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Abstract

We study a support-based notion of fuzzy density together with fuzzy weight in Lowen
fuzzy topological spaces. Two equivalent descriptions of the density invariant are con-
sidered: one based on supports of fuzzy sets meeting every nonzero fuzzy open set and
the other on ordinary subsets meeting every nonzero fuzzy open set in a positive degree.
The invariant is characterized by the ordinary density of the associated support topology.
This representation is used to distinguish results transferred from ordinary topology from
phenomena that retain membership-level information. We show that the supports of a
fuzzy base form an ordinary base for the support topology, yielding a structural comparison
between ordinary weight and fuzzy weight. For surjective fuzzy continuous and fuzzy
open mappings, the fiber-cardinality estimate is shown to be sharp, while a counterexample
demonstrates that fuzzy openness cannot in general be omitted from the reverse estimate.
We also construct two Lowen fuzzy topologies with the same support topology and the
same support-based fuzzy density but different fuzzy weights, with genuinely non-crisp
membership functions playing an essential role in one of them. Applications to finite
products, group quotients and fuzzy symmetric powers are obtained, and the density and
weight of lower-semicontinuous Lowen fuzzy topologies are computed.

Keywords: Lowen fuzzy topology; support-based fuzzy density; support topology; fuzzy
weight; fuzzy open mapping; group quotient; fuzzy symmetric power

1. Introduction

The theory of fuzzy sets was initiated by Zadeh in [1] and subsequently developed in
several directions. Chang introduced fuzzy topological spaces in [2], replacing ordinary
open subsets by functions with values in the unit interval. Lowen later proposed a stronger
version of fuzzy topology in which every constant fuzzy set is open [3]. This additional
requirement makes Lowen fuzzy topological spaces particularly suitable for categorical
constructions and for fuzzy analogues of classical topological results.

Fundamental constructions in Lowen fuzzy topology, including initial and final fuzzy
topologies, products, quotients and compactness, were studied in [3-5]. Related product
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and quotient theorems were obtained by Wong and by Pu and Liu [6,7]. Further develop-
ments concerning convergence, uniform structures, neighbourhood systems and the role of
constant fuzzy sets can be found in [8-11].

Cardinal invariants such as density and weight are basic tools in classical topology.
They measure, respectively, the minimum size of a dense subset and the minimum size of a
base. Their properties and relations form an important part of general and set-theoretic
topology; see [12-14]. Related cardinal properties have also been investigated for spaces
arising from probability-measure and semiadditive-functional constructions [15,16]. It is
therefore natural to study analogous cardinal characteristics in Lowen fuzzy topological
spaces, where the open objects are fuzzy sets rather than ordinary subsets. In several frame-
works in the broader fuzzy-topological literature, fuzzy dense sets are defined through
closure conditions of the form cl(A) = 1; such notions are used, for example, in the
study of fuzzy Baire and resolvability phenomena [17]. Related closure-based dense and
nowhere-dense phenomena continue to be used in more recent work on fuzzy resolvability
and irreducibility properties [18]. Recent work on fuzzy metric structures likewise illus-
trates the continuing interaction between fuzzy structures and their associated topological
properties [19].

The present paper is mainly devoted to a support-based notion of fuzzy density
formulated specifically for Lowen fuzzy topological spaces. There are two natural ways
to describe this invariant. One may use ordinary subsets meeting every nonzero fuzzy
open set in a positive degree, or one may use supports of fuzzy sets meeting every nonzero
fuzzy open set. We prove that these approaches determine the same cardinal invariant.
We then associate with every Lowen fuzzy topology an ordinary support topology and
show that the invariant is completely determined by the ordinary density of this associated
topology. Consequently, the precise positive membership grades are deliberately forgotten
by this invariant. This makes the present notion different in purpose from closure-based
fuzzy-density concepts: it is not proposed as a replacement for them, but as a cardinal
invariant of the ordinary topological information detected by supports. Accordingly, the
proposed invariant is intentionally support-sensitive rather than membership-sensitive and
should be understood as complementary to, rather than competing with, closure-based
fuzzy-density concepts.

We next investigate the behavior of support-based fuzzy density under subspaces
and mappings. We prove that support-based fuzzy density is monotone for open fuzzy
subspaces, while it need not be hereditary for arbitrary fuzzy subspaces. We also show
that it does not increase under surjective fuzzy continuous mappings. For surjective
mappings which are additionally fuzzy open, we obtain a reverse estimate depending on
the cardinalities of their fibers. In particular, support-based fuzzy density is preserved by
such mappings with countable fibers.

These mapping results are applied to finite products and orbit-space constructions. We
establish a finite-product formula for support-based fuzzy density and obtain two-sided
estimates for the support-based fuzzy density of a quotient arising from a group action
by fuzzy homeomorphisms. The estimates depend on the cardinalities of the orbits and
yield density preservation whenever all orbits are countable. In particular, support-based
fuzzy density is preserved under finite group quotients. The corresponding result for fuzzy
symmetric powers follows as a consequence. In the classical setting, cardinal properties
associated with finite symmetric-power constructions have also been investigated in [20].
Fuzzy symmetric power functors and fuzzy weight were previously studied in [21]; in
the present paper, symmetric powers serve only as an application of the more general
density results.
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The final part of the paper concerns the relation between support-based fuzzy density
and fuzzy weight. We prove that support-based fuzzy density does not exceed fuzzy
weight. For the Lowen fuzzy topology consisting of lower semicontinuous fuzzy sets
associated with an ordinary topological space, we determine both invariants in terms of
their classical counterparts. We also show that fuzzy weight need not decrease under a
surjective fuzzy continuous mapping. In contrast, surjective mappings which are both
fuzzy continuous and fuzzy open do not increase fuzzy weight.

A central purpose of the support-topology representation is to make the source of
each result explicit. Accordingly, the results of the paper fall into two classes. First, the
open-subspace inequality, monotonicity under surjective fuzzy continuous mappings,
and the finite-product density formula are support-determined transfers of classical
cardinal-function facts once the compatibility of the support topology with subspaces,
mappings and products has been established. Second, the fuzzy-base comparison, the
lower-semicontinuous fuzzy-base construction, and the behavior of fuzzy weight retain
membership-level information that is not encoded by supports alone. The fiber-cardinality
theorem occupies an intermediate position: its cardinal mechanism is support-topological,
whereas its hypotheses are formulated through fuzzy continuity, fuzzy openness, and the
fuzzy direct-image operation. The non-crisp example in Section 5 makes the support-versus-
membership distinction explicit by keeping the support topology and the support-based
density fixed while changing the fuzzy weight.

2. Preliminaries

In this section we recall the basic notions of Lowen fuzzy topology and the construction
of fuzzy products, quotient spaces and symmetric powers. Throughout the paper, we write

I=10,1].
For a set X, let X denote the family of all maps from X to I.
Definition 1 ([3]). A Lowen fuzzy topology on a set X is a family
scrX
satisfying the following conditions:

1. every constant fuzzy set

belongs to S;
2. Sis closed under arbitrary pointwise suprema;
3. S is closed under finite pointwise infima.

The pair (X, S) is called a Lowen fuzzy topological space. The members of S are called
fuzzy open sets.

The constant fuzzy sets ¢y and c; will be denoted simply by 0 and 1, respectively.
Definition 2 ([3]). Let (X, Sx) and (Y, Sy) be Lowen fuzzy topological spaces. A mapping
f:X—Y

is called fuzzy continuous if

pofeSx

https://doi.org/10.3390/sym18091517


https://doi.org/10.3390/sym18091517

Symmetry 2026, 18, 1517

40f33

for every u € Sy.

Definition 3 ([21]). Let (X, S) be a Lowen fuzzy topological space and let A C X. The induced
fuzzy topology on A is defined by

Sla={pla:peS}

The fuzzy topological space
(A, S]a)

is called the fuzzy subspace of (X, S) determined by A.
Definition 4 ([3]). Let (X, S) be a Lowen fuzzy topological space. A subfamily
BCS
is called a fuzzy base for S if, for every u € S, there exists a subfamily
B, C B
such that
p=\/ v
veB,
For an ordinary topological space (X, T), we use the notation
d(X,7) =min{|D| : D C Xisdensein (X, 1)}
for its ordinary density, and
w(X,T) = min{|B| : Bis abase for (X, 1)}

for its ordinary weight.
Throughout the paper, w denotes the first infinite cardinal. All expressions of the form
w + « are cardinal sums; hence

w +x = max{w, x}.

This normalization treats finite and countable values uniformly and ensures that the fuzzy
cardinal invariants considered below are infinite cardinals.

Thus, unlike the fuzzy invariants used in this paper, the classical cardinals d(X, ) and
w(X, T) are written without adjoining the cardinal w. Accordingly, the formulas

de (X, L(7)) = w+d(X,7)

and
ws(X, L(1)) = w+w(X,T)

remain valid for both finite and infinite classical cardinal values.
We next recall the fuzzy product construction. Let n > 1 and let

(X1,81), -+, (X, Sn)
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be Lowen fuzzy topological spaces, and let
n
X=]Ix.
i=1
Foreachi € {1,...,n}, denote by
7w X — X
the i-th coordinate projection.

Definition 5 ([4,6,7]). The fuzzy product topology on X, denoted by

n
XS,
i=1
is the smallest Lowen fuzzy topology on X containing every coordinate pullback
Hio T, wiesS;, 1<i<n.

The resulting fuzzy topological space is denoted by

n

H(Xi/ Sl)

Proposition 1. The family

BH:{/\(#iOﬂi)iﬂiESi, 1§i§n}

Proof. By definition, the product fuzzy topology is generated by the family of all
coordinate pullbacks
}41' [e] 7'[1‘.

Therefore, every member of the product fuzzy topology is an arbitrary pointwise supremum
of finite pointwise infima of such pullbacks.

Since each S; is closed under finite pointwise infima, every finite infimum of coordinate
pullbacks can be written in the form

>=

(l’li o 7Ti)/

i=1

where coordinates not occurring in the original finite infimum are represented by the
constant fuzzy set 1. Hence, every fuzzy open set in the product is a supremum of members
of By, and therefore Byy is a fuzzy base. [

We shall also use quotient fuzzy topologies.
Definition 6 ([4]). Let (X,S) be a Lowen fuzzy topological space and let

g: X—Y

https://doi.org/10.3390/sym18091517
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be a surjective mapping. The quotient fuzzy topology on Y induced by q is the family
Sq:{velyzvquS}.

The fuzzy topological space

is called the fuzzy quotient space of (X, S) determined by q.
The family S; is a Lowen fuzzy topology, and the mapping
7:(X,8) — (¥, S)

is fuzzy continuous and surjective.
We now recall the construction of fuzzy symmetric powers.

Definition 7 ([21]). Let (X, S) be a Lowen fuzzy topological space and let n > 1. Let &, be the
symmetric group on {1,...,n}, acting on X" by coordinate permutations.
The n-th symmetric power of X is the orbit space

SP"(X) = X" /&,

The orbit of a point
(x1,...,%,) € X"
is denoted by
[x1, ..., Xn].
Let

gn : X" — SP*(X), Gn(X1, .-, Xn) = [x1, ..., Xn),
be the canonical orbit mapping. We endow SP" (X) with the quotient fuzzy topology

Ox = {1/ e 15P"(X) ivogy € S®”},

where
S -—8®.-.-08
~——

N
n times

is the n-fold fuzzy product topology on X".
The Lowen fuzzy topological space

SPfyuy (X,S) = (SP"(X), Q)
is called the n-th fuzzy symmetric power of (X, S).
By the definition of the quotient fuzzy topology, the canonical mapping
an : (X", 8%") — (SP"(X), Qx)
is fuzzy continuous and surjective.

3. Support-Based Fuzzy Density and Support Topology

In this section we introduce and study support-based fuzzy density in Lowen fuzzy
topological spaces. Since fuzzy open sets are functions rather than ordinary subsets, density

https://doi.org/10.3390/sym18091517
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can be described in two natural ways: by ordinary subsets of the underlying set and by
supports of fuzzy dense sets. We first prove that these two approaches determine the same
cardinal invariant.

Definition 8. Let (X, S) be a Lowen fuzzy topological space. A subset A C X is called crisp
fuzzy dense if, for every nonzero fuzzy open set

ueS\{0},

there exists a point x € A such that
u(x) > 0.

The crisp fuzzy density of (X, S) is defined by
def(X,S) = w+min{|A| : A C Xis crisp fuzzy dense in (X, S) }.

Definition 9. Let (X, S) be a Lowen fuzzy topological space. A fuzzy set v € 1% is called fuzzy
dense if

uAv#0

for every nonzero fuzzy open set
ne S\ {0}
The support of v is defined by
supp(v) = {x € X :v(x) > 0}.
The support-based fuzzy density of (X, S) is defined by
de(X,8) =w +min{| supp(v)| : v € IX is fuzzy dense in (X,S)}.
Proposition 2. Let (X, S) be a Lowen fuzzy topological space. Then
df(X,S) = d(X,S).

Proof. Put
Kkef = min{|A| : A C X is crisp fuzzy dense in (X, S)}

and
Kf= min{| supp(v)| : v € IX is fuzzy dense in (X,S)}.

Let A C X be crisp fuzzy dense. We show that its characteristic function x 4 is fuzzy
dense. Let

peS\{0}.

Since A is crisp fuzzy dense, there exists x € A such that
u(x) > 0.

Since x4 (x) = 1, we have
(n A xa)(x) = p(x) > 0.
Hence
uAxa #0,

https:/ /doi.org/10.3390/sym18091517
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and therefore x 4 is fuzzy dense. Moreover,

supp(xa) = A.

Consequently,
K f < Ke f-

Conversely, letv € 1 X be fuzzy dense. We show that

supp(v)
is crisp fuzzy dense. Let
ne S\ {0}
Since v is fuzzy dense,
uAv # 0.

Thus there exists x € X such that

Therefore
x € supp(v)

and p(x) > 0. Hence supp(v) is crisp fuzzy dense, and thus
ch S Kf.

It follows that
K f= K¢ f-

Therefore,
df(X,S) = w+xp=w+rKy=ds(X,S5).

O

In view of Proposition 2, the fuzzy and crisp notions of density determine the same
cardinal invariant. Therefore, in what follows we use the notation

d 3 (X,S)
for their common value.

Definition 10. A Lowen fuzzy topological space (X, S) is called fuzzy separable if it contains a
countable crisp fuzzy dense subset. Equivalently,

df(X,S) = w.

The following construction describes the ordinary topological structure detected by
support-based fuzzy density.

Proposition 3. Let (X, S) be a Lowen fuzzy topological space. Then the family

Tsupp(S) = {supp(p) : p € S}

is an ordinary topology on X.

https:/ /doi.org/10.3390/sym18091517
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Proof. Since

supp(0) = &
and

supp(1l) = X,

the family Tsupp(S) contains both @ and X.
Let {pj:j €]} CS. Since S is closed under arbitrary pointwise suprema,

\/ Hj € S.
j€]
Moreover,
supp | \/ p5 | = U supp()).
i€l j€J
Hence Tgupp (S) is closed under arbitrary unions.
Now let #,v € S. Since S is closed under finite pointwise infima,

uhves.

Furthermore,
supp(p A v) = supp(u) Nsupp(v).

Thus Tsupp (S) is closed under finite intersections.
Therefore Tgypp (S) is an ordinary topology on X. [

We call Tsupp (S) the support topology associated with (X, S). For brevity, in the remain-

der of the paper we write
T(S) = Toupp(S).

Remark 1. The sets supp(u) = {x : pu(x) > 0} are the strict zero-level cuts of fuzzy open sets.

Thus the support-topology construction is closely related to the classical theory of level topologies in

fuzzy topology; see, for example, Wuyts [22]. We do not claim that the general idea of extracting

ordinary topologies from level cuts is new. The role of T5(S) here is structural: it identifies exactly

the ordinary topological information detected by the support-based cardinal invariant and allows

that information to be compared with membership-sensitive quantities such as fuzzy weight.

The support-topology construction is compatible with the basic operations used below.

We record the relevant facts explicitly.
Proposition 4. Let (X, S) be a Lowen fuzzy topological space and let A C X. Then
%(S]a) = (5)la-

Proof. Forevery y € S,
supp(p|a) = AN supp(p).

As u ranges over S, the sets on the right-hand side are precisely the members of the

topology induced on A by 7(S). O

Proposition 5. Let

f:(X,8x) — (Y, Sy)

https:/ /doi.org/10.3390/sym18091517
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be fuzzy continuous. Then

(X 7(Sx)) — (Y, 7(Sy))

is continuous.
Proof. For every i € Sy, fuzzy continuity gives y o f € Sx, and
£~ (supp(p)) = supp(p o f).
Thus the inverse image of every member of 7;(Sy) belongs to 7;(Sx). [

Proposition 6. Let n > 1and let (X1,S1),...,(Xn, Sn) be Lowen fuzzy topological spaces. Then

Ts <é Sl> = ﬁTs(Sl‘).
i=1

i=1

Proof. For a basic fuzzy open set

=

B= A(piom), weS,

i=1

we have

supp(B) = ﬁsupp(yi)-

Hence the supports of basic fuzzy open sets form an ordinary base for the product of the
support topologies. By Proposition 1, every fuzzy open set in the product is a supremum
of such basic fuzzy open sets, and its support is the union of their supports. The asserted
equality follows. [

Theorem 1. Let (X, S) be a Lowen fuzzy topological space. Then
df(X,8) = w+d(X,7(S)),
where d (X, 75(S)) denotes the ordinary density of the topological space
(X, %(S5))-

Proof. A subset A C X is crisp fuzzy dense in (X, S) if and only if, for every nonzero
u € S, there exists x € A such that
u(x) > 0.

This condition is equivalent to
ANsupp(p) # &

for every nonempty member

supp(p) € 7(S).

Hence A is crisp fuzzy dense in (X,S) if and only if A is dense in the ordinary
topological space
(X, %(S)).

Therefore,

min{|A| : A C X is crisp fuzzy dense in (X, S)} = d (X, (S)).

https:/ /doi.org/10.3390/sym18091517
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By Proposition 2, we conclude that
(X, 8) = w+d(X,(S)).
O

The representation theorem separates support-determined information from membership-
level information. In the next section, whenever a hypothesis on a fuzzy construction induces
the corresponding ordinary hypothesis on the support topologies, we explicitly use the
relevant classical cardinal argument rather than regarding the transferred statement itself
as a new classical theorem in fuzzy notation.

Corollary 1. A Lowen fuzzy topological space (X, S) is fuzzy separable if and only if the ordinary
topological space

(X, %(S))

is separable.

4. Subspaces, Mappings, Products and Quotients

We now study the behavior of support-based fuzzy density under subspaces, map-
pings, products and quotient constructions.
In classical topology, density is monotone with respect to open subspaces:
d(A) < d(X)

whenever A is an open subspace of X. We establish the analogous property for support-
based fuzzy density under the more general assumption that the underlying subset is open
in the support topology. Since openness in a fuzzy topological space is described by fuzzy
open sets, we first recall the corresponding notion of an open fuzzy subspace.

Definition 11. Let (X, S) be a Lowen fuzzy topological space and let A C X. The fuzzy subspace
(A, 8]4)

is called an open fuzzy subspace of (X, S) if
Xa €S,

where

(x) 1, xe€A,

X) =

M 0, x¢A

Theorem 2. Let (X, S) be a Lowen fuzzy topological space and let A C X. If
A € %(S),

then
df(A,8|A) < df(X,S).

Proof. By Proposition 4,
%(Sla) = (S)]a-

https://doi.org/10.3390/sym18091517
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Since A is open in 74(S), the ordinary open-subspace inequality gives
Theorem 1 now yields
df(A,S|a) <ds(X,S).
O

Corollary 2. Every open fuzzy subspace (A, S| ) of a Lowen fuzzy topological space (X, S) satisfies
df(A,S|a) < df(X,S).
Proof. If x4 € S, then

A =supp(xa) € &(S).

The assertion follows from Theorem 2. O

The openness assumption in Theorem 2 is essential. The following example shows that
support-based fuzzy density is not hereditary with respect to arbitrary fuzzy subspaces.

Example 1. Let A < « be infinite cardinals. Consider the disjoint sets
C={bs:C <A}, A={a,:a <k},
and put

X=AUC.

Choose a mapping
pix — A

For every a < x, define
Ua = X{awbym)}’
and, for every ¢ < A, define
Vg = X{bg}-
Let S be the smallest Lowen fuzzy topology on X containing all constant fuzzy sets and all fuzzy sets

Uy (a <x) and vz (E<A).

By the definition of the generated Lowen fuzzy topology, every member of S is an arbitrary pointwise
supremum of finite pointwise infima of the specified generators and constant fuzzy sets. This normal
form will be used below.
We first show that
df(X,S) = A

Every nonzero fuzzy set obtained as a finite pointwise infimum of the generators is positive at some
point of C. Indeed, for o, B < x and ¢,y < A, each of

Uy Aug, uy N 0g, and vz Aoy

is either zero or is positive at a point of C. Taking the infimum with finitely many positive constant
fuzzy sets preserves this property, whereas the presence of the constant zero gives the zero fuzzy set.

https://doi.org/10.3390/sym18091517
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Consequently, every nonzero member of S, being a pointwise supremum of such finite infima, is
positive at some point of C. Hence C is crisp fuzzy dense in (X, S). Since A is infinite,

df(X,S) Sw +[Cl = A
Conversely, let D C X be crisp fuzzy dense. Since
ve = X{p} € S\ {0}

for every & < A, there must exist a point x € D such that

vg(x) > 0.
This is possible only when
X = bg
Therefore
CCD,
and hence
ID| > A
It follows that
de(X,S) > A
Thus
df(X,S) = A
Now consider the fuzzy subspace
(A, S|a).
For every a < x, we have
Uala = X{a,}-

Therefore every crisp fuzzy dense subset of (A, S| ) must contain each point a,. Hence the only
crisp fuzzy dense subset of minimal cardinality is A itself, and

df(A,S|A) = w+ |A| =K.

Consequently,
df(A,S|A) =Kk>A= df(X,S)

Moreover, A ¢ T;(S). Indeed, every nonzero member of S is positive at some point of C, and hence
no nonzero member of S has support equal to A. Thus support-based fuzzy density is not hereditary
with respect to arbitrary fuzzy subspaces, and the support-openness assumption in Theorem 2
cannot simply be omitted.

Theorem 3. Let
f1(X,8x) — (Y, Sy)

be a surjective fuzzy continuous mapping between Lowen fuzzy topological spaces. Then

de(Y,Sy) < df(X, Sx).

https://doi.org/10.3390/sym18091517
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Proof. By Proposition 5, f induces a continuous surjection between the associated support
topologies. Hence the ordinary density inequality for continuous surjections gives

Applying Theorem 1 to both spaces yields
df(Y,Sy) <dg(X, Sx).
O

We now obtain a reverse estimate under an additional fuzzy openness assumption.
Let
[+ (X, 8x) — (Y, Sy)

be a mapping. We adopt the standard sup-based direct-image convention for fuzzy sets,
i.e., the usual direct image associated with Zadeh’s extension principle [1]. Thus, for every
u € I%, its direct image
fwer
is defined by
£ =Vt :xefy)}) e

If f~1(y) = @, the supremum is understood to be 0.

Definition 12. A mapping
f: (X/SX) — (YISY)

between Lowen fuzzy topological spaces is called fuzzy open if
fe(u) € Sy

for every p € Sx.

Remark 2. Throughout the paper, “fuzzy open” refers to the preceding direct-image condition.
Other open-mapping notions occur in the fuzzy-topology literature, for example formulations
expressed through level sets or related cut structures; no equivalence with those alternative notions
is asserted here. The feature needed for the present support-based arguments is the identity

supp(fi(p)) = f(supp(p)),
which makes the adopted notion compatible with ordinary openness after passing to support topologies.

Proposition 7. Let
f(X,8x) — (¥, Sy)

be fuzzy open. Then
£ (X w(8x) — (Y, %(Sy))

is an open mapping.
Proof. For every u € Sx, fuzzy openness gives f. () € Sy. Moreover,

supp(f« (1)) = f(supp(n))-

https://doi.org/10.3390/sym18091517
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Indeed, the supremum defining f.(u)(y) is positive if and only if y(x) > 0 for some
x € f~1(y). Hence the image under f of every member of 7;(Sx) belongs to 75(Sy). O

Corollary 3. Let
f(X,8x) — (Y, Sy)

be surjective, fuzzy continuous and fuzzy open. Then
[ (X 7(8x) — (Y, %(Sy))
is a continuous open surjection and therefore a quotient mapping in the ordinary topological sense.

Proof. Continuity follows from Proposition 5, openness from Proposition 7, and surjectivity
is part of the hypothesis. Every continuous open surjection is a quotient mapping. O

Theorem 4. Let
f1(X,8x) — (Y, Sy)

be a surjective fuzzy continuous and fuzzy open mapping between nonempty Lowen fuzzy topological
spaces. Put

x(f) =sup{lf ()] :y € Y}.

Then
df(Y/ SY) < df(X/ SX) < max{df(Y/ SY)/K(f)}

Proof. The first inequality follows immediately from Theorem 3.

By Proposition 7, the underlying mapping between the support topologies is open. We
give the corresponding density argument explicitly in order to retain the fiber-cardinality
estimate.

To prove the second inequality, put

A =min{|D| : D C Y is crisp fuzzy dense in (Y, Sy)}.

Choose a crisp fuzzy dense subset D C Y such that

|ID| = A.
Thus
df(Y,Sy) =w+ A
We show that
f7H(D)
is crisp fuzzy dense in (X, Sx). Let
pe Sx\ {0}
Since f is fuzzy open,
f+(p) € Sy.

Moreover, f,(p) # 0. Indeed, there exists xp € X such that

p(xo) > 0.

Putting
Yo = f(x0),
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we obtain

fe(1)(yo) > p(xo) > 0.

Since D is crisp fuzzy dense in (Y, Sy), there exists y € D such that

fe(u)(y) > 0.

If u(x) = 0 for every x € f~!(y), then the supremum defining f.(x)(y) would be zero.
Therefore there exists x € f~1(y) such that

u(x) > 0.

Since y € D, we have

x € fYD).
Thus f~1(D) is crisp fuzzy dense in (X, Sx).

Furthermore,
f7HD)| < D x(f) = A~ x(f).
Consequently,
df(X,8x) < w +|f (D)

<w+A-x(f)

< max{w, A, x(f)}

= max{df(Y, Sy), x(f)}.

This completes the proof. [

The following example shows that the fiber term in the preceding estimate is genuinely
necessary and that the upper bound can be attained when the fibers are larger than the
density of the range.

Example 2. Let k¥ > w be an infinite cardinal, let Dy be a discrete space of cardinality x, and put
Y =R, X =R x Dy.

Let Ty be the usual topology on R and let Tx = Ty X dx, where Jy is the discrete topology on Dy.
Denote by L(tx) and L(7y) the Lowen fuzzy topologies of all lower semicontinuous I-valued
functions with respect to these ordinary topologies (the Lowen-topology property of this construction
is verified in Proposition 11 below), and consider the projection

p: (X, L(tx)) — (Y, L(1y)), p(t,d) =t

The ordinary projection is continuous, open and surjective. Hence v o p is lower semicontinuous
whenever v € L(Ty), so p is fuzzy continuous. Moreover, if u € L(tx) and r € [0,1), then

{y:p(w)(y) >} =p({x: p(x) > 1}),

which is open because p is an open mapping. Thus p is fuzzy open.
For a topology T, the support topology of L(T) equals T: supports of lower semicontinuous
fuzzy sets are open, while every U € T is the support of xy. Therefore

df(Y,ﬁ(Ty)) = w +d(R) = w.
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On the other hand, every slice R x {d} is a nonempty open subset of X, so every dense subset of X
must meet all x slices. The set Q x Dy is dense, and hence

d(X,tx) =, df(X, L(1x)) = x.
Every fiber of p has cardinality x, so k(p) = «. We therefore obtain
4(X, £(1x)) = 5 = max{d;(¥, £(ry)), x(p)},

with
xk(p) > dp(Y, L(1y)).

Thus the upper estimate in Theorem 4 is sharp.

Remark 3. The fuzzy-openness assumption is also essential for a reverse estimate of this form. Let
|X| =k > w, let Sy = 1%, and let

Sy ={c:tel}
be the Lowen fuzzy topology consisting only of constant fuzzy sets. The identity map
idx : (X,Sx) — (X, Sy)
is surjective and fuzzy continuous, but it is not fuzzy open. Its fibers are singletons, whereas
de(X,Sx)=x  and  df(X,Sy) = w.

Hence
df(X,Sx) £ max{ds(X, Sy),«(idx)} = w.

Thus fuzzy continuity alone cannot yield the reverse inequality from Theorem 4.

Corollary 4. Let
f: (X,Sx) — (Y,Sy)

be a surjective fuzzy continuous and fuzzy open mapping. If
k(f) < dg(Y, Sy),

then
df(X, Sx) = df(Y, Sy).

Proof. By Theorem 4,
de(Y,Sy) < dp(X,Sx) < max{ds(Y,Sy),x(f)}

Since

k(f) < dg(Y,Sy),
the right-hand side is equal to d¢ (Y, Sy). O

Corollary 5. Let
f: (X/SX) — (YrSY)
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be a surjective fuzzy continuous and fuzzy open mapping whose fibers are at most countable, that is,

T Wl<sw  (yeY)

Then
df(X, Sx) = df(Y, Sy).

In particular, the equality holds whenever f is finite-to-one.

Proof. Since dy is w-normalized, the assumption

FWl<w  (yey)
implies
k() < @ < dp(Y, Sy).

The result now follows from Corollary 4. [

Theorem 5. Let n > 1, and let
(Xll 81)/ ey (Xn/ Sn)

be nonempty Lowen fuzzy topological spaces. Then

n
df (E(XZ, 81)) = 112%); df(X,, Sl)
Proof. By Proposition 6, the support topology of the fuzzy product is the ordinary finite
product of the support topologies.
Put
(Si:d(Xi,Ts(Si>), izl,...,n.

For nonempty finite products, the standard density estimates give

n n n
max §; < d(HXi,HTs(Si)> <]]é:
=1 i=1 i=1

1<i<n

where the lower bound follows from the coordinate projections and the upper bound from
the product of dense subsets. After adjoining w, finite cardinal products collapse to the
maximum of the normalized factors. Hence, by Theorem 1,

i=1

n n n
df (H(XZ,SZ)> = w+d<HXirHTS(Si)>
i=1 i=1
= 11'2%Xn{w+51‘}
= maX df(XZISZ)

1<i<n

Thus the formula is a support-topological transfer of the classical finite-product density
estimates together with the w-normalization. [

Corollary 6. Let n > 1, and let

(Xll 81)/ ey (Xn/ Sn)
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be nonempty Lowen fuzzy topological spaces. Then the fuzzy product
n
H(Xil Sl)
i=1
is fuzzy separable if and only if every factor
(Xi, Si)

is fuzzy separable.

Proof. By Theorem 5,
n
df (H(Xi’ Sz)) = 1rnax df(Xir Sz)

<i<n

i=1

Therefore the density of the product is equal to w if and only if
d f (Xi ’ Sz) = w
foreveryi € {1,...,n}. This is equivalent to fuzzy separability of all factors. [

Group Quotients and Symmetric Powers

We now apply the preceding mapping results to orbit spaces arising from group
actions by fuzzy homeomorphisms.

Definition 13. Let (X, S) be a Lowen fuzzy topological space. A bijection
h: X —X
is called a fuzzy homeomorphism if both h and h=! are fuzzy continuous.

Let G be a group acting on (X, S) by fuzzy homeomorphisms. Denote the orbit of
x € Xby

Gx ={g(x): g€ G},

and let
qG:X—>X/G, qG(x):Gx,

be the canonical orbit mapping.
We endow X /G with the quotient fuzzy topology

Qg = {1/ € IX/G:vqu ES}.
Proposition 8. The orbit mapping
9c : (X,8) — (X/G, Qq)
is surjective, fuzzy continuous and fuzzy open.

Proof. Surjectivity is immediate, and fuzzy continuity follows from the definition of the
quotient fuzzy topology.
Let
ues.
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For every x € X, we have

((g¢)+(1) 0 qc)(x) = (q6)«(1)(Gx)
= \/{u(z) :z € Gx}
=\ ug(x)).

geG

Therefore,

(q6)«(w)oqc =\ (nog).
geG

Since every ¢ € G is a fuzzy homeomorphism,
puog €S.
Because S is closed under arbitrary pointwise suprema, it follows that

(96)«(n) o qc € S.

Hence

(96)+(p) € Qe
Thus g is fuzzy open. O

For the action of G on X, put
kg(X) = sup{|Gx| : x € X}.

Theorem 6. Let a group G act on a nonempty Lowen fuzzy topological space (X, S) by fuzzy
homeomorphisms. Then

df(X/G, Q) < df(X,S) < max{df(X/G, QG),KG(X)}.
Proof. By Proposition 8, the orbit mapping
qc : (X,8) — (X/G, Qq)

is surjective, fuzzy continuous and fuzzy open. Hence, by Corollary 3, the induced map
between the support topologies is an ordinary quotient mapping.
For every orbit Gx € X/G, we have

75" (Gx) = Gx.
Consequently,
x(q96) = sup{ 195" (Gx)| : Gx € X/G} = k6 (X),

The required inequalities now follow from Theorem 4. [

Corollary 7. Let a group G act on a nonempty Lowen fuzzy topological space (X, S) by fuzzy
homeomorphisms. If
KG(X) <dp(X/G, Qq),

then
df(X/G, Qg) = df(X,S).
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Proof. This follows immediately from Theorem 6. [J

Corollary 8. Let a group G act on a nonempty Lowen fuzzy topological space (X, S) by fuzzy
homeomorphisms. If every orbit of the action is countable, then

df(X/G,Qq) = ds(X,S).
Proof. Since every orbit is countable,
xg(X) < w.

On the other hand,

Therefore
k6(X) < dp(X/G,Qq),

and the result follows from Corollary 7. [

Corollary 9. Let a finite group G act on a nonempty Lowen fuzzy topological space (X, S) by
fuzzy homeomorphisms. Then

d¢(X/G,Qc) = ds(X,S).

Proof. Every orbit of a finite group action is finite. Hence, the result follows from
Corollary 8. O

As an application, we obtain the density preservation theorem for fuzzy symmetric powers.
Corollary 10. Let (X, S) be a nonempty Lowen fuzzy topological space and let n > 1. Then
A (SPhyy (X,S)) = df(X,S).
Proof. The symmetric group &, acts on
(X", S®m)

by coordinate permutations. Every coordinate permutation is a fuzzy homeomorphism,
since it merely permutes the generators

ot

of the product fuzzy topology.
Therefore, Corollary 9 gives

df(SPhusy(X,S)) = dg (X", S%").

By Theorem 5,
df(X”,S®”) = df(X,S).

Combining these equalities yields the result. [
Corollary 11. Let (X, S) be a nonempty Lowen fuzzy topological space and let n > 1. Then (X, S)

is fuzzy separable if and only if
SPl?uzzy(X' S)
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is fuzzy separable.
Proof. This follows immediately from Corollary 10. [

5. Fuzzy Weight and Mapping Properties

We now turn to fuzzy weight and its relation to support-based fuzzy density. The
version of fuzzy weight used below was studied in [21].

Definition 14. Let (X, S) be a Lowen fuzzy topological space. The fuzzy weight of (X, S) is
defined by
we(X,S) = w+ min{|B| : Bis a fuzzy base for (X,S)}.

Since the definition contains the term w, we always have
wr(X,S) > w.
Proposition 9. Let (X, S) be a Lowen fuzzy topological space and let B be a fuzzy base for S. Then
Bs = {supp(v) : v € B}
is an ordinary base for T5(S). Consequently,
w+w(X,%(S)) <wp(X,S).

Proof. Forevery u € S, choose B, C B such that

p=\ v

veBy,
Taking supports gives
supp(p) = (J supp(v).

veBy,

Thus every member of 7,(S) is a union of members of B;, so Bs is an ordinary base. Since
|Bs| < |B|, minimizing over fuzzy bases yields the stated inequality after adjoining w. [

This proposition records precisely the information retained from a fuzzy base after
passing to supports: the ordinary support topology cannot require a larger normalized
base than the original fuzzy topology.

Definition 15. A Lowen fuzzy topological space (X, S) is called fuzzy second countable if it has
a countable fuzzy base. Equivalently,

wr(X,S) = w.
The following hereditary property of fuzzy weight was established in [21].
Proposition 10. Let (X, S) be a Lowen fuzzy topological space and let A C X. Then
we(A,S|a) S wp(X,S).

We next establish the standard relation between support-based fuzzy density and
fuzzy weight.
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Theorem 7. Let (X, S) be a nonempty Lowen fuzzy topological space. Then
Proof. By Theorem 1, the classical inequality d < w, and Proposition 9,

df(X,S) = w+d(X,%(S))
<w+w(X, %(S))

O
Corollary 12. Every nonempty fuzzy second countable Lowen fuzzy topological space is fuzzy separable.
Proof. If (X, S) is fuzzy second countable, then
wr(X,S) = w.

By Theorem 7,
w<df(X,S) Swe(X,S) = w.

Hence
df(X,S) =w,

so (X, S) is fuzzy separable. [

The next example shows that support-based density can completely ignore membership-
level complexity that is nevertheless detected by fuzzy weight. It also shows explicitly that
two Lowen fuzzy topologies may have the same support topology and the same support-
based fuzzy density while being cardinally different as fuzzy structures.

Example 3. Let X be a set of cardinality x > w. Define
SOI{CtZtGI},

the Lowen fuzzy topology of all constant fuzzy sets. For each x € X, define the genuinely non-crisp
fuzzy set uy € IX by
1, y=x
ux(y) =
{é, y#x.

Let Sy be the smallest Lowen fuzzy topology containing all constant fuzzy sets and all uy, x € X.

Every nonzero member of either Sy or Si has full support X. Indeed, every nonzero finite
infimum of positive constants and the generators uy is positive at every point, and arbitrary suprema
preserve this property. Therefore

7(S0) = w(Sk) = {2, X}.

By Theorem 1,
df(X,So) = df(X,SK) = w.

The rational constants form a countable fuzzy base for Sy (by approximation from below), so

ZUf(X,SQ) = w.
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For S, consider
Bi ={c;:9€QnN0,1]}U{c;Aur:xe€ X, geQn(1/21]}.

Finite infima of two distinct generators uy and uy equal the constant ¢y /5, while a finite infimum
involving only one such generator has the form c; A uy. Rational approximation from below therefore
shows that every member of Sy is a supremum of members of By. Hence

ZUf(X, SK) < K.

Conversely, let B be any fuzzy base for Si. For each x € X, the representation of uy as a
supremum of members of B yields some by € B such that

by < uy and by(x) >

If x # y and by = by, then
by <ux ANuy =cq/,

contradicting by(x) > 1/2. Thus x — by is injective, so |B| > «. Consequently,
we(X,S) = «.

We have therefore constructed two Lowen fuzzy topologies with the same support topology and the
same support-based fuzzy density but with

wr(X,Sy) = w < x =ws(X, S).

This demonstrates directly that fuzzy weight can retain membership-level information that is
invisible to support-based density.

We next relate support-based fuzzy density and fuzzy weight to the corresponding
classical cardinal invariants.
Let (X, T) be an ordinary topological space. Denote by

L(T)
the family of all lower semicontinuous fuzzy sets on X, that is,
L(t)= {y eI {xeX:u(x)>r}ectforeveryrec I}.
Proposition 11. For every topological space (X, T), the family L£(T) is a Lowen fuzzy topology on X.

Proof. Every constant fuzzy set belongs to £(7), since each of its strict upper level sets is
either X or @.
Let {p;:j € J} C L(7). Forevery r € I, we have

xeX: ([ \Vp|x)>rp=U{xeX:pux)>r}
i€l i€l
The right-hand side is open in (X, 7). Hence

\/ Hj S ﬁ(’l’)

j€l
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Now let y,v € L(7). Foreveryr € I,
{xeX:(unv)(x) >r}={xeX:ulx)>rin{xeX:v(x) >r}

Thus
wAv e L(T).

Therefore £(7) is a Lowen fuzzy topology on X. [
Proposition 12. Let (X, T) be a topological space. Then

o (L(1)) =T
Proof. Let y € L(t). Since

supp(p) = {x € X : u(x) > 0},
we have
supp(u) € 1.
Therefore,
T (L(1)) C 7.

Conversely, let U € 7. Its characteristic function x; belongs to £(7). Indeed, for every
rel,

{x € X:xulx)>r}

is either U or &. Moreover,

supp(xu) = U.
Hence
T C (L(1)).
Thus
o (L(T)) =T
O]

Theorem 8. Let (X, T) be a topological space. Then
de (X, L(7)) = w+d(X, 1),
where d(X, T) denotes the ordinary density of (X, T).

Proof. By Proposition 12,
o (L(T)) =T

Therefore Theorem 1 gives

df (X, L(1)) = w+d(X,%(L(1)))
=w+d(X,1).

0
Theorem 9. Let (X, T) be a topological space. Then

ws(X, L(1)) = w+w(X,T),
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where w(X, T) denotes the ordinary weight of (X, T).

Proof. Put
x = min{|B| : B is an ordinary base for (X, 7)}.

Choose an ordinary base B for (X, T) such that
|B| = «.

Thus
w(X, 1) = k.

Consider the family

Bf={qxu:U€eB qeQn(01)}.

We show that By is a fuzzy base for

(X, £(7)).

Let u € £(7) and x € X. It is enough to show that

u(x) = \/{v(x) v e By v< y}.
The inequality
\/{v(x) veBs,v< y} < u(x)

is immediate.
Let 0 < r < u(x). Choose
7€Qn(0,1)
such that
r<q<ux).

Since p is lower semicontinuous, the set
Uy ={y € X:uly) > q}
is open and contains x. Choose U € B such that
xelucCuy.

Then
gxu < u

and
(axu)(x) =q>r.

Since r < p(x) was arbitrary, the required equality follows. Hence By is a fuzzy base.
Moreover,
1Bf| < w - |B| =w-x.
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Consequently,
we (X, L(7)) < w+ Byl

<w+w-x
=w+K
=w+w(X,1).

For the reverse inequality, let C be a fuzzy base for

(X, £(7).
For every v € C and every
7€Qn(0,1),

put
V(v,q) ={x € X:v(x) > q}.

Since v € L(7), each set V (v, q) is openin (X, 7).
We show that
V={V(v,q):veClC, qeQn(0,1)}

is an ordinary base for (X, 7).
Let U € T and let x € U. Since

xu € L(7)

and C is a fuzzy base,
xu=\V{vecC:v<jxu}

Thus
1=xulx)=\{v(x):vel v<yxu}

Hence there exists v € C such that

v<Xxu and  v(x) > 0.

Choose
7€Qn(0,1)
such that
0<g<v(x).
Then
xeV(v,q).

Since v < xy and q > 0, we also have
V(v,q) CU.

Therefore V is an ordinary base for (X, 7).
It follows that
w(X, 1) <|V|<w-|[C|

Hence
w+w(X,7) <w+|C|.
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Taking a fuzzy base C of minimum cardinality, we obtain
w+w(X, 1) <wp(X, L(7)).
Combining the two inequalities yields
ws (X, L(1)) = w+w(X, 7).
O

Remark 4. The rational levels in the preceding proof are essential for the cardinal comparison.
They provide a countable level skeleton: an ordinary base B gives the fuzzy base {qxy : U € B,
g € QN (0,1)} without increasing its cardinality after the w-normalization, while rational strict
level sets extracted from an arbitrary fuzzy base recover an ordinary base. This is the mechanism
behind the equality of normalized fuzzy and classical weights in Theorem 9.

Corollary 13. The inequality

may be strict.

Proof. Let (X, T) be a separable topological space which is not second countable. For
example, one may take the Sorgenfrey line, which is separable but not second countable;
equivalently, it has countable density and uncountable weight.
By Theorem 8§,
df (X, L(1) =w+d(X, 1) = w.

On the other hand, Theorem 9 gives
w(X,L(7)) = w+w(X, 1) > w.

Therefore,

df (X,E(T)) < wy (X,E(T))
O

The following example isolates the mapping phenomenon that fuzzy continuity alone
does not control membership-sensitive base complexity.

Example 4. A surjective fuzzy continuous mapping need not decrease fuzzy weight.
Let
Z = (N x N) U {oo}.

Define a topology T on Z as follows. Every subset of N x N is open, and a set U C Z containing oo
is open if, for every m € N, the set

{neN:(mmn)¢U}
is finite. Thus every neighbourhood of co contains all but finitely many points of each vertical row
{m} x N.

This indeed defines a topology. Finite intersections of neighbourhoods of co omit only finitely
many points from each row, while any union that contains co contains at least one such neigh-
bourhood and therefore has the same property. The space is a countable fan-like example with one
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non-isolated point: all points of N x N are isolated, whereas neighborhoods of oo are cofinite in each
vertical row. We use the direct diagonal argument below, so no special identification of the space
is required.

We first show that (Z,T) is not second countable. Suppose that

{Uk tk e N}
is a countable local base at co. For every k € N, choose ny € N such that
(k, le) € Uy.

Put
V=2Z\{(kng):keN}.

The set V is a neighbourhood of oo, since it omits exactly one point from each vertical row. However,
(k, nk) € Uy \ |4

for every k € N. Hence
Uy g %4 (k S N),

contrary to the assumption that {Uy : k € N} is a local base at co. Therefore (Z,T) is not
second countable.
Consider the discrete Lowen fuzzy topology

Sx = I~
Since Z is countable, the family
Bx = {q)({z} z€Z,g€Qn (0,1}}
is countable. Moreover, for every u € 17,

p= \/{qx{z} 12z€2,9€Qn(0,1], g < ﬂ(Z)}
Thus By is a countable fuzzy base for Sx, and hence
we(Z,8x) = w.

Now put
Sy = ﬁ(’[’)

By Theorem 9,
we(Z,Sy) = w+w(Z,7).

Since (Z,T) is not second countable,
w(Z,7) > w,

and therefore
ZUf(Z, Sy) > w.

Finally, consider the identity mapping

idz : (Z,8x) — (Z,Sy).
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It is surjective and fuzzy continuous because
Sy € I” = Sx.

Nevertheless,
ZUf(Z,Sy) >w = Wf(Z,Sx).

Hence fuzzy weight need not decrease under surjective fuzzy continuous mappings.

The preceding example shows that fuzzy continuity alone does not guarantee the
monotonicity of fuzzy weight. We now show that monotonicity holds when the mapping
is also fuzzy open in the sense of Definition 12.

We shall use the following elementary properties of the direct-image operation.

Lemma 1. Let f : X — Y be a mapping.
1. Forevery family {v; : j € J} C I%,

fe (\/ Vj) =V fe(v)).
j€] i€l
2. If f is surjective, then, for every y € IV,

felpo f) =p.

Proof. For everyy € Y, we have

f*(\/”j)(y): V (V%‘(ﬂ)
jeJ xef~1(y) \J€J

e
jel \xef~Uy)
=V f:(v) ().

j€l

This proves the first assertion.
Now suppose that f is surjective. For every y € Y, the fiber f~!(y) is nonempty,

fewo ) =\ n(f(x)

and therefore

xef~1(y)
=V uy
xef~(y)
=pu(y).
Hence
felpo f) =p.
O

Theorem 10. Let
f:(X,Sx) — (Y, Sy)
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be a surjective fuzzy continuous and fuzzy open mapping between Lowen fuzzy topological
spaces. Then
Z(Jf(Y, Sy) S Z{)f(X, Sx)

Proof. Put
x = min{|B| : B is a fuzzy base for (X, Sx)}.

Choose a fuzzy base B for Sx such that
|B| = «.
Thus
we(X,Sx) = w+x.

Define
C={fi(v):veB}

Since f is fuzzy open,
C C Sy.

Moreover,
| < |B| =«

We show that C is a fuzzy base for Sy. Let
ue Sy.

Since f is fuzzy continuous,

pof e Sx.

As B is a fuzzy base, there exists a subfamily

B, CB
such that
pof = \/ V.
veBy,

Applying f. to both sides and using Lemma 1, we obtain

p=fi(uof)

:f*(\{gv)

=V f(v).

veBy

Thus every member of Sy is a pointwise supremum of members of C. Hence C is a fuzzy

base for Sy.
Consequently,
wr(Y,Sy) <w +|C|
<w+x
= w(X, Sx).
O

https://doi.org/10.3390/sym18091517


https://doi.org/10.3390/sym18091517

Symmetry 2026, 18, 1517

32 0f33

References

O X NG

—_
<

Combining Example 4 and Theorem 10, we conclude that fuzzy openness is a natural
additional condition ensuring that fuzzy weight does not increase under surjective fuzzy
continuous mappings.

6. Conclusions

In this paper, support-based fuzzy density in Lowen fuzzy topological spaces was
studied from both fuzzy and ordinary set-theoretic viewpoints. The definition based on
supports of fuzzy dense sets coincides with the definition based on crisp subsets meeting
every nonzero fuzzy open set, and the resulting invariant is exactly the w-normalized
density of the support topology. This representation clarifies both the strength and the
limitation of the invariant: it detects support information but deliberately forgets the precise
positive membership grades.

The subspace, surjection and finite-product results were therefore organized as
support-topological transfers of classical density facts. The fiber-cardinality theorem was
presented as an intermediate result: its cardinal mechanism is support-topological, while
its assumptions are expressed through fuzzy continuity, fuzzy openness, and the fuzzy
direct-image operation. It was supplemented by a sharpness example and by a counterex-
ample showing that fuzzy openness is essential for the reverse estimate. The quotient-map
structure induced on support topologies was made explicit and then applied to group
quotients and fuzzy symmetric powers.

Finally, the supports of a fuzzy base were shown to form an ordinary base for the
support topology, providing a structural route from density to weight. A genuinely non-
crisp example exhibits two Lowen fuzzy topologies with the same support topology
and the same support-based density but different fuzzy weights, demonstrating that
fuzzy weight can retain membership-level complexity invisible to supports. The lower-
semicontinuous construction further identifies the normalized density and weight with
their classical counterparts, with rational levels providing the essential countable skeleton
in the weight calculation.
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