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Abstract

We introduce a bivariate Hahn-factorial g-Laguerre-Tricomi—-Appell polynomial class ob-
tained by multiplying a nonsingular Appell factor by a Hahn-factorial deformation of
the two-variable g-Laguerre-Tricomi generating kernel. The construction is interpreted
formally, coefficientwise, and is not presented as an orthogonality or Laguerre-Hahn func-
tional characterization. Its defining product yields a finite g-binomial convolution, which is
the principal mechanism for transferring algebraic and operational properties from the base
family to the Appell deformation. We establish direct and inverse connection formulas,
a Hessenberg determinant representation, recurrence and higher Hahn-difference formu-
las, Hahn-shift identities, operational transfer formulas, and quasi-monomiality relations
through a basis-defined raising operator. We also derive reductions to the underlying
Hahn-factorial g-Laguerre-Tricomi family, one-variable Hahn-Appell and g-Appell fami-
lies, translated g-Laguerre specializations, admissible Bernoulli-Euler-type subclasses, a
singular Genocchi-type convolution, and the joint classical limit 4 —+ 17, w — 0. A finite
coefficient scheme is then used to study representative zero distributions and graphical
behavior. The results show that the proposed class is a coherent Appell-type deforma-
tion of a Hahn-factorial g-Laguerre-Tricomi kernel and that its structural identities follow
from explicitly invertible g-binomial transforms whenever the Appell factor has a nonzero
constant term.

Keywords: Hahn-factorial g-Laguerre-Tricomi polynomials; g-Appell polynomials;
g-binomial convolution; monomiality principle; differential equations; formal Hahn

difference relations; zero distribution

MSC: 33D45; 05A30; 33D15; 39A13; 42C05

1. Introduction

Appell-type polynomial sequences, Gould-Hopper polynomials, and their g-extensions
play an important role in the theory of special functions, generating functions, and oper-
ational methods. Their significance lies in the fact that they connect algebraic structures
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with analytic tools such as recurrence relations, operational identities, and differential or g-
difference equations. For this reason, they arise naturally in combinatorics, approximation
theory, mathematical physics, and operator analysis; see, for example [1-7].

In recent years, considerable attention has been devoted to hybrid polynomial fami-
lies obtained by combining an Appell kernel with an additional generating factor. Such
constructions often preserve the Appell character while enriching the underlying alge-
braic and operational structure. This viewpoint has led to a number of new polynomial
classes together with explicit formulas, determinant representations, recurrence relations,
and differential or g-difference equations. Recent examples include g-Laguerre-based,
Laguerre-based Appell, truncated-exponential-based, and convolution-type Appell con-
structions [8-14]; related limit phenomena for g-Laguerre polynomials also form part of the
classical background [15]. Applications of g-exponential kernels to related trigonometric,
Hermite—Appell, and Genocchi-type constructions may be found in [7,16,17].

Although the present construction uses the phrase Laguerre-Hahn, it is used here
for a Hahn-factorial deformation of a Laguerre-Tricomi generating kernel, not as a full
orthogonality or moment-functional characterization. The genuine H;-Laguerre-Hahn and
Hj-semiclassical orthogonal-polynomial background is well developed in [18-21]. General
g-classical difference-calculus treatments and Hahn/Jackson calculus references may be
found in [3,5,22,23]. This positioning is used below to keep the Appell deformation separate
from the stronger orthogonality theory.

Throughout this paper, we assume that 0 < g < 1 and use the standard terminology
and notation of [1,15]. The g-shifted factorial («; 9)g is defined by

9-1
(wq)e=]]1—ag’), 6€Ny, acC, 0<g<1, (1)
s=0

with the empty product convention («;q)g = 1.
The g-number is defined by

1—g°
[d]qfl_q, deC, 0<g<l (2)
The corresponding g-factorial is
0
[vlg, 0 €N,
[6],! = £1 i 0<g<1. (3)
1, =0,

For complex d, we use g := exp(dlogq), where log g < 0is the real logarithm. For integers
0 < k < n, the Gaussian g-binomial coefficient is

(), = m

For the convention used in this paper, the Gauss g-binomial power is defined by

9 .
(nta)):=](p+qa).

|
—_

T
(e}
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Its expansion may be written in either of the equivalent forms
+ 0 _ 9 (GEV) v + 0—v
(pta)g =) () a"2 u(+a)

v=0 q

A 4)
— Z (k) qk(k—l)/Zye—k(ia)k.
k=0 q

Thus the exponent in the first line is (9?’) ; after the reindexing k = 6 — v, it is the standard
exponent k(k — 1) /2.
The two standard g-exponential functions used below are [1,3,5]:

ol 0
M 1
€ = Al 7/ O < < 1, < D 5
l](#) 9;0[9]11! q |“M‘ 1_q ( )
d
" w @)y
Eq(’?)ZgZE) P 0<g<1, pyeC ©)

To distinguish the relevant operation from ordinary addition, define the g-addition
associated with the product e;E; by

0 b /6 (°5Y), v, 6—v
(megn)’ =) AR T L
q

v=0 v

The g-Cauchy product of (5) and (6) then gives

o) 0
en(W)Eq () = 3 W20
6=0 [G]q

)
0—v

The factor q'2") is essential here because the second factor is E;; the exponent-free g-

binomial convolution corresponds instead to a product of two ¢;-series. Consequently,

eq(1)Es(=7) = eg(-ME(M =1, ] < 7. ®

The standard g-derivative operator EW acting on a function f () is defined as follows;
see [1,15,24]:

fp) — flaw)
Dyuf (1) = G=p F - 0<g<1, ©)
£1(0), n=0

provided that f is differentiable at the origin. The second line is the continuous extension

lim £ ) — fap)
=0 (T—q)p

For a formal power series f(i) = }_,,~0 anpt", the same convention is interpreted coefficien-

of the first, since

= f'(0).

twise; in particular, (D, f)(0) = a;.
The following standard g-derivative identities will be used:

Dy = [611° ", (10)

f)weq(zxy) = weg(ap), aeC, (11)
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and
ﬁslyeq(zxy) = zxkeq(zxy), keN, aeC. (12)
For two functions f(u) and g(u), the g-Leibniz rule used in [11,25] is
Dau(f(1)g(m)) = f(#)Dqug (1) + 8(g) Dyuf (). (13)

Cao et al. [25] introduced the two-variable g-Laguerre polynomials Ly 4(x,77) through
the generating function:

9
Co,q(1d)eq(n6) = Z Log (1) 77 (14)

where Cp ; is the zeroth-order g-Bessel-Tricomi function [24], defined by

= (D)ot
Coq(ué) = Y 4. (15)
9= L w1
The operational identity for the g-Laguerre polynomials Lg,(y,77) is given by [25]:
50
eq(— 5DW eq(n0){1} = ):qu w1 ) (16)
For m € N, if the normalized right inverse satisfies ﬁq’/ ; {1} = u, then

m

(Dy)" {1} = [:1 (17)

Jq!

The zeroth-order Tricomi kernel satisfies the following g-differential identities, obtained by
differentiating the series term by term:

Dy (#DyuCoq(49) ) = —6Co4 (o), (18)

and, more generally,
Dy (#DyuCoq (4116 ) = —wdCoyg(apd). (19)

The g-dilatation operator T, acts on a function f(y) as follows; see [25]:

Tif() =fd"'), keR, 0<q<1, (20)
where

TATY () = f(a). el

The g-derivative of e;(176™) is given by [25]:
D\q,éeq (175711) = Ugm_lT(;y;m)eq (175711) (22)

Here -
Ty = 1 =14qTy+---+q"'T "
(7;m) 1—qT, U U

Al-Salam introduced the g-Appell polynomials A, 4(x) through the generating rela-

tion [26,27]:
6

Ay (8)eq(nd) = Zqu o (23)
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Here o
= )
Aq (5) = Z Ae,q W/ Ao,q # 0. (24)
6=0 9
Equation (23) is equivalent to the defining g-Appell lowering relation. Indeed, applying
ﬁw coefficientwise to both sides of (23), and using (11) with « = ¢, gives

Dy u[Aq(8)eq(u6)] = 5 Ay(8)eq(pd).
Comparison of coefficients of 6% / [0],! yields the explicit g-difference relation
ﬁq,uAe,q(V) = [e]qu—l,q(,“)/ 0>1,

with D\W Ap,4(1) = 0. Thus the generating relation (23) and this lowering property describe
the same g-Appell sequence. The normalization Ag,; = 1 is imposed only when explicitly
stated; the inverse and transfer results require only the nonsingularity condition A4 # 0.

For a function of a variable z, we distinguish the standard g-derivative from the Hahn
difference operator

A fz) — flaz+w) w
Dy w; = o)
q,w,Zf(Z) (1—£])Z—ZU ’ Z# 1_qr ( 5)
with the value at the fixed point understood by the corresponding limiting derivative
whenever an analytic interpretation is used. Algebraically, (25) is used through its action
on the Hahn factorial bases below. The two Hahn-type g-exponential functions are used in
the formal sense of Hahn-Appell calculus; see the Hahn-difference framework in [22,28].

We write
(o] tn
e@t(zt) == z)! , (26)
Pe = L@
and
() = Y 2] 27)
EF (zt) := z .
K n=0 q,w[n]q!

The closed product forms of these kernels depend on the precise normalization of the
Hahn factorials; the present paper uses only the coefficientwise series forms and the formal
lowering and Hahn-addition rules stated in (52)—(53). With this convention the inverse
relation is written as

B (00 =1, 8)

and the limiting cases are

(1) = ENE) = eglt),  &)(t) = EX(H) = ¢,

() =(1+w)w, EY(t)=(1—w) w.
The polynomial bases of Hahn calculus are {(t)] ;, }n>0 and {[t]} ;, }n>0, given by

(t)g,w =ttt —w)(t - [Zlqw)(t - [3]113”) e (t=[n— 1]qw>/ (29)

and
(150 = Hgt +w) (g%t + [2]gw) - - (4"t + [n = Tgw). (30)

Applying the Hahn difference operator to (29) and (30), we obtain

Dyt (g0 = [nlg(£)5"s
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https://doi.org/10.3390/sym18081268

Symmetry 2026, 18, 1268

6 of 28

ﬁq,w;t[t]g,w = [”]q[qt + w]g;ull

wherew € C,g € (0,1),and n > 1.
For fixed 0 < g < 1and w € C, the normalized inverse Hahn operator used below is
the linear map jq,w;x : C[x] — C[x] defined on the falling Hahn basis by

> . (g
Jq,w;x(x)q,w = it 1]q, n > 0. (31)
Hence ﬁq,w;qu,w;x = I on C[x], and jq,w;xp is the unique polynomial g satisfying

ﬁq,w;x ¢ = pand g(0) = 0. Existence follows from (31); uniqueness follows because the
kernel of Dy y;x on polynomials consists of constants. The definition extends coefficientwise
to formal power series. In particular,

(Tgo)" {1} = (x);’le,,l m >0, (32)
[m}q-
and therefore
Chra(xt) = eq(—tTg){1}- (33)

Any unnormalized right inverse differs from fq,wm by an arbitrary constant; the condition
g(0) = 0 removes precisely this ambiguity.
The associated one-variable Hahn—Appell kernel, in the normalization of [28], is
defined by
ti’l
[n]g!

The monomiality principle is a useful technique for studying special polynomial

Ay (xt) = Y Pulx;w,9) (34)
n=0

sequences through their lowering and raising operators. It provides a convenient way to
construct new g-special polynomial families and to identify the quasi-monomial structure
of existing g-extensions. For further information, one may consult [11,29-31]. In the g-
setting, this principle gives operator forms of g-difference and g-partial difference equations
whenever the relevant raising and lowering operators have concrete realizations. Cao and
colleagues [25] recently used this viewpoint in quantum calculus. Let {sq (1) }o>0 be a
polynomial basis with s ; () = 1. We use M, and P; as the algebraic raising and lowering
operators of the quasi-monomiality framework [25], defined on this basis by

My{se(11)} = se11,4(1), (35)

and
Py{soq()} = [0gs0-14(1),  0>1, (36)

with P, {s0,4(#)} = 0. In particular, M, is a basis-shift (raising) operator; it is not a multi-

plicative derivative in the sense of multiplicative calculus. Accordingly, the construction

neither invokes a g-logarithm nor relies on an inverse relation between ¢, and a g-logarithm.

Any concrete differential or g-difference realization of ]\7Iq or 13,1 will be stated separately.
The definitions (35)—(36) imply the g-oscillator identity

(PyMy — M Py) {s0,4 (1)} = s04(1), (37)

since [0 + 1]; — q[6]; = 1. They also give the number-operator identities

MyPy{se4(1)} = [0]350,4(1), (38)

https://doi.org/10.3390/sym18081268
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and
PyMg{seq(1)} = [0+ gseq (1) (39)

Consequently, Equation (40) is the ordinary commutator of the lowering and raising
operators, not a multiplicative derivative:

(ﬁqu - Mqﬁq){seq( )} = ([9 + 1]11 - [G]q)se,q(ﬂ) = qese,q(ﬂ)- (40)
Iterating (35) gives R
M{se,q} = So1r,q(1)- (41)
In particular,
S0.0(1) = Mi{s0,} = Mp{1}, (42)
where sg4() = 1. The resulting polynomial sequence therefore has the genera-
ting representation .

{1} = Z SGq !‘ (43)

In this paper, we define a class of Hahn-factorial g-Laguerre-Tricomi—-Appell poly-
nomials by multiplying an Appell series by the generating function of an underlying
Hahn-factorial g-Laguerre-Tricomi sequence. The resulting family is connected to the
base sequence by a g-binomial convolution, which transfers structural properties from
the original family to its Appell deformation. Specifically, we derive direct and inverse
connection formulas, summation identities, operational representations, a Rodrigues-type
formula, induced lowering and raising relations, and a quasi-monomial framework. We
then examine classical reductions, a finite coefficient scheme, zero-location results, and the
joint limitg — 17, w — 0.

2. Hahn-Factorial g-Laguerre-Tricomi—-Appell Polynomials

In this section, we introduce the Hahn-factorial g-Laguerre-Tricomi base polynomials
Ly (x,y;w,q) and the associated two-variable Hahn-factorial g-Laguerre-Tricomi-Appell
polynomials ».A,(x,y;w,q). The terminology emphasizes that the construction is a Hahn-
factorial Appell deformation of a Laguerre-Tricomi kernel; it is not a Laguerre-Hahn
orthogonality or moment-functional characterization.

Let x,y,w € Cand 0 < g < 1. We define the two-variable Hahn-factorial g-Laguerre—
Tricomi polynomials £, (x, y; w, q) by

~ ©0 t}’l
e NCE ) = ' ey (T (1) = 3 Lyl gy,
n=
where Cgfé (xt) denotes the zeroth-order Hahn—Tricomi function
o (1) (Dt
wt
— e (45)
n;() ([]g")?
We note that L P
2 _1)11 (X)S,Zz (y)q,w
Enleryiwna) = blet X =iz )

The two-variable Hahn-factorial g-Laguerre-Tricomi polynomials £, (x,y;w,q) are
quasi-monomial at the algebraic level. Indeed, (46) shows that

Ln(x,y;w,q) = ()4 + terms of degree at most n — Lin y.
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Since (y)j ., is monic of degree 1, the sequence {Ly},>0 is a basis of C(x,w,q)[y]. Its
lowering operator is

ﬁqLHP - ﬁq,w;yr ﬁqLHPEH(x/y; w, ‘]) = [”]qﬁn—l(x/y} w, 4)/ (47)

and there exists a unique linear raising operator on this basis, defined by

o~

MarapLn(x,y;w,q) = Lyp1(x,y;w,9),  n>0. (48)

Consequently,
(MqLHP@q,w;y - [Vl]q> Ly (X, y,w, q) =0. (49)

Thus existence and uniqueness of the abstract raising operator are proved by triangularity.
What is not asserted universally is a closed realization of J\7Iq LHp in terms of x, y, Ty, Ty, and
powers of Dy u,,; such a realization requires additional commutation data for a concrete
operator model.

Motivated by Equations (34) and (44), we define the two-variable Hahn-factorial
g-Laguerre-Tricomi—Appell polynomials, denoted by A, (x,y;w,q). We interpret all
generating functions coefficientwise in the formal power-series ring C[[t]]. Whenever
an analytic interpretation is required, we additionally assume that the relevant kernels
converge in a common neighborhood of the origin; reciprocal-series arguments are then
restricted to the nonsingular case Ao, # 0. The defining generating function is

[e] tn
Aq(t)ef (yt)Cl (xt) = Y pAu(x,y;w,9) Rk (50)
n=0 :
or equivalently, by (33),
~ 00 tVl
Ay(D)eg" (yt)eg(—tTqw) {1} = ) cAn(x,y;w,4) ll (51)
n=0 :

Here jq,w;x is the normalized right inverse defined in (31); no two-sided inverse of ﬁq,w;x
on all polynomials is claimed.

In the operational formulas below, we work at the level of formal power series and
use the Hahn identities

Dywiel (Gt) = tef' (&), Dz’ (&t) =)' (3t), reN,, (52)

and the multiplicative law with respect to the formal Hahn sum ©y
& (& By ) = €2 (@O (). 53)
We also write © 4,6 for the formal Hahn inverse of a Hahn increment J, characterized by
es"t((eq,wé)t)e;”t(ét) =1

These relations are used as defining formal rules for the Hahn-type translation kernel
throughout the operational part of the paper. Consequently, every identity involving (50),
(51), and (53) is interpreted coefficientwise in the ring of formal power series. The nor-
malized integration operator jq,w;x is distinct from the formal inverse increment Oy ;4:
the former is a rigorously defined right inverse of @q,w;x with the normalization ¢(0) = 0,
whereas the latter belongs only to the formal Hahn-addition law.
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Equivalently, applying the normalized Hahn integration exponential to the one-
variable Appell kernel gives

[e°] n

ey~ 1T { Ag(Oe' ) } = T £ An(xyi,9) [;]q!. (54)

n=0

Remark 1. As w — 0", Equation (50) reduces formally to the two-variable q-Laguerre—Appell
family [11,25]

00 n

Ag(b)eg(9)Coq(xt) = L Ang(x)7 :

P all (55)

Remark 2. If, in addition, g — 1=, then (50) tends formally to the classical two-variable Laguerre—
Appell family Ay (x,y) (see [12,31]).

Remark 3 (Relation with genuine H,-Laguerre-Hahn orthogonal polynomials). The termi-
nology in the present paper does not identify the sequence (50) with the genuine Hy-Laguerre~Hahn
orthogonal polynomials studied in [18-21]. In that theory, the defining data are a reqular orthog-
onality functional and an Hy-Laguerre-Hahn or semiclassical functional equation, from which
orthogonality and recurrence properties follow. Here, the defining data are instead the product of
a Hahn-factorial Laguerre-Tricomi kernel and an arbitrary Appell series. We do not establish a
regular moment functional, a Favard three-term recurrence, positivity, or an Hy-Laguerre-Hahn
class equation. Therefore the relation is structural and terminological only. An intersection with the
genuine orthogonal theory could occur for a special choice of Ay, x, w, and parameters, but only
after those additional orthogonality and functional-equation conditions are proved separately.

Theorem 1. For every n > 0, the two-variable Hahn-factorial q-Laguerre=Tricomi—Appell
polynomials are connected to the base Hahn-factorial q-Laguerre—Tricomi family by the finite
g-binomial transform

n
cAx yw,q) =) <'Z> Arg Lo—r(x,y;,w,9). (56)
r=0 q

Proof. Write the two factors in exponential g-factorial form:

S

= tr w w ~ t
Ag(t) = Z;,)Ar,qwz eqt(yt)COI,s(xt) = Z;,)ﬁs(x,y;w,q)[
r= §=|

s]g!
Their product is
t t - tr - £
A et = | L Ay | ( L Loy oy
r=0 q° s=0 q:
_ i 1 Ar,q»cn—r(x/y}w/‘]) i
n=0r=0 [r]q![n - r]q!
00 n [n]q! n
= e Arg Ln—r (X, y; W,
2<2 Pyl — g7 ra o (e ”) il
o0 n n) ti’l
= ALy (x,y;w,q)).
7;(,’;) (7’ ; r,q~n—r [n}q'
The second equality groups all pairs (r,s) with ¥ +s = n, and the third uses

r

generating function (50) yields (56). O

(")q = [n]4!/([r]g![n —r];!). Comparison with the coefficient of #"/[n],! in the defining

https://doi.org/10.3390/sym18081268
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£ A, y;w,9) =

Assume now that Ag, # 0. For the inverse formula we introduce the reciprocal
Appell factor

1 > t
B, (t) := = y . (57)
1= 5w = L,
The coefficients ﬁ,,q are determined recursively by
" n
Z ( ) ArqBn—rq = Sno, (58)
r=0 r q
where 6, o is the Kronecker delta. In particular,
1 1y (1
ﬁo,q = A(;,q/ ﬁn,q = _A(Iq Z (}’) Ar’qﬁnfr/q, n Z 1. (59)
r=1 q
Theorem 2. Assume Ao, # 0. For every n > 0,
" In
Lo(x,y;w,q) =Y, <r> Brg cAn— (X, y;w,q). (60)
r=0 q
Consequently,
cAo(x,y;w,9) = By Lo(x,y;w,q), (61)
and forn > 1,
-1 n n
cAn(xyw,q) = Bog | Lalxyiw,q) = ) () BracAnr(xyw )| (62)
r=1 q
Proof. Multiplying (50) by B, (t) gives
t" wt wt "
By(t) Y cAn(x,y;w0,q) = = e (y)Cila(xt) = Y La(x,y;w0,9) -
n>0 [n]4! 150 [n],!

Comparing coefficients gives (60). Isolating the term r = 0 in (60) gives (61) and (62). The
recursion (59) follows in the same way from A, (t)B,;(t) =1. O

The next formula is a g-Hessenberg determinant version of the inverse triangular
system (60). Determinant representations of this type are common in Appell and Sheffer
theory [31-33]; here the ordinary binomial coefficients are replaced by g-binomial coefficients.

Theorem 3. Assume ,B(),q #0. Forn > 1,

Bo,g 0 0 e 0 Lo(x,y;w,q)
(1,814 Bog 0 e 0 L1(x,y;w,q)
(2)gB2q (P14 Bog e 0 La(x,y;w,q)
] . : . . . (63)
ABO,q ) . ) . . . . . .
(Z:l)qﬁnfl,q (Z:z)qﬁn—z,q (Z:g)q,gn—&q to ﬁO,q Enfl (x/ y,w, l])
GgPra Gl Purg Glo)Bu2g - (DgBrg  Lalx,y;w,q)

For n = 0, the same convention gives 0 Ay = B ; Ly.
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Proof. For 0 <i < n, formula (60) may be written as the triangular linear system
Lol
Li(x,y;w,q) =Y i— BijqcAi(x,y;w,q). (64)
j=0 q

The coefficient matrix of the unknown vector (,.Ag, £ A1, . .-, ,CA”)T is lower triangular and
has diagonal entries B 4. Its determinant is therefore ,Bg;l. Applying Cramer’s rule to the
last unknown ,.A;, replaces the last column of this lower triangular coefficient matrix by the
right-hand side vector (Lo, ..., £,)". The resulting determinant is exactly the determinant

displayed in (63). Dividing by ,86‘;1 proves the assertion. [

Theorem 4. Assume Aoy # 0. Then the sequence p Ay (x,y;w, q) satisfies the triangular recur-
rence (62). Independently of this nonsingularity assumption, its Hahn-difference lowering relation
with respect to the Appell variable y is

Dowy cAn(x, y;w,q) = [nlgedn1(x,y;0,9), n>1, (65)

and ﬁq,w;y cAo(x,y;w,q) = 0. If the raising operator is defined on this basis by

~

Mg iua cA(X, 5w, q) = A1 (x50, 9), (66)

then the formal monomiality equation is

(M%LHAﬁq/w;y - [”]q) A (x,y;w,q) = 0. (67)

Proof. The triangular recurrence is the isolated form (62) of the inverse connection formula.
For (65), apply ﬁq,w;y to both sides of (50). Since A, (t) and Cé‘f};(xt) do not depend on y,
and since (52) gives ﬁq,w;ye;”t (yt) = tel!(yt), we obtain
~ tn t}’l

Y Doy cAn(x,y;w,9) =t) cAux,y;w,9)

n>0 [n]q! a n>0 [Tl]q!'

The right-hand side equals

t}’l
Y [nlgcAn—1(x, y;w,q)

n>1 [”]q!.

Coefficient comparison proves (65). Finally, (67) follows immediately from (65) and the
defining raising relation (66), as in the monomiality principle for g-Appell and Sheffer-type
polynomial sets [27,32,34]. O

Corollary 1. Forr,n € Ny,
[n]g!

 cAn—r (v, y;w0,q9), 0<7<mn,

_vg
ﬁqr,w;y A (x/ y,w, 17) = [11 - r]q (68)

0, r > n.

r
q.wy
tion (50); by (52), this multiplies the generating function by ". Thus

Proof. Apply (65) repeatedly. Equivalently, apply D directly to the generating func-

. i n
Y. DhwycAn(x y;w,q) oy =t ) cAu(x,yw,9)
n>0 [n]q' n>0 [

njy!’
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and comparison of the coefficient of t" yields (68). [

The simple Hahn translation acts on the Hahn—-Appell coordinate. In the present
bivariate notation this coordinate is y; if one uses the conventional one-variable Appell
notation x in (34), the same identity is the Hahn x-shift formula.

Theorem 5. For every n > 0 and every formal Hahn increment ¢,
cn(oy @ tg) = 15 (1) cAudeyie )@ ©9)
In particular, the associated one-variable Hahn-Appell polynomials (34) satisfy the Hahn x-shift identity
Pale g ) = 15 (1) Puloe ) @5 70
Proof. By (50) and the Hahn addition rule (53),
n

Y cA(x, Y @gw G, q) [ = Ay () Chg (xt)eg" ((y @, )

n>0 n]‘i!

(g eatem ) (Lo
= (Z c Ay, q) [k}q!> (Z(@"’w [J']q!>’

k>0 i>0

The Cauchy product gives (69). Formula (70) is proved in the same way from (34); this is
the standard Hahn-Appell translation argument of [28]. [

Corollary 2. For everyn > 0,
= (n n—k
Z k (C)q,w c AKXy w,9) = cA(x,y Sgw & w,q). (71)
k=0 q
Moreover, combining the shift formula with the direct connection formula gives
n n n=roin g ner—j
ﬁAn(xr]/ DSgw ¢ w,q) = Zé) ; qAr,q ;} i [:j(x,y; w/’?)(‘:)q,w . (72)
r= = q
Finally, using the inverse coefficients B, 4,
" n
Z (1,) Braq cAn—r(x,y Dgw & w,q) = La(x,y Ggw & w,q). (73)
r=0 q

Proof. Equation (71) is just (69) rewritten as a finite summation formula. To prove (72),
substitute the direct connection formula (56) into the left-hand side of (71) and use the
elementary g-binomial identity

<Z>q<f>q:<:l>q(2:f)q, 0<r<k<n

After changing the index j = k — r, the result is (72). Equation (73) follows by applying the
inverse connection formula (60) to the shifted coordinate y ®; ¢. [

3. Operational Identities and Quasi-Monomiality Principle

This section records the operator form of the construction introduced in Section 2. The
guiding point is that the Appell factor in (50) acts as an invertible transfer operator on
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the underlying Hahn-factorial g-Laguerre-Tricomi base sequence. This is the g-analogue
of the operational treatment of Appell and Sheffer sequences developed in the umbral
and monomiality literature [31-33,35], with the g-Appell part following Al-Salam [27]
and Ihrig-Ismail [34]. The Hahn translation conventions are those of Varma, Yasar and
Ozarslan [28]; the Laguerre-type quasi-monomial viewpoint is consistent with the recent
g-Laguerre framework of Cao, Raza and Fadel [25].
Let
P .= Dyuy (74)

act on the polynomial variable y. Since & lowers the degree in y, every formal power series
in & acts locally as a finite operator on each polynomial. We therefore define the Appell
transfer operator and its inverse by

) " 0 9"
A = Aq(f@) = ;()AV,QWI B = Bq('@) = goﬁVﬂW’ (75)

where B,;(t) = 1/A,(t) is the reciprocal Appell factor from (57); this requires
.Ao,q # O. Thus
AB = BA = [ (76)

on the polynomial space under consideration.

Theorem 6. Assume Ag, # 0. For every n > 0, the Hahn-factorial q-Laguerre~Tricomi~Appell
polynomials satisfy

cAn(x y;w,9) = A La(x,y;0,9), (77)
and the inverse identity
Ln(x,y,w,9) =B An(x, y;w,q). (78)
Equivalently,
cAn(x, 5w, q) = Zo (:) qAr,qEnfr(xr v w,q), (79)
r—
and
Ln(x,y;w,q) = rZé (Z) qﬁr,qun_r(x,y; w,q). (80)

Proof. By (52),
W{e;vt(yt)cg;(xt)} = eV (y)Ct (xt), 1 >0
Applying 2 to the generating function (44) therefore gives
W Y Lae )b = (1 Ay el )CE (et
n=0 [T’l}q! r=0 g [T’]q! 1 A

The right-hand side is exactly the defining generating function (50). Comparing the coeffi-
cients of t" /[n],! proves (77). Expanding the operator 2 in (77) and using

[n]4!
- . <r<
P La(x,y;w,q) = [n— r]q!E'H(x'y' wa) Osrsn

0, r>n,
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gives (79). The inverse statements follow by replacing A, (t) with B,(t) = 1/.A,(t) and
using (76); coefficient comparison gives (78) and (80). These are precisely the direct and
inverse g-binomial transforms obtained in Theorems 1 and 2. [

Corollary 3 (Operational differentiation rule). For m,n € Ny,

[,

q: .
P (i, q) = § Tn— e o) 0 s s

0/ m > n.

(81)

Proof. The operator 2 = A, (%) is a formal series in &, so it commutes with #". Hence
e@mﬁAn = e@mmﬁn = Qle@mﬁn.

Using the corresponding lowering rule for the base sequence and then applying (77)
gives (81). Equivalently, one may apply &#?" to the generating function (50), which multi-
plies it by ", and then compare coefficients. This recovers Corollary 1 in operator form. [

The next identity expresses Hahn translation as an exponential of the lowering operator.
For a formal Hahn increment ¢, set

[ee) e@r
€ =e)'(§2) =) (Ot (82)
r=0 [r]‘T
Theorem 7. For everyn > 0,
€ pAn(x,y;w,9) = L A%, Y Dgw G0, q). (83)
Consequently,
n n .
[:An(x/y @q,w gr w/ ‘J) = Z (I’) (g)q,w[:-Anfr(x/]/F w/ ‘J) (84)
r=0 q

Proof. Apply €&; coefficientwise to (50). Since &" multiplies the generating function by ¢',
we obtain

@C{ ;)Mln(x,y; w,q)[nt]q!} = eg" (§t) Ag(t)eg" (yt) Clig (xt).

Using the Hahn addition rule (53), the last expression is

n

Aq(t)eg}t((y @q,w é‘)t)cgf; (xt) = ;) L.An (x,]/ @q,w 5/ w, Q) [Ti]q' .

Coefficient comparison proves (83). Expanding €; and using (81) gives the finite iden-
tity (84). Reindexing k = n — r yields the equivalent form (69). O

We now state the quasi-monomiality principle for the present family. Let
Ve = span{L,(x,y;w,q) : n > 0}, Vea = span{ Ay (x,y;w,q) : n > 0}.
By the triangularity displayed after (46), { L, },>0 is a basis, so the linear map

PLn = [Tl}qcn,], MLy = Ly, (85)
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with £_; = 0, exists and is unique on V.. Thus the existence of the abstract raising
operator is proved, not assumed. This basis-defined operator automatically satisfies
Py —qHP = 1onV,, because [n+1]; —q[n]; = 1. Only a concrete realization
of ./ as a finite or convergent combination of multiplication, shifts, and Hahn differences
remains an additional assumption when such an explicit formula is desired.

Theorem 8. Assume Ao, # 0, so that B = A~ is defined on the polynomial space. Define
Prp =2, Mpp = UAMB. (86)

Then the family { £ An(x,y; W, q) }u>0 is quasi-monomial and satisfies

PracAn(x,y;w,9) = [n]gcAna(x,y;,w,9), (87)
Mea cAn(x,y;0,9) = cAni (X, y;w,9). (88)
Consequently,
(MpeaPra—ngl) cAn(x,y;w,9) =0, (89)
and
(Pratea—n+1gI) L An(x,y;w,9) = 0. (90)

Proof. The nonsingularity condition Ap,; # 0 makes A;(z) a unit in the formal power-
series ring. Since Z is locally nilpotent on each polynomial, both A = A,;(%) and
B = B;(Z) act by finite sums on every basis element, and AB = B = I. Consequently,
the conjugation A.#/*B is a well-defined linear operator on V 4.

Because 2l is a formal series in &7, it commutes with &2. Using (77) and (85),

WEADAH = Qmﬁn = ngﬁn = [I’Z}qﬁﬁnfl = [ﬂ]q/;.Anfl,
which proves (87). Similarly, the inverse transfer identity gives
MeacAn = XM B Ay =AM Ly = ALy y1 = p A1,

which is (88). The two number-operator equations follow by applying the lowering and
raising relations in the indicated order. This establishes both the existence of the conjugated
raising operator and the claimed quasi-monomiality transfer. [

Corollary 4. On V4,
Prates —qleaPra = 1. 91)

Equivalently, the ordinary commutator acts diagonally as
(Pratlen— MeaPea)cAn =q" cAn. (92)
Proof. Using (87) and (88),
PralleacAn = n+1gcAn,  MeaPracAn = [n)geAn.
Therefore
(Pratlen —qleaPra)cAn = (In+1]g —qlnlg) . An = £ An,
because [1n + 1]; — g[n]; = 1. This proves (91). The ordinary commutator formula follows

similarly from [n +1]; — [n]; = ¢". O
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The conjugated raising operator can be written explicitly in terms of the base raising
operator and the Appell factor. Let z be an auxiliary variable and write

Ru(z) = “qu(fj)), Salz) 1= Dﬁ;‘(lgz), 93)
where D, :A,(z) is computed formally from D,.z" = [r];z"~!. Since Ao, # 0, both
quotient series are well defined near z = 0 as formal power series.

Proposition 1. Assume that the base operators satisfy the g-oscillator relation
PMy —ql P =1 (94)
on V. Then
AMea = MRA(P) +S4(P). (95)
Proof. From (94), an induction gives
P My =q M P +[r]g 2, r>1, (96)

with the obvious interpretation for r = 0. Indeed, the case r = 1 is (94); multiplying the
induction hypothesis by & on the left and using (94) gives the step r — r + 1 together with
[r+1]; = 1+ qlr],.

Let f(z) = Y,>0frz"/[r]4! be any formal series. Multiplying (96) by f,/[r];! and

summing over r yields
f(P)ly = M f(qP) + (Dgf ) (). (97)
Taking f = A; and multiplying on the right by B = B,;(?) = 1/ .A,(Z?), we obtain
WM DB = M A (GP)By(P) + (Dg 2 Ag) (P)By(2).
Using (93) gives (95). This proves the stated explicit realization. [
Theorem 9. Forn > 0,
cAn(x,y50,9) = M cAo(x,y;0,9). (98)

If the standard normalization Ag, = 1 is imposed, then p Ao(x,y;w,q) = 1 and

cAn(x y;w,q) = A {1} (99)
Moreover,
eq(ttlpn) cAo(x,y;w,q9) = Y pA(X,y5w,9) ors (100)
n=0 :

Proof. Repeated application of the raising relation (88) gives
%LnAﬁAO = [:-An/

which proves (98). The equality s Ay = Ag4zLo follows from (79); since Lo = 1, the
normalization Ag, = 1 gives (99). Finally,
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[e0] n 0 1’1

eq(tMpa)cAo =Y W///E’ALAO 2 LA T o

n=0 ""1q* n=0 9

which is (100). Thus the sequence is generated from its initial polynomial exactly as required
by the quasi-monomiality principle. [

Remark 4. When a concrete q-difference realization of .4 is available for a specific Hahn-factorial
g-Laguerre=Tricomi family, Proposition 1 turns (89) into an explicit g-difference equation. Thus
the operator identities above provide a transfer mechanism: any known raising operator for the base
Hahn-factorial family produces, by conjugation with 2, the raising operator, g-oscillator relation,
and Rodrigues-type formula for the corresponding Appell deformation.

4. Reductions to Classical Families

This section records the main reductions of the family introduced in (50). These
reductions are useful for two reasons. First, they show that the construction is compatible
with the Hahn-factorial base family, the g-Laguerre-Appell, Hahn-Appell, and ordinary
g-Appell cases. Second, they identify the joint non-q/non-Hahn limit as the classical
Laguerre—Appell convolution. All limits in this section are meant coefficientwise in the
corresponding formal power series; under the usual convergence assumptions, the same
statements hold analytically in a neighborhood of the origin.

For clarity we write

(o] tn
Gy t) = Ag(t)el (yt) CEh (xt) = n;)cfln(x, y;w,q) il (101)
The base sequence is generated by
l’l
Loyw(x,y;t) = e (yt)th Z Ln(x,y;w, ‘7)[ T (102)
q:
Theorem 10. For every n > 0, the following reductions hold.
1. If Ay(t) =1, then
cA(x, y;0,9) = La(x,y;w,4). (103)
2. Ifx =0, then the Tricomi factor disappears and
t C- t"
Ag()eg* (yt) = ), Pu(y;w,q) o (104)
n=0 q
where .
n _
c A0, y;w0,q) = Pu(y;w,9) = ) (r) Arg()gw - (105)
r=0 q

Thus the bivariate family reduces to a one-variable Hahn-Appell family.
3. In the coefficientwise limit w — 07, one obtains the two-variable g-Laguerre—Appell family

Aq(t)eq(yt)Coq(xt) Z EqAn X, Y54 )[t]nq', (106)
where " )] ]
X, Y = nl|,! ’,q—lxy
SIS P DI 11 107
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4. Combining x = 0 with w — 07 gives the ordinary one-variable q-Appell family
A Eq yt Z An ]// ] 1’ (108)
with
n n B
Au(y;0) =), <r> Ay gy (109)
r=0 q

In particular, if also A, (t) = 1, then Ay (y;q) = y".

Proof. For (1), substituting A, (t) = 1 in (101) gives exactly the base generating func-
tion (102). Since formal power series have unique coefficients, the coefficient of t" /[n],! on
both sides is the same, which proves (103).

For (2), put x = 0 in the Hahn-Tricomi expansion (45). All terms with j > 1 contain
the factor (0)},,, and vanish, while the term j = 0 equals one. Hence CY ( ) =1, and (101)
becomes (104). Multiplying

k
ZArq ' and E;Ut(]/t) = Z(J/)Z,w[kt]q!

r>0 : k>0

and comparing the coefficient of " /[n],! gives the finite g-binomial convolution (105).
For (3), use the defining coefficientwise reduction of the Hahn factors as w — 07:

e;”t(yt) — eq(yt), Coq(xt) — Coq(xt) = i W
=0 (Ulg:

Therefore (101) converges coefficientwise to (106). Expanding the three factors

A,(0), L Y Vil

k>0 ' >0 (Mq!)z ’

the coefficient of " is the sum over all triples r 4 j + k = n. Multiplication by [n],!
gives (107).

Finally, (4) follows from (3) by setting x = 0, so that Colq(O) = 1. The resulting Cauchy
product of A, (t) and e, (yt) gives (109). If A,(t) = 1, then only the term r = 0 remains and
An(y;q) =y". O

Theorem 11. Let a be a formal Hahn increment and choose

(o) tr
Ay(t) = ;“t(at) Z(a);,w Grs (110)
r=0 q
Then
c A,y w,q) = Lu(x,y Do a;,w,q), n> 0. (111)
Consequently, in the limit w — 0T,
" n
A yiq) = ) <r> a" Lnr(x,y;4), (112)
r=0 q

which is the q-binomial translation of the two-variable q-Laguerre family.
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Proof. Substitution of (110) into the defining generating function (101) gives

n

t
Y Ay w,q) oy

n>0 [ ]‘7‘

= e;"t(at)e;"t(yt)cgf;(xt).
By the Hahn addition rule (53),

ey (at)e" (yt) = ef" ((y By a)t).

Hence
n

¥ oA y,0) = o' (4 a0 ) B ()

n>0

The last expression is precisely the generating function of L, (x,y ®4,v a;w,q), and coeffi-
cient comparison proves (111).

When w — 07, the kernel (110) becomes e, (at), so its coefficients are A, = a”. Substi-
tuting these coefficients into the direct connection formula (56) gives (112). Equivalently, it
is obtained by taking the coefficientwise limit of (111). O

The preceding result shows that one important choice of Appell factor does not create
a new base family; it translates the Hahn—Appell coordinate. Other choices recover the
standard Appell subfamilies attached to Bernoulli, Euler, and Genocchi kernels.

Proposition 2. Use distinct symbols for the three kernels:

By bt ¢ £ (B) () .

AP(8) = eq(t)_l_;:o%r,q[r]q!, A(8) = eq) —Z@w L (113)
©) .o 2t ¥ t
Ay (1) = OES r§:oes,,q[r]q!. (114)

These kernels use the same ey normalization as (5). The Bernoulli normalization is consistent
with Al-Salam’s g-Bernoulli convention [26]. The Bernoulli and Euler kernels are units because
ASB)(O) = A,SE) (0) = 1, whereas A,gG) (0) =0.

The corresponding direct convolution formulas are

n
cBu(x,yw,q) =) (f) By g Lnr(x,y;,w,9), (115)
r=0 q
c€n(x,y;w,q) Z ( ) CrqLln—r(x,y;w0,9), (116)
£Gq(x,y;w,q) Z ( ) &g Ln—r(x,y;w,q). (117)

The first two are nonsingular Appell deformations. The third is a singular direct convolution and is
excluded from statements requiring a reciprocal kernel.

Proof. For X € {B,E,G}, multiply the expansion of Agx)(t) by the base generating
function (102). The same g-Cauchy product as in Theorem 1 gives the corresponding

formulas (115), (116), or (117). No reciprocal series is needed for these direct identities. [J

Remark 5 (What the Genocchi singularity permits). Because AE,G) (0) = 0, it is not invertible
in C[[t]]. Equivalently, the triangular Genocchi connection matrix has zero diagonal, so the inverse
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connection and the Hessenberg determinant derived from a nonzero diagonal cannot hold in their
original form. This obstruction is intrinsic to the unshifted Genocchi family. Nevertheless,

A9 (1) = talB (1), (118)
which gives the exact shifted reqularization

cGo(x,y;w,q9) =0, cGu(x,y;w,q) = [n]g €1 (x,y;w,9), n>1 (119)

Thus inverse and determinant formulas may be applied to the regularized sequence p®,11/[n +
1]4 = £ &y, but not directly to the original Genocchi indexing with its zero constant term.

Theorem 12. Assume that g — 1~ and w = w(q) — 0 in such a way that, coefficientwise,

() tr
Ag(t) — A1) = ) Ay e (yt) — e, (120)
r=0 :
w * (—1)ixlt
Cllp(xt) — Co(xt) := ;)( (],3)2 (121)
]:
Then )
= t
A(t)e¥' Co(xt) = ;JEAﬁl(x,y)m, (122)
and, for every fixed n,
lm A (x,yiw,9) = £ A7 (). (123)
qw%()
Moreover,
Adxy:2<> L (xy), (124)
r=0
where
[e0] tn
MCo(xt) =} L5 (x,y) (125)
n=0 '
Equivalently,

—1)xdyk
Ay =ty ALY

: (126)
r+j+k=n rtk! (]!)2

In particular, x = 0 gives the ordinary Appell family generated by A(t)e¥t, and if also A(t) =
then the limit is the monomial sequence y".

Proof. By the hypotheses (120) and (121), the generating function (101) converges coeffi-
cientwise to the product (122). Since coefficientwise limits commute with extraction of any
fixed coefficient, the coefficient of t" /1! in the limiting product is the limit of the coefficient
of t"/[n]4! in (101); this proves (123).
To prove the convolution formula, multiply
=) Ar and €¥'Co(xt) = Zﬁd(x y)—S‘

r>0 ! 5>0

The coefficient of " in the Cauchy product is

ALY (1Y)

)3

= ri(n—r)!
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Multiplying by n! gives (124). Finally, expanding also

T e

& LG

shows that the coefficient of " in A(t)e¥'Cy(xt) is the triple sum over r +j +k =
Multiplication by n! gives (126). Setting x = 0 leaves Cy(0) = 1, and setting A(t) = 1 after
that leaves e/, whose coefficients are y". [

5. Distribution of Zeros and Graphical Representations

This section complements the structural results obtained above with a finite coefficient
scheme, zero-location information, and reproducible graphical representations. For an
arbitrary Appell factor A,(t), a universal zero theorem is not expected: the zeros change
with the coefficients A, ; and with the chosen Hahn parameters. Therefore we first give
a general plotting formula that follows from the convolution formula, and then we state
rigorous zero information for a canonical computable specialization. This is consistent
with the general philosophy used for zeros of special and orthogonal polynomials: the
generating function gives the coefficient array, while the geometric location of zeros is
studied after a concrete parameter specialization; see, for instance, the standard treatments
in [36,37] and the polynomial-zero background in [38].

The explicit expansion obtained from (50) may be reorganized as a polynomial in
the Hahn factorial basis (x)]q,w. This form is useful because every graph in this section
is obtained by evaluating finite sums; no truncation of an infinite generating function
is involved.

Proposition 3. For each n > 0, the Hahn-factorial q-Laguerre—Tricomi-Appell polynomial may be

written as .
cAn(x,y;w,q) = Z( )JF( )(y,w q)(x )qwr (127)
j=0
where
A n—j Ar )n;j—r
rt )(y,wq i 22 ”’ 1 0<j<n. (128)

n—j—rlg!
In particular, when w = 0, this becomes an ordinary polynomial in x,

n

£, Ay ) =) (-1 )]FM) (v;0,9)x. (129)
j=0

Proof. Starting from (50), fix the exponent j of the Hahn factorial term (x)i,,w. The remain-
ing two indices, say r and k, satisfy r + k = n — j. Thus

LW g AW
£An(xy;w,4) ];) (11412 r+k:zn—j [rlg!lklqt -

Writing k = 1 — j — r gives (127) and (128). If w = 0, the Hahn basis satisfies (x)] , = »/
and (y)gfo = y™, so0 (129) follows. O

Remark 6. Formula (127) is the practical starting point for numerical work with a general Appell
factor. For fixed n, it gives all coefficients by finite arithmetic from Aq g, . .., Anq. The graphical
panels below were produced from this formula and from its translated specialization (132); hence the
computations are independent of any numerical approximation to the generating series.
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For explicit zero statements and reproducible plots, we use the translated slice obtained

by taking
w=0, Ay (t) = eq(at), (130)
so that the Appell factor acts as a g-translation of the Appell coordinate, as in Theorem 11.

Let Y denote the resulting effective translated coordinate. In other words, the generating
function to be plotted is

i’l

eq(Yt)Coq(xt) an x;Y, q)[ g

Here Y may be read as the real value of the translated coordinate after the Hahn translation

0<g<1 (131)

has been fixed; it should not be confused with the ordinary sum y + a before passing to the
classical limit. The next proposition gives the finite expression used in the figures.

Proposition 4. Forn > 0,

—1)ixfyn=i
Pu(x;Y,q) q'g —n — (132)
Equivalently,
n ) L [n}q!
Pu(x;Y,q) = ) _(=1)c, ;(q)Y" !, nj(q) == = 133
(x q) ];0( ) ¢ ,](q) X ¢ ,](q) [1’1 _]]q,([]]q ) ( )
The first five polynomials are
Py(x;Y,q) =1,
Pi(x;Y,q) =Y —x,
2
Py(x;Y,q) = Y2 — [2],Yx + é—]q
Py(r:Y,q) = Y° - (3,2 4 Dy
3(x ‘7) Hq X+ [z]q X [Z}q[?’]q
Py(x;Y,q) = Y* — [4],Y? [3117[4]511/2 2 (4] Y3 x? ) 134
WY =Y W T e, T e, Y

Proof. For (132), put w = 0 and use the translated generating function (131). Since

> otk > (—1)/xiti

_ k- = Nz
qlt) = LY g Conlet) = LS

the coefficient of " in the product is

—1)x Y=

; TR

Multiplication by [n],! gives (132). Formula (133) is a direct rewriting of the same expression.
Finally, substituting n = 0,1, 2,3,4 and using [m],! = [1]4[2]; - - - [m]; gives the displayed
examples in (134). O

The zeros of P,(x;Y,q) are the zeros of a finite polynomial whose coefficients are
explicit functions of g and Y. This permits two useful statements: an annular bound and
continuity of the zero set under changes of 4.
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Theorem 13. Letn > 1,0 < g < 1,and Y > 0. The polynomial P, (x;Y,q) has degree n, has

no negative real zero, and its non-real zeros occur in conjugate pairs. Moreover, every zero { of
Py(-;Y,q) satisfies

-+ 1] +1]7

Y min l .]q <17 €Y max i+ 1)

. 135
0<j<n—1 [n —j] 0<j<n—1[n —flg -

=

Proof. The leading coefficient in (132) is (—1)"/[n];!, which is nonzero; therefore the
degree is exactly n. Since the coefficients are real when q,Y € R, non-real zeros occur in
conjugate pairs.

Set x = —Yz. Then (133) gives

Y "Py(=YzY,q) = Qu(z) := ch,j(q)zf, (136)
j=0

where every coefficient cn,]-(q) is positive. Hence Q,(z) > 0 for z > 0, and therefore
P, (x;Y,q) has no zero on the negative real axis.
The Enestrom—Kakeya theorem applied to the positive-coefficient polynomial Q, gives

. Cn,j(‘?)
mm ———7—

C :
0<j<n—1¢pjt1(q)

0<j<n—1 ¢y jt1(q)
Using
Cn,j(q) :U+1]%1 0<j<1’l—1
cnjri(q) =il T ’

and the relation |x| = Y|z| gives (135). O

Proposition 5. Fix n > 1and Y > 0. On every compact interval q € [qo,q1] C (0,1), the
multiset of zeros of P, (+; Y, q) depends continuously on .

Proof. After division by its leading coefficient (—1)"/[n],!, the polynomial P, (x;Y,q) be-
comes monic. Its remaining coefficients are finite expressions in [1],, .. ., [1], and hence are
continuous functions of g on [go, 41]. The zeros of a monic polynomial depend continuously,
as an unordered multiset, on the coefficients. Equivalently, the zeros are the eigenvalues
of the companion matrix, whose entries are continuous functions of the coefficients. This
proves the assertion. [

Example 1. Verified numerical computation. For the parameter values used in the zero plot,
namely g = 0.6 and Y = 1.2, formula (132) gives

P5(x;1.2,0.6) = Y (—1)/c5,(0.6)1.2° /.
j=0

The coefficients and roots were independently recomputed from this finite formula using 50-digit
arithmetic. The unrounded roots have polynomial residuals below 10~>°; Table 1 displays values
rounded to nine decimal places.

Table 1. Verified zeros of P5(x;1.2,0.6), rounded to nine decimal places.

Zero Type

Verified Approximate Zero

Real zero
Complex-conjugate pair
Complex-conjugate pair

0.996059170
0.545573923 + 2.582541030 i
2.145871309 £ 1.018132702 i
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The conjugate-pair structure reported in Table 1 agrees with Theorem 13. The annular estimate
is deliberately conservative, but it provides a parameter-explicit region that contains all zeros.

The following figures illustrate the translated slice (131). Figure 1 compares the nor-
malized real profiles for degrees 0 through 5, whereas Figure 2 shows how the degree-five
profile changes as g varies. Figure 3 displays the complex zeros for degrees 2 through 8 and
superimposes the Enestrom-Kakeya bounds for n = 8; the degree-five points are consistent
with the numerical values in Table 1. Figure 4 provides the corresponding two-parameter
surface for P;. These panels should not be read as zero plots for an arbitrary Appell factor;
rather, they are representative of the graphical information obtainable from (127) after a con-
crete specialization. For a different Appell kernel, one replaces the coefficients A, 4 in (128);
the same finite coefficient computation then gives the corresponding curves and zeros.

AN

Po(X; Y, q)IY"
o

-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
X

Figure 1. Normalized profiles of P, (x;1.2,0.6) /1.2" for 0 < n < 5.

Ps(x; Y, q)/Y?
|
o]

|
[y
o

L

—154

—-201

-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
X

Figure 2. Variation of P5(x;1.2,4)/1.2° for g € {0.3,0.5,0.7,0.9}.
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Figure 3. Zeros of P,(x;1.2,0.6) for 2 < n < 8, together with the Enestrom-Kakeya annulus from

Theorem 13 for n = 8.

Pa(x; Y, q)/Y*

1.5
2.0

2.5

3.0 0.2

Figure 4. Surface of Py(x;1.2,4)/1.2* over the (x,q)-plane; the endpoint g = 1 is interpreted by

continuous extension.

6. Conclusions

We have constructed a two-variable Hahn-factorial g-Laguerre-Tricomi-Appell family
by adjoining an arbitrary nonsingular Appell factor to a Hahn-factorial g-Laguerre-Tricomi
generating function. The central structural feature is the finite g-binomial connection
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between the deformed sequence and the base sequence. Because the Appell factor is
invertible as a formal power series, this connection has an explicit inverse, and both
transforms are valid coefficientwise without imposing additional analytic assumptions
beyond those needed for convergence interpretations.

The main consequences established in Sections 2 and 3 are direct and inverse connec-
tion formulas, a Hessenberg determinant representation, triangular recurrences, higher
Hahn-difference formulas, Hahn-shift identities, and summation formulas. In the operator
form, the Appell factor acts as the transfer operator 2 = A;(%?), where & = ﬁq,w,.y is
the Hahn lowering operator in the Appell coordinate. This formulation gives an inverse
operator, a translation operator, conjugated raising operators, number-operator equations,
a g-oscillator relation, and a Rodrigues-type representation. The abstract raising opera-
tor follows from triangularity, whereas a concrete difference-operator realization requires
additional commutation data for the chosen base model.

The reduction results in Section 4 show that the construction is compatible with
several established subclasses. Special choices of the Appell factor recover the underlying
Hahn-factorial base sequence, one-variable Hahn—-Appell polynomials, ordinary g-Appell
polynomials, translated g-Laguerre families, admissible Bernoulli-Euler variants, and a
singular Genocchi-type direct convolution. The coefficientwise joint limitg — 17, w — 0
gives the corresponding classical Laguerre-Appell convolution. Finally, Section 5 shows
that the finite coefficient array provides a reproducible basis for plotting and for locating
zeros in concrete parameter regimes; the annular zero bound and continuity statement
illustrate how qualitative information can be extracted once the Appell data and parameters
are fixed.

Future work may focus on orthogonality or quasi-orthogonality for distinguished
Appell factors, explicit recurrence and linearization coefficients for concrete subclasses, and
sharper asymptotic or zero-location results. These questions would further clarify when
Appell deformations of Hahn-factorial g-Laguerre kernels interact with the broader theory
of genuine g-Laguerre-Hahn and semiclassical orthogonal polynomial systems.
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