overlap count underlying the compensational factor is shown schemati-

cally in Figure A1.

primitive neutral exposure

democratic solar leakage three equal neutral

1 compensational direc-
sin? 98) = = tions
3
(. + J
protected chamber removed ) 5 I
from the Zs5 two-slot overlap count 1(2) = 10 pairwise over-
sin? HE = R = 3 oarf)eS ,protected chamber
. 330 10 )

v

closure-aligned complement

neutral part aligned

v

( . . )
neutral compensational correction

3 7 .
2 pstr _ th parent closure

cos“ Oy =1—— = — with p

L 1z 10 10 )
endpoint patch fraction ) ;’“e_fompensaﬁonal'
amily
Q, = 1 cos2 gstr — 1 projection enters the end-
L 3 W 30 ) point

q596 fixes the interface

scale;
7/30 fixes the overlap
J fraction

7
Ay = 50600 = 9596 35

(S

Figure A1. Neutral-overlap closure mechanism underlying the compensational factor. The primi-
tive neutral continuation begins with a democratic 1/3 solar leakage among three compensational
directions. Removing one protected chamber from the ten Z5 two-slot overlaps gives sin” 655 = 3/10.
The complementary closure-aligned component is 7/10. One compensational-family projection then
gives the endpoint patch factor O, = 7/30, so that the neutral correction is A, = g54¢(7/30).

Appendix D.7. Why the Factor Patches the Charged Endpoint Residual
The charged endpoint tower has the form

e = #[1 + g5 + + + .. ]
where
_ 2/n
"= 3mr—1)

The product structure is essential. The factor g5 is not an independent additive correction
unrelated to the leading endpoint. It is a conditional refinement inside the already selected
endpoint. Likewise, g refines the already Zs-refined endpoint. Thus

qs546

marks the first nested interface at which the charged endpoint has become highly stabilized.

https://doi.org/10.3390/sym18071232


https://doi.org/10.3390/sym18071232

Symmetry 2026, 18, 1232

55 of 56

The residual left after the charged tower has stabilized has the scale expected from a
secondary projection of this Z5-Z4 interface. This motivates writing the neutral correction
in the form

Ay = 546 X .

The charged calculation determines the interface scale g54¢. The neutral compensation
calculation determines the overlap factor (3, = 7/30. Hence

7
Ay = 959635

This is why the neutrino sector is described as compensational. It does not replace
the charged endpoint tower. It does not generate a new independent charged-lepton mass
parameter. Rather, it supplies the small neutral component required to make the already
selected charged endpoint compatible with the full neutral-parent closure.

A useful analogy is a seam in a three-part closure. The charged endpoint tower
constructs the charged side of the seam and nearly closes it. The positive-side nested
embedding fixes the chamber architecture in which the seam is measured. The neutral
continuation then provides the final closure-aligned patch. The size of the seam is set by
g596, and the fraction of the neutral sector aligned with the seam is 7/30.

Appendix D.8. Relation to the Solar PMINS Angle

The notation
str

Sil’lz 912
is used because the neutral-overlap factor has the same structural role as the solar compo-
nent of the PMNS mixing matrix. In the present proposal,

. 3
sin? 655 = —, 65y =33.21°.
10
This value lies close to the empirical solar-neutrino mixing scale summarized in global
neutrino-oscillation analyses [5,8-10].

The logical direction is important. The observed solar mixing angle is not inserted into
the charged-lepton hierarchy calculation. Instead, the charged endpoint residual identifies
the need for a neutral compensational patch, and the neutral-overlap count predicts a
solar-sector value close to the empirical PMNS solar angle. Thus the solar angle enters the
Ppaper as an external consistency comparison, not as a fitted parameter.

Appendix D.9. What Is and Is Not Claimed

The neutral-overlap argument is a structural counting proposal. It claims that the
solar-sector overlap needed to close the charged endpoint residual is not an arbitrary fitted
PMNS input, but follows from a simple protected-chamber displacement in the first neutral
Z5 two-slot exposure.

The argument does not claim to derive the full PMNS matrix. A complete neutrino-
sector theory would need to derive the atmospheric angle, the reactor angle, the CP phase,
mass ordering, and the full neutrino mass structure. The present appendix derives only the
particular solar-sector overlap needed for the charged-lepton hierarchy:

3 cos? o5t 7
10’ 3 T30

ia2 gstr
sin” 0], =

This is sufficient for the endpoint residual calculation, but it is not yet a complete theory of
neutrino mixing.
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