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Abstract

Recently, several studies have investigated the validity of General Relativity’s predictions.
Gravitational waves provide an ideal probe for testing the theory in the strong-field regime.
In this work, we consider a class of modified-gravity theories, specifically f (R), and
scrutinize their predictions for the gravitational-wave emission from the coalescence of two
astrophysical compact objects. We also assess the impact of next-generation gravitational-
wave detectors on the ability to test these extensions of General Relativity.
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1. Introduction
General Relativity (GR) remains one of the foundational frameworks of our description

of nature. The theory has withstood numerous experimental and observational tests,
from solar system measurements to the recent detections of gravitational waves (GWs) by
ground-based interferometers. Nonetheless, theoretical motivations arising from attempts
to construct a complete quantum theory of gravity, together with cosmological observations
and the problem of dark energy, continue to motivate tests of GR in regimes where its
predictions may be affected by new physics [1,2]. In particular, the strong-field, highly
dynamical regime of compact-binary coalescences constitutes a unique laboratory for
probing the limits of GR and constraining alternative gravitational theories [3].

The advent of GW astronomy [4,5], particularly in the multimessenger context [6,7], has
opened a novel observational window onto these extreme environments [8]. The signals
emitted during the inspiral, merger, and ringdown of binary black holes (BHs) and neutron
stars encode detailed information about the underlying theory of gravity. Potential deviations
from GR would appear as modifications of the waveform phasing, amplitude, polarization
content, or propagation properties. Consequently, GW observations furnish a direct and
powerful probe to test GR and to constrain or exclude specific theoretical extensions.

Among the proposed modifications of GR, f (R) theories constitute one of the simplest
and most extensively investigated classes [9,10]. In these models, the Einstein–Hilbert
Lagrangian is replaced by a general function f (R) of the Ricci scalar R, thereby introducing
an additional scalar degree of freedom that can produce observable deviations from GR in
both cosmological and astrophysical contexts. However, although f (R) gravity predicts an
additional propagating scalar degree of freedom, its excitation depends on the nature of the
compact objects. Indeed, in many scalar-tensor representations of f (R) gravity, isolated BH
satisfy no-hair theorems [11] that prevent the development of a non-trivial scalar charge
in stationary configurations. As a consequence, under the assumptions of these no-hair
theorems, binary BH mergers are expected to exhibit a strongly suppressed emission of the
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massive f (R) scalar mode during the inspiral phase. Conversely, neutron stars can possess
non-vanishing scalar charges through the non-vanishing trace of the stress-energy tensor,
making neutron star binaries more promising sources for probing scalar emission effects.

Many f (R) models are constructed to reproduce the observed cosmic acceleration
without a cosmological constant; they are required to satisfy stringent constraints from
solar system experiments, binary pulsar timing, and GW observations. In contrast to f (R)
models, other gravity extension theories, such as f (R, T) [12] and f (R, Q) models [13,14],
introduce explicit couplings between matter and curvature, leading to much stronger
observational constraints. In f (R, T) gravity, the dependence on the trace of the stress-
energy tensor generally implies modification of the standard conservation rules of Tµν,
producing force terms that violate the Weak Equivalence Principle. These effects are tightly
constrained by various solar system tests. Furthermore, in f (R, Q) models, with Q =

RµνTµν, matter–curvature couplings can modify the propagation of GW and generate ghost-
like instabilities. The multimessenger observation of GW170817 [8] imposed extremely
stringent limits on deviations of the GW speed from the speed of light, excluding large
regions of parameter space for these models. Additional bounds arise from binary pulsars,
cosmological structure formation, and GW observations from the LIGO–Virgo–KAGRA
collaboration [15–18].

For these reasons, in this work, we will focus on f (R) gravity, since it is considerably
less constrained by current experimental observations. This scenario still provides a viable
framework in which deviations from GR may be experimentally tested with next-generation
GW detectors such as the Einstein Telescope (ET) [19]. In this work, we first introduce
the generation and propagation of GW in compact binary systems within the framework
of f (R) gravity. We focus on the implications of the modified field equations for the GW
signal and its dependence on the functional form of f (R), reviewing some established
results.

We then assess the prospects for testing this class of models with future GW observa-
tories. By forecasting the sensitivity of next-generation interferometers to the deviations
predicted by f (R) gravity, we evaluate their ability to constrain model parameters and
to discriminate these theories from GR. Our results underscore the role of advanced GW
facilities in probing the strong-field regime and in testing GR as the low-energy limit of
more general gravitational theories. In this context, we place particular emphasis on the ET
sensitivity, comparing the capabilities of its different planned configurations.

Although the individual ingredients of our analysis have been investigated separately,
the present work provides a unified treatment within a single waveform framework,
allowing a direct mapping between viable f (R) models and parameter-estimation forecasts
for third-generation GW detectors. The purpose of this work is to provide a unified
framework that consistently combines generation and propagation effects predicted by
f (R) gravity for future detectors.

The paper is organized as follows. In Section 2, we introduce f (R) theories, starting
from the modified Einstein–Hilbert action, deriving the corresponding field equations and
the massive scalar mode that is absent in GR. In Section 3, we describe the propagation
of GW in the f (R) framework, highlighting the differences with respect to the standard
GR scenario. In Section 4, we discuss the main effects introduced by f (R) gravity that
can be tested experimentally through GW observations. In Section 5, we consider future
interferometric GW detectors, focusing mainly on ET and illustrating which detector
configurations are best suited to probe the various effects predicted by f (R) models. Finally,
in the Conclusion (Section 6), we summarize the main results presented in this paper.
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2. f (R) Theory Formulation
The motivation underlying the formulation of f (R) theories lies in the fact that the

Einstein–Hilbert action may not be unique but is rather the simplest covariant choice for
describing gravity. In this framework, one generalizes the Lagrangian from a linear de-
pendence on the Ricci scalar R to an arbitrary function f (R) while still preserving general
covariance and locality. Such extensions are well motivated from both theoretical and phe-
nomenological perspectives. Indeed, various types of higher-order curvature corrections
naturally appear in effective actions of QG and in semiclassical expansions, suggesting the
possibility of terms beyond the linear R contribution. From the phenomenological side,
suitable choices of f (R) can account for late-time cosmic acceleration or early-time inflation
without introducing additional matter fields. In the weak-curvature limit, consistency
with GR is recovered by requiring f (R) → R, ensuring that standard gravitational physics
is preserved.

As stated before, the formulation of f (R) extensions of GR is based on a modification
of the Einstein–Hilbert action [9,10,20]:

S =
1

16 π G

∫ √
|g| f (R) d4x , (1)

where the Ricci scalar contribution R is replaced by a generic function f (R). Considering
the variation of the function f (R),

δ f (R) = f ′(R)δR , (2)

where f ′(R) = d f (R)/dR, together with the variation of the Ricci scalar R,

δR = Rµνδgµν +
(

gµν□−∇µ∇ν

)
δgµν , (3)

the equations of motion can be obtained by varying the action with respect to the metric

f ′(R)Rµν −
1
2

f (R)gµν +
(

gµν□−∇µ∇ν

)
f ′(R) = 8 π G Tµν . (4)

Computing the trace of Equation (4), one can obtain the following relation:

f ′(R)R − 2 f (R) + 3□ f ′(R) = 8 π G T . (5)

which is fundamental because it explicitly reveals the presence of an additional propagating
scalar degree of freedom that is not foreseen in the standard formulation of GR.

On a Minkowski background, we consider the perturbative expansion of the metric:

gµν = ηµν + hµν , (6)

where the perturbative condition |hµν| ≪ 1 must hold. As in standard GR, the weak-field
regime is investigated by introducing the harmonic gauge. Posing

hµν = hµν −
1
2

ηµνh , (7)

where h = ηµνhµν, the gauge condition is ,imposed requiring

∂µhµν = 0 . (8)
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Expanding f (R) perturbatively,

f (R) = f (0) + f ′(0)R +
1
2

f ′′(0)R2 + . . . , (9)

and assuming a flat background with R0 = 0, one must impose f ′(R0) = f ′(0) = 1 in order
to recover standard GR in the linearized limit. Thus, one obtains

f (R) ≃ R +
1
2

f ′′(R0)R2 . (10)

The fundamental linearized geometric quantities are obtained as in the context of the
linearization of standard GR. The connection (or Christoffel symbol) can be written in
the form:

Γα
µν =

1
2

ηαβ
(
∂µhνβ + ∂νhβµ − ∂βhµν

)
, (11)

the linearized Ricci tensor as

R(1)
µν =

1
2

(
∂α∂µhα

ν + ∂α∂νhα
µ −□hµν − ∂µ∂νh

)
, (12)

and the Ricci scalar at the linear perturbative order becomes

R(1) = ∂µ∂νhµν −□h . (13)

Therefore, at the first perturbative order, one finds:

f ′(R) =
d f (R)

dR
= 1 + f ′′(R0)R(1) . (14)

3. Gravitational Waves in the f (R) Scenario
To illustrate how Equation (4) introduces an additional scalar degree of freedom, we

consider the linearization of the Ricci scalar [21]. The linearized approximation can be
obtained by posing

R = R0 + δR (15)

f ′(R) = f ′(R0) + f ′′(R0)δR (16)

In vacuum with T = 0, Equation (5) becomes

3 f ′′(R0)□δR + ( f ′′(R0)R0 − f ′(R0))δR = 0 (17)

since the background contribution vanishes because the background satisfies the zeroth-
order field equations, yielding an overall zero contribution. The background curvature R0

is fixed by the zeroth-order trace equation, which requires

f ′(R0)R0 − 2 f (R0) = 0 . (18)

This condition ensures that the background spacetime is a constant-curvature solution of
the field equations, allowing a clean separation between background and perturbations
and leading to a well-defined Klein–Gordon equation for the scalar degree of freedom [22].

The Equation (17) can be recast in the form of a Klein–Gordon Equation:

□δR − m2
s δR = 0 , (19)
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which at first order gives the relation

□R(1) − m2
s R(1) = 0 . (20)

ms represents the effective mass of the propagating massive scalar mode of GW:

m2
s =

f ′(R0)− R0 f ′′(R0)

3 f ′′(R0)
. (21)

In the Minkowski case, where R0 = 0 and f ′(R0) = 1 , the effective mass becomes

m2
s =

1
3 f ′′(R0)

. (22)

The different GW emission modes can be decomposed by separating the tensorial perturba-
tion from the scalar one:

hµν = hTT
µν + h(S)µν , (23)

introducing the tensorial traceless perturbation of the metric hTT
µν and the scalar perturbation

h(S)µν . The tensorial mode satisfies the relation:

□hTT
µν = 0 . (24)

This relation admits the usual solution that depends on the polarization ϵµν:

hTT
µν = ϵµν eikαxα

. (25)

The resulting tensor mode propagates exactly as in GR, with the dispersion relation given
by

kαkα = 0. (26)

In the harmonic traceless gauge, the tensorial mode propagates with two different degrees
of freedom, related to the usual GW polarizations h+ and h×. The propagation group
velocity of the tensorial perturbation is the light speed c = 1, as expected for a non-massive
propagating solution.

On the other hand, the scalar mode behaves as a massive mode, and the solution of
Klein–Gordon Equation (20) gives the relation

R(1) = A eikαxα
, (27)

and the dispersion relation
kαkα − m2

s = 0. (28)

As a result, the group velocity associated with the massive scalar mode results:

v(S)g =
∂ω

∂k
=

k√
k2 + m2

s
. (29)

The propagating scalar mode has only one degree of freedom, so it can be written as

h(S)ij = δijΦ , (30)

with Φ ∝ R(1), after introducing the polarization structure in the transverse plane, which
takes the form of the Euclidean metric δij in the appropriate gauge. In the massive case,
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the scalar mode can induce a longitudinal component due to the non-null dispersion
relation.

4. Physical Effects Caused by the Massive Scalar Mode Emission
The difference caused by this dispersive propagation can be potentially observed

in the GW emission of coalescing objects. Below, we list the different effects that can be
potentially detected in the GW sector.

4.1. Different Propagation Velocity

The first effect concerns the time delay accumulated by the scalar mode during propa-
gation [21].

The emission of the scalar mode from a system of coalescing astrophysical objects can
be obtained by introducing a source term in Equation (20), represented by the trace of the
stress-energy tensor:

(□− m2
s )R(1) =

8π G
3

T . (31)

We emphasize that, for BH, the trace of the energy-momentum tensor satisfies T ≃ 0
outside the event horizon, while the no-hair theorem forbids the existence of an independent
scalar charge. As a consequence, the massive scalar mode is a propagating degree of
freedom predicted in the context of f (R) gravity, but its emission amplitude is source-
dependent and is strongly suppressed for BH binaries by the no-hair theorem [11].

The solution of Equation (31) can be formally expressed through the retarded Green
function of the Klein–Gordon operator:

R(1)(x) =
8π G

3

∫
d4x′ G(ms)

ret (x − x′) T(x′) , (32)

where G(ms)
ret satisfies:

(□− m2
s ) G(ms)

ret (x − x′) = δ(4)(x − x′) . (33)

In four-dimensional spacetime, the retarded Green function takes the explicit form

G(ms)
ret (t, r) = Θ(t)

 δ(t − r)
4πr

− Θ(t − r)
ms

4π

J1

(
ms

√
t2 − r2

)
√

t2 − r2

, (34)

where r = |r|, Θ denotes the Heaviside step function, and J1 is the Bessel function of the
first kind.

The structure of the Green function highlights the fundamental difference between the
massive and massless cases. For a massless field (ms = 0), one recovers

G(0)
ret =

δ(t − r)
4πr

, (35)

and consequently, the perturbation propagates exactly at the speed of light and all the
information reaches the observer at the retarded time t = r. On the other hand, for a
massive scalar field (ms ̸= 0), an additional contribution appears:

−Θ(t − r)
ms

4π

J1

(
ms

√
t2 − r2

)
√

t2 − r2
. (36)
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This term is non-vanishing for t > r. As a result, the signal is no longer confined to the
light cone, and part of the perturbation is delayed. This behavior is the mathematical origin
of the dispersive propagation of the scalar mode and ultimately leads to the modified
dispersion relation, which is responsible for the time delays and phase shifts.

Considering the limit of negligible mass of the scalar mode compared to the prop-
agation energy ms ≪ k0, the group velocity (Equation (29)) of the scalar mode can be
written as

v(S)g ≃ 1 − m2
s

2 k2
0

. (37)

The propagation time of the tensorial non-massive mode:

tT = D (38)

can be compared with the time related to the scalar mode:

tS =
D

v(S)g

≃ D

(
1 +

m2
s

2 k2
0

)
, (39)

obtaining in the ultrarelativistic approximation (k0 ≫ ms) the time delay in the form

∆t = D
m2

s

2 k2
0

. (40)

The observation of a retarded signal can therefore be associated with the emission of the
massive scalar mode predicted in the context of f (R) theories.

The modified propagation velocity of the massive scalar mode can lead to several
observable effects in GW signals.

4.2. Difference in the Observed GW Phase

The difference between the group velocities of the tensorial non-massive mode and
the scalar massive mode can induce a difference in the observed GW phase [23].

The phase of the detected GW is

ϕ = k0 t . (41)

Thus, introducing the propagation time associated with the tensorial and the scalar modes,
one can obtain the GW phases related to the different propagating modes:

ϕT = k0 D , (42)

ϕS = k0 D +
m2

s D
2 k0

. (43)

It therefore appears evident that the difference in propagation speeds introduces a disper-
sive phase difference given by

∆ϕ =
m2

s D
2 k0

. (44)

The presence of a dispersive difference in the GW phase can manifest itself by modifying
the waveform of the propagating perturbation:

h̃( f ) = A( f )eiϕ( f ) = A( f ) exp
[

i
(

ϕT +
m2

s D
4π f

)]
, (45)
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where the phase is expressed as a function of the frequency f that is proportional to
the energy k0. This result implies that different frequencies arrive with different time
delays, introducing a dephasing effect. Moreover, the two different propagating modes
can interfere:

h( f ) = hT( f ) + hS( f ) = AT( f )eiϕT( f ) + AS( f )eiϕS( f ) , (46)

producing a small modulation of the observed waveform, phase drift and slow modulation.
The observational limits that place stringent constraints on the mass of the scalar mode

ms strongly restrict the possibility of observing echoes in the signal due to the time delay.
Indeed, the accumulated delay is severely limited, and the scalar mode is not sufficiently
intense. What remains observable is a dephasing effect that can impact the waveform.

4.3. GW Emission

The emission of GW in the context of f (R) theories can be modified by the presence of
the scalar degree of freedom.

It is useful to introduce the expansion of the source term in multipoles to deal with the
emission solution. In this way, one obtains monopole, dipole and quadrupole contributions.
The monopole term does not radiate for isolated systems because of energy conservation,
while the dipole term can become non-vanishing, differently from what is predicted in the
context of GR. Introducing the useful definition of scalar charges qA = αAmA, the scalar
dipole moment of a binary system becomes

D⃗(t) = ∑
A

qA x⃗A(t), . (47)

In the case of a binary system made of two compact objects possessing different scalar
charges, the emission from the dipole is allowed.

For a binary system of coalescing objects in quasi-circular orbit, using the center-of-
mass condition, the dipole moment becomes

D⃗(t) = µ(α1 − α2) r⃗(t) , (48)

where M = m1 + m2 is the total mass and µ = m1m2/M is the reduced mass.
The dipolar emission power radiated is proportional to the square of the second time

derivative of the dipole moment:
Pdip ∝

〈
¨⃗D 2
〉

. (49)

For circular orbits with orbital frequency Ω, one obtains

Pdip ∼ G µ2(α1 − α2)
2r2Ω4 . (50)

A scalar source requires the two objects to possess different scalar charges α1 ̸= α2 in
order to emit an additional dipolar radiation, which is not predicted in standard GR [23].
However, this mechanism depends critically on the nature of the binary compact objects.
For instance, the no-hair theorem implies that stationary BHs cannot carry independent
scalar charges, suppressing the scalar dipole emission. Therefore, the dipolar contribution
is expected to be relevant mainly for systems containing neutron stars or other matter-
supported objects.

The dipolar contribution must be added to the standard quadrupole emission pre-
dicted by GR:

PGR =
32
5

G µ2r4Ω6 . (51)
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The dipolar emission represents an additional energy dissipation mechanism that
can influence the inspiral phase of the coalescence. Indeed, from Kepler’s law, one can
obtain that the dipole contribution scales as v8, whereas the quadrupole term scales as
v10. Therefore,

Pdip

PGR
∼ v−2 , (52)

showing that dipole radiation becomes particularly important during the early inspiral
phase, where the orbital velocity is still relatively small.

The additional energy loss accelerates the inspiral evolution and modifies the GW
phase. In the frequency domain, the phase receives an additional contribution due to scalar
dipole emission:

Ψ( f ) = ΨGR( f )− β (π M f )−7/3 . (53)

This characteristic negative post-Newtonian correction represents one of the main
observational signatures of f (R) gravity in GW interferometers, particularly those of future
generations such as ET.

4.4. GW Polarizations

In f (R) gravity, the appearance of additional GW polarizations follows directly from
the linearization of the modified field equations [24,25]. Starting from the trace equation in
vacuum (Equation (17)),

f ′(R)R − 2 f (R) + 3□ f ′(R) = 0 , (54)

and expanding around a constant-curvature background, one obtains at first order a dynam-
ical Klein–Gordon Equation (20) for the Ricci scalar perturbation. Thus, R(1) behaves as a
propagating scalar field. In parallel, the metric perturbation is decomposed as Equation (23):

hµν = hTT
µν + h(S)µν , (55)

where hTT
µν satisfies the standard GW propagation Equation (24), while the scalar sector is

sourced by R(1).
At linear order, the scalar contribution to the spatial metric perturbation takes the form

of Equation (30). Substituting h(S)ij = Φ δij with Φ ∝ R(1) into the geodesic deviation equation,

ξ̈ i = −1
2

ḧij ξ j, (56)

yields

ξ̈ i = −1
2

Φ̈ δij ξ j, (57)

which produces an isotropic expansion and contraction of a ring of test particles in the
transverse plane, which is named the breathing polarization mode.

In addition, when ms ̸= 0, the dispersion relation

ω2 = k2 + m2
s (58)

implies a non-null longitudinal response, leading to a small but non-vanishing deformation
along the propagation direction. Therefore, f (R) gravity predicts, in addition to the stan-
dard tensor polarizations h+ and h×, a scalar breathing mode (and a possible longitudinal
component in the massive case), which directly originates from the dynamical nature of
the Ricci scalar.
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4.5. Illustrative Constraints on Representative f (R) Models

The propagation effects discussed above can be directly translated into constraints
on the parameters of specific f (R) theories. As illustrative examples we will consider the
Starobinsky quadratic model [26] and the logarithmic model [27].

As a first example, we consider the Starobinsky scenario, where the f (R) modification
is introduced via the function

f (R) = R + αR2 , (59)

The mass of the scalar mode Equation (22) can be computed from the relations:

f ′(R) = 1 + 2αR , f ′′(R) = 2α . (60)

On a Minkowski background (R0 = 0), the scalar mass becomes

m2
s =

1
6 α

. (61)

Therefore, any observational upper bound on the scalar mass immediately translates into a
lower bound on the quadratic coupling:

α >
1

6 m2
s

. (62)

For instance, assuming an observational bound induced by the absence of measurable
dispersive effects [28],

ms ≲ 10−14 eV, (63)

one obtains
α ≳ 1.7 × 1027 eV−2 , (64)

corresponding to a scalar Compton wavelength of astrophysical size. Such a limit directly
constrains the parameter space of the Starobinsky model through GW observations.

As a second example, we consider the logarithmic model:

f (R) = −1
κ

log(1 − κ R) . (65)

Starting from this function, one can compute:

f ′(R) =
1

1 − κ R
, f ′′(R) = − κ

(1 − κ R)2 , (66)

to finally obtain the mass of the scalar mode on a Malinowski background (R0 = 0):

m2
s =

1
3 κ

. (67)

Requiring the scalar mode to satisfy the bound inferred from GW observations Equation (63)
restricts the viable parameter space of the logarithmic f (R) model:

κ ≳ 3.3 × 1027 eV−2 . (68)

These examples illustrate how the phenomenological constraints discussed in this
work can be straightforwardly translated into limits on specific f (R) modified-gravity
theories. Improved measurements of propagation delays, waveform dephasing and polar-
ization content with future detectors such as ET will therefore provide direct constraints on
the fundamental parameters entering realistic f (R) models.
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5. Experimental Perspectives with Next-Generation Interferometers
Compact-binary gravitational-wave observations constitute one of the most promis-

ing probes of modified gravity in the era of third-generation detectors. In f (R) gravity,
the additional scalar degree of freedom induces both modifications in GW generation
and dispersive effects during propagation. Through the modified dispersion relation
(Equation (58)), the massive scalar mode acquires a frequency-dependent group velocity
(Equations (29) and (37)), leading to a relative propagation delay between tensor and
scalar components.

Representative viable models discussed in the literature span a broad range of effective
scalar masses, from cosmological scales of order ms ∼ 10−33 eV to substantially larger
values in screened astrophysical environments, up to ms ∼ 10−24 eV [29]. Current empirical
bounds constrain the scalar mass to very small values [30,31]. The precise range depends
on the model and on assumptions about the scalaron dynamics and the local environment.
For ground-based detectors, the relevant regime corresponds to very light scalar masses
for which the dominant observable signature is not a clean separation between tensor and
scalar echoes but rather a coherent frequency-dependent phase deformation accumulated
over cosmological distances.

Future detectors such as ET, Cosmic Explorer (CE), and networks combining multiple
observatories will considerably improve the sensitivity to these effects. In addition to the
higher signal-to-noise ratio, the geometry of the detector network plays a fundamental
role in determining how accurately scalar propagation can be measured. Two independent
mechanisms contribute to this improvement.

First, geographically separated detectors provide independent measurements of the
arrival time, allowing one to distinguish a genuine dispersive propagation delay from
an uncertainty in the merger time. Second, detectors with different orientations measure
different linear combinations of the GW polarizations, thereby reducing the degeneracy
between tensor and scalar components. These effects are naturally quantified within the
Fisher-information formalism.

5.1. Fisher Analysis of Dispersive Propagation

The scalaron mass ms is not directly observable, it can be inferred from the waveform
perturbations that the scalar mode can introduce. Therefore, the dominant propagation
effect can be parametrized through the introduction of the dispersion parameter:

β = m2
s D , (69)

where D denotes the luminosity distance of the source. Substituting this parameter into
Equation (45), the Fourier-domain waveform becomes

h̃( f ) = A( f ) exp
[

i
(

ΨGR +
β

4π f

)]
. (70)

Assuming stationary Gaussian noise, the Fisher information matrix is

Γij = 4 Re ∑
k

∫ ∂i h̃k( f ) ∂j h̃∗k ( f )
Sn,k( f )

d f , (71)

where the sum extends over all detectors of the network.
For a single detector, we first consider the reduced parameter vector:

Θ = (β, tc), (72)
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where tc denotes the coalescence time. The corresponding waveform derivatives are

∂h̃
∂β

=
i

4π f
h̃ ,

∂h̃
∂tc

= 2πi f h̃ . (73)

The covariance matrix is obtained from

C = Γ−1 , (74)

and the marginalized uncertainty on β follows from the Schur complement:

σβ =

(
Γββ −

Γ2
βtc

Γtctc

)−1/2

. (75)

Equation (75) shows that the uncertainty on β is degraded by the correlation of the
β parameter with the coalescence time tc. This correlation originates from the waveform
phase structure and is therefore intrinsic to the signal model. Consequently, a change in
detector geometry cannot completely remove the fundamental β − tc degeneracy.

The role of the detector network appears once several spatially separated interferom-
eters are considered. In both the proposed ET configurations, the triangular setup and
the proposed geographically separated double-L layout, the signal measured by the k-th
detector is delayed by

∆tk =
Lk · n

c
, (76)

where Lk is the detector position relative to a reference interferometer and n is the unit
vector pointing from the reference detector toward the source. The measured waveform
therefore becomes

h̃k( f ) = h̃( f )e−2πi f ∆tk . (77)

The parameter vector is correspondingly extended to

Θ = (β, tc, θ, ϕ), (78)

where (θ, ϕ) denote the sky position of the source. The angular derivatives are

∂h̃k
∂θa

= −2πi f
∂∆tk
∂θa

h̃k , a = (θ, ϕ) . (79)

The corresponding localization Fisher block is

Γsky
ab = 4 ∑

k

∫
(2π f )2|h̃k|2

Sn,k( f )
∂∆tk
∂θa

∂∆tk
∂θb

d f . (80)

Since
∂∆tk
∂θa

∝ L , (81)

where L denotes the characteristic detector separation, one obtains

Γsky
ab ∝ L2 , Csky

ab = (Γsky)−1
ab ∝ L−2 , (82)

which implies
σθ , σϕ ∝ L−1 . (83)
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This scaling represents the fundamental advantage of geographically separated detector
networks: increasing the baseline enhances the timing information and improves the
reconstruction of the source position. This represents an ideal asymptotic scaling, valid
ceteris paribus and within the Fisher approximation, up to order-unity geometrical factors.
The uncertainty on β is not determined solely by the intrinsic Fisher information Γββ but is
degraded by its correlation with the coalescence time tc. This correlation originates from
the waveform phase structure and is therefore intrinsic to the signal model. Consequently,
a change in detector geometry cannot completely remove the fundamental β–tc degeneracy.

The baseline dependence can be understood more explicitly by writing the localization
Fisher matrix as a Gram matrix of the delay-gradient vectors. Defining

gk = ∇λ∆tk , (84)

the localization block can be written as

Γsky = K ∑
k

gkgT
k , (85)

where

K = 4(2π)2
∫ |A( f )|2 f 2

Sn( f )
d f (86)

depends only on the waveform model and detector sensitivity. Sn( f ) is the noise power
spectral density. Since

gk =
1
c
∇λ(Lk · n) , (87)

its norm satisfies |gk| ∝ L. The trace of a Gram matrix is equal to the sum of the squared
norms of its generating vectors. Therefore,

Tr(Γsky) = K ∑
k
|gk|2 ∝ ∑

k
L2

k . (88)

However, the localization performance is determined not only by the total amount of
Fisher information but also by how this information is distributed among the independent
sky directions. The eigenvalues of the localization Fisher matrix depend on the relative
orientation of the delay-gradient vectors. If these vectors become nearly linearly dependent,
the Fisher matrix becomes ill-conditioned, and the effective localization improvement is
reduced. Therefore, a long baseline alone is not sufficient to guarantee the optimal perfor-
mance of a double-L configuration. The geographical placement of the interferometers must
be chosen to maximize both the separation scale and the independence of the geometrical
delay directions. For an optimized network, the non-zero eigenvalues of the localization
Fisher matrix scale approximately as λi(Γsky) ∝ L2, whereas the corresponding covariance
eigenvalues decrease as λi(Csky) ∝ L−2.

For the triangular ET configuration, the characteristic internal detector separation
is approximately L△ ∼ 10 km, whereas the proposed geographically separated double-
L configuration adopts L2L ∼ 103 km. Neglecting order-unity geometrical factors and
assuming comparable detector sensitivities,

Tr(Γsky
2L )

Tr(Γsky
△ )

≃
L2

2L
3L2

△
≈ 3 × 103 . (89)

This corresponds to an increase in the total localization Fisher information by roughly three
orders of magnitude. For a geometrically well-conditioned network, the characteristic
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non-zero Fisher eigenvalues are expected to exhibit a comparable scaling, although the
precise improvement depends on the relative orientation of the baselines.

The improved localization affects the estimation of the dispersive parameter through
the marginalization over the nuisance parameters,

λ = (tc, θ, ϕ) , (90)

yielding

σβ =
[
Γββ − ΓβλΓ−1

λλ Γλβ

]−1/2
. (91)

The second term represents the information loss associated with correlations between the
propagation parameter and the extrinsic source parameters. The effect of increasing the
detector separation is not that every individual off-diagonal Fisher coefficient decreases.
Instead, the sky-localization block becomes better conditioned, reducing the contribution
of poorly constrained nuisance directions through the inverse matrix Γ−1

λλ .
The Fisher matrix of the extrinsic parameters can be schematically decomposed as

Γλλ = Γtime
λλ + Γamp

λλ , (92)

where the first contribution is associated with arrival-time differences between detector
sites, while the second contribution depends on the antenna pattern functions.

For a baseline L, the timing contribution scales as Γtime
λλ ∝ L2, while mixed timing

terms involving tc can have a different baseline dependence. The double-L configuration
benefits from this scaling because the two interferometers are located at geographically
separated sites. Conversely, the triangular ET configuration provides three interferometric
data streams, but the three interferometers are co-located and therefore do not provide
long-baseline inter-site timing information (baselines of order ∼ 10 km). The advantage
of the double-L geometry for dispersive propagation tests is thus not related to a larger
number of detector outputs but to the increase in the Fisher information associated with
geometrical delays.

The relative orientation of the detector planes introduces an additional geometrical
contribution. A rotation of the local frames changes the antenna-pattern matrix:

FkA = Dij
k eA

ij , (93)

and consequently modifies the eigenvalues of

FTF . (94)

The uncertainties on the reconstructed polarization amplitudes are controlled by
the inverse of the matrix FTF. Minimizing the worst-case uncertainty therefore requires
maximizing the smallest eigenvalue, adopting an optimal design criterion, rather than
maximizing any single eigenvalue. This ensures that no direction in the accessible polariza-
tion subspace becomes arbitrarily poorly constrained. The optimal relative orientation is
source-dependent, and, in general, no single configuration maximizes the smallest eigen-
value of the matrix FTF uniformly over the sky. Nevertheless, configurations that render
the antenna-pattern responses as linearly independent as possible tend to improve the
conditioning of FTF and therefore increase its smallest eigenvalue for a broad class of sky
locations. In practice, configurations with sufficiently distinct detector orientations can pro-
vide a good compromise by improving the conditioning of the antenna-pattern matrix over
a broad range of sky locations, while exact symmetries may become suboptimal once the
source position and Earth-induced rotation of the detector tensors are taken into account.
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The analytical scaling derived above shows that increasing the characteristic detector
separation (from approximately 10 km to about 103 km) can increase the characteristic
localization Fisher eigenvalues (by roughly three orders of magnitude, corresponding
to an improvement of approximately one to two orders of magnitude in the angular
uncertainties). This substantially improves the conditioning of the complete Fisher matrix
and is therefore expected to provide tighter constraints on dispersive propagation effects for
a geographically optimized double-L network than for a compact triangular configuration.

A geographically separated double-L network can provide substantially improved
sky localization relative to a compact triangular configuration because the inter-site timing
information scales with the square of the baseline under otherwise comparable conditions.
This improved localization can reduce the contribution of geometrical and sky-position
uncertainties to the marginalized uncertainty on the dispersive parameter β. However,
the intrinsic correlation between the dispersive phase correction and the coalescence time
is not removed by increasing the baseline since the term Γ−1

βλ ΓλλΓλβ does not vanish for
L → ∞ but approaches a finite floor. Thus, the improvement in σbeta is expected to saturate
once the geometrical contribution becomes subdominant.

5.2. Polarization Reconstruction

Polarization reconstruction is one of the main observational goals of third-generation
detector networks. To analyze polarization reconstruction, it is convenient to introduce
the detector tensor of each individual Michelson interferometer, following the formalism
introduced in [32]. For an interferometer with arms described by the unit vectors ûk and v̂k,
separated by an opening angle ζ

open
k (90◦ for a conventional L-shaped detector and 60◦ for

the proposed triangular layout), the detector tensor is

Dij
k =

1
2

(
ûi

kûj
k − v̂i

k v̂j
k

)
. (95)

The antenna response to the polarization mode A ∈ {+,×, b} is obtained by contracting
the detector tensor with the corresponding polarization tensor:

F(k)
A = Dij

k eA
ij (θ, ϕ, ψ) . (96)

The detector output can then be written as

dk( f ) = ∑
A

F(k)
A ( f )hA( f ) + nk( f ) . (97)

In the simplified case where the polarization amplitudes are treated as independent param-
eters, the polarization Fisher matrix can be effectively expressed as

Γpol = ρ2FTF , (98)

where F is the antenna-pattern matrix and ρ denotes the network signal-to-noise ratio.
This is an ideal simplified description assuming independent response amplitudes and
Gaussian background noise. The reconstruction accuracy depends not only on the rank of
F, but also on the eigenvalues of FTF. In particular, small non-zero eigenvalues correspond
to poorly constrained polarization combinations and strong parameter correlations.

For the proposed triangular configuration, where the three 60◦ interferometers are
rotated by 120◦ with respect to each other around a common vertex, the detector tensors
satisfy the exact geometrical identity:

D1 + D2 + D3 = 0 , (99)
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independently of the sky position and polarization angle. Consequently, the corresponding
antenna responses obey

F(1)
A + F(2)

A + F(3)
A = 0 (100)

for each polarization component. Equation (99) implies that, in an instantaneous amplitude-
only reconstruction of the three independent polarization amplitudes (h+, h×, hb),

rank(F△) ≤ 2 . (101)

Therefore, a single event cannot uniquely determine three independent polarization ampli-
tudes from instantaneous amplitude-only data, although the full waveform can partially
lift these degeneracies through its frequency and phase evolution, as well as through
correlations with astrophysical parameters.

The proposed geographically separated double-L configuration consists of two 90◦

Michelson interferometers located at different sites. In the amplitude-only description,
the response matrix satisfies

rank(F2L) ≤ 2 , (102)

because only two detector outputs are available. Therefore, both configurations are lim-
ited to a maximum instantaneous algebraic rank of 2 in the amplitude-only description.
However, the rank alone does not fully characterize the reconstruction problem: the two
networks differ in the conditioning and orientation of their accessible polarization sub-
spaces. In the triangular configuration, the detector tensors are co-located and related by
symmetry, whereas in the double-L configuration, the two detectors are separated by a
long baseline and their local frames are rotated with respect to one another. As a result,
the double-L geometry does not increase the rank, but it can improve the conditioning
of FTF by making the antenna-pattern vectors more linearly independent. Indeed, in the
double-L configuration, the two detectors are separated by a long baseline (L ∼ 103 km).
The local frames of the two sites are consequently rotated with respect to each other by
an angle,

∆ ≃ L
R⊕

, (103)

which is on the order of a few degrees for the expected ET baselines. This rotation is not
equivalent to a simple in-plane arm rotation: it changes the orientation of the detector
tensors in the three-dimensional space and modifies the relative projection of the accessible
polarization subspace onto the polarization basis vectors.

Therefore, although the double-L configuration does not increase the instantaneous
rank beyond two, it can improve the conditioning of the polarization Fisher matrix by
increasing the independence of the antenna-pattern vectors. The relevant quantities are
not the rank alone but the non-zero eigenvalues of the matrix FTF and in particular the
projection of the corresponding eigenvectors onto the scalar polarization component.

The uncertainty on the breathing polarization is obtained from the full covariance matrix,

σ2
b = (Γ−1)bb , (104)

including correlations with the tensor polarizations and with the astrophysical source
parameters. A quantitative comparison between the triangular and double-L configurations
therefore requires an explicit Fisher analysis including the detector tensors, the source sky
distribution, the waveform model, and the detector noise spectra. A useful reference limit
is obtained by considering statistically independent and equivalent detectors, for which
the uncertainty on a single parameter scales as σ ∝ N−1/2. In this idealized counting limit,
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the difference between three triangular interferometers and two double-L interferometers
would correspond to

σ(2L)

σ△ ≃
√

3
2

. (105)

This value should not be interpreted as a general bound, since polarization reconstruction
is controlled by the full antenna-pattern geometry. Correlations among detector responses
can significantly degrade the reconstruction, whereas favorable relative orientations can
improve the smallest non-zero eigenvalues of the Fisher matrix. This simplified counting
estimate agrees remarkably well with the full Fisher/simulation result obtained in the
next section.

The different detector geometries are therefore expected to provide complementary
advantages. The triangular configuration benefits from redundancy, symmetry and the
null-stream capability, providing a robust polarization reconstruction. The double-L config-
uration benefits from the long baseline, which strongly improves timing and sky localiza-
tion, and its non-coincident geometry can modify the polarization response through the
rotation of the local detector frames.

Finally, multiband observations combining ET with space-based detectors such as
LISA provide an additional improvement [33,34]. Although LISA does not change the
instantaneous rank of the ET polarization response matrix, it contributes independent
information on the binary evolution through the early inspiral. The combined Fisher
matrix is

ΓMB = ΓET + ΓLISA , (106)

where the LISA contribution constrains intrinsic source parameters, masses, spins, sky
positions and orbital evolution. Consequently, the marginalization over astrophysical pa-
rameters becomes less severe, improving the reconstruction of the polarization amplitudes.
Multiband observations therefore complement detector geometry by reducing parameter
correlations rather than by increasing the instantaneous polarization rank.

5.3. Expected Impact of the Detector Geometry on Dispersive Propagation and Scalar Polarizations

Detector geometry impacts modified-gravity tests via two distinct mechanisms:
dispersive-propagation measurements are limited by the ability of the network to sep-
arate a frequency-dependent phase correction from extrinsic parameters (in particular
the intrinsic β − tc degeneracy), while reconstruction of additional polarization modes is
governed by the independence and conditioning of the antenna responses.

The marginalized uncertainty on β follows from the Schur complement. Defining

rβ =
ΓβλΓ−1

λλ Γλβ

Γββ
, (107)

from Equation (91), one obtains the compact expression:

σβ =
1√

Γββ(1 − rβ)
. (108)

where Γββ encodes the intrinsic information on the dispersive phase and rβ quantifies
the fractional information loss due to nuisance-parameter correlations. Here Γββ depends
primarily on the waveform model and detector sensitivity (and is only weakly geometry-
dependent at a fixed signal-to-noise ratio (SNR)), whereas the network configuration affects
σβ through the nuisance block Γλλ that appears in the Schur complement.

σβ can be expressed as in Equation (91):
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σβ =
[
Γββ − ΓβλΓ−1

λλ Γλβ

]−1/2
. (109)

The geometrical contribution to Γλλ is set by the detector time delays. From Equation (80),
one finds asymptotically Γsky

ab ∝ L2, so the corresponding covariance block scales as

Csky
ab ∝ L−2. Increasing the baseline therefore raises the eigenvalues of the localization

Fisher block and suppresses the associated covariance eigenvalues, which improves the
conditioning of the nuisance-parameter block entering the Schur complement. This im-
provement does not guarantee a decrease in every single correlation coefficient; rather, it
reduces the contribution of poorly constrained geometrical combinations to the Schur term,
thereby lessening the impact of sky-position uncertainty on the β uncertainty.

A quantitative comparison between different detector layouts requires the inversion
of the complete Fisher matrix. The relative performance between the two layouts can be
computed by introducing the ratio of the uncertainties:

Rβ =
σ
(2L)
β

σ△
β

=

 Γ△
ββ(1 − r△β )

Γ(2L)
ββ (1 − r2L

β )

1/2

. (110)

Thus the advantage of a double-L network cannot be deduced from baseline scaling
alone but must be assessed using the full Fisher inversion (waveform model, sensitivity
curves, antenna responses and all parameter correlations). Still, the substantial increase in
localization Fisher eigenvalues for a well-optimized long-baseline network typically yields
a much better conditioned nuisance block and hence improved marginalized constraints
on β.

We now apply the same Fisher framework to the reconstruction of the scalar (breathing)
polarization hb predicted in f (R) theories. In this case, the limiting factor is not a universal
baseline scaling but the rank and the conditioning of the antenna-pattern matrix F. The
detector response is

hk = F+
k h+ + F×

k h× + Fb
k hb , (111)

After marginalization over the tensor modes, the uncertainty on the scalar amplitude is

σb =
√
(Γ−1)bb , (112)

and the relative performance between detector architectures is

Rb =
σ
(2L)
b

σ△
b

=

[
Γ△

bb(1 − r△b )

Γ(2L)
bb (1 − r2L

b )

]1/2

. (113)

Contrary to dispersive propagation effects, the sensitivity to additional polarization modes
is not governed by universal scaling with the detector baseline. Instead, it depends on the
rank and conditioning of the antenna-pattern matrix:

F =


F+

1 F×
1 Fb

1
F+

2 F×
2 Fb

2
...

...
...

 . (114)

For the ideal triangular ET, the detector tensors satisfy the null-stream identity Equation (99),
so the instantaneous amplitude-only antenna matrix has an algebraic rank≤ 2. Conse-
quently, a single-event, amplitude-only measurement cannot uniquely determine three
independent polarization amplitudes. However, waveform evolution and multi-detector
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timing (and multiband data) can partially lift these degeneracies in a full parameter-
estimation analysis. For instance, the geographical separation of the two sites changes the
relative orientation of the detector tensors due to the curvature of the Earth. This rotation
modifies the antenna-pattern matrix, as illustrated before, FkA = Dij

k eA
ij , and consequently

changes the eigenvalues of FTF. Therefore, the polarization performance of the double-L
configuration depends on both the relative detector orientation and the source sky posi-
tion [35]. The triangular configuration may provide an advantage because of its symmetry
and redundancy, whereas a suitably oriented double-L network can provide comparable or,
for specific source locations, improved conditioning of the accessible polarization subspace.

The final comparison between the two detector architectures is therefore given by
the two ratios Rβ and Rb Equations (110) and (113). By simulating these two quantities,
we obtained the metric used to compare the performance of the different configurations.
The simulations for Rβ and Rb were carried out by generating a Monte Carlo ensemble
of 20,000 events; for each event, the network SNR and the geometric antenna response of
each detector were computed separately. The network SNR was obtained from a frequency-
domain integral weighted by the inspiral amplitude (∝ f−7/6), with the overall signal
amplitude determined by the chirp mass and luminosity distance, which were drawn from
prescribed log-normal distributions. The antenna response was obtained by contracting the
polarization tensors (e+, e×, eb) with the Michelson detector tensor for both the triangular
configuration and the doubleL configuration. From these ingredients, two distinct estima-
tors were built: σβ, obtained by marginalizing over the relevant nuisance parameters using
the Schur complement of the full Fisher matrix, and σb, from a full 2 × 2 Fisher matrix on
the (F+, Fb) subspace, numerically inverted with explicit rank and determinant checks to
identify geometries for which the network Fisher matrix becomes singular. The nuisance
parameters were marginalized using a Schur-complement reduction, after which the 2 × 2
Fisher matrix was inverted to obtain the covariance matrix. The ratios Rβ = σ2L

β /σ△
β

and Rb = σ2L
b /σ△

b are the resulting random variables of interest, whose distribution over
the full ensemble is summarized via histograms and kernel density estimates (KDEs)
(Figures 1 and 3).

Figure 1. Histogram of the distribution of the Rβ values obtained from 20,000 simulated events with
isotropically distributed sky positions, with a mean value of Rβ = 0.87.

https://doi.org/10.3390/sym18081329

https://doi.org/10.3390/sym18081329


Symmetry 2026, 18, 1329 20 of 28

The simulated events were distributed isotropically: for each of the 20,000 events,
the sky position (θ, ϕ) was sampled isotropically, with cos θ uniform in [−1, 1] and ϕ

uniform in [0, 2π], while the polarization angle ψ was drawn uniformly in [0, 2π]. The re-
sulting distributions of Rβ in Figure 2 and Rb in Figure 3 are therefore not obtained from
an analytic average over the antenna pattern, but emerge as ensemble statistics over in-
dependently sampled random geometries, allowing the tails associated with unfavorable
detector orientations, particularly for the double-L network, to be captured; tails that a
closed-form analytic average would not reproduce. The simulated events used to obtain
the distributions of Rβ and Rb are shown in Figures 2 and 4, respectively, in Mollweide
projection, with a color scale indicating the value of the two simulated quantities.

Figure 2. Mollweide sky map of the 20,000 isotropically distributed simulated events, with the color
scale indicating the estimated value of Rβ for each event.

Figure 3. Histogram of the distribution of the Rb values obtained from 20,000 simulated events with
isotropically distributed sky positions, with a mean value of Rb = 1.17.
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Figure 4. Mollweide sky map of the 20,000 isotropically distributed simulated events, with the color
scale indicating the estimated value of Rb for each event.

The final results for the comparison ratios are Rβ = 0.87 and Rb = 1.17. These results
indicate that the double-L configuration provides, on average, tighter constraints on the
dispersive parameter β than the triangular configuration and can therefore also improve
constraints on the scalaron mass ms. In particular, the uncertainty σβ is reduced by approx-
imately ∼ 15% with respect to the triangular configuration. Conversely, the triangular
configuration proves to be complementary, providing better constraints on the reconstruc-
tion of the polarization modes, with an uncertainty σb that is approximately ∼ 15% smaller
than that obtained with the double-L configuration. Importantly, this is not a universal
event-by-event hierarchy: the two configurations are not always better than one another
for every single simulated event, but their relative performance depends on the specific
source geometry and detector orientation. The quoted values therefore describe the average
behavior over the full simulated ensemble.

This complementary performance of the two detector configurations is consistent with
previous simulation-based studies in the literature [35,36].

5.4. Implications for Viable f (R) Models and Scalar-Mass Sensitivity

The analytical framework developed above can be used to assess which regions of
the scalar-mass parameter space associated with viable f (R) models may be accessible to
future GW observations. The quantity directly constrained by dispersive propagation is the
parameter β = m2

s D rather than the scalaron mass itself. Therefore, for a source at a fixed
propagation distance D, the sensitivity to the scalar mass is determined by the uncertainty
with which the dispersive parameter β can be measured.

The scalaron mass ms in viable f (R) theories can depend on the background curvature
and on the local matter density, particularly in models exhibiting chameleon screening.
Consequently, the mass scale relevant for GW propagation may differ from the effective
scalar mass in the environment of the source or in the local Universe. The effective scalar
masses of some investigated f (R) models span a broad range of values, as already illus-
trated in [29]. The experimental constraints obtained from other observations are on the
order of 5.5 × 10−16 eV [31]. The projected GW sensitivity considered here should therefore
be interpreted as a probe of the parameter region in which the scalaron is sufficiently light
to induce an observable dispersive modification of the GW phase, rather than as a direct
exclusion limit applicable to all viable f (R) models.
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For such a mass, the scalar mode is highly relativistic throughout the frequency band
of ground-based detectors. Indeed, the corresponding Compton frequency,

fs =
msc2

h
, (115)

is approximately
fs ≃ 10−1 Hz (ms ∼ 5.5 × 10−16 eV) . (116)

Although this Compton frequency lies below the main sensitive band of ground-based
detectors, the corresponding scalar mode remains highly relativistic and can still produce
measurable dispersive-phase corrections over long propagation distances. The relevant
observable is therefore not the threshold frequency of the scalar mode itself but the accu-
mulated frequency-dependent phase deformation induced during propagation.

The sensitivity to the scalar mass is consequently determined by the accuracy with
which the network can measure β. The two detector configurations considered in this
work affect this sensitivity through their different geometrical information and parameter
degeneracies. In particular, a geographically separated double-L configuration can provide
stronger timing and geometrical information than a compact triangular configuration, po-
tentially reducing degeneracies between the dispersive parameter and extrinsic parameters
such as the source position and propagation delays.

For the same source and under otherwise identical assumptions, the characteristic
scalar-mass scales approximately satisfy

m(2L)
s

m△
s

≃

σ
(2L)
β

σ△
β

1/2

=
√

Rβ . (117)

Thus, an improvement in the marginalized measurement of β translates into an extension
of the scalar-mass region accessible through dispersive propagation. If the double-L
configuration reduces the uncertainty on β by a factor

λ =
σ△

β

σ
(2L)
β

> 1 , (118)

the corresponding characteristic scalar-mass scale improves by a factor
√

λ.
The double-L configuration is therefore expected to be particularly advantageous

in the portion of the viable f (R) parameter space where the scalar degree of freedom
is sufficiently light to generate a measurable dispersive phase correction, but where the
effect is partially degenerate with geometrical delays and other extrinsic properties of the
source. The triangular configuration, while providing a different geometrical response
and a compact detector topology, remains particularly valuable when the scalar degree of
freedom produces an observable additional polarization, since its multiple interferometric
data streams and complementary antenna responses can improve the reconstruction of the
accessible polarization subspace. The relative performance of the two configurations is
therefore expected to depend on the specific observable used to constrain the scalar degree
of freedom.

The sensitivity to viable f (R) models is consequently intrinsically multidimensional.
It depends on the scalar mass, the source luminosity distance, the corresponding redshift,
the signal-to-noise ratio, the chirp mass, the source position and orientation, the detector
response, and the correlations among the waveform parameters. In particular, the sky
location affects both the antenna-pattern functions and the geometrical time delays so that
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the relative performance of the triangular and double-L configurations is expected to vary
across the sky. The present calculation should therefore be regarded as a distance-dependent
phenomenological Fisher estimate rather than as a full population-averaged forecast.

We estimate the projected sensitivity to the scalar mass ms by performing a distance-
dependent Fisher analysis for compact-binary inspirals. The calculation is performed on a
logarithmic luminosity–distance grid DL ∈ [10, 3000]Mpc. For each luminosity distance,
the corresponding source redshift is calculated by numerically inverting the luminosity-
distance relation in the adopted flat ΛCDM cosmology. This redshift is then propagated
into the dispersive phase through the factor (1 + z)−1. In the Fisher analysis adopted here,
the dispersive phase is parametrized as

δΨ( f , z) = β F( f , z) , (119)

where
F( f , z) =

1
4π (1 + z)

f−1 . (120)

The factor (1 + z)−1 accounts for the cosmological redshift dependence of the observed
frequency-dependent dispersive correction. Thus, even though the parameterization is
written in terms of the distance D entering the definition of β, the phase response also
depends explicitly on the source redshift z. In the present calculation, the source redshift
is obtained as a function of the luminosity distance, z = z(DL), by numerically inverting
the luminosity–distance relation in a flat ΛCDM cosmology with H0 = 70 km s−1 Mpc−1,
Ωm = 0.3, ΩΛ = 0.7. The redshift dependence is therefore included directly in the
Fisher integrand entering separately through the phase factor F( f , z) and is not treated
as an independent free parameter in the simplified distance-dependent calculation. This
formulation makes explicit that the sensitivity to β is controlled simultaneously by the
source distance, the chirp mass, the detector noise spectrum, and the redshift-dependent
dispersive phase response.

The two representative binary neutron-star systems considered in the calculation are
1.4 + 1.4 M⊙ and 2.0 + 2.0 M⊙. The corresponding chirp masses are computed explicitly
from the component masses. The choice of coalescing masses is deliberately restricted to
binary neutron stars, since the scalar charge of BHs is expected to vanish or be strongly
suppressed in the class of theories considered here by the no-hair theorem, whereas neutron
stars can carry an effective scalar charge and may therefore provide stronger constraints
on ms.

For the frequency-domain inspiral waveform, the Fisher information associated with
the dispersive parameter is written as

Γββ(D,Mc) = 4
∫ |F( f , z)|2|h̃( f , Mc, D)|2

Sn( f )
d f , (121)

where the Newtonian inspiral amplitude scales as

|h̃( f )| ∝
M5/6

c
D

f−7/6 . (122)

The full numerical calculation evaluates this integral using the frequency-dependent wave-
form amplitude and the adopted reference power spectral density. In particular, the disper-
sive phase dependence is included explicitly through F( f , z) rather than being represented
only by an overall signal-to-noise ratio scaling.

The resulting Fisher element is then converted into the effective marginalized uncer-
tainty. In the present simplified Fisher model, these effects are represented phenomenologi-
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cally through a configuration-dependent effective correlation factor rβ(D) and a geometrical
calibration factor κgeom. The resulting effective uncertainty on β is modeled as

σ
(X)
β (D,Mc) =

κ
(X)
geom√

Γ(X)
ββ

[
1 − r(X)

β (D)
] , X = △, 2L , (123)

where the geometrical calibration factors are chosen considering the averaged parameter
Rβ obtained in the previous section. This expression explicitly separates the information
supplied by the frequency-domain waveform and the detector noise from the effective
degradation or improvement associated with parameter correlations and network geometry.
This treatment is motivated by the fact that the precision with which β is measured is not
determined solely by the instrumental noise level. A network with a more favorable
geometry can constrain the extrinsic properties of the source more efficiently, thereby
reducing the degeneracy between a dispersive propagation effect and other parameters
entering the waveform.

Away from the boundary ms = 0, standard error propagation gives

σms ≃
σβ

2msD
. (124)

For the projected sensitivity curves discussed below, we impose a nominal threshold on the
measurable dispersive parameter and infer the corresponding characteristic scalar-mass scale:

βmin = kσβ , k = 3 , (125)

which gives

mmin
s (D) =

√
k σβ

D
. (126)

The resulting quantity should therefore be interpreted as a characteristic sensitivity scale
for the smallest dispersive scalar mass that could produce a phase correction at the adopted
significance threshold rather than as a universal upper or lower bound on the scalaron mass.

An important consequence of this combined treatment is that the sensitivity to ms

degrades monotonically with increasing source distance. Although a longer propagation
baseline would, in principle, enhance the accumulated dispersive phase, this effect is exactly
compensated by the corresponding loss of signal-to-noise ratio, since the GW amplitude
decreases as D−1

L . In the present Fisher model, the uncertainty on β scales as σβ ∝ DL(1+ z),
so that the two effects cancel in the ratio entering mmin

s (Equation (126)). The residual
degradation of the projected scalar-mass sensitivity with distance is therefore driven entirely
by the cosmological redshift factor (1 + z)−1 entering the dispersive phase response.

The resulting curves in Figure 5 indicate that future ground-based GW observations
may improve the constraints on ms with respect to existing observational limits [30,31],
potentially by a substantial factor depending on the source population and detector con-
figuration. The precise improvement should not, however, be interpreted as a universal
property of the detector topology. It depends on the assumed reference PSD, the source
distance and redshift, the binary masses, the sky location and orientation, and the treatment
of parameter correlations. Within the simplified phenomenological model adopted here,
the double-L configuration provides a systematically improved marginalized measurement
of β relative to the triangular configuration. Because the scalar-mass scale depends on the
square root of the uncertainty on β, the corresponding improvement in the accessible ms

scale is less pronounced than the improvement in σβ itself. The numerical ratio between the
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two configurations should therefore be interpreted as a forecast of their relative sensitivity
under the adopted phenomenological assumptions. From Equation (117) and the results
obtained in the previous section, it is possible to compute the ratio m(2L)

s /m△
s =

√
Rβ ≃ 0.9,

finding an averaged systematic improvement of nearly ∼ 8− 10% on the scalaron mass con-
straint obtained by the double-L configuration compared with the triangle layout, as visible
in Figure 5.

Figure 5. Projected scalaron-mass sensitivity for binary neutron-star mergers as a function of lumi-
nosity distance and component masses. The sensitivity is obtained from a distance-dependent Fisher
analysis including the redshift dependence of the dispersive phase and configuration-dependent
parameter correlations. The different geometrical performance is modeled through the effective
correlation terms and the performance ratio Rβ.

The definitive comparison would require a full network Fisher parameter-estimation
analysis incorporating the complete detector geometry, antenna responses, sky localization,
polarization content, distance uncertainty, and a cosmologically consistent treatment of the
dispersive propagation kernel.

6. Conclusions
Since viable f (R) theories still admit regions of parameter space that are not excluded

by current observations, gravitational-wave observations with third-generation detectors
provide a unique opportunity to probe additional gravitational degrees of freedom. In this
work, we investigated the observational signatures associated with the massive scalar
mode predicted by viable f (R) models, considering both propagation and generation
effects, including dispersive phase modifications and scalar-tensor arrival-time differences.
We developed a unified waveform framework incorporating these effects through the
dispersive parameter β = m2

s D, providing a direct connection between GW observations
and the scalaron mass ms.

We developed an analytical Fisher-information framework to investigate how detec-
tor geometry affects the estimation of modified-gravity parameters. By expressing the
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marginalized uncertainty on β through the Schur complement, we explicitly separated the
intrinsic dispersive information from the loss of information associated with correlations
with extrinsic parameters. We showed that the advantage of geographically separated
detector networks originates from the enhancement of geometrical time-delay information
and the improved conditioning of the extrinsic-parameter sector. In particular, the lo-
calization Fisher information scales approximately as Γsky ∝ L2, although the resulting
improvement in the marginalized constraint on β is more moderate because it depends on
the complete covariance structure of the network.

Our simulations quantify the complementary performance of the two detector ar-
chitectures considered in this work. Our results show that the relative performance of
the two detector configurations is event-dependent: neither layout is uniformly superior,
as their relative performance depends on the specific sky position and source orienta-
tion of each event, with one configuration outperforming the other for some events and
underperforming for others. Consequently, a meaningful comparison between the two
architectures can only be drawn from their ensemble-averaged performance across the
full population of simulated events. The geographically separated double-L configuration
provides constraints on the dispersive parameter β that are on average approximately
∼ 15% tighter than those obtained with the triangular configuration. This improvement is
a consequence of the enhanced timing and sky-localization information provided by the
∼ 103 km baselines, which help disentangle dispersive propagation effects from correla-
tions with extrinsic parameters. As a consequence, in posing constraints on the scalaron
mass ms , the double-L layout outperforms the triangle configuration by nearly 8–10%.
Conversely, the triangular configuration performs better in the reconstruction of additional
polarization modes, providing constraints that are on average approximately ∼ 15% tighter
than those obtained with the double-L network. This complementary behavior reflects
the different physical mechanisms governing the two observables: propagation effects are
primarily sensitive to geometrical timing information, whereas polarization reconstruction
depends on the rank and conditioning of the antenna-pattern response.

The accessible mass range depends on the source distance, detector sensitivity, wave-
form model, and frequency range over which the dispersive correction is measurable. Our
results indicate that a future third-generation detector such as the ET can improve the ex-
perimental constraints on the scalaron mass ms depending on the configuration considered.
If implemented in a geographically separated double-L configuration, the detector can
obtain the best experimental results for dispersive-propagation constraints on ms.

Overall, our results show that the optimal detector configuration depends on the target
modified-gravity observable. Geographically separated double-L networks are particularly
advantageous for propagation-based tests of scalar degrees of freedom and for constraining
the scalaron mass, while triangular configurations remain competitive, and can be superior,
for the reconstruction of additional polarization modes. This complementarity is especially
relevant because different regions of the modified-gravity parameter space may leave
their dominant signatures through accumulated dispersive propagation, scalar-tensor
arrival-time effects, or additional polarization content. In particular, very light scalar
fields can produce measurable dispersive effects accumulated over cosmological distances,
whereas scenarios with appreciable scalar radiation or breathing polarization may be better
constrained through the polarization response of the detector network.

Finally, multiband observations combining third-generation ground-based detectors
with space-based observatories such as LISA could provide complementary information
on the binary evolution over a broader frequency range, potentially reducing correlations
between astrophysical and modified-gravity parameters and further improving the con-
straints on additional gravitational degrees of freedom. More generally, our analytical
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framework provides a physically motivated basis for interpreting the role of detector geom-
etry in tests of gravity beyond General Relativity and for optimizing future GW detector
networks according to the specific signatures of modified gravity.
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