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Abstract: The planning for the scale of the urban rail transit network (URTN) is one of the key tasks
of URTN planning. The scale should match the urban development (UD). A reasonable scale can
improve travel efficiency, increase economic activities, and promote UD, while an unreasonable scale
may consume more urban resources, fail to meet urban transportation demands, and even inhibit
UD. Currently, the URTN scale is primarily determined by qualitative analyses and static indicators,
which leads to the scale does not match UD perfectly. To determine a reasonable scale, a System
Dynamics–Lotka–Volterra (SD-LV) model is constructed. The SD model is adopted to simulate
the dynamic interaction between the URT and UD. The LV (Lotka–Volterra) model is employed to
calculate the scale, in which the mutualism coefficients are proposed to characterize the mutualistic
relationships between the URT and UD. The model is validated by using a dataset of the Beijing
URTN from 2017 to 2021. The simulation errors of the URTN scale range from −4.3% to 1.32%, which
demonstrates the robustness and effectiveness of the proposed model. The study offers quantitative
theoretical insights for determining the reasonable scale of the URTN.

Keywords: urban rail transit; network scale; urban development; system dynamics model; Lotka–Volterra
model

1. Introduction

With urban development (UD), the urban rail transit (URT) has played a crucial role
in promoting urban growth. A reasonable scale of the URT network (URTN) can enhance
travel efficiency, increase economic activities, and promote UD. In turn, more resources are
provided in the city for URT construction [1–4]. However, some problems arise during the
URT construction process. Certain cities have grappled with financial crises stemming from
excessive construction, while other cities have struggled to meet transportation demand
due to inadequate scale, which has resulted in inhibitory effects on UD. Therefore, it is
essential for UD to investigate the reasonable URTN scale.

The relationship between the promotion and inhibition dynamics of the URT and UD
is crucial for the scale to be reasonable. Currently, static indicators are frequently used to
determine the reasonable scale of the URTN, which neglects the mutualistic relationships
between the URT and UD. In fact, the relationship between the URT and UD is a dynamic
process that involves many factors that change over time, such as the economy and popula-
tion. The dynamic process shows obvious nonlinear characteristics, which are difficult to
address using the traditional linear model.

The System Dynamics (SD) model offers a solution to tackle this issue. This model is a
methodology proposed by Prof. Forrester of the Massachusetts Institute of Technology, who
investigated the dynamic process of complex systems [5]. This model can comprehensively
analyze a system by establishing feedback loops and the definition of various variables and
equations. The SD model has been widely applied in various research fields, such as UD,
urban transportation plans, land use, and environment management [6]. In this study, by

Systems 2024, 12, 233. https://doi.org/10.3390/systems12070233 https://www.mdpi.com/journal/systems

https://doi.org/10.3390/systems12070233
https://doi.org/10.3390/systems12070233
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/systems
https://www.mdpi.com
https://orcid.org/0000-0001-8904-2079
https://orcid.org/0000-0003-3224-5216
https://orcid.org/0000-0003-4903-9195
https://doi.org/10.3390/systems12070233
https://www.mdpi.com/journal/systems
https://www.mdpi.com/article/10.3390/systems12070233?type=check_update&version=2


Systems 2024, 12, 233 2 of 21

constructing causal loops between URT and factors affecting UD, such as population and
economy, and by building stock–flow diagrams between the URT and UD, a theoretical
framework of the SD model was established. However, the traditional SD model cannot
accurately describe the mutualistic relationships between the URT and UD. Therefore, the
Lotka–Volterra (LV) theory is introduced to the model.

The LV theory, proposed by Lotka and Volterra, describes relationships (e.g., predator–
prey, competition, mutualism) between species [7]. The theory can determine the growth
scale of species by analyzing their relationships. Some crucial LV models are the predator–
prey model, competitive model, and mutualism model. Currently, LV models have been
introduced to fields beyond biological research, such as urban planning and urban ecol-
ogy [8]. In the present study, the LV mutualism model was particularly suitable for studying
the mutualistic relationships between the URT and UD.

The purpose of the study is to calculate the reasonable URTN scale that matches the
UD. A quantitative theoretical framework combining the SD model with the LV mutualism
model (SD-LV model) is proposed. The SD model is adopted to deduce the dynamic
interaction between the URT and UD and includes six subsystems: the URTN scale, UD,
economy, population, land use, and environment. The LV model is introduced to calculate
the scale, and mutualism coefficients are proposed to characterize the mutualistic relation-
ships between the URT and UD. Considering the adequacy and availability of data, the
Beijing URT is employed as a case study. The main contributions of the proposed SD-LV
model are as follows.

(1) The SD model was combined with the LV mutualism model, providing a theoretical
framework to explain the dynamic relationship between URT and UD for the first time;

(2) Mutualism coefficients were proposed to quantify the mutualistic relationships
between the URT and UD, which is a novel concept. The reasonable URTN scale was
calculated by analyzing mutualism coefficients, thereby providing a new quantitative
approach for determining the reasonable scale;

(3) The study revealed the interaction mechanisms between the URT and UD by
using the SD-LV model and provided quantitative theoretical insights for determining the
reasonable URTN scale.

The paper is organized as follows. In Section 2, we review the related studies. In Section 3,
the SD-LV model is established. In Section 4, the Beijing URT of China is analyzed as a case
study. In Section 5, the major conclusions and further research directions are presented.

2. Literature Review

In this section, we elaborate on existing studies on the relationship between the URT
and UD, the application of the SD model to transportation, and the study LV model in the
transportation field.

2.1. The Relationship between the URT and UD

At present, only a few quantitative calculation models are available for the URTN scale.
Most scholars have focused on the impact of the URT on UD. They primarily investigate
the correlation between the scale and factors influencing UD, such as urban economy,
population, land use, and the environment.

The URT plays a pivotal role in stimulating urban economic activity. Li et al. [9]
developed a URT model focusing on economic growth, thereby presenting an elasticity
coefficient of 0.025. However, the URTN scale must be in sync with the economic develop-
ment level; otherwise, it will inhibit UD. Lee et al. [10] evaluated the URT efficiency in Seoul
by using the network slacks-based measure data envelopment analysis model. They found
that efficiency was good in areas with residential and commercial characteristics, which
further emphasized the importance of coordinating the URTN scale with the economic level.
Wang et al. [11] advocated for harmonization between the URTN scale and urban economic
status, thereby introducing a coupling model for assessing their interplay. However, these
models do not present a method for calculating the scale that matches the economic level.
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Regarding the relationship between the URT and the urban population, Calvo’s
study [2] on the URT of Madrid indicated that the construction of new rail transit promotes
urban population growth. Liu [12] proposed a bi-level mathematical model for quantifying
the relationship between URT construction and population distribution. According to
that study, an increasing number of people are attracted to live near the candidate transit
lines. However, excessive population concentration does not decrease the URT efficiency.
Lee et al. [13] evaluated the URT transfer efficiency in Seoul by using the DEA model. They
found large populations within the station area, and the transfer role of the station became
stronger. By using Moran’s I model, Li [14] analyzed the correlation between the URTN
scale and population, thus pointing out that population growth leads to an expansion of
the URTN scale, later resulting in urban land expansion.

Regarding land use, Sekar and Gangopadhyay [3] investigated the relationship be-
tween land use and the URT in Chennai, revealing that the URT accelerates land expansion,
although it takes a couple of years. Ratner and Goetz [15] highlighted that the URT
positively influenced land expansion in Denver, Colorado. Bhattacharjee and Goetz [16]
analyzed the trend of land use growth and development around the URT from 2000 to 2010
and indicated that the URT can promote land use growth. Liu and Wang [17] proposed an
evaluation index system (i.e., connectivity, accessibility) for assessing the coordination be-
tween the URT and land use. According to Song et al. [18], the URT significantly improved
the connectivity and accessibility of urban structures in Wuhan City.

As for the relationship with the urban environment, Jiao et al. [4] noted an apparent
interactive relationship between the URT and the urban environment by using an interactive
coercing model and coupling coordination model. Guo and Chen [19] found that the Beijing
URT is a significant player in reducing air pollutants. A major source of air pollutants
is motor vehicle emissions. The URT has contributed to reducing motor vehicle trips.
Therefore, constructing the URT in cities is an effective method for reducing air pollution.
Using a structural equation modeling approach, Ou et al. [20] examined the effects of the
URT on on-road carbon emissions. They found that the URT density is negatively related
to on-road carbon emissions, with a net elasticity of −0.0175. Following that, Ou et al. [21]
further indicated no significant impact of the URT on air quality in the initial stages of
URT construction. However, as the network scale expanded, the effect of URT construction
on air quality became more crucial. Gendron-Carrier et al. [22] found that in the cities
with higher air quality levels, the effect is indistinguishable, whereas, in those with low air
quality levels, URT reduces particulates by 4%.

These studies provide a theoretical basis for our model. Based on the aforementioned
study findings, we understand that a reasonable scale of URTN can promote the urban
economic level, population size aggregation, urban land expansion, and improvement at
the urban environmental level, thereby contributing to UD (Figure 1). UD provides more
support for URT construction. By contrast, an unreasonable URTN scale inhibits UD. The
study quantifies these interactions and provides a method for determining the reasonable
URTN scale.
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2.2. SD Model

Regarding the SD model, the literature review primarily focuses on its application
in UD research and the relationship of UD with transportation. Tan et al. [23] proposed
an SD model to stimulate urban sustainability performance. Using the SD model, Xing
et al. [24] simulated and assessed the coupling coordination degree of the economy, resource,
and environment systems. Xu and Kang [25] developed an SD model to compare four
urban layout patterns during UD. Bach et al. [26] reviewed the results of the simulation
of UD sustainability by using the SD model before 2017. Scholars thus have studied UD
from numerous perspectives, such as transportation, land use, energy, water, economy,
and population.

In transportation aspects, some scholars have focused on the impact of traffic con-
gestion on UD [27,28]. Yang et al. [29] established an SD model to explore the effect of
the URTN scale on metropolitan regions. The scale was selected as the control variable
to simulate changes in urban factors. Building an SD model, Chen et al. [30] investigated
transportation mode shifts in Australia. Mylonakou et al. [31] used the SD model and
evaluated that the transport sector affects the satisfaction of citizens. Bartuska et al. [32]
investigated the estimation ratio model of transport supply and demand by using the SD
model. Based on the above analysis, the SD model is suitable for studying the development
process of the URT and UD.

2.3. LV Model

The LV model has recently been applied to UD and transportation research fields. Ma-
heshwari et al. [33] introduced the LV model into the UD field and explored the mutualistic
relationships between urban transportation and urban economy. Luo [34] analyzed the
competing relationship between high-speed rail travel and air travel to determine their
capacities under different conditions. In studying the competing relationship between URT
and bus systems, Liang and Meng [35] found that the competing relationship between the
two depends on the UD level. Mao et al. [36] analyzed the competitive and mutualistic
relationships between urban high-tech industries and traditional industries, thereby pre-
dicting the scale of development of high-tech industries in Wuhan City. After analyzing
the competitive relationship between new energy vehicles and traditional fuel vehicles,
Sun et al. [37] predicted the growth scale of new energy vehicles in China for the following
30 years. Yuan et al. [38] analyzed and established the competitive relationship between
industrial economy and industrial ecology in the Yangtze River Basin and assessed the de-
gree of coordination between these two parameters. In analyzing the relationship between
the urban economy and urban environment by using the LV model, Liu et al. [39] found
that one-quarter of the urban economy is in competition with the urban environment, and
three-quarters are in mutualism. Based on the above analysis, the LV model can quantify
the relationship between the URT and UD.

2.4. Literature Review Summary

Many studies have demonstrated the relationships between URT and UD factors, such
as the economy, population, land use, and environment. They have affirmed that the URTN
scale should correspond with UD. However, the method for calculating a reasonable scale
within a complex dynamic system involving multiple factors remains unknown. Some
shortcomings of the existing studies are as follows:

(1) These studies have focused on discussing the impact of the URT on UD, but no
quantitative method is available for determining a reasonable scale of URTN;

(2) While the promotion and inhibition effects between the URT and UD have been
identified, the essence of this relationship has not been further examined;

(3) Although the SD model is often used to investigate UD and its influencing factors,
the dynamic relationship between the URT and UD is rarely studied by combining the SD
model with the LV mutualism model.
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Based on the results of the aforementioned studies, SD and LV models were employed
here to tackle the complex dynamic system. The essence of the promotion and inhibition
relationship between the URT and UD was further examined, and these models were used
to calculate a reasonable scale. Therefore, a quantitative theoretical framework of the SD-LV
model was proposed to determine the URTN scale.

3. Methodology

The development of the SD-LV model consists of four steps: (1) system boundary
analysis, (2) causal feedback diagram development, (3) establishment of the stock–flow
diagram, and (4) formulation of SD equations [40].

3.1. System Boundary

Considering various factors influencing UD, this study explored a reasonable URTN
scale that matches UD. In this study, factors included the economic development level,
population growth trends, land use, and environment. The environment is mainly rep-
resented by road traffic pollution. The road traffic encompasses the use of private cars,
taxis, and buses for traveling. New shared mobility options [41], such as ride-sourcing,
are included as the road traffic flow in the model. Other transportation modes, such as
motorcycles and bike-sharing [42,43], are not considered. Therefore, the system boundary
involves six subsystems: URT, UD, urban economy, urban population, urban land, and
urban environment subsystems.

3.2. Causal Feedback Diagram

A causal feedback diagram can graphically present the causal relationships between
factors in a system, with factors connected by arrows to represent a causal relationship.
Figure 2 presents the causal feedback diagram of the URT and UD. The blue bold variables
in the diagram illustrate the causal relationships among the six subsystems within the
system boundary. Table 1 lists the meaning of the symbols in the figure. The main causal
loops in the model are listed below:
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growth will promote UD. With the city’s development, URT construction is supported.
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R3: the scale of URTN +−→ Built-up area +−→ UD index +−→ the scale of URTN
The URT will promote the expansion of the built-up area. This will promote UD. As

the city develops, the scale of URTN is benefitted. This is a positive feedback loop.
B1: the scale of URTN −−→ Traffic congestion −−→ Air pollutant concentrations −−→

UD index +−→ the scale of URTN
The URT will alleviate traffic congestion and reduce traffic emissions, thereby con-

tributing to air quality levels and promoting UD. UD is beneficial for the scale of URTN.
This is a negative feedback loop.

3.3. Stock–Flow Diagram

Building upon the causal feedback diagram, the stock–flow diagram was further
established. The stock–flow diagram is the foundation for quantitatively depicting the
relationship between the URT and UD. This diagram has four variables. 1⃝ The stocks,
namely the level variable, represent resources of each factor that are accumulated, such as
the accumulation of the URTN scale. 2⃝ The flows, including inflow and outflow, are namely
the rate variable. They represent variables that vary with time, such as the annual increment
of the URTN scale. 3⃝ The auxiliary variables represent the intermediate variables that
describe the system’s behavior. 4⃝ The constants are numerical values. Figure 3 presents
the meaning of symbols in the stock–flow diagram. The stock–flow diagram, presented in
Figure 4, includes 10 stocks and 14 flows.

The equation for flows can be represented by a differential equation. The stock’s value
at time t is the net difference between the inflow and outflow between time t0 and t plus
the stock’s initial value at time t0. The related equations are shown as follows.

d(stock)
dt

= in f low(t)− out f low(t), (1)

Lstock(t) = Lstock(t0) +
∫ t

t0

[in f low(t)− out f low(t)] dt, (2)
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3.4. SD Equations

The system equations quantitatively describe the interaction between subsystems.
First, we established the LV model to depict the mutualistic relationships. Next, its stability
was analyzed before the model was integrated into the SD equations.

3.4.1. LV Mutualism Model

The LV model is based on the logistic model and examines the relationship among
species. The logistic model is a vital mathematical tool for studying the evolutionary
dynamics of biological populations within a finite space [44]. This process is often denoted
by an S-shaped curve.

Assuming UD follows ecological principles of the logistic model [45,46], the “species”
in the city are all consistent with the logistic growth function, such as the URTN scale,
number of motor vehicles, and number of bus passengers [35,37,47]. In this study, the UD
index was used to represent UD, and 11 indicators (Table A1 in Appendix A) from 10 cities
were selected to calculate this index by using the entropy weighting method. Table A2
(Appendix A) presents the results of the calculation.

The logistic function is presented in Equation (3).

dx(t)
dt

= rtx(t)(1 −
x(t)

K
), (3)
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where x(t) is the UD index or URTN scale in year t, K is the carrying capacity of UD or
URTN scale, and (1− x(t)

K ) is the coefficient of Logistic, which means the resources available
for UD or URTN scale growth. rt is the natural growth rate [48], and the function is shown
in Equation (4).

rt =
K

K − x(t)
× dx(t)

dt
, (4)

The LV mutualism model is an extension of the logistic function. The mutualism
coefficients (α, β), which represent the interaction relationship, were added to the logistic
growth function. The function is shown in Equation (5).{ dx1(t)

dt = r1(t)x1(t)(1 − x1(t)
K1

+ αx2(t)
K2

)
dx2(t)

dt = r2(t)x2(t)(1 − x2(t)
K2

+ βx1(t)
K1

)
, (5)

where x1(t) and x2(t) represent the URTN scale and the scale of the UD index; r1(t) r2(t)
represent their growth rates, respectively; K1 and K2 denote their maximum growth scales,
respectively; α denotes the effect of UD on the URTN scale. α < 0 means that the city is
no longer willing to provide resources for URT construction. α > 0 indicates that UD has
a promoting effect on the URT. β denotes the effect of the URT on UD. β < 0 indicates
that URT has not played a role in promoting UD, whereas β > 0 means that URT has a
promoting effect on UD.

The concept of mutualism coefficients originates from ecology. In an ecosystem,
there are mutualistic relationships between species and the ecological environment (EE).
The EE provides resources that promote the growth of the species. The species, in turn,
produces resources that foster the EE. The concept of mutualism coefficients was proposed
by Ecologists MacArthur and Levins [49,50]. For example, the promotion of EE to the
species is represented by the proportion of resources to species provided by the EE relative
to the total EE resources. Conversely, the contribution of the species to the EE is represented
by the proportion of resources generated by the species relative to the total EE resources.

In urban systems, a similar mutualistic relationship exists between the URT and UD.
For instance, UD provides more resources to the URT, such as investment and land, which
promotes the expansion of the URT. The URT, in turn, promotes UD by increasing economic
activities. Based on this, the mutualism coefficients (α, β) were established. The essence
of α is the proportion of urban resources used by the URT, such as financial, passenger
flow, and land resources. The essence of β is the contribution rate of the URT to UD, which
includes the annual increment of GDP, decreased increment of air pollutants, alleviation of
traffic congestion, and urban land expansion. The related equations are shown as follows.

αi =
n

∑
k=1

Cik
Rik

, (6)

βi =
n

∑
h=1

Qih
Pih

, (7)

where αi is the rate of urban resources consumed by the URT in year i; Cik represents the
resource k consumed by the URT in year i, and Rik is the total resource of k in year i. βi is
the contribution rate of the URT to UD in year i; Qih represents the contribution of URT to
resource h in year i, and Pih is the total resource of h in year i.

3.4.2. Stability Analysis of the LV Model

The evolution trends of the URT and UD can be studied by conducting the stability
analysis of the model. Set,{

f (x1, x2) = r1x1(1 − x1
K1

+ αx2
K2

) = 0

g(x1, x2) = r2x2(1 − x2
K2

+ βx1
K1

) = 0
, (8)
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Four equilibrium points were calculated, which are P1(0, 0), P2(K1, 0), P3(0, K2),
P4(

(1+α)K1
1−αβ , (1+β)K2

1−αβ ). The Taylor expansion of Equation (6) takes the primary term to
construct the Jacobi matrix denoted as D. Table 2 presents the equilibrium stability analysis
of the four equilibrium points for the mutualism model. The mutualistic relationships be-
tween the URT and UD are investigated, which is only relevant when the equilibrium point
is in the first quadrant of the coordinate system. Therefore, when αβ < 1, the development
status of URT and UD is stable for the equilibrium point P4.

D =

(
∂ f
∂x1

∂ f
∂x2

∂g
∂x1

∂g
∂x2

)
=

(
r1(1 − 2x1

K1
+ αx2

K2
) r1x1

α
K2

r2x2
β

K1
r2(1 − 2x2

K2
+ βx1

K1
)

)
, (9)

p = −(
∂ f
∂x1

+
∂g
∂x2

)

∣∣∣∣Pi , i = 1, 2, 3, 4 (10)

q = detD
∣∣Pi , i = 1, 2, 3, 4 (11)

Table 2. Equilibrium points and equilibrium conditions.

Equilibrium Point p q Stability Condition

P1(0, 0) −(r1 + r2) r1r2 Unstable
P2(K1, 0) r1 − r2(1 + β) −r1r2(1 + β) Unstable
P3(0, K2) r2 − r1(1 + α) −r1r2(1 + α) Unstable

P4(
(1+α)K1

1−αβ , (1+β)K2
1−αβ )

r1(1+α)+r2(1+β)
1−αβ

r1r2(1+α)(1+β)
1−αβ

αβ < 1

The stability analysis unveiled that mutualism coefficients determine the trends of
the URT and UD. Simulating the scenarios produced by different coefficients can provide
decision support for policymakers. Different scenarios will be specifically addressed in the
Discussion section.

3.4.3. SD Equations

The SD equations were established in the stock–flow diagram, which comprises six
subsystems. The equations are built in two parts: one part is the mutualistic relationships
equations, and the other part is the four subsystem equations, apart from the URT and UD
subsystems. For clarity, the equations were expressed with a uniform notation. Table 3
presents the notions and meanings.

Table 3. The notation and meaning of SD equations.

Notation Meaning Example

L the stocks Lurts(t) denotes the network length of URT.
R the flows Rurts(t) is the annual increment of the network length.
A the rate of change Aurts(t) denotes the growth rate of the network length.

1⃝ Mutualistic relationships equations
The network length of the URT represents the URTN scale. The length of the URT and

the UD index are set as the system stock, and the annual increment is set as the system
flow. Equations (3) and (5) are introduced into the SD model. UD is influenced by the
urban economy, population, land use, and environmental subsystems. The equations are
presented as follows.

Lurts(t) = Lurts0 +
∫ t

0
Rurts(t)dt, (12)

Rurts(t) =
dLurts(t)

dt
= Lurts(t)× Aurts(t)× (1 − Lurts(t)

Maxurts
+

α × Lcd(t)
Maxcd

), (13)



Systems 2024, 12, 233 10 of 21

α = delay((
Lurts(t) × Curts

Lgdp(t)
× 0.5 + Rurt_share × 0.5), 8), (14)

Lcd(t) = Lcd0 +
∫ t

0
Rcd(t)dt, (15)

Rcd(t) =
dLcd(t)

dt
= Lcd(t)× Acd(t)× (1 − Lcd(t)

Maxcd
+

β × Lurts(t)
Maxurts

), (16)

β =
Rgdp(t)
Lgdp(t)

× ω1 +
Ctra f f ic_congestion(t)− 1

Ctra f f ic_congestion(t)
× ω2 +

Rin_pollution(t)
Lair_pollution(t)

× ω3 +
Rmove(t)
Lpop(t)

× ω4 +
Rland(t)
Lland(t)

× ω5 (17)

where Lurts0 represents the initial value of the network length; Lcd0 represents the initial
value of the UD index; Lcd(t) is the UD index in year t; Lgdp(t) is the GDP in year t;
Lpop(t) is the population size in year t; Lland(t) is the built-up area in year t; Lair_pollution(t)
represents air pollutants in year t; Rurt_share is the sharing ratio of URT; 0.5 is the weighting
factor; Rcd(t) is the annual increment of the UD index; Rgdp(t) is the annual increment
of GDP; Rin_pollution(t) in annual increment of air pollutants in year t; Rmove(t) is the
migration population increment in year t; Rland(t) is the annual increment of the built-up
area; ωi(i = 1, 2, . . . , 5) represent the weight value for different factors; Acd(t) is the growth
rate of the UD index; Maxurts is the maximum scale of URTN; Maxcd is the maximum scale
of UD index; Curts is the cost of URT; Ctra f f ic_congestion(t) is road traffic congestion in year t;
α is the mutualism coefficient of UD on the URT; β is the mutualism coefficient of the URT
on UD.

2⃝ Other equations
There are four subsystem equations. The urban economy is represented by GDP. Urban

land use is indicated by the built-up area, and the urban environmental level is denoted by
air pollutants. The GDP, population, built-up area, and air pollutants are established as the
system stocks, and their annual increments are established as system flows. The equations
are given as follows.

Lgdp(t) = Lgdp0 +
∫ t

0
Rgdp(t)dt, (18)

Rgdp(t) =
dLgdp(t)

dt
= Lgdp(t)× Agdp(t)× (1 −

Lgdp(t)
Maxgdp

) + delay((Lurts(t)× γ1), 8), (19)

Lpop(t) = Lpop0 +
∫ t

0
(Rpop(t) + Rmove(t))dt, (20)

Rpop(t) =
dLpop(t)

dt
= Lpop(t)× Apop(t)× (1 −

Lpop(t)
Maxpop

), (21)

Rmove(t) = Lurts(t)× ρ, (22)

Lland(t) = Lland0 +
∫ t

0
Rland(t)dt, (23)

Rland(t) =
dLland(t)

dt
= Lland(t)× Aland(t), (24)

Aland(t) = Lurts(t)× γ2 + Lroads(t)× γ3, (25)

Lair_pollution(t) = Lair_pollution0 +
∫ t

0
(Rin_pollution(t)− Rout_pollution(t))dt, (26)

Rin_pollution(t) = (Pcar(t) + Ptexi(t) + Pbus(t))× γemission × Vave_speed, (27)

Vave_speed = γave_speed × Ctra f f ic_congestion(t), (28)

Rout_pollution(t) = Lair_pollution(t)× Aout_pollution(t), (29)

where Lgdp0 is the initial GDP value; Lpop0 is the initial population size value; Lland0 is the
initial built-up area value; Lair_pollution0 is the initial value of air pollutants; Lroad(t) repre-
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sents road lengths in year t; Rpop(t) is the annual increment of population; Rout_pollution(t)
is the dissipation of air pollutants in year t; Agdp(t) is the GDP growth rate; Apop(t) is
the growth rate of the population size; Aland(t) is the growth rate of the built-up area;
Aout_pollution(t) is the dissipation rate; Maxgdp is the maximum scale of GDP; Maxpop is the
maximum scale of population; γ1 is the elasticity coefficient of the URT on urban economy;
ρ is the migration coefficient; γ2 is the contribution coefficient of the URT to the built-up
area; γ3 is the contribution coefficient of the road to the built-up area; Vave_speed is average
travel speed; γemission is the coefficient of emissions. Pcar(t), Ptexi(t), and Pbus(t) represent
the road travel volumes of cars, taxis, and buses; γave_speed is the coefficient between traffic
congestion and the average speed.

4. Case Study

The Beijing URT in China is employed as a case study here. The Vensim PLE (10.0.0)
software platform was utilized for simulation.

4.1. Data Input

The data were collected from the Beijing Statistical Yearbook [51], Beijing Transport
Development Annual Report [52], China Urban Construction Statistical Yearbook [53], and China
Urban Statistical Yearbook [54]. The starting year of the model was 1984, with the total
simulation period set to 60 years and a time step of 1 year. The initial value of the 10 stocks
in 1984 was input into the model. The parameter K in Equation (3) of the URTN scale was
estimated based on historical statistics using SPSS, as shown in Table A3 (Appendix A).
Table 4 presents the initial values of the stocks of the model.

Table 4. Initial value of key parameters in the model.

Variable Name Initial Value Unit

Scale of URTN 41 km
Maximum scale of URTN 3028.66 km

UD index 0.1 dimensionless
Maximum UD index 1 dimensionless

GDP 216 hundred million
Road length 1436 km
Population 965 ten thousand

Built-up area 366 km2

Air pollutants 100 thousand tons
Number of private cars 8.7 ten thousand

Number of taxies 0.4279 ten thousand
Number of buses 0.4066 ten thousand

4.2. Model Validation

Currently, two methods are available for testing the SD-LV model. One is to set
different simulation time steps and observe whether the SD model produces stable output
or not [35]. The other method involves selecting the simulation results of certain variables
and comparing them with actual statistics. If the errors are all <10%, then the model is
considered effective [55,56].

First, the different simulation time steps are set to observe the outputs. For example,
the simulation results for the URTN scale are presented in Figure 5. Curves 1, 2, and 3
represent different simulation results when the time step was set to year, quarter, and
month, respectively. The results indicate that the system’s behavior is stable, and the SD-LV
model is robust.
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Figure 5. The stability test of the model.

Second, the simulation value of the URTN scale, GDP, and population is selected and
compared with the actual statistics. Table 5 presents the specific results. The errors fall
within acceptable limits. This indicates that the SD-LV model is effective and can be used
in further studies.

Table 5. Results of error analysis.

Variable/Year 2017 2018 2019 2020 2021

Scale of
URTN

Actual value 587.8 636 699 727 783
Simulation Value 580.24 623.51 672 730.7 793.3

Error −1.28% −1.96% −4.3% 0.51% 1.32%

GDP
Actual value 31,387 30,319.97 35,371 36,103 40,269.6

Simulation Value 29,780.2 32,573.8 35,500.4 38,804.7 42,554.1
Error −8.01 0.78% −8.19% 7.48% 5.67%

Population
Actual value 2170.8 2154.2 2153 2189 2188.6

Simulation Value 1980.01 2001 2023 2024.11 2042.89
Error −8.79% −7.11% −6.04% −7.53% −6.66%

4.3. Results and Discussion
4.3.1. The Simulation Results

Figure 6 presents the simulation results. The UD index (a) and the URT scale (b)
present the characteristics of the “S” growth curve. GDP (c), population (d), and built-up
area (f) are increasing gradually. The environment (e) has an “inverted U” curve. α, which
is the mutualism coefficient of URT (g), is between 0 and 1; β, which is the mutualism
coefficient of UD (h), is between −1 and 1. According to the stability analysis of the LV
model (Section 3.4.2), αβ < 1, the system behavior is stable. The model predicts that the
URTN scale will reach 1786 km by 2035, and the UD index of Beijing will reach 0.8.
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Figure 6. The simulation results. (a) UD Index; (b) URTN scale; (c) GDP; (d) Population; (e) Air 
pollutants; (f) Built-up area; (g) Mutualism coefficient of URT; (h) Mutualism coefficient of UD; (i) 
Annual increment of URT; (j) Annual increment of UD. 

4.3.2. The Scale of URTN 
Figure 7 shows the scale of the URTN (blue line) and the annual increment of the 

URT (red line). Figure 8 illustrates the relationship between the URTN scale and other 
factors. The results are discussed in terms of four development stages (Stage 1: the initial 
growth stage; Stage 2: accelerated phase; Stage 3: decelerated phase; Stage 4: stabilization 
phase). 

Stage 1: As seen in Figure 7, the scale was growing very slowly before 2000. This slow 
growth is attributable to the lower economic levels of Beijing during this period, with GDP 
being 43.8 billion yuan in 1990 and 233.2 billion yuan in 2000. This made it difficult to 
allocate substantial financial resources for URT development (Figure 8b). Additionally, 

Figure 6. The simulation results. (a) UD Index; (b) URTN scale; (c) GDP; (d) Population; (e) Air
pollutants; (f) Built-up area; (g) Mutualism coefficient of URT; (h) Mutualism coefficient of UD;
(i) Annual increment of URT; (j) Annual increment of UD.

4.3.2. The Scale of URTN

Figure 7 shows the scale of the URTN (blue line) and the annual increment of the URT
(red line). Figure 8 illustrates the relationship between the URTN scale and other factors.
The results are discussed in terms of four development stages (Stage 1: the initial growth
stage; Stage 2: accelerated phase; Stage 3: decelerated phase; Stage 4: stabilization phase).
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Stage 2: From 2000 to 2030, the Beijing URT construction entered an accelerated 
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Figure 8. The evolving relationship between the scale of the URTN and other factors. (a) The
relationship between the URTN scale and UD Index; (b) The relationship between the URTN scale
and GDP; (c) The relationship between the URTN scale and population; (d) The relationship between
the URTN scale and air pollutants; (e) The relationship between the URTN scale and built-up area;
(f) The relationship between the URTN scale and annual increment of URT.
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Stage 1: As seen in Figure 7, the scale was growing very slowly before 2000. This
slow growth is attributable to the lower economic levels of Beijing during this period, with
GDP being 43.8 billion yuan in 1990 and 233.2 billion yuan in 2000. This made it difficult
to allocate substantial financial resources for URT development (Figure 8b). Additionally,
high construction costs and lower URT construction levels lead to slow development. The
UD index, GDP, population, and built-up area are growing with the URTN scale. However,
air pollutants gradually increase (Figure 8d), consistent with the study by [21], which
indicates that the impact of air pollution is not very significant in the initial stages of
URT construction.

Stage 2: From 2000 to 2030, the Beijing URT construction entered an accelerated phase,
especially before 2008, likely because of the significant increase in infrastructure investment
for the 2008 Olympic Games. Additionally, the economy grew tremendously (Figure 8b),
with GDP turning 1.3904 trillion yuan in 2010 and 3.6103 trillion yuan in 2020. A positive
correlation exists between the URTN scale and urban economic growth, which is consistent
with the results of [9]. The population surged to 21.89 million in 2020. Advances in science
and technology lowered barriers to URT construction, which resulted in rapid construction.
By the end of 2023, the scale had reached 836 km. As the scale increases, the urban land area
also expands (Figure 8e), which further confirms the conclusions of [15]. The air pollutants
decrease. This is consistent with the study of [21]; as the network scale expands, its effect
on air quality becomes more critical.

Stage 3: As the network scale expands, most major urban areas will be well-served,
which will reduce the necessity for rapid construction. From 2030 to 2050, the URT con-
struction will enter a decelerated phase, with simulation results of the scale reaching 1786
km in 2035. As seen in Figure 8, the urban economy, population, and built-up area will
remain at a high level of saturation.

Stage 4: After 2050, the URTN scale will enter a steady state and gradually approach
saturation. The predicted scale can reach 2647.38 km.

4.3.3. Mutualism Coefficients

Figure 9 presents the mutualism coefficients of the URTN scale and UD index in
Beijing. The blue line represents the mutualism coefficient of URT (α), and the red line
denotes the mutualism coefficient of UD (β). According to Section 3.4.2, αβ < 1 means the
dynamic interaction between the URT and UD is stable.
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Figure 9. The mutualism coefficients.

Before 1995, 0 < α < 1, β < 0 shows that the city provided more resources to support
the URT development within its limited resources, while the URT was unable to promote
the city significantly because of its early development stage.

After 1995, 0 < α < 1, β > 0 shows that the URT began to contribute to UD. However,
as the city developed, the proportion of resources allocated to URT construction gradually
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decreased. This is because more resources were accumulated within the city over time.
Additionally, advancements in technology have reduced the consumption of resources in
URT construction.

Without changing the existing policies, the URT and UD in Beijing are in mutualistic
relationships, and city policymakers can appropriately increase the resources invested in
the URT so that it can contribute more to UD.

4.3.4. Different Scenarios of Mutualism Coefficient

The study calculated the reasonable scale by using mutualistic relationships. Different
mutualistic relationships produce different results between the URT and UD. In this section,
eight different mutualism coefficient scenarios are simulated (Figure 10), which provides
decision support for policymakers and planners.
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Case 1 (α > 1, β < 1, αβ < 1) indicates that the city has invested excessive resources
in URT construction, resulting in an excessive scale. Although the URT promotes UD, the
city is still burdened by resource consumption. This may occur in large cities with more
financial resources.

Case 2 (α > 1, β < 1, αβ > 1) indicates that the relationship between the URT and UD
is unstable. City policymakers need to adjust their investment policies promptly to address
this instability.

Case 3 (α < 1, β < 1, αβ < 1) shows that the URT and UD are in mutualistic relation-
ships, and both are in a good state of development.

Case 4 (α < 0, β > 0, αβ < 1) indicates that the city does not prioritize URT construc-
tion and has even halted its development.

Case 5 (α > 0, β < 0, αβ < 1) shows that excessive resources are invested in the URT,
leading to its excessive consumption of UD resources and inhibition of UD. The URT and
UD are in a poor development state. Urban policymakers should promptly adjust the urban
investment policies and choose appropriate URT categories. This can happen in small- and
medium-sized cities with more financial constraints.

Case 6 (α < 0, β < 0, αβ < 1) shows that the URT and UD are in a state of competition,
resulting in neither of them obtaining more resources. Urban policymakers should pay
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close attention to the development trend and adjust policies so that they can gradually shift
to mutualistic relationships.

Case 7 (α < −1, β < 0, αβ < 1) indicates that the focus of UD has shifted to other
aspects, and so the URT is considered a disadvantage and is gradually being replaced.
This may be because urban policymakers have begun to doubt URT systems and have
even considered removing them, which is similar to the removal of tram systems in many
European cities in the last century.

Case 8 (α < 0, β < −1, αβ < 1) indicates that urban resources are limited, and the URT
competes with UD. Urban policymakers need to judge the timing and suitability of URT in
the context of limited resources.

In summary, the URTN scale is crucial in network planning. Compared with tra-
ditional models using static indicators and qualitative analyses, the SD-LV model can
assess the trends of the URT and UD based on mutualism coefficients. The findings
provide valuable insights into URT planning decisions. Additionally, the model can simu-
late different scenarios, such as different investment policies, to foresee the future URTN
scale. The methodology can be used by other cities to offer dynamic insight into urban
planning policies.

5. Conclusions

In conclusion, a quantitative theoretical framework, the SD-LV model, was proposed
to determine the reasonable scale of the URTN. In this framework, the SD model was
used to simulate the dynamic interaction between the URT and UD. The LV model is
introduced to calculate the scale, and mutualism coefficients are proposed to characterize
the mutualistic relationships between the URT and UD. To the best of our knowledge, this
is the first time that the SD model has been combined with the LV model of mutualism and
applied to address this issue. The model proposed was verified by using the dataset from
the Beijing URT and UD. The study offers quantitative theoretical insights for determining
the reasonable scale. The main conclusions are listed as follows:

(1) The SD model can simulate the dynamic interaction between the URT and UD.
Through model deduction, URT was found to contribute to UD by promoting the urban
economy, aggregating population size, expanding urban land, and improving the urban
environmental level;

(2) The dynamics mutualistic relationships exist between the URT and UD, which is
consistent with the LV mutualism model. The development trends of the URT and UD are
determined by the mutualism coefficients;

(3) The URTN scale is directly related to the mutualism coefficients, denoted as α and
β. 0 < α < 1, 0 < β < 1, indicates that the URTN scale is reasonable. When α > 1, the
city has invested excessive resources in URT construction, resulting in an excessive scale;
α < 0 shows that the city does not prioritize URT construction and has even halted its
development. β < 0 demonstrates that the URT has not played a role in promoting UD,
possibly because of inadequate construction or being in the early developmental stages.
The results provide decision support for planners and policymakers;

(4) The model was validated by using a dataset of the Beijing URTN from 2017 to 2021.
The simulation errors of the URTN scale ranged from −4.3% to 1.32%, demonstrating the
robustness and effectiveness of the model.

However, this study has several limitations. For example, in the mutualism coefficients
of the URT to the resource occupancy capacity, only urban economy and land use have
been counted. Future studies should expand the scope to include additional factors, such
as the labor force, policy support, and technological level. New transportation modes have
recently emerged, such as bike-sharing. These factors should be included to optimize the
model in future studies.
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Appendix A

Table A1. Urban Development Indicators.

Number Variable Name Unit Sample Size Mean Standard Error

1 Population per ten thousand people 170 1471.13 704.81
2 Urbanization rate % 170 0.0787 0.121
3 Built-up area km2 170 799.76 351.69
4 GDP hundred million 170 10,919.81 8022.71
5 General public budget revenue hundred million 170 1549.24 1487.99
6 Infrastructure investment amount hundred million 170 1598.36 1301.22
7 Road length km 170 5054.62 1931.44
8 The number of cars ten thousand vehicles 170 237.84 151.11
9 The total passenger volume of URT ten thousand person-times 170 80,385 105,944.70

10 The total passenger volume of Bus ten thousand person-times 170 200,503 130,822.70
11 Urban rail ownership rate % 170 0.115 0.954

Table A2. Urban Development Index.

Year Beijing Tianjin Shanghai Guangzhou Dalian Wuhan Chongqing Shenzhen Nanjing Chengdu

2003 0.230 0.075 0.204 0.113 0.039 0.036 0.132 0.063 0.049 0.056
2004 0.261 0.085 0.233 0.124 0.043 0.048 0.139 0.079 0.057 0.063
2005 0.280 0.099 0.262 0.137 0.048 0.058 0.153 0.099 0.073 0.072
2006 0.293 0.114 0.282 0.168 0.055 0.064 0.170 0.117 0.079 0.080
2007 0.321 0.124 0.325 0.195 0.066 0.074 0.188 0.137 0.087 0.089
2008 0.391 0.141 0.359 0.213 0.08 0.093 0.205 0.150 0.095 0.102
2009 0.433 0.158 0.397 0.237 0.09 0.109 0.224 0.172 0.101 0.118
2010 0.488 0.172 0.453 0.299 0.111 0.125 0.256 0.199 0.133 0.137
2011 0.528 0.194 0.478 0.368 0.131 0.138 0.297 0.253 0.150 0.160
2012 0.573 0.226 0.489 0.393 0.137 0.163 0.336 0.279 0.167 0.190
2013 0.627 0.253 0.527 0.419 0.142 0.184 0.378 0.302 0.185 0.216
2014 0.663 0.272 0.559 0.441 0.143 0.209 0.414 0.326 0.223 0.249
2015 0.672 0.288 0.603 0.380 0.170 0.243 0.451 0.347 0.252 0.274

Table A3. The Logistic function for parameter estimation of the Beijing URT scale.

Parameter Estimated Value Standard Error p-Value R2 Confidence Level

K 3028.622 34.385 0.001
0.994 95%a 2488.890 568.656 0.000

b 0.124 0.005 0.000
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