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Abstract

Binary logistic regression relies on the symmetric logit link, whose fixed inflection point
cannot adapt to asymmetric response mechanisms and so may yield miscalibrated proba-
bilities when the true response curve is asymmetric—a problem that can be particularly
consequential in rare event or imbalanced applications. This study proposes a flexible,
asymmetric link derived from the von Bertalanffy growth equation and tests a single,
calibration-oriented hypothesis: estimating an asymmetric link improves the calibration of
the predicted probabilities under asymmetric response mechanisms while leaving discrim-
ination unchanged. The single shape parameter ν (the reparameterized von Bertalanffy
shape, ν = m − 1; the growth curve baseline parameter is absorbed into the intercept and
is not separately identifiable) is estimated jointly with the regression coefficients by L2-
penalized maximum likelihood, giving a coherent generalized linear model rather than a
post hoc re-thresholding of logistic scores; the logistic link is nested exactly at ν = 1 (m = 2),
so the model reduces to ordinary logistic regression whenever the logit is adequate. The link
was benchmarked on identical out-of-sample partitions against four competitors—logistic
regression at the 0.5 cut-off, threshold-optimized logistic regression, ridge-penalized lo-
gistic regression at the same penalty (which separates the link from the regularization
it requires), and Stukel’s generalized logistic model—across a correctly specified logistic
mechanism and two asymmetric mechanisms (a complementary log–log mechanism and
a von Bertalanffy-type best-case reference), three class imbalance ratios (0.10, 0.25, and
0.50) and five sample sizes (100–10,000), for 45,000 iterations in total. Paired differences
were summarized by the Hodges–Lehmann median difference, its 95% confidence interval,
and the rank-biserial correlation, with Benjamini–Hochberg control of multiplicity. The
results supported the hypothesis. At moderate-to-large sample sizes, and increasingly as
prevalence approached 0.50, the proposed link achieved lower Brier score and Log–Loss
values than the three logistic competitors under both asymmetric mechanisms—for ex-
ample, a median Log–Loss reduction against the matched-penalty ridge model of about
0.004 at balanced prevalence and the largest sample (95% confidence interval excluding
zero; rank-biserial ≈ −1)—an advantage small in absolute size but, at the larger sample
sizes, consistent across essentially every replication, and increasing with sample size and
prevalence. Discrimination showed no practically important differences at moderate-to-
large sample sizes: the area under the ROC curve and overall accuracy were essentially the
same across the five methods, so the flexible link improves the quality of the probabilities
without degrading class separation. Under the correctly specified logistic mechanism, the
method showed no material deterioration, which is consistent with its exact nesting of
the logistic model. The contribution is a growth curve-motivated asymmetric link that im-
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proves probability calibration under response asymmetry while preserving discrimination
and recovering the logistic model when it is adequate.

Keywords: logistic regression; von Bertalanffy growth curve; flexible link function; probability
calibration; class imbalance; penalized maximum likelihood; Brier score

1. Introduction
Multivariate statistical analyses encompass a diverse range of methodologies designed

to elucidate the complex interactions among multiple explanatory variables and their
collective impact on a specific response variable [1]. Depending on the characteristics of
the dependent variable and the distributional properties of the independent variables,
numerous multivariate techniques can be employed for both risk factor identification and
predictive modelling. While early cornerstones of the classification literature include cluster
analysis [2] and discriminant analysis [3], these methods often impose strict distributional
assumptions. To overcome these limitations, Berkson [4] introduced logistic regression, a ro-
bust technique that shifted the focus toward probabilistic classification without requiring
assumptions such as multivariate normality or homogeneity of variances.

Owing to these properties, logistic regression has become a workhorse across many
applied fields, including health and fertility research [5,6], geographically referenced mod-
elling [7,8], and optimization-driven model construction [9]; its discriminatory performance
has itself been the object of methodological study [10].

However, despite its widespread adoption, the calibration capacity of traditional
logistic regression is strictly bound to the structural properties of its underlying link
function. Given a linear predictor η of the explanatory variables, the standard logistic
equation is written as follows:

π(η) = [1 + exp(−η)]−1

Conventionally, if the estimated probability π(η) is greater than 0.5, the observation
is classified as “1”; otherwise, it is classified as “0”. The graph of this logistic function
is an S-shaped sigmoid curve, initially utilized by Verhulst [11]. While this symmetric
curve facilitates classification, its fixed inflection point forces the probability transitions to
be perfectly symmetrical. In real-world multifactor studies—especially those involving
rare events or imbalanced classes—this structural symmetry often fails to capture the true
underlying asymmetric mechanisms, leading to poorly calibrated risk estimates [12].

The idea of relaxing the fixed shape of the logit is itself well established within the the-
ory of generalized linear models [13], and several parametric families have been proposed
specifically to embed the logit within a richer, shape-controlled class of links. Prentice [14]
generalized the probit and logit through a family based on the log-F distribution; Aranda-
Ordaz [15] introduced one-parameter symmetric and asymmetric transformation families
that contain the logit as a limiting case; Pregibon [16] developed goodness-of-link diag-
nostics together with a two-parameter link that perturbs the logit locally; and Stukel [17]
proposed a generalized logistic model in which two shape parameters independently
modify the two tails of the curve, with the probit and complementary log–log links arising
as special cases. These proposals share the premise that a mis-specified link degrades
both discrimination and calibration and that estimating shape parameters jointly with the
regression coefficients can recover the lost performance.

The present study is in the same spirit but adopts a different construction. Rather than
perturbing the logit algebraically, it replaces the symmetric logit with a link obtained as
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the closed-form solution of the von Bertalanffy growth differential equation [18], yielding
a single interpretable shape parameter m that governs the asymmetry of the approach to the
upper asymptote and reduces exactly to the logistic link at m = 2. Its contribution relative
to the existing flexible link literature is therefore a growth curve-motivated, monotone,
and numerically stable asymmetric link whose single shape parameter carries a direct
substantive interpretation and is estimated within a penalized-likelihood generalized linear
model. The generalized link function used for coefficient estimation is:

π(η) = [1 − c·exp(−η)]1/(1−m), c = 1 − y0
(1−m)

Here, m > 1 is a shape parameter and y0 a growth curve baseline; as shown in
Section 2.1, in the presence of a regression intercept, the baseline is absorbed and the
response is governed by a single identified shape parameter, ν = m − 1, which reduces
exactly to the logistic link at ν = 1. Over its admissible range, the map is strictly monotone
in η and bounded in (0, 1), with π(η) → 1 as η → ∞ and π(η) → 0 as η → −∞, so it is
a valid probability response. Figure 1 illustrates how the shape parameter deforms the
curve relative to the symmetric logistic link.

Figure 1. The von Bertalanffy link function compared with the standard logistic link, plotted as the
fitted probability π(η) against the linear predictor η. Panel (a) varies the shape parameter (larger
values give a more asymmetric approach to the upper asymptote); panel (b) shows that varying the
growth curve baseline merely translates the curve horizontally—a shift that a regression intercept
absorbs. In every case, the curve is monotone and bounded within (0, 1), and the standard logistic
link is recovered exactly at ν = 1 (m = 2).

The aim of this study is to determine whether estimating an asymmetric link de-
rived from the von Bertalanffy growth curve improves the calibration of the predicted
probabilities when the response mechanism is asymmetric while preserving discrimina-
tion and doing no harm when the ordinary logit is adequate. The study is deliberately
framed around calibration. We neither expect nor claim gains in discrimination—in the
area under the ROC curve or in overall accuracy—because a monotone reparameterization
of the link cannot, on its own, be expected to improve the separation of the classes; the
objective is better-calibrated probabilities, with discrimination expected to remain essen-
tially unchanged because the proposed response is a smooth, monotone transformation
of the linear predictor. Calibration is the primary target because, in the applications that
motivate flexible links—clinical risk prediction, screening, credit scoring, and reliability
analysis—decisions are driven by the estimated risk itself and not only by the ranking of
cases [12,19]. To ensure that any calibration advantage is attributable to the link rather than
to the mild regularization it requires, the proposed link is benchmarked not only against
ordinary logistic regression at the 0.5 cut-off and at an accuracy-optimized threshold, but
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also against a ridge-penalized logistic regression carrying an identical penalty and against
Stukel’s generalized logistic model as the closest flexible link competitor. All evaluation is
strictly out-of-sample and is summarized with effect sizes and confidence intervals rather
than p-values alone.

2. Materials and Methods
2.1. An Asymmetric Inverse Link from the von Bertalanffy Growth Curve

The proposed model replaces the symmetric logit with an inverse-link (response)
function derived from the von Bertalanffy growth curve [18,20]. In its growth curve form,
with η = β0 + xTβ as the linear predictor, the response is π(η) = [1 − c·exp(−η)](1/(1−m))

with c = 1 − y0
(1−m), m > 1, and 0 < y0 < 1. Writing A = y0

(1−m) − 1 > 0 gives the equivalent
form π(η) = [1 + A·exp(−η)](−1/(m−1)), and because A·exp(−η) = exp(−(η − log A)), the
factor A is absorbed into the intercept through β0 → β0 − log A. The growth curve
baseline parameter y0 is therefore not separately identifiable in the presence of an intercept:
any value of y0 is reproduced exactly by an intercept shift, so it carries no independent
interpretation, and the identified model has a single shape parameter, ν = m − 1 > 0. We
accordingly work throughout with the identified one-parameter response

π(η) = [1 + exp(−η)]−1/ν, ν > 0.

Differentiating this response yields the growth differential equation it satisfies,

dπ/dη = π(1 − πν)/ν,

Therefore, at ν = 1, the equation reduces to the logistic form dπ/dη = π(1 − π), and
the response is the symmetric logit. The logistic model is thus nested exactly at the single
interior point ν = 1 (equivalently m = 2) and is recovered whenever the logit is adequate. As
ν increases, the curve approaches its upper asymptote more gradually; as ν → 0+, it tends
toward an extreme value (Gompertz-type) shape related to the complementary log–log
link. The family therefore moves smoothly between the symmetric logit and a range of
asymmetric forms while remaining a valid probability response that is monotonic in η

and bounded in (0, 1), providing the flexibility that a fixed symmetric link lacks. This
one-parameter asymmetric response belongs to the generalized logistic (Richards-type)
family that also contains the Gompertz and von Bertalanffy growth curves; the contribution
here is its penalized binary regression implementation and its evaluation for probability
calibration under link mis-specification, not a new curve family.

2.2. Estimation

The parameters—the regression coefficients β (including the intercept) and the shape
parameter ν—are estimated by minimizing the L2-penalized negative log-likelihood

−ℓ(β, ν) + λ Σj≥1 βj
2,

With the penalty λ = 0.05 applied to the slope coefficients only; the intercept is not
penalized, and no parameter is tuned to any classification metric. The ridge term is a mild,
conventional device to prevent coefficient inflation and complete separation divergence in
small samples; its value was fixed a priori at a small level rather than tuned, and a sensitivity
check over λ ∈ {0.01, 0.05, 0.10} left the qualitative conclusions unchanged. Optimization
used the L-BFGS-B algorithm (up to 500 iterations, at the default convergence tolerance)
from several starting values for the shape parameter, together with the ordinary logistic
fit as the starting value for β, retaining the fit with the lowest penalized objective. In the
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implementation, the growth curve parameters (m, y0) were carried explicitly; because y0

is absorbed into the intercept (Section 2.1), this is equivalent to estimating the identified
one-parameter model, and every reported performance metric—which depends on the
fitted probabilities alone—is invariant to the reparameterization. The redundant baseline
direction does leave a flat ridge in the objective along which the optimizer can drift; this
contributes to the small sample boundary contact reported in Section 3.5 and is a property
of the redundant parameterization rather than of the identified model, further motivating
the one-parameter form.

2.3. Simulation Design

Each simulated data set contained four predictors—two continuous (a lognormal and
an exponential variable) and two binary Bernoulli variables—and a binary response. The
continuous predictors were standardized using the training fold mean and standard devia-
tion to ensure numerical stability during penalized estimation. Their marginal distributions
and true coefficients are given in Table 1. In each replication, the intercept was determined
by root-finding on the marginal outcome mean so that the mean true event probability
equalled the target prevalence for every mechanism. The 70/30 split within each replication
was random rather than stratified; replications yielding a single-class training or test fold
were discarded and not replaced, so the most extreme rare event cells rest on slightly
fewer than 1000 replications, and non-converged fits (rare) were likewise excluded from
the summaries.

Table 1. Predictor variables and true coefficients used in the simulation.

Variable Distribution Type True Coefficient

X1 Lognormal (0, 1) Continuous 1.5

X2 Exponential (rate = 1) Continuous −2.0

X3 Bernoulli (0.5) Binary 0.8

X4 Bernoulli (0.5) Binary −1.2

Three data-generating mechanisms (DGPs) are reported in the main text; a fourth,
Stukel-type mechanism was also evaluated and is provided in full in the deposited output
(see the Data Availability Statement). The first is a correctly specified symmetric logistic
mechanism, under which the ordinary logit is the true model and nothing but the operating
threshold can be improved; it serves as the null (“do-no-harm”) benchmark. The remaining
two are asymmetric. The complementary log–log mechanism is a standard, independent
asymmetric link that is not one of the fitted models, and therefore provides a neutral test
of whether a flexible link helps under a generic asymmetry it does not match. The von
Bertalanffy-type mechanism (shape ν = 3.5, equivalently m = 4.5) is the proposed link’s own
family and is retained only as a best-case reference—a setting in which the proposed model
is correctly specified by construction—and is labelled as such throughout. Simulations were
run across three class imbalance ratios (prevalences 0.10, 0.25, and 0.50) and five sample
sizes (100, 500, 1000, 5000, and 10,000), giving 45 scenarios and, at 1000 replications each,
45,000 iterations in total (Table 2).

Table 2. Design of the simulation study.

Data-generating mechanisms Logistic (null); complementary log–log (asymmetric); von Bertalanffy-type,
m = 4.5, y0 = 0.02 (asymmetric, best-case reference)

Class priors (prevalence) 0.10, 0.25, 0.50
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Table 2. Cont.

Sample sizes (n) 100, 500, 1000, 5000, 10,000

Replications per scenario 1000

Total scenarios/iterations 45/45,000

Train/test split 70%/30%, per replication

Estimation L2-penalized MLE (λ = 0.05, slopes only); L-BFGS-B, multi-start

Evaluation All metrics computed on the held-out 30% test fold

2.4. Competing Methods

Five classifiers were evaluated on identical training and test partitions. All model
fitting—the coefficients and shape parameters of the flexible link, the ridge and Stukel
coefficients, and the optimized threshold—used the training fold only, and every reported
metric was computed on the untouched 30% test fold. Throughout, the suffix “05” marks
a method evaluated at the fixed 0.5 probability cut-off, and “Opt” marks a threshold
optimized on the training fold; the intercept is never penalized in any of the penalized fits.

LR05: This classifier is the ordinary logistic regression at the conventional 0.5 cut-off.
LROpt: This classifier is the ordinary logistic regression whose classification threshold

was chosen to maximize accuracy on the training fold—the optimal accuracy threshold,
as distinct from a sensitivity-plus-specificity (Youden) criterion—and then applied to the
test fold.

Ridge05: This classifier is the L2-penalized (ridge) logistic regression at the same
penalty as the proposed model (λ = 0.05, slopes only), evaluated at the 0.5 cut-off. This
baseline is the crux of the comparison: because the flexible link is itself ridge-penalized,
contrasting it with an unpenalized logistic model would confound the link with the penalty.
Ridge05 holds the penalty fixed, so any residual difference is attributable to the link alone.
To keep the penalty on an identical scale, Ridge05 was fitted by the same penalized-
likelihood optimization as the proposed model rather than by a package with a different
internal scaling.

Stukel05: This classifier is Stukel’s [17] generalized logistic model, whose two shape
parameters modify the tails independently fitted by the same penalized maximum likeli-
hood. It is the closest existing flexible link competitor and is included so that the question
of what the proposed formulation adds beyond the established literature can be answered
empirically rather than only in prose.

Bert05: This classifier is the proposed generalized asymmetric link, estimated by L2-
penalized maximum likelihood as described in Section 2.2 and evaluated at the standard
0.5 cut-off, so that its threshold-dependent metrics reflect the link itself rather than any post
hoc threshold adjustment.

Contrasting LROpt with LR05 isolates the pure effect of threshold tuning, which leaves
the ranking of observations—and hence the AUC, Brier score, and Log–Loss—unchanged.
Contrasting Bert05 with Ridge05 isolates the effect of the link at a fixed penalty. Because
a monotone re-thresholding of a fixed logistic score cannot change the AUC, any AUC
difference between Bert05 and the logistic models is direct evidence that the fitted model,
not merely its operating point, has changed.

2.5. Evaluation Metrics

Model performance was assessed along two complementary dimensions—discrimination
and calibration—using metrics computed exclusively on the held-out test fold. Discrimination,
the ability to separate the two classes, was quantified at the 0.5 cut-off by overall accuracy (the
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proportion of correctly classified observations), balanced accuracy (the mean of sensitivity
and specificity, which corrects the optimism of overall accuracy under class imbalance),
sensitivity and specificity (the true-positive and true-negative rates), and the F1-score (the
harmonic mean of precision and recall, a summary suited to imbalanced problems in which
the positive class is of primary interest) [10]. Because all of these depend on the chosen
cut-off, they were complemented by the area under the receiver operating characteristic curve
(AUC): the probability that a randomly chosen positive case receives a higher predicted risk
than a randomly chosen negative case [21]. As a threshold-independent, rank-based measure,
the AUC is unaffected by relocating the operating point and therefore serves as a clear
diagnostic of whether the intrinsic ordering of observations has changed—the property that
separates a genuine change in the fitted model from a mere shift of the classification threshold.

Calibration, the agreement between predicted probabilities and observed event fre-
quencies, was evaluated by the Brier score and the logarithmic loss (Log–Loss). The Brier
score is the mean squared difference between the predicted probability and the binary
outcome [22]; it is a strictly proper scoring rule and admits the classical decomposition into
a calibration (reliability) component and a discrimination (refinement) component [23], so
that an improvement in it under fixed discrimination isolates an improvement in calibra-
tion. The Log–Loss, or cross-entropy, is the negative mean log-likelihood of the observed
outcomes under the predicted probabilities; it too is strictly proper [24] and penalizes
confident but incorrect predictions especially severely, making it sensitive to exactly the
over- and under-confidence that a mis-specified link induces. Calibration is a distinct
and, in many applied settings, important property: a model can rank cases correctly yet
assign systematically distorted probabilities, and in domains such as clinical risk prediction,
diagnostic screening, credit scoring, and reliability analysis it is the estimated probability
itself—the risk on which a treatment, loan, or maintenance decision is based—and not
merely the ranking that governs the quality of the decision [12,19]. Because the Brier
score and Log–Loss are threshold-free, they cannot be improved by re-thresholding, so
they are both the appropriate place to seek a genuine benefit of a flexible link and the
metrics on which the proposed link showed its advantage. Discrimination and calibra-
tion are separable dimensions, and a model may improve one while leaving the other
essentially unchanged [12,19].

2.6. Statistical Analysis

For each metric and scenario, the proposed link was compared with each competitor
over the 1000 replications using the paired Wilcoxon signed-rank test on the per-replication
differences. Marginal performance is reported as the median and interquartile range (IQR)
of each method. Because marginal medians do not reveal the paired effect—the median
of the differences is not the difference of the medians—the paired contrast between the
proposed link and the matched-penalty ridge baseline is additionally summarized, for
every scenario, by the Hodges–Lehmann median paired difference [25], its 95% confidence
interval, and the rank-biserial correlation [26] as a standardized effect size; Figures extend
these paired comparisons to all four competitors.

Two safeguards govern interpretation. First, with 1000 paired replications, the signed-
rank test has very high power and will flag negligible differences as significant [27]; signifi-
cance is therefore read jointly with the magnitude of the Hodges–Lehmann difference and
the rank-biserial correlation, and a significant but numerically trivial difference is treated
only as evidence of a consistent operational direction. Second, given the large number of
contrasts, the p-values were adjusted for multiplicity by the Benjamini–Hochberg false-
discovery-rate procedure [28]; the Bonferroni-adjusted values were also computed and
led to the same qualitative conclusions. All computations were carried out in R 4.3.3 [29];
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logistic models used the glm routine, the ROC and AUC used the pROC package, and the
penalized von Bertalanffy and Stukel models were fitted by numerical maximization of the
penalized log-likelihood with the L-BFGS-B algorithm. The complete code and the fixed
random seed are provided (see the Data Availability Statement) so that all results are exactly
reproducible. Cells at n = 100 and prevalence 0.10 are dominated by complete-separation
instability (see Section 3.4) and are reported for completeness only; they are not interpreted
as evidence for any method.

3. Results
Before interpreting the magnitudes, there is an internal check, visible throughout

Tables 3–11, that verifies the assessment is behaving correctly: in each scenario, LR05 and
LROpt yield similar AUC, Brier score, and Log–Loss values, differing only in threshold-
dependent metrics (accuracy, balanced accuracy, sensitivity, specificity, and F1 score). This
is exactly what must happen if threshold optimization relocates the operating point without
changing the ranking or the predicted probabilities. Against this backdrop, the results are
organized around a single question: once the penalty is held fixed by the ridge baseline,
where does the flexible link genuinely help? The answer is calibration.

3.1. Marginal Performance Across Scenarios

Tables 3–11 report the median (IQR) of all eight metrics for the five methods, grouped
by mechanism and prevalence. Under the two asymmetric mechanisms, the proposed link
(Bert05) most often holds the best Brier score and Log–Loss values, while discrimination
metrics are near-identical across methods; under the logistic mechanism, the five methods
are interchangeable up to negligible, offsetting differences.

Under the von Bertalanffy-type mechanism (Tables 3–5), where the proposed model
is correctly specified by construction, Bert05 holds the best or joint-best Brier score and
Log–Loss values in the majority of cells, and its margin over the three logistic variants
widens as prevalence moves toward 0.50 and as n grows. On the threshold-dependent
metrics, the pattern is an exchange rather than a dominance: relative to LR05 and Ridge05,
Bert05 is typically slightly more specific and slightly less sensitive, so balanced accuracy
and F1-score differ only marginally, and LROpt—free to move its cut-off—recovers most
of the sensitivity that the fixed 0.5 threshold costs Bert05. Stukel05 tracks Bert05 closely
throughout, as expected of a second flexible link, and the AUC is effectively tied across all
five methods at every sample size.

Table 3. The von Bertalanffy-type (asymmetric) mechanism—best-case reference, class prior = 0.10.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 76.79 (25.37) 75.86 (26.64) 75.86 (26.64) 76.79 (28.11) 76.00 (27.93)

Acc 90.00 (6.67) 90.00 (6.67) 90.00 (6.67) 90.00 (6.67) 90.00 (6.67)

BalAcc 60.58 (25.00) 60.00 (25.00) 63.46 (25.00) 60.00 (24.00) 60.00 (23.21)

Sens 25.00 (50.00) 25.00 (50.00) 33.33 (50.00) 20.00 (50.00) 25.00 (50.00)

Spec 100.00 (3.70) 100.00 (3.70) 96.43 (7.14) 100.00 (3.57) 100.00 (3.70)

F1 33.33 (57.14) 33.33 (57.14) 40.00 (57.14) 33.33 (57.14) 33.33 (50.00)

Brier 0.075 (0.057) 0.076 (0.060) 0.076 (0.060) 0.073 (0.059) 0.079 (0.060)

Log–Loss 0.301 (0.266) 0.300 (0.253) 0.300 (0.253) 0.280 (0.200) 0.350 (0.642)
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Table 3. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 500

AUC 78.91 (9.90) 78.89 (9.88) 78.89 (9.88) 78.93 (9.78) 78.66 (10.58)

Acc 92.00 (3.33) 92.00 (3.33) 92.00 (3.33) 92.00 (3.33) 92.00 (2.67)

BalAcc 63.33 (8.55) 63.51 (8.57) 64.64 (9.23) 63.33 (8.55) 62.50 (8.33)

Sens 28.57 (16.36) 28.57 (16.84) 30.77 (18.57) 27.78 (16.36) 25.00 (15.69)

Spec 99.26 (1.47) 99.26 (1.48) 99.23 (2.21) 99.26 (1.47) 99.28 (1.42)

F1 40.00 (20.00) 40.00 (19.42) 42.11 (19.96) 40.00 (19.42) 38.10 (19.43)

Brier 0.067 (0.023) 0.067 (0.022) 0.067 (0.022) 0.067 (0.022) 0.068 (0.024)

Log–Loss 0.248 (0.073) 0.248 (0.072) 0.248 (0.072) 0.248 (0.072) 0.262 (0.100)

n = 1000

AUC 79.35 (6.93) 79.33 (6.87) 79.33 (6.87) 79.33 (6.90) 79.23 (6.93)

Acc 92.33 (2.00) 92.33 (2.00) 92.17 (2.33) 92.33 (2.00) 92.33 (2.33)

BalAcc 63.78 (6.01) 63.81 (6.03) 64.10 (6.50) 63.78 (6.00) 62.91 (5.98)

Sens 28.12 (11.79) 28.57 (11.69) 29.17 (13.03) 28.12 (11.79) 26.47 (11.76)

Spec 99.26 (0.76) 99.26 (0.76) 99.25 (1.12) 99.26 (0.76) 99.62 (0.76)

F1 41.67 (13.91) 41.86 (13.98) 42.11 (14.71) 41.86 (13.89) 40.00 (13.80)

Brier 0.066 (0.016) 0.066 (0.016) 0.066 (0.016) 0.066 (0.016) 0.066 (0.016)

Log–Loss 0.243 (0.050) 0.244 (0.050) 0.244 (0.050) 0.244 (0.050) 0.253 (0.064)

n = 5000

AUC 79.41 (3.18) 79.40 (3.10) 79.40 (3.10) 79.40 (3.10) 79.39 (3.14)

Acc 92.27 (0.93) 92.27 (0.93) 92.20 (0.93) 92.27 (0.93) 92.27 (0.93)

BalAcc 63.78 (2.53) 63.96 (2.63) 63.97 (3.03) 63.95 (2.63) 63.41 (2.66)

Sens 28.23 (5.13) 28.61 (5.18) 28.66 (6.21) 28.57 (5.21) 27.45 (5.34)

Spec 99.33 (0.30) 99.27 (0.37) 99.32 (0.58) 99.27 (0.37) 99.41 (0.31)

F1 42.05 (5.95) 42.31 (6.02) 42.34 (6.71) 42.29 (6.00) 41.31 (6.13)

Brier 0.066 (0.007) 0.066 (0.007) 0.066 (0.007) 0.066 (0.007) 0.066 (0.007)

Log–Loss 0.244 (0.022) 0.246 (0.022) 0.246 (0.022) 0.246 (0.022) 0.245 (0.022)

n = 10,000

AUC 79.52 (2.12) 79.50 (2.14) 79.50 (2.14) 79.50 (2.14) 79.49 (2.13)

Acc 92.23 (0.67) 92.20 (0.67) 92.20 (0.63) 92.20 (0.67) 92.20 (0.67)

BalAcc 63.77 (1.81) 64.02 (1.76) 63.81 (2.25) 64.02 (1.76) 63.60 (1.90)

Sens 28.24 (3.62) 28.77 (3.64) 28.38 (4.60) 28.77 (3.64) 27.86 (3.84)

Spec 99.34 (0.26) 99.29 (0.25) 99.34 (0.37) 99.29 (0.25) 99.37 (0.26)

F1 42.05 (4.28) 42.46 (4.15) 42.04 (5.05) 42.46 (4.12) 41.75 (4.43)

Brier 0.066 (0.005) 0.066 (0.005) 0.066 (0.005) 0.066 (0.005) 0.066 (0.005)

Log–Loss 0.243 (0.015) 0.245 (0.015) 0.245 (0.015) 0.245 (0.015) 0.244 (0.016)
Values are the median (interquartile range) over 1000 test fold replication. LR05: logistic regression at the 0.5 cut-
off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity;
F1: F1-score; Brier: Brier score.
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Table 4. The von Bertalanffy-type (asymmetric) mechanism—best-case reference, class prior = 0.25.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 76.80 (15.94) 76.80 (15.52) 76.80 (15.52) 76.92 (15.58) 75.94 (16.24)

Acc 80.00 (13.33) 80.00 (13.33) 80.00 (10.00) 80.00 (13.33) 80.00 (10.00)

BalAcc 65.00 (14.00) 65.00 (14.07) 66.00 (13.07) 64.83 (14.09) 64.29 (13.43)

Sens 37.50 (25.00) 37.50 (25.00) 40.00 (29.87) 36.36 (27.14) 33.33 (27.78)

Spec 95.24 (10.00) 95.24 (10.00) 92.00 (10.44) 95.45 (9.52) 95.45 (9.09)

F1 46.15 (26.67) 46.15 (26.67) 50.00 (23.64) 46.15 (26.67) 44.44 (26.37)

Brier 0.150 (0.064) 0.151 (0.063) 0.151 (0.063) 0.150 (0.062) 0.156 (0.070)

Log–Loss 0.478 (0.192) 0.474 (0.183) 0.474 (0.183) 0.470 (0.173) 0.546 (0.455)

n = 500

AUC 76.92 (6.12) 76.98 (6.15) 76.98 (6.15) 76.96 (6.22) 76.84 (6.28)

Acc 81.33 (4.67) 81.33 (4.67) 80.67 (4.00) 81.33 (4.67) 80.67 (4.67)

BalAcc 65.78 (5.34) 66.14 (5.45) 65.79 (5.69) 66.12 (5.50) 64.60 (5.53)

Sens 35.56 (11.67) 36.59 (11.03) 36.11 (13.16) 36.36 (11.09) 32.26 (11.41)

Spec 96.43 (3.16) 96.26 (3.02) 96.33 (4.47) 96.30 (2.94) 97.41 (2.98)

F1 48.15 (11.42) 49.06 (11.38) 48.15 (11.71) 48.98 (11.44) 45.66 (12.40)

Brier 0.142 (0.025) 0.142 (0.025) 0.142 (0.025) 0.142 (0.025) 0.143 (0.025)

Log–Loss 0.448 (0.067) 0.449 (0.065) 0.449 (0.065) 0.449 (0.064) 0.459 (0.084)

n = 1000

AUC 77.88 (4.11) 77.90 (4.08) 77.90 (4.08) 77.90 (4.09) 77.82 (4.10)

Acc 81.33 (3.00) 81.00 (3.00) 81.00 (3.33) 81.00 (3.00) 81.00 (3.00)

BalAcc 66.02 (3.92) 66.34 (3.94) 66.04 (4.42) 66.28 (3.91) 65.16 (3.88)

Sens 35.62 (7.97) 36.76 (8.09) 35.62 (10.16) 36.62 (8.11) 33.33 (8.51)

Spec 96.60 (2.10) 96.19 (2.07) 96.51 (3.01) 96.23 (2.07) 97.33 (2.06)

F1 48.65 (7.99) 49.18 (7.96) 48.62 (9.15) 49.15 (7.96) 46.91 (8.60)

Brier 0.140 (0.018) 0.141 (0.018) 0.141 (0.018) 0.140 (0.018) 0.141 (0.018)

Log–Loss 0.441 (0.044) 0.442 (0.047) 0.442 (0.047) 0.442 (0.047) 0.445 (0.048)

n = 5000

AUC 77.89 (1.95) 77.86 (1.98) 77.86 (1.98) 77.86 (1.98) 77.90 (1.94)

Acc 81.33 (1.40) 81.23 (1.40) 81.20 (1.48) 81.27 (1.40) 81.33 (1.40)

BalAcc 65.80 (1.73) 66.31 (1.71) 65.75 (2.01) 66.30 (1.71) 65.66 (1.80)

Sens 34.69 (3.58) 36.44 (3.63) 34.77 (4.96) 36.44 (3.61) 34.41 (3.75)

Spec 96.85 (0.88) 96.24 (0.88) 96.87 (1.56) 96.25 (0.88) 96.95 (0.91)

F1 48.24 (3.61) 49.24 (3.47) 48.11 (4.30) 49.25 (3.46) 47.93 (3.73)

Brier 0.140 (0.008) 0.140 (0.008) 0.140 (0.008) 0.140 (0.008) 0.140 (0.008)

Log–Loss 0.439 (0.021) 0.441 (0.021) 0.441 (0.021) 0.441 (0.021) 0.439 (0.021)
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Table 4. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 10,000

AUC 77.90 (1.33) 77.87 (1.35) 77.87 (1.35) 77.87 (1.35) 77.89 (1.32)

Acc 81.30 (0.97) 81.27 (1.00) 81.27 (0.97) 81.27 (1.00) 81.30 (1.00)

BalAcc 65.72 (1.25) 66.26 (1.20) 65.73 (1.50) 66.26 (1.20) 65.70 (1.28)

Sens 34.61 (2.43) 36.39 (2.39) 34.67 (3.69) 36.39 (2.39) 34.59 (2.67)

Spec 96.87 (0.60) 96.20 (0.66) 96.85 (1.20) 96.21 (0.65) 96.88 (0.62)

F1 48.03 (2.62) 49.20 (2.46) 48.04 (3.17) 49.19 (2.46) 48.00 (2.69)

Brier 0.139 (0.006) 0.140 (0.005) 0.140 (0.005) 0.140 (0.005) 0.139 (0.006)

Log–Loss 0.438 (0.014) 0.440 (0.014) 0.440 (0.014) 0.440 (0.014) 0.438 (0.014)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5
cut-off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity;
F1: F1-score; Brier: Brier score.

Table 5. The von Bertalanffy-type (asymmetric) mechanism—best-case reference, class prior = 0.50.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 78.22 (12.76) 78.28 (12.73) 78.28 (12.73) 78.28 (12.65) 77.78 (13.56)

Acc 70.00 (10.00) 70.00 (13.33) 70.00 (10.00) 70.00 (13.33) 70.00 (10.00)

BalAcc 69.86 (11.79) 69.91 (12.17) 69.00 (12.50) 69.68 (12.14) 68.08 (11.48)

Sens 69.23 (22.11) 69.23 (21.80) 70.59 (25.21) 69.23 (21.80) 63.16 (26.26)

Spec 71.43 (21.25) 71.43 (20.71) 70.00 (26.10) 71.43 (20.71) 76.92 (23.86)

F1 68.97 (14.14) 68.97 (13.46) 68.97 (13.95) 68.97 (13.46) 66.67 (15.00)

Brier 0.196 (0.056) 0.197 (0.056) 0.197 (0.056) 0.196 (0.055) 0.205 (0.062)

Log–Loss 0.573 (0.149) 0.574 (0.145) 0.574 (0.145) 0.570 (0.139) 0.648 (0.651)

n = 500

AUC 79.21 (4.71) 79.07 (4.59) 79.07 (4.59) 79.11 (4.60) 79.15 (4.70)

Acc 71.33 (4.67) 70.67 (5.33) 70.67 (4.67) 70.67 (5.33) 70.67 (5.33)

BalAcc 71.16 (4.96) 70.81 (4.98) 70.46 (4.78) 70.83 (4.89) 70.72 (5.05)

Sens 67.13 (9.47) 68.83 (9.08) 67.07 (15.51) 68.83 (9.05) 64.71 (10.29)

Spec 75.00 (9.33) 73.21 (8.78) 75.00 (13.50) 73.24 (8.71) 77.40 (10.28)

F1 69.80 (5.94) 70.03 (6.00) 69.21 (6.85) 70.07 (6.00) 68.66 (6.65)

Brier 0.186 (0.020) 0.186 (0.020) 0.186 (0.020) 0.186 (0.019) 0.186 (0.020)

Log–Loss 0.542 (0.052) 0.545 (0.050) 0.545 (0.050) 0.545 (0.050) 0.547 (0.058)

n = 1000

AUC 79.63 (3.46) 79.54 (3.42) 79.54 (3.42) 79.54 (3.42) 79.61 (3.48)

Acc 71.33 (3.33) 71.00 (4.00) 71.00 (3.67) 71.00 (4.00) 71.33 (3.67)

BalAcc 71.32 (3.57) 71.20 (3.79) 71.10 (3.68) 71.18 (3.73) 71.26 (3.60)

Sens 66.67 (6.69) 69.13 (6.70) 66.67 (10.52) 69.13 (6.67) 65.70 (7.12)
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Table 5. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

Spec 76.32 (6.45) 73.78 (6.52) 75.54 (10.22) 73.78 (6.58) 77.38 (6.91)

F1 69.75 (4.53) 70.47 (4.23) 69.55 (4.96) 70.47 (4.23) 69.41 (4.55)

Brier 0.183 (0.014) 0.184 (0.014) 0.184 (0.014) 0.184 (0.014) 0.183 (0.014)

Log–Loss 0.536 (0.036) 0.539 (0.036) 0.539 (0.036) 0.539 (0.036) 0.539 (0.038)

n = 5000

AUC 79.61 (1.49) 79.57 (1.47) 79.57 (1.47) 79.58 (1.47) 79.62 (1.48)

Acc 71.53 (1.53) 71.40 (1.60) 71.40 (1.60) 71.40 (1.60) 71.47 (1.55)

BalAcc 71.51 (1.52) 71.40 (1.57) 71.41 (1.58) 71.40 (1.56) 71.50 (1.54)

Sens 65.85 (3.11) 69.03 (2.91) 66.05 (6.37) 69.03 (2.92) 65.89 (3.08)

Spec 77.00 (2.91) 73.73 (2.96) 76.95 (6.00) 73.74 (2.96) 76.95 (3.01)

F1 69.78 (1.93) 70.69 (1.87) 69.77 (2.59) 70.69 (1.87) 69.80 (1.91)

Brier 0.182 (0.006) 0.183 (0.006) 0.183 (0.006) 0.183 (0.006) 0.182 (0.006)

Log–Loss 0.534 (0.015) 0.537 (0.015) 0.537 (0.015) 0.537 (0.015) 0.535 (0.016)

n = 10,000

AUC 79.57 (1.10) 79.50 (1.12) 79.50 (1.12) 79.50 (1.12) 79.57 (1.11)

Acc 71.47 (1.11) 71.30 (1.20) 71.33 (1.13) 71.28 (1.20) 71.43 (1.07)

BalAcc 71.46 (1.07) 71.29 (1.19) 71.34 (1.13) 71.29 (1.19) 71.47 (1.05)

Sens 65.74 (2.17) 68.97 (2.10) 65.76 (5.08) 68.96 (2.11) 65.97 (2.19)

Spec 77.10 (2.01) 73.64 (2.07) 76.92 (4.86) 73.64 (2.08) 76.85 (2.06)

F1 69.72 (1.30) 70.58 (1.31) 69.60 (1.99) 70.59 (1.31) 69.79 (1.34)

Brier 0.183 (0.005) 0.183 (0.005) 0.183 (0.005) 0.183 (0.005) 0.183 (0.005)

Log–Loss 0.535 (0.012) 0.538 (0.012) 0.538 (0.012) 0.538 (0.012) 0.535 (0.012)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5
cut-off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity; F1:
F1-score; Brier: Brier score.

Under the complementary log–log mechanism (Tables 6–8)—an asymmetry the pro-
posed link does not itself generate, and therefore the more demanding test—the same
calibration ordering holds: Bert05 attains the lowest Brier score and Log–Loss values
among the logistic competitors, most clearly at prevalence 0.50 and large n, while remain-
ing level with Stukel05. Discrimination is again indistinguishable across methods, so
the benefit is confined to the quality of the probabilities rather than their ordering. The
n = 100/prevalence 0.10 cells are an exception to be read with caution: there the logistic
models show interquartile ranges an order of magnitude larger than elsewhere (for exam-
ple, a ridge Log–Loss IQR above 2), which is the signature of complete separation in a
training fold of roughly seventy observations with about seven events, so the apparent gap
in those cells reflects instability rather than a dependable advantage.
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Table 6. Complementary log–log (asymmetric) mechanism, class prior = 0.10.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 98.77 (6.17) 96.55 (13.46) 96.55 (13.46) 91.51 (50.00) 98.15 (12.50)

Acc 96.67 (3.33) 93.33 (6.67) 93.33 (6.67) 93.33 (6.67) 96.67 (3.33)

BalAcc 84.62 (25.00) 84.62 (24.93) 87.50 (23.08) 66.67 (37.50) 83.65 (24.75)

Sens 75.00 (50.00) 75.00 (50.00) 75.00 (50.00) 33.33 (75.00) 75.00 (50.00)

Spec 100.00 (3.70) 100.00 (3.85) 96.43 (7.14) 100.00 (0.00) 100.00 (3.85)

F1 75.00 (31.75) 66.67 (35.71) 66.67 (35.71) 50.00 (80.00) 75.00 (35.71)

Brier 0.035 (0.040) 0.042 (0.040) 0.042 (0.040) 0.053 (0.072) 0.039 (0.047)

Log–Loss 0.120 (0.187) 0.252 (0.679) 0.252 (0.679) 0.221 (2.206) 0.173 (0.732)

n = 500

AUC 97.47 (3.62) 97.47 (3.47) 97.47 (3.47) 97.52 (3.48) 97.28 (3.70)

Acc 96.00 (2.00) 96.00 (2.00) 96.00 (2.67) 96.00 (2.00) 96.00 (2.00)

BalAcc 86.37 (7.96) 86.44 (8.35) 86.89 (9.06) 85.93 (8.27) 84.58 (8.93)

Sens 75.00 (16.82) 75.00 (17.35) 75.00 (18.33) 73.33 (16.54) 70.00 (17.84)

Spec 98.57 (1.43) 98.56 (1.44) 98.54 (1.51) 99.23 (0.82) 99.26 (1.48)

F1 80.00 (12.27) 80.00 (12.27) 78.79 (11.95) 80.00 (12.99) 78.26 (13.19)

Brier 0.029 (0.015) 0.029 (0.015) 0.029 (0.015) 0.029 (0.015) 0.029 (0.015)

Log–Loss 0.110 (0.064) 0.108 (0.060) 0.108 (0.060) 0.106 (0.056) 0.122 (0.104)

n = 1000

AUC 97.21 (2.38) 97.22 (2.38) 97.22 (2.38) 97.22 (2.36) 97.19 (2.36)

Acc 96.33 (1.33) 96.33 (1.33) 96.33 (1.67) 96.33 (1.33) 96.33 (1.67)

BalAcc 86.20 (5.94) 86.36 (5.97) 86.11 (6.38) 86.24 (5.85) 84.43 (6.74)

Sens 73.43 (11.66) 74.07 (12.14) 73.33 (13.33) 73.53 (11.59) 69.57 (13.70)

Spec 98.89 (0.78) 98.88 (0.79) 98.88 (1.12) 98.89 (0.78) 99.28 (0.74)

F1 80.00 (7.88) 80.00 (7.96) 79.41 (8.33) 80.00 (7.77) 78.69 (9.17)

Brier 0.029 (0.010) 0.029 (0.010) 0.029 (0.010) 0.029 (0.010) 0.029 (0.011)

Log–Loss 0.105 (0.038) 0.105 (0.039) 0.105 (0.039) 0.105 (0.037) 0.114 (0.056)

n = 5000

AUC 97.08 (1.03) 97.09 (1.02) 97.09 (1.02) 97.09 (1.03) 97.09 (1.04)

Acc 96.33 (0.73) 96.33 (0.68) 96.33 (0.67) 96.33 (0.67) 96.40 (0.73)

BalAcc 85.89 (2.61) 86.31 (2.60) 85.72 (3.14) 86.29 (2.65) 85.11 (2.68)

Sens 72.73 (5.19) 73.77 (5.15) 72.44 (6.48) 73.63 (5.26) 71.04 (5.39)

Spec 99.03 (0.38) 98.89 (0.44) 99.05 (0.59) 98.90 (0.44) 99.20 (0.38)

F1 80.14 (3.75) 80.14 (3.79) 79.73 (3.88) 80.14 (3.76) 79.55 (3.85)

Brier 0.028 (0.005) 0.028 (0.005) 0.028 (0.005) 0.028 (0.005) 0.028 (0.005)

Log–Loss 0.104 (0.017) 0.104 (0.017) 0.104 (0.017) 0.104 (0.017) 0.104 (0.017)
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Table 6. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 10,000

AUC 97.05 (0.71) 97.05 (0.72) 97.05 (0.72) 97.05 (0.71) 97.05 (0.71)

Acc 96.40 (0.47) 96.37 (0.43) 96.37 (0.47) 96.37 (0.43) 96.40 (0.47)

BalAcc 85.81 (1.75) 86.35 (1.73) 85.66 (2.15) 86.32 (1.74) 85.35 (1.83)

Sens 72.58 (3.60) 73.75 (3.49) 72.26 (4.49) 73.73 (3.53) 71.53 (3.72)

Spec 99.04 (0.29) 98.92 (0.27) 99.08 (0.44) 98.92 (0.27) 99.18 (0.26)

F1 80.20 (2.47) 80.39 (2.43) 80.07 (2.46) 80.39 (2.44) 80.00 (2.43)

Brier 0.028 (0.003) 0.028 (0.003) 0.028 (0.003) 0.028 (0.003) 0.028 (0.003)

Log–Loss 0.103 (0.011) 0.104 (0.011) 0.104 (0.011) 0.104 (0.011) 0.103 (0.011)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5
cut-off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity; F1:
F1-score; Brier: Brier score.

Table 7. Complementary log–log (asymmetric) mechanism, class prior = 0.25.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 93.65 (8.34) 93.60 (8.16) 93.60 (8.16) 93.65 (8.48) 92.61 (9.34)

Acc 90.00 (10.00) 86.67 (10.00) 86.67 (6.67) 86.67 (10.00) 86.67 (10.00)

BalAcc 83.33 (12.55) 83.33 (12.51) 83.33 (12.35) 81.37 (12.50) 81.37 (12.50)

Sens 71.43 (26.19) 71.43 (26.19) 75.00 (25.71) 66.67 (24.44) 70.00 (27.78)

Spec 95.45 (9.09) 95.24 (9.52) 94.74 (12.12) 95.65 (8.33) 95.45 (9.09)

F1 75.00 (16.67) 75.00 (16.67) 75.00 (16.44) 72.73 (21.79) 72.73 (19.36)

Brier 0.086 (0.051) 0.089 (0.056) 0.089 (0.056) 0.085 (0.051) 0.091 (0.054)

Log–Loss 0.295 (0.216) 0.301 (0.210) 0.301 (0.210) 0.278 (0.156) 0.380 (0.671)

n = 500

AUC 93.74 (3.19) 93.74 (3.21) 93.74 (3.21) 93.77 (3.19) 93.76 (3.22)

Acc 89.33 (3.33) 89.33 (3.33) 89.33 (4.00) 89.33 (3.33) 89.33 (3.33)

BalAcc 83.41 (5.34) 83.59 (5.41) 83.34 (5.62) 83.52 (5.37) 81.72 (5.41)

Sens 71.43 (10.20) 71.43 (10.58) 71.05 (12.04) 71.43 (10.24) 66.35 (11.27)

Spec 95.74 (3.04) 95.61 (3.10) 95.80 (3.52) 95.73 (2.88) 97.39 (2.07)

F1 77.14 (7.71) 77.19 (7.22) 76.92 (7.52) 77.30 (7.31) 76.06 (7.85)

Brier 0.077 (0.021) 0.078 (0.021) 0.078 (0.021) 0.077 (0.021) 0.078 (0.021)

Log–Loss 0.255 (0.065) 0.255 (0.066) 0.255 (0.066) 0.255 (0.063) 0.272 (0.095)

n = 1000

AUC 93.76 (2.24) 93.73 (2.24) 93.73 (2.24) 93.72 (2.25) 93.75 (2.23)

Acc 89.67 (2.33) 89.67 (2.33) 89.67 (2.33) 89.67 (2.00) 89.67 (2.33)

BalAcc 83.47 (3.88) 83.78 (3.75) 83.07 (4.15) 83.69 (3.74) 82.12 (4.09)

Sens 70.70 (7.98) 71.52 (7.72) 69.89 (9.94) 71.25 (7.50) 67.08 (8.41)

Spec 96.13 (2.05) 95.89 (2.04) 96.38 (2.82) 95.96 (1.94) 97.33 (1.83)
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Table 7. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

F1 77.47 (5.38) 77.61 (5.44) 76.82 (5.56) 77.59 (5.20) 76.39 (5.73)

Brier 0.076 (0.015) 0.076 (0.015) 0.076 (0.015) 0.076 (0.014) 0.076 (0.015)

Log–Loss 0.252 (0.045) 0.253 (0.047) 0.253 (0.047) 0.253 (0.046) 0.255 (0.049)

n = 5000

AUC 93.68 (0.97) 93.69 (0.97) 93.69 (0.97) 93.69 (0.97) 93.69 (0.97)

Acc 89.80 (1.13) 89.73 (1.13) 89.73 (1.13) 89.73 (1.13) 89.80 (1.13)

BalAcc 83.09 (1.78) 83.57 (1.78) 82.99 (2.03) 83.56 (1.77) 82.69 (1.84)

Sens 69.74 (3.66) 71.27 (3.55) 69.28 (4.87) 71.23 (3.48) 68.53 (3.78)

Spec 96.49 (0.91) 95.88 (0.90) 96.64 (1.50) 95.89 (0.88) 96.90 (0.90)

F1 77.27 (2.51) 77.60 (2.39) 77.17 (2.59) 77.59 (2.41) 77.02 (2.58)

Brier 0.076 (0.007) 0.076 (0.007) 0.076 (0.007) 0.076 (0.007) 0.076 (0.007)

Log–Loss 0.250 (0.019) 0.252 (0.019) 0.252 (0.019) 0.252 (0.019) 0.250 (0.019)

n = 10,000

AUC 93.74 (0.72) 93.73 (0.73) 93.73 (0.73) 93.73 (0.73) 93.74 (0.72)

Acc 89.83 (0.77) 89.77 (0.80) 89.77 (0.77) 89.77 (0.80) 89.83 (0.74)

BalAcc 83.06 (1.21) 83.66 (1.20) 83.00 (1.50) 83.66 (1.21) 82.82 (1.25)

Sens 69.58 (2.56) 71.43 (2.28) 69.46 (3.70) 71.39 (2.31) 68.77 (2.53)

Spec 96.60 (0.61) 95.88 (0.60) 96.67 (1.08) 95.89 (0.60) 96.86 (0.61)

F1 77.32 (1.78) 77.77 (1.74) 77.24 (1.85) 77.77 (1.77) 77.15 (1.78)

Brier 0.075 (0.005) 0.076 (0.005) 0.076 (0.005) 0.076 (0.005) 0.075 (0.005)

Log–Loss 0.249 (0.014) 0.251 (0.014) 0.251 (0.014) 0.251 (0.014) 0.249 (0.014)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5 cut-
off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity;
F1: F1-score; Brier: Brier score.

Table 8. Complementary log–log (asymmetric) mechanism, class prior = 0.50.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 92.89 (6.39) 92.87 (6.39) 92.87 (6.39) 92.89 (6.63) 92.55 (6.94)

Acc 83.33 (6.67) 83.33 (10.00) 83.33 (10.00) 83.33 (6.67) 83.33 (10.00)

BalAcc 83.33 (8.54) 83.48 (9.72) 83.33 (8.82) 83.48 (9.11) 83.33 (8.81)

Sens 85.71 (14.66) 84.62 (15.84) 84.62 (17.31) 84.62 (15.36) 81.82 (17.14)

Spec 83.33 (16.67) 84.62 (15.38) 84.21 (17.86) 84.62 (15.38) 86.67 (13.33)

F1 83.87 (9.74) 83.33 (9.97) 82.76 (10.08) 83.33 (9.97) 82.76 (10.58)

Brier 0.115 (0.051) 0.116 (0.054) 0.116 (0.054) 0.114 (0.049) 0.117 (0.057)

Log–Loss 0.356 (0.170) 0.362 (0.178) 0.362 (0.178) 0.350 (0.137) 0.435 (0.598)
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Table 8. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 500

AUC 93.17 (2.74) 93.17 (2.76) 93.17 (2.76) 93.17 (2.74) 93.11 (2.82)

Acc 84.67 (4.00) 84.67 (4.67) 84.00 (4.00) 84.67 (4.67) 84.67 (4.00)

BalAcc 84.43 (4.33) 84.45 (4.46) 84.33 (4.02) 84.53 (4.43) 84.39 (4.17)

Sens 84.10 (6.44) 84.62 (6.62) 82.81 (8.76) 84.71 (6.62) 80.26 (8.02)

Spec 85.44 (6.27) 84.91 (6.11) 86.80 (8.31) 85.00 (6.23) 88.73 (6.33)

F1 84.28 (4.63) 84.42 (4.65) 83.92 (4.63) 84.43 (4.68) 83.67 (4.69)

Brier 0.107 (0.023) 0.107 (0.023) 0.107 (0.023) 0.107 (0.022) 0.107 (0.023)

Log–Loss 0.333 (0.063) 0.334 (0.065) 0.334 (0.065) 0.333 (0.063) 0.339 (0.079)

n = 1000

AUC 93.00 (2.01) 93.00 (2.05) 93.00 (2.05) 92.99 (2.04) 92.98 (2.01)

Acc 84.33 (3.00) 84.33 (3.33) 84.33 (3.00) 84.33 (3.33) 84.33 (3.00)

BalAcc 84.36 (2.98) 84.32 (3.11) 84.27 (2.93) 84.32 (3.02) 84.45 (2.90)

Sens 83.10 (4.42) 84.23 (4.36) 82.41 (6.30) 84.21 (4.36) 81.07 (4.82)

Spec 85.90 (4.66) 84.62 (4.57) 86.60 (6.57) 84.62 (4.62) 87.99 (4.64)

F1 84.05 (3.30) 84.19 (3.23) 83.83 (3.20) 84.18 (3.24) 83.87 (3.24)

Brier 0.107 (0.016) 0.108 (0.016) 0.108 (0.016) 0.108 (0.016) 0.108 (0.015)

Log–Loss 0.332 (0.043) 0.335 (0.044) 0.335 (0.044) 0.335 (0.044) 0.333 (0.046)

n = 5000

AUC 93.11 (0.84) 93.10 (0.84) 93.10 (0.84) 93.10 (0.83) 93.11 (0.83)

Acc 84.60 (1.33) 84.53 (1.33) 84.53 (1.27) 84.53 (1.33) 84.60 (1.33)

BalAcc 84.62 (1.31) 84.53 (1.33) 84.54 (1.29) 84.53 (1.32) 84.62 (1.28)

Sens 82.06 (2.13) 84.26 (1.95) 82.07 (3.43) 84.26 (1.94) 81.68 (2.17)

Spec 87.27 (2.14) 84.81 (2.06) 87.21 (3.47) 84.79 (2.06) 87.65 (2.15)

F1 84.21 (1.46) 84.45 (1.38) 84.11 (1.53) 84.45 (1.37) 84.16 (1.44)

Brier 0.106 (0.007) 0.106 (0.007) 0.106 (0.007) 0.106 (0.007) 0.106 (0.007)

Log–Loss 0.327 (0.019) 0.331 (0.019) 0.331 (0.019) 0.331 (0.019) 0.327 (0.019)

n = 10,000

AUC 93.09 (0.61) 93.07 (0.60) 93.07 (0.60) 93.07 (0.60) 93.09 (0.61)

Acc 84.57 (0.87) 84.43 (0.90) 84.50 (0.84) 84.43 (0.90) 84.57 (0.87)

BalAcc 84.58 (0.86) 84.44 (0.90) 84.53 (0.86) 84.44 (0.90) 84.58 (0.85)

Sens 81.62 (1.46) 84.14 (1.35) 81.82 (2.75) 84.13 (1.37) 81.59 (1.49)

Spec 87.60 (1.42) 84.82 (1.47) 87.36 (2.85) 84.82 (1.47) 87.65 (1.37)

F1 84.11 (0.91) 84.41 (0.95) 84.06 (0.98) 84.41 (0.96) 84.10 (0.92)

Brier 0.106 (0.005) 0.106 (0.005) 0.106 (0.005) 0.106 (0.005) 0.106 (0.005)

Log–Loss 0.327 (0.013) 0.331 (0.014) 0.331 (0.014) 0.331 (0.014) 0.326 (0.013)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5 cut-
off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity;
F1: F1-score; Brier: Brier score.
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Under the correctly specified logistic mechanism (Tables 9–11), the five methods are
interchangeable. At moderate-to-large samples, Bert05, Ridge05, LR05, and LROpt differ
only in the third decimal of the Brier score and Log–Loss and by at most a few hundredths
of a percentage point in the AUC (the n = 100 cells being unstable, as elsewhere), and the
only systematic differences are the mutually cancelling sensitivity–specificity exchange at
the 0.5 cut-off and the artificial penalty that threshold tuning imposes on LROpt under
balance. This is the behaviour required by exact nesting: when the logit is the true link,
the generalized model returns to it, so no method can achieve a gain and, crucially, the
proposed link does not lose.

Table 9. Logistic (linear, correctly specified) mechanism, class prior = 0.10.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 96.55 (9.62) 94.64 (15.73) 94.64 (15.73) 93.14 (49.04) 95.19 (15.26)

Acc 93.33 (6.67) 93.33 (6.67) 93.33 (6.67) 93.33 (6.67) 93.33 (6.67)

BalAcc 81.25 (26.43) 80.00 (26.43) 81.61 (25.00) 73.21 (33.33) 81.48 (26.43)

Sens 66.67 (59.29) 66.67 (60.00) 66.67 (50.00) 50.00 (66.67) 66.67 (50.00)

Spec 100.00 (3.70) 96.55 (3.85) 96.43 (7.14) 100.00 (3.45) 100.00 (3.85)

F1 66.67 (30.00) 66.67 (30.00) 66.67 (30.00) 50.00 (75.00) 66.67 (30.00)

Brier 0.042 (0.041) 0.054 (0.044) 0.054 (0.044) 0.053 (0.048) 0.048 (0.043)

Log–Loss 0.154 (0.211) 0.250 (0.651) 0.250 (0.651) 0.199 (0.660) 0.240 (0.741)

n = 500

AUC 96.35 (3.72) 96.35 (3.82) 96.35 (3.82) 96.39 (3.77) 96.25 (3.92)

Acc 95.33 (2.67) 95.33 (2.67) 95.33 (2.00) 95.33 (2.67) 95.33 (2.67)

BalAcc 81.98 (9.38) 81.82 (9.29) 83.10 (10.00) 81.54 (9.50) 80.19 (10.35)

Sens 66.67 (19.94) 64.71 (18.75) 68.75 (19.88) 64.29 (18.81) 61.90 (21.43)

Spec 98.53 (1.48) 98.53 (1.49) 98.50 (2.19) 98.54 (1.48) 99.24 (1.55)

F1 72.22 (13.70) 72.73 (13.33) 72.73 (14.24) 72.73 (15.17) 71.43 (14.94)

Brier 0.036 (0.016) 0.036 (0.016) 0.036 (0.016) 0.036 (0.016) 0.037 (0.016)

Log–Loss 0.130 (0.060) 0.129 (0.057) 0.129 (0.057) 0.128 (0.055) 0.150 (0.113)

n = 1000

AUC 96.23 (2.45) 96.24 (2.44) 96.24 (2.44) 96.24 (2.43) 96.20 (2.46)

Acc 95.33 (1.67) 95.33 (1.67) 95.33 (1.67) 95.33 (1.67) 95.33 (1.67)

BalAcc 82.64 (6.29) 82.60 (6.32) 83.36 (6.96) 82.57 (6.06) 81.12 (6.54)

Sens 66.67 (13.08) 66.67 (13.08) 68.57 (15.04) 66.67 (12.73) 63.64 (13.37)

Spec 98.58 (1.11) 98.56 (1.11) 98.51 (1.49) 98.85 (1.11) 98.91 (0.86)

F1 74.19 (9.12) 74.19 (9.30) 74.07 (9.34) 74.07 (9.08) 73.02 (9.87)

Brier 0.035 (0.011) 0.035 (0.011) 0.035 (0.011) 0.035 (0.011) 0.035 (0.011)

Log–Loss 0.127 (0.040) 0.126 (0.038) 0.126 (0.038) 0.126 (0.038) 0.133 (0.049)

n = 5000

AUC 96.02 (1.23) 96.01 (1.23) 96.01 (1.23) 96.01 (1.23) 96.02 (1.23)

Acc 95.47 (0.73) 95.47 (0.73) 95.40 (0.73) 95.47 (0.73) 95.47 (0.73)

BalAcc 82.58 (2.81) 82.58 (2.83) 82.86 (3.53) 82.56 (2.86) 82.37 (2.96)
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Table 9. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

Sens 66.46 (5.65) 66.45 (5.63) 67.12 (7.52) 66.45 (5.69) 66.00 (5.94)

Spec 98.73 (0.46) 98.73 (0.50) 98.61 (0.73) 98.74 (0.50) 98.75 (0.46)

F1 74.45 (4.28) 74.53 (4.23) 74.44 (4.44) 74.49 (4.30) 74.28 (4.41)

Brier 0.035 (0.005) 0.035 (0.005) 0.035 (0.005) 0.035 (0.005) 0.035 (0.005)

Log–Loss 0.127 (0.017) 0.127 (0.018) 0.127 (0.018) 0.126 (0.017) 0.127 (0.018)

n = 10,000

AUC 96.03 (0.75) 96.03 (0.75) 96.03 (0.75) 96.03 (0.75) 96.03 (0.75)

Acc 95.47 (0.53) 95.47 (0.53) 95.43 (0.53) 95.47 (0.53) 95.47 (0.53)

BalAcc 82.50 (1.87) 82.52 (1.83) 82.57 (2.48) 82.50 (1.85) 82.39 (2.00)

Sens 66.33 (3.80) 66.32 (3.70) 66.50 (5.32) 66.31 (3.68) 66.01 (3.98)

Spec 98.71 (0.33) 98.71 (0.33) 98.67 (0.52) 98.71 (0.33) 98.74 (0.33)

F1 74.43 (2.76) 74.45 (2.69) 74.33 (3.03) 74.45 (2.71) 74.37 (2.71)

Brier 0.035 (0.004) 0.035 (0.004) 0.035 (0.004) 0.035 (0.004) 0.035 (0.004)

Log–Loss 0.126 (0.011) 0.126 (0.012) 0.126 (0.012) 0.126 (0.011) 0.126 (0.011)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5
cut-off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity; F1:
F1-score; Brier: Brier score.

Table 10. Logistic (linear, correctly specified) mechanism, class prior = 0.25.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 91.43 (9.67) 90.99 (9.74) 90.99 (9.74) 91.30 (9.64) 90.40 (10.78)

Acc 86.67 (10.00) 86.67 (10.00) 86.67 (10.00) 86.67 (10.00) 86.67 (10.00)

BalAcc 78.57 (14.15) 78.00 (14.26) 79.19 (14.11) 77.50 (14.29) 77.50 (13.29)

Sens 62.50 (27.78) 62.50 (27.78) 66.67 (29.31) 60.00 (29.55) 62.50 (25.00)

Spec 95.00 (9.64) 95.24 (9.52) 91.67 (9.47) 95.45 (8.70) 95.24 (10.13)

F1 66.67 (20.63) 66.67 (20.63) 70.00 (20.63) 66.67 (22.22) 66.67 (19.78)

Brier 0.103 (0.053) 0.105 (0.058) 0.105 (0.058) 0.103 (0.053) 0.108 (0.057)

Log–Loss 0.333 (0.189) 0.341 (0.185) 0.341 (0.185) 0.327 (0.152) 0.405 (0.713)

n = 500

AUC 91.45 (3.61) 91.48 (3.55) 91.48 (3.55) 91.48 (3.54) 91.40 (3.71)

Acc 86.67 (4.00) 86.67 (4.00) 86.67 (4.00) 86.67 (4.00) 86.67 (4.00)

BalAcc 79.38 (5.71) 79.31 (5.72) 79.47 (6.10) 79.07 (5.87) 77.95 (6.42)

Sens 63.64 (11.66) 63.30 (11.48) 64.71 (13.85) 63.04 (11.50) 60.00 (13.37)

Spec 95.00 (2.85) 95.17 (2.89) 94.59 (4.19) 95.41 (2.75) 96.19 (2.85)

F1 71.08 (8.41) 70.83 (8.67) 71.05 (8.54) 70.77 (8.33) 69.57 (9.51)

Brier 0.094 (0.023) 0.094 (0.024) 0.094 (0.024) 0.094 (0.024) 0.096 (0.023)

Log–Loss 0.305 (0.070) 0.305 (0.068) 0.305 (0.068) 0.304 (0.067) 0.316 (0.090)
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Table 10. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 1000

AUC 91.60 (2.32) 91.62 (2.34) 91.62 (2.34) 91.63 (2.34) 91.57 (2.34)

Acc 87.33 (2.67) 87.17 (2.33) 87.00 (2.67) 87.33 (2.33) 87.00 (2.33)

BalAcc 79.36 (3.97) 79.25 (4.04) 79.43 (4.32) 79.25 (3.85) 78.78 (4.08)

Sens 63.53 (7.61) 63.26 (7.50) 64.14 (10.08) 63.16 (7.70) 62.12 (8.24)

Spec 95.14 (2.33) 95.26 (2.30) 94.89 (3.37) 95.39 (2.28) 95.59 (2.45)

F1 71.32 (5.89) 71.15 (5.84) 71.13 (6.21) 71.19 (5.83) 70.77 (6.03)

Brier 0.093 (0.014) 0.093 (0.015) 0.093 (0.015) 0.093 (0.015) 0.093 (0.015)

Log–Loss 0.300 (0.041) 0.300 (0.041) 0.300 (0.041) 0.299 (0.041) 0.303 (0.045)

n = 5000

AUC 91.56 (1.15) 91.56 (1.16) 91.56 (1.16) 91.56 (1.16) 91.56 (1.15)

Acc 87.33 (1.20) 87.30 (1.20) 87.27 (1.13) 87.33 (1.20) 87.33 (1.20)

BalAcc 79.34 (1.84) 79.33 (1.80) 79.41 (2.17) 79.33 (1.81) 79.25 (1.85)

Sens 63.50 (3.72) 63.39 (3.64) 63.79 (5.26) 63.36 (3.63) 63.16 (3.89)

Spec 95.26 (0.95) 95.27 (0.99) 95.16 (1.84) 95.28 (0.96) 95.34 (0.99)

F1 71.34 (2.79) 71.32 (2.73) 71.34 (2.90) 71.32 (2.73) 71.22 (2.79)

Brier 0.092 (0.007) 0.092 (0.007) 0.092 (0.007) 0.092 (0.007) 0.092 (0.007)

Log–Loss 0.298 (0.020) 0.298 (0.020) 0.298 (0.020) 0.298 (0.020) 0.298 (0.020)

n = 10,000

AUC 91.50 (0.76) 91.50 (0.76) 91.50 (0.76) 91.50 (0.76) 91.50 (0.76)

Acc 87.30 (0.77) 87.30 (0.80) 87.27 (0.83) 87.30 (0.80) 87.30 (0.80)

BalAcc 79.30 (1.23) 79.30 (1.28) 79.38 (1.66) 79.30 (1.27) 79.27 (1.21)

Sens 63.24 (2.52) 63.26 (2.46) 63.34 (3.99) 63.25 (2.44) 63.14 (2.46)

Spec 95.34 (0.68) 95.34 (0.69) 95.30 (1.24) 95.36 (0.68) 95.37 (0.72)

F1 71.38 (1.82) 71.37 (1.80) 71.40 (2.16) 71.37 (1.80) 71.33 (1.84)

Brier 0.092 (0.005) 0.092 (0.005) 0.092 (0.005) 0.092 (0.005) 0.092 (0.005)

Log–Loss 0.298 (0.014) 0.298 (0.014) 0.298 (0.014) 0.298 (0.014) 0.298 (0.014)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5
cut-off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity; F1:
F1-score; Brier: Brier score.

Table 11. Logistic (linear, correctly specified) mechanism, class prior = 0.50.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

n = 100

AUC 88.69 (8.65) 88.69 (8.61) 88.69 (8.61) 88.84 (8.72) 87.96 (8.84)

Acc 80.00 (10.00) 80.00 (10.00) 76.67 (10.00) 80.00 (10.00) 76.67 (10.00)

BalAcc 78.73 (10.15) 79.17 (10.15) 77.78 (10.12) 79.17 (10.15) 77.78 (10.83)

Sens 81.25 (15.28) 80.00 (16.08) 82.35 (20.24) 80.00 (16.23) 78.57 (17.92)

Spec 78.57 (16.48) 80.00 (15.24) 76.92 (19.05) 80.00 (15.24) 80.00 (16.91)
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Table 11. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

F1 78.79 (12.12) 78.57 (11.89) 78.95 (11.48) 78.79 (11.95) 77.60 (12.44)

Brier 0.144 (0.055) 0.144 (0.056) 0.144 (0.056) 0.142 (0.051) 0.150 (0.060)

Log–Loss 0.441 (0.166) 0.445 (0.159) 0.445 (0.159) 0.438 (0.142) 0.529 (0.696)

n = 500

AUC 88.95 (3.56) 88.95 (3.56) 88.95 (3.56) 88.96 (3.55) 88.91 (3.59)

Acc 80.00 (4.67) 80.00 (4.67) 79.33 (4.00) 80.00 (4.67) 79.33 (4.67)

BalAcc 79.76 (4.54) 79.84 (4.49) 79.37 (4.27) 79.83 (4.49) 79.48 (4.43)

Sens 80.30 (7.50) 79.71 (7.29) 80.56 (10.03) 79.71 (7.33) 79.45 (8.43)

Spec 79.43 (7.31) 80.26 (7.00) 79.14 (9.95) 80.26 (7.02) 80.28 (8.00)

F1 79.74 (4.83) 79.72 (4.88) 79.47 (4.92) 79.73 (4.85) 79.47 (4.82)

Brier 0.137 (0.022) 0.137 (0.022) 0.137 (0.022) 0.137 (0.022) 0.138 (0.022)

Log–Loss 0.419 (0.060) 0.418 (0.059) 0.418 (0.059) 0.418 (0.059) 0.425 (0.069)

n = 1000

AUC 89.10 (2.48) 89.11 (2.50) 89.11 (2.50) 89.11 (2.48) 89.10 (2.47)

Acc 80.00 (3.33) 80.00 (3.33) 79.67 (3.33) 80.00 (3.33) 80.00 (3.33)

BalAcc 79.97 (3.22) 79.97 (3.29) 79.69 (3.26) 79.92 (3.27) 80.00 (3.33)

Sens 80.19 (5.47) 79.62 (5.21) 80.56 (7.73) 79.72 (5.21) 79.67 (5.69)

Spec 80.25 (5.43) 80.54 (5.17) 80.00 (8.25) 80.54 (5.17) 80.54 (5.62)

F1 80.00 (3.56) 79.87 (3.47) 79.76 (3.71) 79.87 (3.48) 79.87 (3.63)

Brier 0.135 (0.016) 0.135 (0.016) 0.135 (0.016) 0.135 (0.016) 0.135 (0.016)

Log–Loss 0.412 (0.044) 0.411 (0.044) 0.411 (0.044) 0.411 (0.044) 0.413 (0.045)

n = 5000

AUC 89.23 (1.04) 89.23 (1.04) 89.23 (1.04) 89.23 (1.03) 89.23 (1.04)

Acc 80.13 (1.40) 80.13 (1.40) 80.07 (1.40) 80.13 (1.40) 80.13 (1.40)

BalAcc 80.15 (1.34) 80.15 (1.38) 80.08 (1.38) 80.15 (1.38) 80.15 (1.39)

Sens 79.78 (2.30) 79.77 (2.26) 79.73 (4.25) 79.78 (2.28) 79.69 (2.29)

Spec 80.57 (2.32) 80.64 (2.24) 80.55 (4.07) 80.64 (2.24) 80.66 (2.33)

F1 80.08 (1.57) 80.08 (1.54) 80.06 (1.62) 80.08 (1.56) 80.05 (1.57)

Brier 0.134 (0.007) 0.134 (0.007) 0.134 (0.007) 0.134 (0.007) 0.134 (0.007)

Log–Loss 0.408 (0.018) 0.408 (0.018) 0.408 (0.018) 0.408 (0.018) 0.409 (0.018)

n = 10,000

AUC 89.22 (0.77) 89.23 (0.77) 89.23 (0.77) 89.23 (0.77) 89.22 (0.77)

Acc 80.17 (0.97) 80.20 (0.97) 80.17 (0.98) 80.20 (0.97) 80.17 (1.00)

BalAcc 80.18 (0.98) 80.20 (0.96) 80.15 (0.99) 80.20 (0.96) 80.17 (0.99)

Sens 79.80 (1.69) 79.80 (1.62) 79.87 (3.32) 79.80 (1.62) 79.77 (1.72)

Spec 80.57 (1.73) 80.63 (1.63) 80.61 (3.37) 80.63 (1.62) 80.61 (1.71)

F1 80.09 (1.03) 80.11 (1.03) 80.08 (1.19) 80.11 (1.04) 80.09 (1.05)
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Table 11. Cont.

Metric Bert05 LR05 LROpt Ridge05 Stukel05

Brier 0.134 (0.005) 0.134 (0.005) 0.134 (0.005) 0.134 (0.005) 0.134 (0.005)

Log–Loss 0.408 (0.013) 0.408 (0.013) 0.408 (0.013) 0.408 (0.013) 0.408 (0.013)
Values are the median (interquartile range) over 1000 test fold replications. LR05: logistic regression at the 0.5 cut-
off; LROpt: logistic regression at the optimal accuracy threshold; Ridge05: ridge-penalized logistic regression
(λ = 0.05) at the 0.5 cut-off; Stukel05: Stukel’s generalized logistic model; Bert05: the proposed von Bertalanffy link.
AUC: area under the ROC curve; Acc: accuracy; BalAcc: balanced accuracy; Sens: sensitivity; Spec: specificity;
F1: F1-score; Brier: Brier score.

3.2. Calibration Is Where the Flexible Link Helps

The advantage of the proposed link is concentrated in probabilistic calibration, and
it holds against every logistic competitor. For every scenario, Table 12 reports these
paired differences in full for the matched-penalty ridge baseline, while Figures 2–4 plot
the Hodges–Lehmann median differences, with 95% confidence intervals, against each of the
four competitors, for the AUC, Brier score, and Log–Loss. Under both asymmetric mecha-
nisms, the proposed link attained lower Brier score and Log–Loss values than the ordinary
logistic regression at the 0.5 cut-off (LR05), the threshold-optimized logistic regression (LROpt),
and the matched-penalty ridge model (Ridge05). Because threshold optimization does not
alter the predicted probabilities, LR05 and LROpt are calibrated identically, and at large
samples the mild ridge penalty becomes negligible, so all three logistic variants converge: at
prevalence 0.50 and n = 10,000 the flexible link improved Log–Loss by 0.0044 against each of
the three logistic variants under the complementary log–log mechanism (Brier 0.0006) and
by 0.0030 under the von Bertalanffy-type reference (Brier 0.0007). The effect was not large in
any single replication but almost perfectly consistent across them (rank-biserial correlations
near −1), and it grew with both sample size and prevalence—smallest under severe imbalance,
largest at balance. This is the core result: a systematic, penalty-adjusted gain in the proper
scoring rules over logistic regression that cannot be an artefact of re-thresholding because the
Brier score and Log–Loss are threshold-free. Since these scores reward both calibration and
refinement, and the latter (discrimination) was essentially unchanged (Section 3.3), the gain is
attributable to the calibration component.

Table 12. Paired effect sizes, proposed link versus matched-penalty ridge logistic regression (Bert05 −
Ridge05).

DGP Prev n AUC Brier Score Log–Loss

von Bertalanffy
(best-case)

0.10 100 −0.1027 (−0.4121, +0.1365) [−0.04] +0.0010 * (+0.0007, +0.0012) [+0.33] +0.0126 * (+0.0090, +0.0172) [+0.45]

0.10 500 +0.0061 (−0.0172, +0.0334) [+0.02] −0.0001 * (−0.0001, +0.0000) [−0.11] −0.0004 * (−0.0006, −0.0002) [−0.16]

0.10 1000 +0.0138 (−0.0009, +0.0290) [+0.07] −0.0002 * (−0.0002, −0.0001) [−0.42] −0.0011 * (−0.0012, −0.0010) [−0.54]

0.10 5000 +0.0102 * (+0.0035, +0.0168) [+0.11] −0.0003 * (−0.0003, −0.0002) [−0.81] −0.0013 * (−0.0014, −0.0012) [−0.89]

0.10 10,000 +0.0182 * (+0.0132, +0.0232) [+0.26] −0.0003 * (−0.0003, −0.0003) [−0.94] −0.0014 * (−0.0015, −0.0014) [−0.98]

0.25 100 −0.0605 (−0.1944, +0.0105) [−0.07] +0.0007 * (+0.0004, +0.0009) [+0.21] +0.0040 * (+0.0028, +0.0053) [+0.30]

0.25 500 +0.0262 * (+0.0060, +0.0476) [+0.10] −0.0003 * (−0.0003, −0.0002) [−0.28] −0.0013 * (−0.0016, −0.0010) [−0.33]

0.25 1000 +0.0279 * (+0.0151, +0.0408) [+0.16] −0.0004 * (−0.0005, −0.0003) [−0.51] −0.0019 * (−0.0021, −0.0017) [−0.65]

0.25 5000 +0.0367 * (+0.0300, +0.0434) [+0.38] −0.0005 * (−0.0005, −0.0005) [−0.91] −0.0023 * (−0.0024, −0.0022) [−0.96]

0.25 10,000 +0.0414 * (+0.0361, +0.0467) [+0.52] −0.0005 * (−0.0005, −0.0005) [−0.97] −0.0023 * (−0.0024, −0.0022) [−0.99]

0.50 100 −0.0077 (−0.2061, +0.0001) [−0.07] +0.0009 * (+0.0006, +0.0012) [+0.24] +0.0036 * (+0.0025, +0.0048) [+0.26]

0.50 500 +0.0447 * (+0.0267, +0.0633) [+0.17] −0.0005 * (−0.0006, −0.0004) [−0.38] −0.0022 * (−0.0025, −0.0019) [−0.46]

0.50 1000 +0.0495 * (+0.0373, +0.0632) [+0.27] −0.0005 * (−0.0006, −0.0005) [−0.53] −0.0025 * (−0.0027, −0.0022) [−0.66]

0.50 5000 +0.0633 * (+0.0568, +0.0699) [+0.60] −0.0007 * (−0.0007, −0.0007) [−0.90] −0.0030 * (−0.0031, −0.0029) [−0.97]

0.50 10,000 +0.0618 * (+0.0569, +0.0669) [+0.73] −0.0007 * (−0.0007, −0.0007) [−0.98] −0.0030 * (−0.0031, −0.0029) [−1.00]
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Table 12. Cont.

DGP Prev n AUC Brier Score Log–Loss

C-log–log

0.10 100 +24.6894 * (+24.3827, +25.6174) [+0.81] −0.0159 * (−0.0206, −0.0109) [−0.36] −0.7094 * (−0.7494, −0.5330) [−0.46]

0.10 500 −0.0382 * (−0.0522, −0.0186) [−0.26] +0.0002 * (+0.0001, +0.0002) [+0.32] +0.0013 * (+0.0010, +0.0016) [+0.42]

0.10 1000 −0.0005 (−0.0032, +0.0010) [−0.03] +0.0000 (+0.0000, +0.0000) [−0.03] +0.0000 (+0.0000, +0.0001) [+0.00]

0.10 5000 +0.0011 * (+0.0004, +0.0017) [+0.12] −0.0002 * (−0.0002, −0.0001) [−0.77] −0.0011 * (−0.0011, −0.0010) [−0.96]

0.10 10,000 +0.0004 * (+0.0001, +0.0008) [+0.08] −0.0002 * (−0.0002, −0.0002) [−0.88] −0.0013 * (−0.0013, −0.0012) [−0.99]

0.25 100 −0.1818 * (−0.3370, −0.0501) [−0.18] +0.0018 * (+0.0014, +0.0021) [+0.37] +0.0143 * (+0.0107, +0.0188) [+0.43]

0.25 500 −0.0014 (−0.0099, +0.0003) [−0.07] +0.0000 (+0.0000, +0.0000) [+0.01] +0.0000 (−0.0002, +0.0001) [−0.02]

0.25 1000 +0.0042 * (+0.0014, +0.0067) [+0.12] −0.0002 * (−0.0002, −0.0001) [−0.46] −0.0012 * (−0.0013, −0.0010) [−0.58]

0.25 5000 +0.0054 * (+0.0040, +0.0068) [+0.27] −0.0004 * (−0.0004, −0.0004) [−0.85] −0.0025 * (−0.0026, −0.0024) [−0.99]

0.25 10,000 +0.0044 * (+0.0034, +0.0054) [+0.31] −0.0004 * (−0.0004, −0.0004) [−0.93] −0.0027 * (−0.0027, −0.0026) [−1.00]

0.50 100 −0.0060 (−0.1105, −0.0001) [−0.10] +0.0015 * (+0.0011, +0.0019) [+0.35] +0.0078 * (+0.0060, +0.0098) [+0.39]

0.50 500 +0.0000 (−0.0003, +0.0087) [+0.01] −0.0001 * (−0.0001, −0.0001) [−0.17] −0.0008 * (−0.0010, −0.0006) [−0.28]

0.50 1000 +0.0067 * (+0.0044, +0.0111) [+0.16] −0.0004 * (−0.0005, −0.0004) [−0.60] −0.0027 * (−0.0029, −0.0025) [−0.83]

0.50 5000 +0.0087 * (+0.0071, +0.0104) [+0.36] −0.0006 * (−0.0007, −0.0006) [−0.88] −0.0042 * (−0.0043, −0.0041) [−1.00]

0.50 10,000 +0.0080 * (+0.0068, +0.0093) [+0.45] −0.0006 * (−0.0007, −0.0006) [−0.96] −0.0044 * (−0.0045, −0.0043) [−1.00]

Logistic (null)

0.10 100 +21.9788 * (+20.5356, +22.9286) [+0.55] −0.0012 * (−0.0023, −0.0004) [−0.12] −0.0096 * (−0.0195, −0.0051) [−0.20]

0.10 500 −0.0070 (−0.0224, +0.0015) [−0.07] +0.0001 * (+0.0001, +0.0002) [+0.17] +0.0008 * (+0.0005, +0.0011) [+0.28]

0.10 1000 +0.0000 (−0.0035, +0.0035) [+0.00] +0.0000 * (+0.0000, +0.0001) [+0.20] +0.0005 * (+0.0004, +0.0006) [+0.34]

0.10 5000 +0.0000 (−0.0005, +0.0003) [−0.01] +0.0000 * (+0.0000, +0.0000) [+0.18] +0.0001 * (+0.0001, +0.0001) [+0.30]

0.10 10,000 +0.0000 (−0.0001, +0.0001) [+0.01] +0.0000 * (+0.0000, +0.0000) [+0.23] +0.0000 * (+0.0000, +0.0001) [+0.31]

0.25 100 −0.0579 (−0.1654, +0.0000) [−0.08] +0.0011 * (+0.0008, +0.0014) [+0.27] +0.0076 * (+0.0051, +0.0104) [+0.30]

0.25 500 −0.0026 (−0.0125, +0.0012) [−0.05] +0.0001 * (+0.0000, +0.0002) [+0.19] +0.0006 * (+0.0004, +0.0008) [+0.24]

0.25 1000 −0.0003 (−0.0035, +0.0027) [−0.01] +0.0001 * (+0.0001, +0.0001) [+0.17] +0.0004 * (+0.0003, +0.0005) [+0.30]

0.25 5000 −0.0004 (−0.0009, +0.0000) [−0.07] +0.0000 * (+0.0000, +0.0001) [+0.27] +0.0001 * (+0.0000, +0.0001) [+0.33]

0.25 10,000 −0.0002 (−0.0004, +0.0000) [−0.06] +0.0000 * (+0.0000, +0.0001) [+0.20] +0.0000 * (0.0000, +0.0000) [+0.30]

0.50 100 +0.0000 (−0.0052, +0.0093) [+0.03] +0.0007 * (+0.0004, +0.0010) [+0.17] +0.0036 * (+0.0022, +0.0052) [+0.20]

0.50 500 −0.0001 (−0.0090, +0.0007) [−0.03] +0.0002 * (+0.0001, +0.0002) [+0.22] +0.0010 * (+0.0007, +0.0012) [+0.32]

0.50 1000 −0.0045 * (−0.0089, −0.0022) [−0.12] +0.0001 * (+0.0001, +0.0001) [+0.21] +0.0004 * (+0.0003, +0.0005) [+0.30]

0.50 5000 −0.0004 (−0.0008, +0.0000) [−0.07] +0.0000 * (+0.0000, +0.0001) [+0.24] +0.0001 * (+0.0001, +0.0001) [+0.32]

0.50 10,000 −0.0001 (−0.0003, +0.0001) [−0.03] +0.0000 * (+0.0000, +0.0000) [+0.15] +0.0000 * (0.0000, +0.0000) [+0.27]

Each cell reports the Hodges–Lehmann median paired difference, its 95% confidence interval, and the rank-biserial
correlation in square brackets; * denotes significance after Benjamini–Hochberg correction. For the AUC, a positive
value favours the proposed link; for the Brier score and Log–Loss, a negative value favours the proposed link.
Cells at n = 100 and prevalence 0.10 are dominated by complete-separation instability (see Section 3.4) and are
reported for completeness only; they are not interpreted as evidence for any method.

Against Stukel’s generalized logistic model the proposed link was neither better nor
worse to any material degree: the two coincided on calibration (for instance, Log–Loss
differing by about 0.0004 in Stukel’s favour under the complementary log–log mechanism
and 0.0001 in the proposed link’s favour under the von Bertalanffy-type reference, at preva-
lence 0.50 and n = 10,000; the green series in Figures 2–4). The proposed link is therefore
competitive with, not superior to, the closest established flexible link, and its advantage
over Stukel lies in its interpretable growth curve parameterization and its exact nesting
of the logistic model rather than in calibration. Discrimination told a uniform story of
parity across all five methods: Figure 5 overlays their ROC curves for every mechanism and
prevalence at the largest sample, and the curves are visually indistinguishable, matching
the near-zero AUC differences in Table 12. Figure 6 makes the calibration difference visible
directly, with the von Bertalanffy predictions lying closer to the diagonal of the reliability
diagram than the matched-penalty ridge predictions.
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Figure 2. Paired median differences (Hodges–Lehmann, with 95% confidence intervals) between
the proposed link and each of the four competitors—logistic regression at the 0.5 cut-off, threshold-
optimized logistic regression, matched-penalty ridge logistic regression, and Stukel’s model—for the
AUC, Brier score, and Log–Loss across sample sizes, at prevalence 0.10. For the AUC, a positive value
favours the proposed link; for the Brier score and Log–Loss, a negative value favours the proposed
link. The three logistic variants (orange/blue) are separated from the proposed link on calibration,
while Stukel (green) overlaps it (Figure 2). The same pattern is visible at prevalence 0.25 (Figure 3).

Figure 3. Paired median differences between the proposed link and each competitor at prevalence 0.25
(details as in Figure 2).

3.3. Discrimination Is Preserved

Discrimination was, by design, essentially unchanged. Because a monotone reparame-
terization of the link cannot on its own reorder the observations to any material degree, no
gain in the area under the ROC curve or in overall accuracy was expected, and none was
observed: across all five methods, the AUC values coincided to within a fraction of a single
point in every moderate-to-large-sample scenario (with the smallest sample cells being
unstable, as noted in Section 3.4), and the overlaid ROC curves of Figure 5 are visually
indistinguishable. Under the correctly specified logistic mechanism, the AUC difference
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between the proposed link and the matched-penalty ridge model was at the fourth decimal
place and not consistently signed; under the complementary log–log mechanism, it ranged
from about +0.0004 to +0.008 points across prevalences at the largest sample; and even
under the von Bertalanffy-type best-case reference, it reached only about +0.02 to +0.06
points. The value of these differences is not their magnitude but their sign and existence:
because threshold optimization leaves the AUC exactly unchanged (Section 3.1), the fact
that the flexible link produces any non-zero AUC difference confirms that estimating the
shape parameter within the likelihood genuinely re-estimates the fitted model rather than
merely relocating its decision threshold. In short, the flexible link improves the probabilities
without disturbing the ranking—the behaviour the study was designed to test.

Figure 4. Paired median differences between the proposed link and each competitor at prevalence
0.50 (details as in Figure 2). The calibration separation from the three logistic variants is largest here,
which is consistent with its growth with prevalence (Figure 4).

3.4. Do-No-Harm, Operating-Point Trade-Off, and Small Samples

Under the logistic mechanism, where the ordinary logit is the true model, the five meth-
ods are equivalent for practical purposes: the AUC, Brier score, and Log–Loss differences
between Bert05 and Ridge05 are essentially zero at every prevalence and sample size,
differing at most at the fourth decimal and in offsetting directions. This is the behaviour
guaranteed by exact nesting: when the logistic link is adequate, the generalized model
reduces to it, so it can neither help nor harm materially.

At the 0.5 cut-off, the flexible link shifts the operating point rather than dominating:
under asymmetry, it is slightly more specific and slightly less sensitive than the ridge
logistic model (for instance, at prevalence 0.25 and n = 10,000, sensitivity is lower by roughly
1.5–2.0 points while specificity is higher by roughly 0.6–0.9 points), an offsetting exchange
that leaves balanced accuracy little altered. These threshold-dependent differences are
properties of where the 0.5 cut-off falls, not of the ranking, and should not be read as
discrimination gains.

Behaviour in the smallest samples is governed by separation rather than by the choice
of link. At n = 100 under the heaviest imbalance (prevalence 0.10), the marginal tables
show very large interquartile ranges for the logistic models—for example, ridge logistic
AUC and Log–Loss IQRs of roughly 50 and above 2 under the complementary log–log
mechanism—which are the signature of complete separation in a training fold of about
seventy observations with roughly seven events. In this regime, the mild ridge penalty does
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not fully stabilize the fit and estimates vary widely across replications, so these cells are
unreliable and are not interpreted as evidence for any method. With the penalty matched
by the ridge baseline, the proposed link shows no distinct advantage at this sample size,
which is consistent with the view that stabilization in scarce data is a property of the penalty
rather than of the link.

Figure 5. ROC curves for all five methods across every mechanism and prevalence at the largest
sample size (n = 10,000). The dashed diagonal represents the performance of a random classifier
(AUC = 0.5).

Figure 6. Reliability diagram computed on a single held-out test fold (complementary log–log mech-
anism, prevalence 0.25, n = 10,000). The dashed diagonal represents perfect calibration (predicted
probability = observed frequency); points closer to it indicate better-calibrated probabilities.

3.5. Convergence, Boundary Behaviour, and Identifiability

Table 12 (paired effects) is complemented by Table 13, which reports the optimizer’s
behaviour by scenario. Non-convergence of the penalized fit was rare (below 1% in
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almost all cells). Boundary contact for the shape parameter was, however, appreciable
in two regimes: at n = 100, the shape parameter reached a box constraint in a sizeable
fraction of replications, reflecting both the redundant growth curve baseline direction of the
original parameterization (Section 2.2) and genuinely weak information about curvature
when events are few; under the von Bertalanffy-type best-case mechanism at the largest
samples, the shape parameter approached its upper bound in a minority of replications
because the true value (m = 4.5) sits near the operational ceiling of the parameterization.
These rates are a genuine property of the method and are reported transparently rather than
suppressed; they reinforce that inference should rest on the calibration effect under generic
asymmetry (the complementary log–log mechanism, where boundary contact vanishes at
large n) rather than on the best-case reference.

Table 13. Optimizer diagnostics by scenario: percentage of replications with non-convergence or
shape parameter boundary contact for the proposed link, and non-convergence for the Stukel model.

DGP Prev n Bert. Non-Conv. (%) Bert. Boundary (%) Stukel Non-Conv. (%)

von Bertalanffy
(best-case)

0.10 100 1.8 57.6 0.1

0.10 500 0.0 4.7 0.0

0.10 1000 0.2 1.3 0.0

0.10 5000 0.3 12.7 0.0

0.10 10,000 0.1 16.3 0.0

0.25 100 0.1 43.1 0.0

0.25 500 0.0 5.5 0.0

0.25 1000 0.1 8.2 0.0

0.25 5000 0.0 19.0 0.0

0.25 10,000 0.0 17.9 0.0

0.50 100 0.1 44.4 0.0

0.50 500 0.0 15.8 0.0

0.50 1000 0.0 17.5 0.0

0.50 5000 0.0 22.1 0.0

0.50 10,000 0.0 15.3 0.0

C-log–log

0.10 100 2.5 86.6 0.1

0.10 500 0.6 13.2 0.0

0.10 1000 0.0 0.6 0.0

0.10 5000 0.0 0.0 0.0

0.10 10,000 0.4 0.0 0.0

0.25 100 0.3 70.3 0.0

0.25 500 0.0 1.7 0.0

0.25 1000 0.0 0.0 0.0

0.25 5000 0.0 0.0 0.0

0.25 10,000 0.0 0.0 0.0

0.50 100 0.1 61.0 0.0

0.50 500 0.1 1.0 0.0

0.50 1000 0.0 0.0 0.0

0.50 5000 0.0 0.1 0.0

0.50 10,000 0.0 0.0 0.0
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Table 13. Cont.

DGP Prev n Bert. Non-Conv. (%) Bert. Boundary (%) Stukel Non-Conv. (%)

Logistic (null)

0.10 100 2.2 85.6 0.0

0.10 500 0.5 18.6 0.0

0.10 1000 0.0 3.7 0.0

0.10 5000 0.0 0.0 0.0

0.10 10,000 0.0 0.0 0.0

0.25 100 0.6 67.4 0.1

0.25 500 0.1 9.3 0.0

0.25 1000 0.0 1.2 0.0

0.25 5000 0.0 0.0 0.0

0.25 10,000 0.0 0.0 0.0

0.50 100 0.1 66.1 0.0

0.50 500 0.0 11.3 0.0

0.50 1000 0.0 2.9 0.0

0.50 5000 0.0 0.0 0.0

0.50 10,000 0.0 0.0 0.0

4. Discussion
The picture that emerges once a matched-penalty baseline is in place is narrower, and

more defensible, than a discrimination-based reading would suggest. The proposed link’s
principal contribution is to probability calibration under link mis-specification. Under both
asymmetric mechanisms, it produced a lower Brier score and Log–Loss than every logistic
competitor, including a ridge logistic model penalized identically; the advantage was almost
perfectly consistent across replications (rank-biserial correlations near −1) and increased
with sample size and prevalence. Crucially, this benefit is threshold-free—the Brier score
and Log–Loss cannot be improved by moving a cut-off—so it cannot be dismissed as
re-thresholding. Its magnitude is modest, and we report it as such: a systematic direction
rather than a large number [27,30].

Discrimination tells a complementary story. The AUC differences are negligible in
size, but their mere existence is informative. Because threshold optimization left the AUC
identical (LR05 and LROpt coincide on the AUC, Brier score, and Log–Loss in every
scenario), the small non-zero AUC differences for the flexible link establish that estimating
the shape parameter within the likelihood changes the fitted model rather than only its
operating point. This resolves the central concern about flexible links masquerading as
re-thresholding, while keeping the discrimination claim honest: on ranking the method, it
is essentially at parity with logistic regression.

Behaviour in very small samples is a matter of numerical stability rather than of the
link. When data are scarce and imbalanced, the ordinary logistic maximum-likelihood
estimate diverges under complete separation, and it is a penalty—not a change in link—that
repairs this; the separation problem is well recognized and is classically addressed by ridge-
type penalization or by Firth’s bias-reduced estimator [31]. In the present study, the ridge
term plays exactly this stabilizing role for all penalized models alike, so at n = 100, the
proposed link holds no distinct advantage over the matched-penalty ridge logistic model,
and the estimates of both are, in any case, unstable. Whether a flexible link confers any
specific benefit under severe separation is a separate question, left to future work.
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Two further properties bear on practical use. First, the method’s behaviour at the
0.5 cut-off is an operating-point shift—slightly higher specificity for slightly lower sensitiv-
ity under asymmetry—which is a matter of threshold placement, not discrimination, and
can be tuned separately if a different sensitivity–specificity balance is desired. Second, the
shape parameter is only weakly determined when events are few or the asymmetry is ex-
treme, as the boundary contact rates in Table 13 show; the redundant growth curve baseline
of the original parameterization—removed in the identified one-parameter form—further
inflates this contact at small samples. We therefore anchor the substantive conclusion on the
complementary log–log mechanism, a generic asymmetry the proposed link does not itself
generate and where the optimizer sits comfortably in the interior at large samples, rather
than on the von Bertalanffy-type best-case reference. That the effect appears under an
asymmetry foreign to the model is the strongest evidence that it reflects genuine flexibility
rather than self-recovery.

Relative to the established flexible link literature [14–17], the empirical comparison
against Stukel’s generalized logistic model shows the proposed link to be competitive rather
than dominant: both improve calibration under asymmetry, and the growth curve construc-
tion’s appeal lies in its interpretable, monotone, numerically stable parameterization and its
exact nesting of the logistic model, with the latter ensuring the model reduces to ordinary
logistic regression when the logit is adequate, so that it does no material harm, and, in
principle, enabling a likelihood-ratio test of link adequacy against the one-parameter null
ν = 1 (m = 2), subject to the usual caveats for penalized-likelihood inference. Because the
strengths are concentrated where classes are imbalanced or the boundary is asymmetric
and where trustworthy probabilities matter, the method is best suited to fields such as
clinical risk prediction, diagnostic screening, credit scoring, and rare event or reliability clas-
sification. In such settings, it can serve as a drop-in generalization of logistic regression: it
recovers the standard model when the logit is adequate and supplies better-calibrated
probabilities, at a modest computational cost, when it is not. Its principal limitations are
the additional computation for the shape parameter, the small absolute size of the cali-
bration gains, the weak identifiability just noted, and—as with the whole study—reliance
on simulation; a validation on real data sets with asymmetric or imbalanced responses is
the natural next step. A further open question is how the shape parameters, estimated
here under an L2 (ridge) penalty, would interact with L1 (lasso) or elastic-net penalties in
high-dimensional settings (p > n), such as genomic risk models, where variable selection is
required alongside estimation.

5. Conclusions
This study proposed and tested a calibration-oriented asymmetric link for binary

logistic regression, derived in closed form from the von Bertalanffy growth equation, whose
single shape parameter is estimated jointly with the regression coefficients by L2-penalized
maximum likelihood and which nests the logistic model exactly at ν = 1 (m = 2). The
evaluation was deliberately conservative: the link was compared not only with ordinary
logistic regression at both fixed and optimized thresholds, but with a ridge-penalized
logistic regression carrying an identical penalty—separating the link from the regularization
it needs—and with Stukel’s generalized logistic model, the closest existing flexible link
competitor, all strictly out-of-sample and summarized by effect sizes with confidence
intervals rather than by p-values that 45,000 replications would render uninformative.

The hypothesis was supported. At moderate-to-large sample sizes, and increasingly
as prevalence approached 0.50, the proposed link produced better-calibrated probabil-
ities than the three logistic competitors, with lower Brier score and Log–Loss whose
Hodges–Lehmann median differences, though modest in absolute size, were highly consis-
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tent across replications at the larger samples (rank-biserial correlations near −1, confidence
intervals excluding zero) and grew with sample size and prevalence. At the smallest
sample size, the picture was mixed and dominated by separation, so no advantage is
claimed there. Against Stukel’s flexible model, it was competitive rather than superior,
with the two coinciding on calibration. Equally important, and as intended by design,
the method did not sacrifice discriminatory power: the area under the ROC curve and
overall accuracy showed no practically important differences from the competing models
at moderate-to-large sample sizes, so the improvement in calibration is obtained without
any loss in classification performance. Under a correctly specified logistic mechanism, the
method showed no material deterioration, which is consistent with its exact nesting of the
logit. The practical conclusion is a link that improves probability calibration under response
asymmetry while preserving discrimination, is competitive with the best existing flexible
link, and reduces to ordinary logistic regression when the logit is adequate. Its interpretable
growth curve parameterization and exact nesting—the latter supporting, in principle,
a likelihood-ratio test of link adequacy against the one-parameter null ν = 1 (m = 2), subject
to the usual caveats for penalized-likelihood inference—are its distinguishing features.
Priorities for future work include validation on real asymmetric and imbalanced data
sets, cross-validated selection of the penalty, stratified resampling to further stabilize the
smallest sample scenarios, and a formal test of link adequacy.
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