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Highlights
Contributions to systems-science (theory and methodology)

e  We establish a bi-level Stackelberg game framework for the two-stage profit-sharing
problem separating military R&D and production, and prove the uniqueness of the
Nash equilibrium grounded on the Brouwer fixed-point theorem, which enriches the
system-based hierarchical game theory for complex military—industrial cooperation.

e ABi-PSO algorithm with nested two-layer optimization is designed to match the se-
quential decision-making logic of the Stackelberg game. Compared with conven-
tional intelligent algorithms, it eliminates logically invalid solutions and provides a
reliable methodological tool for solving non-convex multi-constraint system-optimi-
zation problems.

Main findings and practical implications

e The overall profit maximization of the cooperative system depends on the bi-level
game structure, while fair income distribution can only be realized by introducing
additional fairness-weighted objectives. The stable range of profit-sharing ratios for
prototype and mass-production stages is quantified to guide practical contract for-
mulation.

e Improvements in participants’ technical efficiency combined with positive reward—
penalty policies generate synergy gains for the whole system. The derived parame-
ter-interaction rules help the military department control procurement costs and bal-
ance benefits across the whole military-industry system.

Abstract

To address three major industry pain points—the lack of quantified profit-sharing stand-
ards in the two-stage pricing under the separation model of military research and produc-
tion, the absence of stable Nash equilibrium in single-layer synchronous optimization,
and insufficient incentives for full-cycle process optimization in design units—this paper
constructs a two-level Stackelberg leader—follower game model with the general contract-
ing unit as the leader and design and general contracting units as followers. This aligns
with current prototype incentives and phased pricing policies for production rewards and
penalties. At the theoretical level, it improves the complete proof system for the two-stage
concave profit two-level Stackelberg Nash equilibrium, distinguishes the mathematical
differences in equilibrium existence between sequential decision-making and synchro-
nous optimization, and extracts general rules for phased differentiated profit sharing:
high-innovation segments should be allocated more profit weight; simply maximizing
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total alliance profit may cause imbalanced interests, while introducing a minimum net
profit-weighted objective can achieve Pareto improvements without profit loss. This con-
clusion can be applied to multi-stage general contracting scenarios across industries, such
as EPC and military—civil collaborative innovation, enriching the basic theory of profit
sharing and hierarchical games. Theoretically, the existence of the lower-level Nash equi-
librium is proven using Brouwer’s fixed-point theorem, and combining it with the strictly
monotonically decreasing feature of the best response function, uniqueness of the equilib-
rium is derived. Multiple sets of differentiated initial values are simulated to rule out
multi-equilibrium bifurcation risk. The model incorporates the military’s reward and pen-
alty policies as rigid exogenous constraints, sets dual individual rationality constraints of
‘cooperative profit greater than baseline profit with no allocation, and both parties’ net
profit non-negative,” and introduces differentiated cost-reduction efficiency and quadratic
increasing effort costs to characterize the heterogeneous input of the two types of devel-
opment entities. For models with piecewise nonlinearity and multi-constraint nonconvex
structures, this paper modifies the standard PSO into a Bi-PSO solving framework
through hierarchical temporal adaptation. It does not innovate the underlying particle
update mechanism and is only used to match the sequential decision order of the leader—
follower game. By comparing five algorithms—IPM, GA, SA, DE, and adaptive PSO—
through 20 repeated simulations: gradient-based interior point methods easily get stuck
in locally invalid solutions that violate cooperation thresholds; differential evolution has
the best numerical global search performance, but all general evolutionary algorithms op-
timize allocation and effort variables simultaneously, disrupting the Stackelberg hierar-
chical timing. Only Bi-PSO maintains consistent game logic. Using a pricing case for a
certain type of equipment and jointly calibrating all parameters with policy documents,
three simulation scenarios were set up: no allocation, equal 50/50 split, and single-layer
profit maximization. Under the no-allocation mode, R&D investment from the design unit
drops to zero and alliance benefits plummet; a blanket equal split ignores differences in
technical contributions across two stages, leading to clear efficiency losses; single-layer
optimization only pursues total profit maximization, causing a severe imbalance in profit
distribution. The two-layer basic framework can achieve the upper limit of alliance bene-
fits, and by adding a weighted optimization goal that considers both total profit and co-
operation fairness, it can achieve equal net profits for both parties without reducing over-
all profit. Through single-parameter sweeps and two-factor heatmap simulations, the
study further revealed the coupled effects of main party efficiency and mass production
rewards and penalties on equilibrium input and optimal sharing ranges. A robust check
was performed by replacing the logarithmic concave output function, producing a stand-
ardized allocation range resilient to parameter perturbations: optimal split for the proto-
type stage is 0.4-0.6 for the design unit, and for mass production stage 0.7-0.9. The find-
ings suggest that high-contribution stages in multi-phase collaboration contracts should
receive more benefits, and a weighted fairness objective can achieve Pareto improvements.
These conclusions can extend to multi-stage collaboration scenarios such as EPC and mil-
itary—civilian cooperation. Theoretically, this research further completes the equilibrium
proof system for two-party concave payoff two-layer games, providing a new reference
for the theory of phased differentiated benefit-sharing contracts in the military sector.
Methodologically, it proposes a two-layer intelligent solving tool adapted to leader—fol-
lower sequential decisions, effectively mitigating issues where single-layer model equilib-
ria fail or analytical algorithms struggle with multi-constraint nonconvex games. The re-
sults can provide quantitative support for the military, general contracting unit, and de-
sign unit in drafting equipment incentive pricing contracts and managing full-cycle cost
collaboration.
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1. Introduction

Deepening the market-oriented reform of the national defense science and technol-
ogy industry and establishing a phased equipment incentive pricing system are currently
the key tools for managing the lifecycle cost of military equipment. At present, the devel-
opment of equipment generally separates research from production: design units are re-
sponsible for the overall equipment plan and core technology development, while the
general contracting unit handles prototype testing and mass production. The current mil-
itary product pricing rules only require both parties to negotiate the allocation of incentive
profits and do not provide phased, quantifiable standards for profit sharing. This leads to
three major engineering pain points: first, design units cannot get matching economic re-
turns for their full-cycle technical contributions such as early R&D, mass production sup-
port, and process iteration, which weakens R&D motivation and directly drives up overall
equipment procurement costs; second, using a single-layer synchronous optimization
framework to solve for both profit sharing and R&D effort results only in internal profit
transfers within the alliance, without reducing overall costs, and the model has no unique
stable Nash equilibrium, making contract calculations unreliable; third, without differen-
tiated incentives, design units just deliver blueprints and refuse to participate in mass
production process optimization, causing full-cycle collaboration to fail. Against this
backdrop, building a profit-sharing game model that fits prototype incentives and two-
stage pricing rules with rewards and penalties for mass production has important theo-
retical value and practical significance.

The coordination of benefits in military product development essentially falls under
the category of multi-agent collaborative benefit contract design, and it shares common
theoretical logic with civil engineering supply chain benefit coordination, such as EPC
(Engineering, Procurement, and Construction) and IPD (Integrated Project Delivery). Ex-
isting game studies in the civil sector can provide a basic paradigm for building military
models. Currently, mainstream modeling tools for benefit distribution include Nash bar-
gaining, Shapley value, fuzzy cooperative games, and multi-objective optimization. Schol-
ars mostly focus on key variables like participant effort levels, risk sharing, and fairness
preferences to build alliance profit coordination models. Wang and Zhang optimized EPC
project profit distribution rules from the perspective of cooperation satisfaction [1,2]; Li
and others constructed game models for contractor supply chain benefit sharing and cost
sharing, quantifying the impact of participant effort on alliance benefits [3-5]; Guo’s team
introduced fuzzy variables to depict the uncertainty in resource input and analyzed dis-
tribution equilibrium characteristics in fuzzy information scenarios [6-9]; Liu, Teng, and
others combined the Shapley value with dynamic alliance theory to clarify how R&D ef-
fort and risk preferences affect cooperative benefits [10-14]. These distribution paradigms
have gradually expanded to multi-party cooperation scenarios like TOT projects, manu-
facturing logistics, and incomplete information alliances, providing a mature analytical
framework for civil multi-stage collaborative pricing [15-18].

Focusing on the niche area of incentive pricing for military equipment, existing re-
search can be divided into two separate lines, but both show clear adaptation flaws. The
first type is single-stage military procurement incentive models: Suhonen, Sun, and others
built static pricing games aimed at a single equipment procurement cycle, which only fit
one-off equipment procurement scenarios. They cannot match the current two-stage dif-
ferentiated pricing system of ‘prototype incentive followed by batch production rewards
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and penalties,” nor distinguish the differences in technological contributions between the
R&D and mass production stages [19,20]. The second type is military—civilian collabora-
tive intelligent optimization games: Liang, Duan, and others combined differential games
and particle swarm algorithms to solve the military—civilian innovation benefit optimiza-
tion problem. However, these models do not incorporate the military’s exogenous reward
and penalty policy constraints and solve all decision variables simultaneously, which goes
against the sequential decision logic of Stackelberg leader—follower games, leading to the-
oretical distortions [21-23]. By comparing with the latest work from Tu, Guo Shuwen,
Wang Lunyuan, Wang Chaoqian, and others [24-28], current research still has three areas
needing improvement: first, the model structure lacks adaptability. Most military game
models are single-stage and static, not distinguishing the differentiated benefit rules be-
tween prototype and mass production stages, making it impossible to align with current
staged pricing policies; second, the solution methods are limited. Existing analytic deri-
vation and Hessian matrix approaches only apply to unconstrained simple games, while
this study’s model includes piecewise policy boundaries, two-layer decisions, multiple
individual rationality hard constraints, and a multi-constrained non-convex objective
function. Analytic methods tend to converge to local optima, making large-scale parame-
ter sensitivity simulations difficult; third, there are prominent game identification flaws.
Single-layer simultaneous optimization treats benefit sharing and both parties” efforts as
parallel variables. Allocation parameters only internally transfer profit without changing
overall cost-reduction benefits, so mathematically there is no unique equilibrium, and the
model loses contract evaluation capability. Existing military intelligent optimization liter-
ature generally optimizes allocation and effort variables simultaneously, breaking the
Stackelberg leader—follower temporal relationship, and the equilibrium only satisfies nu-
merical optimality, not Nash optimal response conditions. This study uses a hierarchical
Bi-PSO to forcibly separate the upper and lower iterative processes, correcting common
modeling flaws in multi-layer intelligent game solving, and provides a theoretically self-
consistent standard solution paradigm for staged military equipment pricing.

To address the dual gaps in theory and engineering, this paper is based on the current
reality where military research and production are separated, aligns with the existing two-
stage equipment pricing policy, and builds a two-level Stackelberg leader—follower game
model. In this model, the top-level general contracting unit decides on phased profit shar-
ing, while the lower-level design units and the general contracting unit solve for equilib-
rium effort simultaneously.

On the theoretical side, based on Brouwer’s fixed-point theorem, we fully prove the
existence of lower-level Nash equilibria, and through the strict monotonicity of the best
response functions, we rigorously derive the uniqueness of the equilibrium. By pairing
this with numerical simulations using multiple initial values, we eliminate multiple equi-
librium branches and complete a thorough proof system for two-party concave payoff bi-
level games. We differentiate technological contributions between prototype and mass-
production stages, introduce exogenous military reward and penalty constraints, and
dual individual rationality participation thresholds, building a game paradigm tailored
to military-industry-specific payoff contracts and expanding the application boundary of
hierarchical game theory in defense equipment pricing. Meanwhile, this study further en-
riches multi-stage collaborative contract theory: stages with high innovation should get
higher reward allocation weights, and simply maximizing total alliance payoff can easily
cause imbalances in stakeholders’ interests. Introducing a fair-weighted optimization ob-
jective can achieve a Pareto improvement in game outcomes, and the related findings can
be extended to multi-stage cooperation scenarios like engineering procurement and con-
struction (EPC) projects and military—civil integration.
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At the method level, targeting the model’s segmented nonlinearity and multi-con-
straint nonconvex features, the standard particle swarm algorithm was adapted in a hier-
archical, time-sequenced way to build the Bi-PSO double-layer solving framework. There
is no innovation in the underlying particle update algorithm; it simply restores the
Stackelberg sequential logic of ‘general contracting unit first sets the revenue contract, de-
sign unit adjusts R&D investment afterwards’ through stepwise iteration between inner
and outer layers, making up for the timing distortion issues of general evolutionary algo-
rithms in game scenarios. Using a unified simulation benchmark, Bi-PSO was compared
multidimensionally with IPM, GA, SA, DE, and adaptive PSO, screening the best solving
tool in terms of compliance, stability, and game-theory consistency, providing a standard-
ized simulation scheme for similar double-layer military-industry games.

This article uses equipment project pricing examples and official industry pricing
standards to jointly calibrate all simulation parameters. It sets up three comparison
schemes —no profit sharing, equal sharing, and single-layer Nash optimization—to verify
the overall advantages of the model. Using single-parameter sweeps and two-factor cou-
pled heatmap simulations, it clarifies how participant efficiency and reward/punishment
mechanisms in the mass production stage interact with balanced strategies, and it also
replaces the logarithmic concave output function for robustness testing. At the same time,
combining with practical bulk equipment procurement, it conducts empirical compara-
tive analysis and provides standardized profit-sharing ranges that can adapt to parameter
fluctuations, offering a quantitative analysis tool for buyers, general contracting units, and
design units to formulate equipment incentive contracts and implement full-cycle cost co-
ordination.

This article is organized as follows: Section 2 defines the game players and the two-
stage pricing rules; Section 3 goes through all the model assumptions and the theoretical
support for the functions; Section 4 derives the mathematical expressions for two-stage
pricing, revenue, and costs; Section 5 builds a two-level Stackelberg optimization model
and explains the Bi-PSO solution logic, while also conducting comparison experiments
with multiple algorithms; Section 6 completes numerical simulations for benchmark equi-
librium, allocation scheme comparison, and multidimensional parameter sensitivity and
robustness; Section 7 summarizes research limitations and directions for future work; and
Section 8 distills the core research conclusions.

2. Problem Description and Definition of Game Participants
2.1. Two-Stage Pricing System Rules for the Military Industry

Under the model of separating research and development from production, the de-
sign unit is responsible for planning and technical design, while the general contractor
undertakes prototype development and mass production. Both parties collaboratively
manage cost and quality under the constraints of the target price for military product or-
ders. Military product revenue is divided into two stages: during the initial batch stage,
reward profit is accrued according to the policy-defined incentive coefficient based on the
difference between the order target price and the actual expected price; during the mass
production stage, stage earnings are determined based on the comprehensive evaluation
results of performance, quality, and cost according to the reward and penalty ratio. The
design unit not only undertakes technical design but also fully participates in production
guidance, process optimization, and cost source control, and should reasonably receive
design returns that match its contribution. Taking the design unit and the general contrac-
tor as two competing entities and aiming to maximize the overall revenue of the consor-
tium, a two-stage revenue-sharing optimization model is constructed.
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2.2. Roles of the Three Parties

1. Military procurement department (exogenous constraint entity, not a participant in
the game): Implements a two-stage pricing policy, limiting the incentive coefficient
ae [05,0.7] and production bonus/penalty [€ [-0.05, 0.05] as an externally
fixed constraint outside the model; not involved in the profit-sharing game;

2. Lower-level follower 1: Design unit: invests in R&D and follow-on production efforts
to maximize their own net returns after deducting effort costs;

3. Lower-level follower 2: General contracting unit: invests in production management
efforts, anticipates the design unit’s equilibrium behavior, and decides on the two-
stage revenue shares 4,, A, in the upper-level decision to maximize the total joint

benefits.

2.3. Explanation of the Two-Level Game Logic

If a single-layer synchronous optimization is used, the revenue sharing only transfers
profits within the alliance and cannot change the total revenue, so mathematically there
is no unique optimal A . This paper restructures a two-layer nested framework:

1. Lower-level subgame: Given any input 4,, 4,,both parties independently solve for
their optimal efforts go: (4,4, ), g(); (A;,4,) to maximize their own net benefits R,
, R

2. Upper-level main optimization decisions: The general contractor predicts the lower-

27

level equilibrium effort and optimizes accordingly 4,, 4,; by changing both par-

ties” equilibrium inputs and adjusting the overall cost-reduction benefits, it achieves
the optimal allocation of the sharing ratio, which is uniquely solvable, thus eliminat-
ing the identification defect of the single-level model.

2.4. Proof of the Existence and Uniqueness of Lower-Level Nash Equilibrium
Given the two-stage revenue-sharing ratios 4,, 4, set by the upper level, the total

contractor’s equilibrium effort ¢, and the design unit’s equilibrium effort ¢, form a
lower-level two-person non-cooperative Nash subgame. In this section, we strictly prove
the existence of equilibrium based on Brouwer’s fixed-point theorem, and then complete
a full derivation of equilibrium uniqueness using the concavity/convexity of the profit
function and the monotonicity of the best response functions.

2.4.1. Basic Prep: Brouwer’s Fixed Point Theorem

Theorem: Let set D C R" be non-empty, compact, and convex. If mapping
F :D—D is a continuous self-mapping, then there must exist at least one fixed point
x*e D thatsatisfies F(x*)=x*.
Among them:
1. Compact set: a bounded closed set, where the variable values have upper and lower
bounds and the boundaries are included in the set;
2. Convex set: the line segment connecting any two points in the set lies entirely within
the set;
3. Continuous self-mapping: a mapping where both input and output belong to set D,
and the mapping function is continuous everywhere.

https://doi.org/10.3390/systems14080939
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2.4.2. The Feasible Region D Meets All the Prerequisites of the Theorem
Define D ={(9,,¢,)0<¢,<100,0<¢,<100} as the feasible effort domain for
both sides, and verify the set properties one by one:

1.  Non-empty: There are infinitely many valid effort values in the interval [0, 100], so
the set is not empty;

2.  Compactness: Both ¢, and ¢, have clear upper and lower bounds of 0 and 100,

forming a bounded closed rectangle in two dimensions, which meets the definition
of compactness;

3. Convexity: For any two points (¢,,0,° ),(¢,”,0," )€ D, take any 0€[0,1], and
with the convex combination: (Bg¢+(1-0)¢",00:+(1-0)¢’ ), the x and y co-

ordinates still fall within [0, 100], so the convex combination belongs to D, meaning
the set is convex.

In summary, the effort feasible domain D fully satisfies the set prerequisites for
Brouwer’s fixed point theorem.

2.4.3. Construct Continuous Best-Response Self-Mapping
1. Definition of Single-Agent Best Response Function

Given the other party’s fixed effort level, the main subject aims to maximize its own
net profit to find the optimal input, defining the optimal response function:

Given the effort ¢, of the design unit, the total contractor’s optimal effort is:

0, = BR/(p,)=arg n?ax ]R,((ol,%, A, 4,) . Given the total contractor’s effort ¢, , the
0,€0,100
design unit's optimal effort is: ¢, = BR,(p,) = arg n?ax ]R2(§01, @5, A, 4,) . In the for-
00100

mula, R, and R, are the net profit functions of the total contractor and the design unit

after deducting effort costs, derived from the two-stage pricing and revenue formulas in
Section 4.

2. Proof of Mapping Continuity

Composition of the payoff function: The joint cost-reduction output uses an exponen-

tial concave function f((gl’%): e e

1 1
—h g02 , —h ¢)2 , and the two-stage reward profit is a piecewise linear function; after com-
191 5%

2
bining, R,(*) and R,() areinfinitely differentiable, belonging to smooth continuous

, the effort cost is a quadratic polynomial

functions;

The objective function is strictly concave: As shown later in Section 2.4.4, R, is
strictly concave in ¢, , R, is strictly concave in ¢, , and a single-variable concave
function has a unique maximum point on a closed interval.

3. Continuity of argmax output

The optimal solution of a strictly concave function changes smoothly with exogenous
variables, so BR,(p,) and BR,(p,) are both continuous functions of one variable.

Explanation of project management: This continuity feature reflects the actual oper-
ating patterns of military projects. Investments in R&D and process optimization do not
have sudden jumps in returns. Companies can gradually adjust manpower and work
hours through small iterations to get closer to the optimal plan. There will not be extreme

situations where tiny changes in investment cause huge swings in project profit. The
model’s balance is practical and adjustable, and the mathematical conclusions can directly

https://doi.org/10.3390/systems14080939



Systems 2026, 14, 939

8 of 38

guide companies in planning stage-by-stage investments, rather than being purely theo-
retical math.

4. 2D Self-Mapping Construction

Combine the two sets of optimal response functions to construct a two-dimensional

self-mapping F:D—D : F(p,9,)=(BR/(9,),BR,(p,)) , and with input
(9,,9,)€ D, the output optimal response combination still satisfies 0 < BR,(*)<100
and 0<BR,(+)<100, that is F(p,p,)e D ; at the same time, BR,(p,) and

BR,(p,) are continuous, so F' is a continuous self-mapping defined on D.

2.4.4. Conclusion on the Existence of Nash Equilibrium

The feasible region D is non-empty, compact, and convex, and the mapping F is a
continuous self-map on D, fully meeting all the conditions of Brouwer’s fixed-point the-

orem. Therefore, there must exist a fixed point in (q):,(p; )e D , denoted as

¢, =BR(p,) _ e .
. This fixed point is defined as the pure strategy Nash equilibrium of the

v, =BR,(p;)
lower-level two-player game, meaning a lower-level Nash equilibrium must exist.
Engineering management explained: Mathematically, we can rigorously prove that
there is always a balance between R&D and production efforts at the lower levels. In real-
world engineering practice, this means that no matter what kind of two-stage profit-shar-
ing contract the general contracting unit comes up with, both the design team and the
general contracting unit can find stable, workable schedules and R&D investment plans,
avoiding extreme situations where efforts are wasted or the whole process stalls, basically
making sure the incentive contracts actually work.

2.4.5. A Complete Guide to Deriving the Uniqueness of Nash Equilibrium

Just proving the existence of an equilibrium does not guarantee a unique solution or
rule out multiple solution branches. In this section, we strictly prove the uniqueness of the
equilibrium through the second-order concavity/convexity and the monotonicity of the
best response function.

Step 1: Prove that the net profit function is strictly concave with respect to its own
effort.

Take the second-order partial derivative of the general contracting unit’s net profit
2

7 .
— s the second-order term of revenue.
1

R, with respect to their own effort ¢, :

Since the combined cost-reduction output is a concave function, the second-order revenue

2
L

®,

meaning R,(¢,,9,) isastrictly concave function of ¢, .Similarly, the second-order par-

term is always less than 0; with effort cost coefficient /,> 0, this makes

tial derivative of the design unit’s net profit R, with respect to its own effort ¢, is

o’R
2 <0,s0 R,(p,p,) isastrictly concave function of ¢, . A strictly concave function

op;

has only one maximum point on a closed interval, so for any given effort from the other

party, the optimal responses BR,(¢, ) and BR,(p,) have a unique solution.

Step 2: Prove that the optimal response function is strictly decreasing.
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Take the total contractor’s optimal response BR,(p,) as an example and do im-

plicit differentiation on the first-order optimal condition. The first-order optimal condition

aRl(BR1(¢2 ),9,)

= (0 . Differentiating both sides with respect to ¢, gives:

dg,
0°R, dBR, O°R,
7 + = () . Rearranging gives the slope of the response function:
8(01 dp, a¢18¢2
o°R,
dBR, _ 99,09, . 'R,
=-— . Because of the cross second-order derivative <0, the efforts
dgp, O°R, dp,09,
9]

of the two parties are strategic substitutes. When the designer increases their effort, the

marginal gain for the total contractor to invest more is diluted, so the total contractor will
2

reduce their own effort; the second-order derivative with respect to itself is 21 <0.

8(0,

R]

Plugging in gives: <0 and BR/(p,), which are strictly decreasing functions.
?,

dBR,

Similarly, <0 and BR,(p,) are also strictly decreasing.
?;

Step 3: There is only one intersection point on the 2D plane.
In the 2 D feasible region D, there are two curves: L, : ¢, =BR](¢2) and

L,:p,= BR2((01). Both are strictly decreasing and continuous, and within a bounded

rectangular area, they can meet at most once. According to 2.4.4, an equilibrium must exist,
so the two curves meet at exactly one point. That single point is the lower-level Nash
equilibrium, and the lower-level pure strategy Nash equilibrium is mathematically
unique.

Explanation of engineering management: If there are multiple Nash equilibria, both
parties may disagree on their optimal investment, making it easy for mass production and
process optimization to stall. The unique equilibrium property derived in this paper en-
sures that after both parties sign a fixed, phased revenue-sharing contract, they have a
unified and stable expectation of their optimal working hours and R&D investment. This
removes cooperation game conflicts from the root of the contract, and the mathematical
results can directly help design risk management for military contracts.

2.4.6. Explanation of Theory and Numerical Connection

On the theoretical side, relying on Brouwer’s fixed-point theorem, the existence of
equilibrium was proven. By using concavity/convexity and implicit function differentia-
tion, the monotonicity of optimal responses was fully derived, strictly proving the unique-
ness of equilibrium and eliminating the multi-equilibrium splitting problem in single-
layer games. For numerical verification, Section 6.2.2 sets up five sets of completely dif-
ferent initial effort combinations (10, 10), (30, 50), (60, 20), (80, 40), (20, 90) to run Bi-PSO
iterative simulations. All initial values eventually converge to the same set of equilibrium
efforts (gol* =29.79, go; = 85.79), with all parties’ net profits exactly matching and no

multiple solution splits. Combining theory and simulation, the analytical derivation
mathematically guarantees a unique equilibrium, while the multiple initial value numer-
ical experiments confirm equilibrium stability from the simulation standpoint, forming a
complete dual evidence system for existence and uniqueness.

https://doi.org/10.3390/systems14080939
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From alogical standpoint, the analytical derivation guarantees the uniqueness of the
equilibrium mathematically, while multi-initial-value numerical simulations verify the
stability of the equilibrium from the perspective of algorithm implementation. Together,
they form a complete dual-proof system for the existence and uniqueness of the equilib-
rium. The theoretical proof answers whether the model has a stable cooperative strategy,
and the multi-initial-value simulations check if multiple feasible equilibrium solutions
could appear in actual calculations. Both support each other, ensuring that the staged
profit-sharing ratios and equilibrium effort levels obtained from this model can be directly
applied to the quantitative assessment of military equipment contracts. The related math-
ematical derivations have practical engineering value and are not just purely theoretical
exercises.

To unify symbol definitions throughout the paper and facilitate formula replication
and reading, all decision variables, policy parameters, endogenous functions, and algo-
rithm parameters are summarized in the complete comparison table below in Table 1.

Table 1. Definition of model variables and parameters.

Symbol Variable/Parameter Meaning Dimension/Unit
@ Effort balance of R&D and production by the general contracting unit Dimensionless
?, Effort balance of design unit in planning and follow-up production Dimensionless
e Profit-sharing ratio for the design unit in the first phase Dimensionless
A, Profit-sharing ratio for the second stage reward and punishment design unit =~ Dimensionless
C, Target order price determined at the military product project approval stage Ten thousand yuan
C, Final expected price for the first phase of military products Ten thousand yuan
a Incentive constraint coefficient for the first phase of military products Dimensionless
Vi Comprehensive evaluation reward ratio for the second phase of military prod- Dimensionless
ucts
0, Production quantity in the first phase Set
0, Order quantity in the second phase Set
U Cost-reduction efficiency coefficient of the general contracting unit Dimensionless
v Technical cost-reduction efficiency coefficient of the design unit Dimensionless
h Effort cost coefficient of the general contracting unit Dimensionless
h, Effort cost coefficient of the design unit Dimensionless
f(®,,9,) Cost reduction brought by joint efforts (concave function) Dimensionless
B, Procurement price per unit in the first phase Ten thousand yuan
B Procurement price per unit in the second phase Ten thousand yuan
R Net profit of the general contracting unit after deducting effort costs Ten thousand yuan
R, Net profit of the design unit after deducting effort costs Ten thousand yuan
R, Total profit of the joint entity of general contracting unit and design unit Ten thousand yuan

WeightedFit Upper-level weighted optimization objective: Rjand 0.1-min (R1 R, )

https://doi.org/10.3390/systems14080939

Ten thousand yuan



Systems 2026, 14, 939

11 of 38

N PSO population size Piece
Maxlter ~ PSO maximum iterations Time
1) PSO inertia weight Dimensionless
¢, ¢, P, P, learning factors Dimensionless
seed Random seed (fixed 12,345, to ensure reproducibility) Dimensionless
RIO General contractor unit benchmark with no allocated profit Ten thousand yuan
Rg Design unit benchmark without allocated profits Ten thousand yuan

3. Model Assumptions and Function Theory Support
3.1. Basic Assumptions About the Behavior of Game Players

Hypothesis 1. Both the general contracting unit and the design unit are completely rational and
risk-neutral collaborative entities. They form an equipment development interest consortium and
each strives to maximize its own net profit. The general contracting unit, as the project leader,
simultaneously coordinates the overall alliance benefits and the fairness of long-term cooperation
[24].

Hypothesis 2. The game information is completely symmetric. The general contracting units and
design units know each other’s efficiency coefficients, effort cost coefficients, and all parameters of
the two-stage pricing policy, with no hidden information or differences in information advantage.

Hypothesis 3. The military only acts as an external policy-making body and does not get involved
in profit distribution games. Fixed incentive coefficients a.€ [0.5,0.7] and mass production re-

wards and penalties f € [-0.05,0.05] arerigid constraints outside the model and do not change

with decisions.
3.2. Effort and Cost Function Assumptions

Hypothesis 4. The effort levels of the general contracting unit and the design unit ¢,,¢, are

continuous non-negative measurable variables, with effort costs being a quadratic concave function

L, > - N
C = Ehl.gol. and marginal input costs increasing [29,30].

3.3. Assumptions of the Joint Cost-Reduction Output Function

Hypothesis 5. Joint efforts by both parties can reduce the expected procurement price of the equip-
ment, with the price reduction f(p,,¢, ) following a continuously increasing concave function,

satisfying first [ ">0 and second f" <0 derivative conditions, meaning that the marginal

cost-saving benefit of effort keeps decreasing. Select the exponential form [ = 1-e™™" as the

base function for simulation, and use the logarithmic function for robustness testing. This type of
function is widely used in R&D output modeling [12].

3.4. Policy and Equilibrium Constraint Assumptions

Hypothesis 6. The profit-sharing ratio for the two stages satisfies the interval constraint:
0< A, <1, 0S4, <1. A represents the design unit’s profit share in the first stage (prototype

development stage), and 1, represents the design unit’s profit share in the second stage (mass

https://doi.org/10.3390/systems14080939
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production stage). The upper-level optimization searches within this feasible domain throughout
the process.

Hypothesis 7. complete individual rationality constraints: after implementing profit sharing, the
net profits for both parties are R,(A,, 2,0, 0, ) and R,(A,2,,0,,0, ). To ensure coopera-

tion is feasible, the double individual rationality constraints must be met: the net profit after coop-
eration must be greater than the baseline profit without sharing, and the net profit must be non-
negative.

R](i]’}?’(/)j’q);) 2 R?

Rz(}w’lz:(”::(”;)ZRg 1)
R, Z20,R, 20

In the formula, R;) and Rg are the baseline net profits of both parties under a no-profit-

distribution mechanism, and all simulations in the text simultaneously satisfy the above double
individual rationality constraints.

3.5. Assumptions of Game Timing

Hypothesis 8. Game follows a two-level Stackelberg sequential decision timing: As the leading
player in the upper-level game, the general contracting unit first determines the two-stage revenue
shares A, and A,; given any set of sharing ratios, the general contractor and the design unit

simultaneously act as the two followers in the lower-level Nash game, independently finding their

own optimal equilibrium efforts qoj(i,,iz), go;(/lz,/l,).

3.6. Limitations of Idealized Model Assumptions and Ideas for Expansion

Sections 3.1-3.5 of this article propose basic assumptions like complete information,
risk neutrality, binary players, and deterministic parameters. While these simplify math-
ematical derivations and ensure equilibrium can be solved, they deviate from real military
supply chains. The specific limitations and possible improvements are as follows:

1. Limitation of the complete information assumption: In actual development, design
units’ process costs and cost-reduction efficiencies are private information, so the
general contracting unit cannot fully observe the other party’s real input, leading to
adverse selection issues. Later studies could introduce incomplete information
Bayesian Stackelberg games and design information-screening contracts.

2. Limitation of the risk-neutral assumption: Military projects face risks like technical
failures, fluctuations in production pass rates, and cost overruns. Both design units
and general contracting units generally prefer to avoid risk. Future work could in-
corporate CVaR and mean-variance risk utility functions to build robust profit-shar-
ing models under risk constraints.

3. Limitation of binary players: The real military supply chain includes supporting sup-
pliers and third-party testing institutions, creating multi-level interest games among
multiple parties. Later research could expand to multi-agent evolutionary games and
build a three-level game framework (military—general contracting unit-design unit-
supplier).

4. Limitation of deterministic parameters: Raw material prices, order quantities, and
policy incentives are subject to random disturbances, which the current static model
does not capture. Fuzzy stochastic parameters could be introduced to construct a sto-
chastic bi-level optimization model.

https://doi.org/10.3390/systems14080939
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4. Technical Background

Military products implement a two-stage pricing system consisting of initial batch
pricing and batch production rewards and penalties. Under the research-production sep-
aration model, the revenues of both the design units and the main contracting units de-
pend on the two-stage price formation mechanism of military products. Based on the cur-
rent military product pricing policy, this paper derives the pricing formulas for the initial
batch and batch production stages, clarifies the composition and distribution logic of the
two-stage reward profits, and introduces efficiency coefficients and effort cost coefficients
to characterize the behavioral features of the entities, providing a theoretical foundation
for subsequent game modeling, profit function construction, and Particle Swarm Optimi-
zation.

4.1. First Batch Price of Military Supplies

According to military product pricing rules, the price of the first batch of purchases
is composed of the benchmark cost and the incentive profit:

P,=C,+(C,-C,)xa @

In the formula, P, is the procurement price for a single set of military goods in the

1
first batch; C, is the target order price determined at the project approval stage of the

military goods; C, is the final expected price for the first batch of the military goods; &

is the incentive constraint coefficient for the first batch of military goods, generally taken
as0.5;and (C,-C, )X a isthe reward profit for the first batch.

If the general contracting unit wants to obtain more reward profits, on one hand, it
strengthens project management itself, for example, by striving to optimize production
technology, improve personnel skills and quality, and perfect internal control systems,
trying to control the cost of military products while ensuring high quality; on the other
hand, it provides incentives to the design units, allocating an appropriate portion of the
reward profits to encourage design units to carry out ‘six-characteristics” design and the
research and use of low-cost technologies during the design phase. For design units, to
obtain more design returns, as long as the proportion of reward profit allocation provided
by the general contracting unit is appropriate, they will focus on cost control from the
source during the design of military products, ensuring the economic efficiency of military
product manufacturing.

Suppose both parties work together to reduce the expected price of military products,
with the effort level of the general contracting unit being ¢, , and the effort level of the

design unit being ¢, . The proportion by which the expected price ultimately decreases
relative to the order target price through effort is f{¢,,¢, ), which is a continuously in-
creasing concave function of ¢, and ¢, ,ie, f{p,)>0, fp,)<0, assuming
flo,,0,) = 1-e™”7” , where [l is the efficiency coefficient of the general contracting

unit, and v is the efficiency coefficient of the design unit. Then, the final expected price
is C,=[1- f(p,,9,)]C,.Substituting into Equation (1) gives:

P=[1-flo,.0,)* f(9,,0,)0]C, 3)

In the formula, P,, C,,and a are the same as in Formula (1), f(p,,¢,) represent-

ing the proportion by which the final expected price falls below the target order price.
When designing military products, if the production quantity in the first phase of
military products is assumed to be Q,, then the reward profit for the first phase is

(C,-C,)xaxQ, = flo,,9,)CaQ,.If the general contracting unit and the design unit
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agree on the sharing ratio of the first phase reward profit as /,, then the reward profit the
design unit receives in the first phaseis 4, f(p,,¢, )C,aQ,, and the reward profit the gen-
eral contracting unit receives in the first phaseis (1- 1, )f(¢p,,¢,)C,aQ,.

4.2. Price During Mass Production Stage of Military Products

During the mass production phase, price adjustments for rewards and penalties are
implemented based on the first batch price and comprehensive evaluation results:

P =P Xx(1+p) )

In the formula, P

, is the purchase price of a single unit of military equipment in

the second phase, P, is the purchase price of a single unit in the first phase, and f is

the reward rate determined after the comprehensive evaluation in the second phase, as-
sumed to range between —5% and 5%.

When designing military products, if we assume the production quantity for the sec-
ond phase is Q,, then the bonus profit for the second phase is P, fQ, . By substituting

Equation (3) into the calculation, the bonus profit for the second phase is
[1- flo,,0,)+af(,,0,)]C,FQ,.If the total contractor and the design unit agree on the
sharing ratio of the second phase bonus profit as A, , then
L[1- fle,,0,) T af(p,,0,)]C.BO, isthebonus profit the design unit gets in the second
phase, and (1-4,)[1- f(p,.9,)+ af(p,.9,)]C,pO, is the bonus profit the total con-

tractor gets in the second phase.
Based on the two stages above, the unit price of this military product is

P=(PxQ,+P,x0,)/(Q,+0,) ()

4.3. Revenue Model

Assuming that the various efforts made by the general contractor and the design unit
can be equated to monetary costs, that is, investment, as the level of effort increases, the
corresponding growth rate of monetary costs will accelerate. Suppose the investment ef-
fort cost functions of the general contractor and the design unit are represented as:

C,=Sho} (i=12) ©

In the formula, 4, and £, are the effort cost coefficients of the general contract-

1
ing unit and the design unit, respectively.

Under the military product design return mechanism, the design unit and the general
contracting unit can be regarded as a unified consortium, working together to maximize
their joint benefits. Assuming R, is the total profit of the two parties combined, then

1 1

R,= flo,,0,)CaQ,+[1- flo,,0,)+af(p,,0,)]C,BO, '_h1¢12 '_hﬂ’zz (7)

2 2

The total profit of the general contracting unit is

Ry = (14, )f(0,.9, )C,0Q, (1= 2D [1- f(p,.0, )+ af(,.9,)] €O, -+ h 107 ®)

The total profit of the design company is
1
R,=2,/(9,,0,)CaQ,+2,[1- flo,.0,)+af(p,,0,)]C,BO, 'Eh zwzz C)]

All in all, the existing constraints are
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0.5<0<0.7,-0.05< B<0.05
0<1,<1,0<), <1
0<p,<100,0<p,<100
R,>0,R, >0

(10)

5. Two-Level Stackelberg Game and PSO Nested Optimization Method
5.1. Two-Level Optimization Math Model
5.1.1. Lower-Level Subproblem (Given /,, 4,, Optimize ¢,, ¢,)

mq)ax R (¢, MJ’ 4)
max Ry(p, 24, %) (11)

5.t0<9,,0,<100, R,>2R),R,2R),R,20,R,>0

In the formula, R] is the total profit of the main contracting unit, as shown in For-

mula (8), R, is the total profit of the design unit, as shown in Formula (9), Rla and Rg

are the baseline net profits of both parties without any profit-sharing mechanism, as
shown in Equation (1); ¢, is the effort level of the main contracting unit, ¢, is the effort

level of the design unit, 4, is the design unit’s first-stage profit-sharing ratio, and 4, is

the design unit’s second-stage profit-sharing ratio.

5.1.2. Upper-Level Subproblems (Anticipate Lower-Level Equilibrium goj (), (oj (¢),
Optimize the Revenue-Sharing Ratio)
Define two types of upper-level optimization goals:

1. Theoretical benchmark goal

{maxRo(goj(i,,ig ), q);(i]:iz )i A1 25)

12
s.t.0<A, M, <1, 05<a<0.7, -0.05<B<0.05 (12

In the formula, R, represents the total profit of the union, as shown in Formula (7),

0
@, @, 4, A, asshownin Formula (11), a is the incentive constraint coefficient for the

first stage of military products, and S is the reward ratio determined after the compre-
hensive evaluation in the second stage.

2. Engineering Weighted Goals

max WeightedFit = R, +0.1min(R,,R, )
(13)
s.t0<24,2, <1, 0.55a<0.7, -0.05<4<0.05

In the formula, all the symbols are the same as those in Equation (12). Later in Section
6.2.1, an additional control group was set up to only maximize Ro without any fairness
term. The simulation results show that the two-level framework can only ensure the total
profit of the coalition is maximized; the fact that both sides have equal profits is an added
effect of the weighted fairness constraint, and cannot be entirely attributed to the two-
level game structure.
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5.2. Basic Principles and Parameter Settings of Particle Swarm Optimization
5.2.1. Basic Principles and Parameter Settings of Particle Swarm Optimization

Particle Swarm Optimization (PSO) simulates the cooperative foraging behavior of
birds, mapping each particle to a set of decision variables. Particles iteratively update their
velocity and position within the feasible domain by tracking the individual best pbest and
the global best gbest, achieving global optimization of complex nonlinear functions. The
algorithm has a fast convergence speed and strong robustness, making it suitable for the
multi-variable, multi-constraint revenue allocation optimization problem in this paper.

Particle velocity and position update formulas:

ok 3 k

Vg =V, terpbest,, - x, ) ter(gbest, - X, )
o et

xi],(d _x'kd Vg

L,

(14)

In the formula, w istheinertia weight; ¢, and ¢, arelearning factors; », and r,
are uniformly random numbers in the interval [0, 1]; X, is the particle position, corre-

sponding to the decision variable ¢,,¢,,4,,4,;and V,, is the particle iteration velocity.
Parameter Settings:

1. Computing environment: MATLAB R2025a, Intel i9 processor, Windows 11;
PSO hyperparameters: population size N =100, maximum iterations MaxIter = 200,
inertia weight = 0.6, learning factor = 1.6;

3. Dual stopping criteria: either 200 iterations reached or total profit change <10 for 20
consecutive iterations;

4. Fixed random seed: seed = 12,345, out-of-bound variables are reset by boundary trun-
cation;

5. Constraint handling: individuals violating constraints get a heavy penalty on fitness
and are removed.

5.2.2. Double-Layer Nested PSO Pseudocode

This article does not make any innovative improvements to the underlying formulas
for PSO particle velocity or position updates. It just designs a nested inner—outer iterative
process (called Bi-PSO) based on the business timing of Stackelberg—where the leader
allocates first and the follower finds the Nash equilibrium later. It is an application-ori-
ented adaptation for phased benefit allocation problems in the military industry, without
any theoretical innovation in intelligent algorithms. Its main value lies in restoring the
sequential decision logic of leader—follower games.

Input: fixed parameters C,,a, f,0,,0,,u,v,h,, h, for defense industry, and PSO

hyperparameters N, Maxlter,m,c,,c,
Set random seed to 12,345, initialize upper-level particles X = /4,,4,] and their

velocities V
Upper-level iteration loop (1~Maxlter):
For each upper-level particle [4,,4, ] :

Solve lower-level Nash sub-PSO to get equilibrium effort ¢ ]* , P 2*
Initialize lower-level particles [@,,¢, ], iterate until convergence condition is met

(profit change < / 0 for 20 consecutive generations)
Check individual rationality constraint: apply huge penalty if violated

Output lower-level equilibrium goj*,q);,calculate R,,R,, R, WeightedFit
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Update upper-level particles’ pbest, gbest, iterate velocity/position, apply boundary
corrections 4,,4, € [0, 1 ]

Stopping criterion: if WeightedFit changes <10 for 20 consecutive generations, stop
early
Output: optimal 4,",4,", equilibrium ¢, @, , profits R,,R,, and total alliance

profit R,

5.3. Comparison and Analysis of Multiple Optimization Algorithms

To test how well the double-layer nested particle swarm (Bi-PSO) works in solving
the two-layer Stackelberg military—industrial revenue game model, we selected five algo-
rithms for comparison: gradient-based interior point method (IPM), standard genetic al-
gorithm (GA), simulated annealing (SA), differential evolution (DE), and adaptive-weight
PSO [29,30]. All algorithms shared the same double-layer nested structure: the outer layer
optimizes 4, and A,, while the inner layer solves the Nash equilibrium for both parties

with fixed revenue splits. The main difference among the five algorithms lies only in how
they handle the sequence of moves in the game.

1.  This Bi-PSO: strictly follows the Stackelberg sequential decision-making, where the
upper level first determines the profit sharing, and the lower level then simultane-
ously solves for the equilibrium efforts of both parties, fully matching the ‘general
contractor decides first, design responds later’ game sequence.

2. GA, SA, DE, Adaptive PSO: Although the lower-level equilibrium solution module

is nested, during optimization il, ﬂz, @, and @, are treated as synchronous

parallel decision variables, which weakens the Stackelberg leader—follower timing
constraints. At the game theory level, there is a deviation from equilibrium, making
it only suitable for single-point benchmark cases and unable to support large-scale
batch parameter simulations for 2D heat maps.

We set up four quantitative evaluation metrics: the alliance’s maximum total profit
under 20 independent optimizations, the average number of iteration steps, the profit
standard deviation, and the average computation time per run. Additionally, we added
the number of invalid equilibrium solutions (where the net profit of total contractors/de-
signers is less than 0) as a supplementary measure of constraint compliance. The experi-
mental results are shown in Figure 1 and Table 2.
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Figure 1. Comparison chart of four indicators for six types of optimization algorithms.
Table 2. Comparison of various metrics for six types of optimization algorithms.
Total Profit of 20-Round Average Number Standard Deviation of 20 Average Time Number of Times
Algorithm Optimal Consortium of Iterations  Independent Runs (Ten Per Run (Sec- Invalid Output
(10,000 Yuan) (Times) Thousand Yuan) onds) Occurs
IPM 4103.18 2 0.0000 0.1082 20
GA 4047.66 77 0.0000 5.5401 0
SA 4047.66 200 0.0000 0.3393 0
Bi-PSO 4047.66 200 0.0000 29.4292 0
DE 4054.48 200 0.0000 29.3426 0
Adaptive-
PIS’ O“’ 4047.66 200 0.0000 29.8552 0

Comparing the repeated simulation results of six types of algorithms shows that gra-

dient-based IPM requires the fewest iterations to converge. However, due to the non-con-

vex structure of the model and multiple constraints, all 20 independent repeated tests pro-

duced invalid local optima that violated individual rationality constraints, making it less
practical for engineering. GA, SA, DE, adaptive PSO, and the Bi-PSO in this paper all be-
long to evolutionary global optimization algorithms, and each algorithm includes a sub-

routine for solving lower-level Nash equilibria. From a numerical perspective, DE has the
strongest global search capability, achieving a total alliance profit of 4054.48 ten thousand
yuan; GA, SA, adaptive PSO, and Bi-PSO stabilize total alliance profits at 4047.66 ten thou-
sand yuan under equilibrium conditions. With fixed simulation conditions, the standard
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deviation of 20 independent runs for the five evolutionary algorithms approaches zero,
indicating good iteration stability. But, looking at it from the standpoint of two-level
Stackelberg game theory compliance: GA, SA, DE, and adaptive PSO treat the upper-level

allocation ratios 4,, 4, and lower-level efforts ¢,, @, as parallel synchronous opti-

mization variables during iterations, weakening the sequential relationship of “leader
makes decisions first, follower responds later.” These algorithms only pursue numerical
optimization of the objective function, and the resulting solutions cannot guarantee Nash
equilibrium conditions, showing theoretical flaws. Only Bi-PSO in this paper uses a hier-
archical iterative structure: the outer iteration optimizes the two-stage profit-sharing ratio,
and each fixed allocation is passed to the inner layer to independently solve the lower-
level Nash equilibrium, strictly aligning with the standard mathematical definition of a
leader—follower game. Although a single Bi-PSO simulation takes up to 29.4292 s, which
is more computationally expensive than GA and SA, in large-scale parameter sweeps and
2D heatmap grid simulations, the completeness of the game logic is prioritized over local
numerical indicators. Considering the core standards of game theory self-consistency and
constraint compliance, all subsequent numerical simulations and parameter sensitivity
analyses use Bi-PSO.

The Bi-PSO constructed in this paper does not introduce any fundamental innova-
tions in particle velocity or position update rules. The core improvement idea is: embed-
ding double-layer leader—follower game timing constraints into the standard particle
swarm iteration framework. This is an application-oriented adaptation for phased mili-
tary industrial benefit distribution scenarios, rather than a completely new intelligent op-
timization algorithm. The differences in output results of the six types of algorithms stem
from two independent mechanisms: the numerical optimization mechanism and the game
timing mechanism:

(1) Numerical optimization mechanism. Gradient-based IPM relies on local gradient in-
formation for iteration. The model in this paper includes piecewise policy constraints,
rigid dual individual rationality boundaries, and non-convex payoff functions. The
feasible domain contains numerous local extrema, causing gradient algorithms to
easily fall into invalid solutions that violate the cooperation premise, and all 20 sim-
ulations failed. GA, SA, PSO, and DE are population-based global stochastic search
algorithms, and repeated simulations can all output feasible solution combinations
that satisfy the constraints. Among them, the DE differential mutation operator has
a stronger ability to expand the search range, so the alliance benefit values are slightly
higher than those of the other evolutionary algorithms. However, this advantage is
only numerical and does not guarantee satisfaction of the game equilibrium condi-
tions.

(2) Game timing mechanism (core difference). GA, SA, DE, and adaptive PSO simulta-
neously optimize upper-level allocation parameters and lower-level effort variables
within the same loop, eliminating the Stackelberg sequential decision order. Mathe-
matically, this weakens the leader—follower hierarchy, meaning the obtained optimal
combination is only the global numerical optimum and cannot guarantee satisfaction
of the Nash equilibrium response logic, which is a theoretical flaw. In contrast, Bi-
PSO enforces a hierarchical loop: the outer layer only optimizes the phased benefit
proportions, and after an allocation scheme is given, the inner layer independently
solves the Nash equilibrium and feeds back the objective function. This replicates the
business process where “the general contracting unit first signs the benefit contract,
and the design unit subsequently adjusts the R&D input,” and the results strictly
conform to the definition of a two-layer Stackelberg game, which other evolutionary
algorithms lack.
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In summary, DE only has a numerical optimization advantage, but its underlying
game timing logic has inherent flaws. Bi-PSO takes longer for a single computation, but
in large-scale heatmaps and parameter grid simulation scenarios, theoretical self-con-
sistency of the game is far more important than minor numerical gains. Therefore, all sim-
ulations in this paper use Bi-PSO.

6. Numerical Simulation Experiments and Robustness Analysis
6.1. Experimental Parameter Settings

This article uses a certain type of gas turbine project as a simulation example. During
the project initiation stage, the target procurement price for the equipment was set at a =
30000 ten thousand yuan; in the first phase, prototype trials were carried out with a pro-
duction of (), =2 units, and in the second phase, mass production of Q, =3 units was

carried out along with a comprehensive performance evaluation. The incentive constraint
coefficient for the first phase was @ =0.5; after completing the mass production evalua-
tion, the reward and punishment ratio for the second phase was 8 =0.03. The other basic
parameters were setas 4 =0.0010, v =0.0018, /4, =0.8,and 4, =0.5.

As a point of reference: under the traditional model, no profit-sharing mechanism is
set up for the design units. The design units only deliver the drawings and do not put
extra effort into optimizing the mass production process, making the decision variable al

@, =0, while keeping the other basic parameters unchanged. The calculated benchmark

profit of the total manufacturing unit in this scenario is R10 =1695.04 ten thousand yuan.

The benchmark simulation parameters come from desensitized data of a certain gas
turbine project, and all simulation conditions are reproducible. The parameters are di-
vided into two categories based on their sources:

(1) Policy-driven external parameters (C,, O, O,, &, [): taken from the gas tur-

bine development task book, equipment procurement contracts, and industry stand-
ards, serving as the predetermined constraints of the project;

(2) Key efficiency and cost characteristic parameters («, V, h;, h,): based on three

consecutive years of prototype trials and full-process desensitized labor and material
records from mass production, samples were obtained; using joint cost-reduction
benefits as the dependent variable and R&D labor input from both parties as inde-
pendent variables, a multiple nonlinear regression was conducted to fit an exponen-
tial production function to get 1, V; combined with R&D labor costs and equip-

ment depreciation data, a quadratic effort cost function was regressed to calibrate
and obtain #4,, h,.

The benchmark scenario profit R]() , R; is calculated by inputting a fixed design
unit effort level ¢, =0 into the project’s historical static cost data, which corresponds to

the industry’s traditional collaboration model of ‘the design unit only delivers drawings
and does not participate in mass production process iteration and optimization.’

6.2. Simulation Results
6.2.1. Analysis of Loss Function Convergence

This article uses the Particle Swarm Optimization (PSO) algorithm to perform global
optimization on the two-stage revenue-sharing model. The algorithm parameters are set

as follows: population size N =100, maximum number of iterations MaxIter = 200,
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Weighted Fitness Value

Pure Total Profit Ry / Ten Thousand Yuan

5591.3897

5591.3896

5591.3895

5591.3894

5591.3893

5591.3892

5591.3891

5591.389
0

5325.1331

5325.133

5325.1329

5325.1328

5325.1327

5325.1326

5325.1325

inertia weight @ = 0.6, and learning factor c,

¢

= 1.6, and the results are made

uniquely reproducible by fixing the random seed. The loss function is shown in Figure 2.

PSO Weighted Optimization Objective Convergence Curve
1 5 I L

Weighted Objective Ry + 0.1 - min(R,.R;)

40 60 80 100 120
Iteration Times

140

Pure Total Profit Convergence Curve (Consistent with Output Table)

160 180 200

Pure Alliance Total Profit Ry
I I
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Figure 2. Double-layer nested PSO convergence curves. In the top chart, the blue curve shows the

convergence of the upper-layer weighted optimization objective; in the bottom chart, the red curve

shows the convergence of the original total profit R, of the industry chain. The lower-layer Nash

equilibrium is only recalculated when the globally optimal profit-sharing ratio is updated, so the

curve appears as stepped plateaus. The final stable values match the equilibrium result table exactly.

With a fixed random seed and 20 independent simulation runs, the algorithm con-
verges to a stable and feasible equilibrium solution after iteration, as shown in Table 3.

Table 3. Global optimal solution results of the two-stage incentive model for military products. Note:

All monetary values in the table are in ten thousand Chinese yuan (CNY).

Indicator Symbol Optimal Value
Initial Phase Revenue-Sharing Ratio A 0.49
Mass Production Phase Revenue-Sharing Ratio A, 0.82
General Contracting Unit Optimal Effort Level ®, 29.79
Design Unit Optimal Effort Level ®, 85.79
General Contracting Unit Optimal Profit R, 2662.57
Design Unit Optimal Profit R, 2662.57
Consortium Optimal Total Profit R, 5325.13
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A double-layer nested PSO is used to solve the equipment development benefit-shar-
ing Stackelberg game model. The upper layer optimizes a weighted function
WeightedFit = R, +0.1xmin(R,,R, ), balancing the total industry chain benefits and
the fairness of profits between party A and party B, while the lower layer solves the Nash
equilibrium of R&D efforts for both sides. Simulations ran 200 iterations, and the conver-
gence curve is shown in Figure 2, with the algorithm fully converging to the global opti-
mal equilibrium after 80 generations. The optimal allocation ratio is a first-phase design
unit profit share 4, =0.49 and second-phase 1, =0.82; atequilibrium, the optimal R&D
efforts for the total contractor and design unit are 29.79 and 85.79, respectively, with both
parties having equal net profits of 2662.57 ten thousand yuan, and the total pure industry
chain benefit is 5325.13 ten thousand yuan. The results meet individual rational participa-
tion constraints, avoid boundary extreme distortion, and consider both overall efficiency
and fair cooperative benefits.

To figure out whether the equal sharing of alliance profits is inherently effective in
the two-tier Stackelberg framework or if it is just an additional effect from the weighted
fairness term, we set up a control simulation: we fully keep the two-tier Stackelberg game
timing structure, but in the upper level, we only optimize the pure total alliance profit

R, and remove the 0.I/min(R,,R,) fairness weighting term. All other constraints, al-

gorithms, and benchmark parameters remain exactly the same. The comparison of the
results from the two groups of simulations is as follows:

1. No fairness comparison group (only maximizing R,): 4, =0.72, 1, =015, ¢, =
29.79, @, = 85.80; total contractor profit R, = 3175.1 ten thousand yuan, design
unit profit R, =2150.04 ten thousand yuan, and total alliance profit R, =5325.13

ten thousand yuan; the alliance’s revenue reaches the theoretical maximum, but there
is a significant profit gap between the two sides.

2. The baseline model in this article (weighted objective WeightedFit =
R, +0.Imin(R,,R,)): A, =049, A, =082, ¢, =29.79, ¢, =85.79; R, = R, =

2662.57 ten thousand yuan, and the total alliance profit is still 5325.13 ten thousand
yuan.

Comparing the results of the two experiments, we can see that the two-layer Stackel-
berg sequential game structure can only maximize the overall alliance profit and cannot

automatically balance the benefits between party A and party B; the equal outcome of R,
= R, isanadditional optimization effect after introducing a fairness weighting term and

cannot be entirely attributed to the two-layer game framework itself.

6.2.2. Lower-Level Nash Equilibrium Uniqueness Test

To numerically show that the lower-level Nash equilibrium is unique and has no
multiple solution branches, this study, under the benchmark parameters, fixes the upper-
level optimal allocation ratios at 4, =0.49 and 4, =0.82, and sets five completely dif-
ferent initial effort combinations (@, ): (10, 10), (30, 50), (60, 20), (80, 40), and (20, 90).

The Bi-PSO iterations were conducted independently, and the experimental results are
shown in Table 4.
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Table 4. Uniqueness test of lower-level Nash equilibrium (fixed sharing ratios). Note: All monetary

values are in ten thousand Chinese yuan (CNY). ¢,, ¢, = effortlevels of two participants; R,

= General contractor profit; R, =Design Firm Profit.

Serial Number

(605),603) (ZJT (f’j R, R,

Ol = W NN =

(10, 10) 29.79 85.79 2662.57 2662.57
(30, 50) 29.79 85.79 2662.57 2662.57
(60, 20) 29.79 85.79 2662.57 2662.57
(80, 40) 29.79 85.79 2662.57 2662.57
(20, 90) 29.79 85.79 2662.57 2662.57

From the simulation results in Table 4, it can be seen that the five sets of initial values

all eventually converged to the equilibrium effort levels of ¢, =29.79 and ¢, =85.79,

with the net profits of all parties being exactly the same, meaning there are no multiple
equilibrium solutions. This numerical experiment confirms the theoretical conclusion in
Section 2.4, which based on Brouwer’s fixed point theorem, showed that the equilibrium
is unique, proving that the bi-level model in this paper is stable and reliable.

6.2.3. Comparison of Balanced Results of Four Types of Income
Distribution Mechanisms

To verify the advantages of the two-tier Stackelberg two-stage revenue-sharing
mechanism proposed in this paper, three mainstream allocation schemes are set as refer-
ence scenarios: no revenue-sharing mechanism, two-stage equal 50/50 split, and single-
layer Nash synchronous optimization model. All model parameters and PSO solving hy-
perparameters are kept completely consistent. The equilibrium simulation results of the
four mechanisms are shown in Table 5.

Table 5. Comparison table of balanced results for four types of profit distribution mechanisms. Note:
All monetary values are in ten thousand Chinese yuan (CNY). 4,, A, =two-stage revenue-shar-

ing ratios; ¢, @, = effort levels of two participants; R ;= General contractor profit; R , =De-

sign Firm Profit; R , = total profit of the consortium; Px = military purchase unit price.

Allocation Mechanism A, A, 0, ®, R, R, R, P,

No profit distribution 0 0 94.83 0 1695.04 0 1695.04  29,872.51

Even 50-50 split

0.5 0.5 49.83 63.03 2514.86  2514.86  5029.72  27,653.16

Single-layer Nash negotiation 072 015 2979 8580 317510  2150.04 532513  27,146.28
Two-layer Stackelberg 049 0.82 2979 8579 266257  2662.57  5325.13  27,146.28

From the comparison of the equilibrium results of the four types of revenue distribu-
tion mechanisms in Table 5, we can see:

First, without any revenue distribution mechanism, the sharing ratio for the two-
stage design unit 4, =0, 4, =0, and the design unit has no economic incentive. The
optimal collaborative effort ¢, = (), meaning they completely withdraw from cost-reduc-

tion collaboration over the full cycle. The general contracting unit ends up shouldering all
cost-reduction responsibilities alone, and their optimal management effort ¢, jumps sig-
nificantly to 94.83. In this scenario, the consortium’s total profit is only 1695.04 ten thou-
sand yuan, while the military’s procurement unit price skyrockets to 29,872.51 ten thou-
sand yuan. The alliance’s collaborative incentive mechanism fails completely, causing a
significant rise in equipment procurement costs.
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Second, the fixed equal 50/50 sharing mechanism sets a uniform two-stage sharing
ratio 4, =0.5, 4, =0.5, without differentiating the technical contributions of the design

units in the prototype development and mass production phases. The one-size-fits-all
equal distribution model fails to fully motivate the design units to reduce costs. Its optimal
Ré&D and production effort ¢, =63.03 is significantly lower than the effort levels of 85.8

and 85.79 in the single-level Nash and two-level Stackelberg models. The joint venture’s
total profit is 5029.72 ten thousand yuan, with a military procurement unit price of
27,653.16 ten thousand yuan, showing a clear efficiency loss compared to the theoretical
optimal limit, meaning the alliance overall suffers a notable loss.

Third, the single-level Nash simultaneous optimization model solves for both shar-
ing and effort variables at the same time, aiming solely to maximize total alliance revenue
without embedding a revenue equilibrium constraint. The optimal allocation ratio 1, =

0.72, 4, =0.15, with balanced efforts ¢, =29.79, ¢, =85.80. Under this scheme, the

joint venture’s total profit can reach the theoretical upper limit of 5325.13 ten thousand
yuan, with a military procurement unit price of 27,146.28 ten thousand yuan. However,
the net profit gap between the two sides is huge: the main production unit’s profit is 3175.1
ten thousand yuan, while the design unit’s profit is only 2150.04 ten thousand yuan. The
profit distribution is seriously imbalanced, making it hard to meet the actual contract
needs for long-term stable cooperation in the military—industrial chain while fairly con-
sidering the interests of all parties.

Fourth, this paper’s two-tier Stackelberg hierarchical optimization framework relies
on the timing game logic where the upper level anticipates the lower level’s Nash equi-
librium, differentiating the two-stage profit-sharing ratios 1, = 0.49, 4, = 0.82, with
lower-level equilibrium efforts ¢, =29.79, ¢, =85.79, which are basically comparable

to the effort levels in a single-level Nash scheme. This mechanism also achieves the theo-
retical maximum total consortium profit of 5325.13 ten thousand yuan, with the military
procurement unit price maintained at 27,146.28 ten thousand yuan. At the same time, the
upper-level weighted target automatically balances the net profits of both parties at
2662.57 ten thousand yuan, with the total contractor and design unit profits being com-
pletely equal. The model not only fully incentivizes the general contracting unit’s man-
agement and the design unit’s process optimization for cost reduction, achieving optimal
military procurement costs, but also takes into account the fairness of long-term coopera-
tion in the defense industry chain. Compared to the three benchmark schemes of no dis-
tribution, equal sharing, and single-level Nash, it has comprehensive advantages, fully
validating the reasonableness and practical superiority of the proposed two-tier Stackel-
berg game model.

6.3. Parameter Sensitivity Analysis

Game equilibrium and two-stage profit-sharing strategies are significantly influ-
enced by external parameters, and parameter fluctuations can change the optimal effort
of participants, the allocation structure, and the cost of military procurement. To clarify
how core parameters affect equilibrium indicators and to verify the applicable boundaries
and model robustness of the optimal sharing range under a weighted fairness objective,
this section uses a combination of single-parameter traversal and dual-parameter coupled
heatmaps for multidimensional simulation analysis.

We selected three core parameters: total contractor efficiency M, design unit effi-
ciency v, and the second-stage reward and penalty coefficient f3, and applied global

perturbations within the reasonable engineering range. In addition to single-variable in-
dependent analysis, we added dual-efficiency coupled simulations to capture the joint
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effect of parameter changes on sharing ratios, equilibrium efforts, total alliance profit, and
procurement unit prices. All scenarios used a two-layer Bi-PSO run 20 times inde-
pendently, with statistical stability of solutions verified through the standard deviation of
indicators.

This section quantitatively analyzes how equilibrium decisions, cooperative profits,
and procurement costs evolve under parameter perturbations, with a focus on observing
the fluctuation range of the two-stage optimal sharing interval. The first-stage profit-shar-
ing range of 0.4~0.6 and the second-stage range of 0.7~0.9 obtained with baseline param-
eters are just reference ranges for specific scenarios and are not universally applicable. In
the following, we quantify the range fluctuations and contract adjustment logic in single-
parameter and dual-parameter coupled scenarios, and, combined with the robustness test
of the production function in Section 6.4, corroborate the reliability of the allocation rules.

6.3.1. Overall Contractor Efficiency Coefficient M Sensitivity Analysis

Keeping the other parameters unchanged, set the total contractor unit efficiency co-
efficient M to0.0004, 0.0006, 0.0008, and 0.0010. The simulation results are shown in Ta-
ble 6.

Table 6. Sensitivity simulation results of the efficiency coefficient [ of the general contractor.
Note: All monetary values are in ten thousand Chinese yuan (CNY). M = efficiency coefficient of
the general contracting unit; /11, A , =two-stage revenue-sharing ratios; ¢,, ¢, = effortlevels

of two participants; R , = total profit of the consortium.

2 Ay A, 9, Q, R,
0.0004 0.54 0.81 12.18 87.66 5020.53
0.0006 0.57 0.72 18.17 87.2 5094.25
0.0008 0.56 0.72 24.05 86.57 5196.19
0.0010 0.49 0.82 29.79 85.79 5325.13

From Table 6, we can see that as the overall contractor’s efficiency coefficient ¥
gradually increases, the contractor’s own cost control and technical implementation capa-
bilities improve significantly. The optimal effort level ¢, rises steadily from 12.18 t0 29.79,

taking on more work in cost reduction and efficiency enhancement. Meanwhile, the de-
sign unit’s optimal effort level ¢, remains stable between 85.79 and 87.66, showing no

significant fluctuations. Thanks to the efficiency advantage of the contractor, no additional
R&D or production support input is needed to maintain stable cost savings, showing a
dynamic substitution pattern of “assembly actively improving efficiency, design maintain-
ing stable supply.” At the same time, the consortium’s overall capability for cost reduction
and efficiency enhancement continues to strengthen as [ increases. Total profits climb
from 5020.53 ten thousand yuan to 5325.13 ten thousand yuan, while the average military
procurement price keeps going down, achieving cost savings for the military and mutual
benefits for production, academia, and research participants. From a management per-
spective, the higher the contractor’s production organization and process adaptation effi-
ciency, the more it can relieve cost-reduction pressure on early-stage design, promoting a
collaborative setup of “assembly efficiency, design load reduction, and overall cost control.”
Furthermore, the profit-sharing ratio 4, in the second phase generally rises with K,

reaching 0.82 at M =0.0010, the same as the optimal value in the baseline scenario, indi-

cating that with higher contractor efficiency, there is a greater willingness to increase
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profit-sharing during the mass production phase to incentivize the design unit to take part
in full-cycle collaborative management.

6.3.2. Design Unit Efficiency Coefficient v Sensitivity Analysis

With other parameters fixed, set the design unit efficiency coefficient v to take equi-
distant values in the range of 0.0012, 0.0014, 0.0016, and 0.0018, to explore the impact of
technical optimization at the design end and plan cost-reduction capability on the equi-
librium results. The simulation results are shown in Table 7.

Table 7. Simulation results of the sensitivity of the design unit efficiency coefficient v . Note: All
monetary values are in ten thousand Chinese yuan (CNY). v = efficiency coefficient of the design

unit; }“1 , A , =two-stage revenue-sharing ratios; 0, ¢, = effort levels of two participants; R 0

= total profit of the consortium.

14 Ay A, 9, Q, R,
0.0012 0.42 0.73 30.94 65.27 4217.5
0.0014 0.41 0.79 31.44 70.44 4558.14
0.0016 047 0.78 30.64 78.43 4928.03
0.0018 0.49 0.82 29.79 85.79 5325.13

From Table 7, we can see that as the efficiency coefficient v of the design unit grad-
ually increases, the design unit’s ability for technical optimization and cost reduction im-
proves significantly. To achieve greater cost savings, its optimal effort level rises steadily
from 65.27 to 85.79, actively adding R&D investment and full-cycle collaborative services.
The optimal effort level of the general contracting unit remains stable in the range of
29.79-31.44, with no significant fluctuations. Relying on the design unit’s optimized plans,
no additional production control input is needed to maintain stable production efficiency.
The effort inputs of both parties show a complementary synergy of ‘design actively boost-
ing efficiency, assembly stabilizing output.” Improving the design unit’s efficiency can re-
duce the equipment’s full lifecycle cost from the source. The consortium’s total profit
steadily grows from 4217.5 ten thousand yuan to 5325.13 ten thousand yuan, achieving
continuous overall gains. Looking at the profit-sharing ranges, the first-stage sharing ratio
/, remains stable between 0.41 and 0.49, with a core range of 0.4-0.6 showing good sta-
bility. The second-stage profit-sharing ratio 4, gradually rises with v to the benchmark

optimal value of 0.82, reaching 0.79 when v =0.0014. This indicates that the value of the
design unit’s technical contribution is fully recognized after efficiency improves, and the
second-stage sharing ratio can float slightly upward, still staying in the reasonable 0.7-0.9
range, showing that fluctuations in the design unit’s efficiency do not disrupt the overall
stability of the optimal allocation range.

6.3.3. Sensitivity Analysis of Batch Production Reward and Penalty Ratio /3

The value range of the batch production reward and penalty ratio f is[-0.05, 0.05],

covering the bidirectional scenario of the comprehensive evaluation reward and penalty
for batch production. In this simulation, ﬁ values of -0.03, -0.02, -0.01, 0, 0.01, 0.02, and

0.03, totaling seven typical values, were selected for analysis. The simulation results are
shown in Table 8.

Table 8. Sensitivity simulation results of batch production reward and punishment ratios ﬁ . Note:

All monetary values are in ten thousand Chinese yuan (CNY). ,B =reward and penalty ratio; 4,,
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A

profit of the consortium.

, =two-stage revenue-sharing ratios; 0, 9, = effort levels of two participants; Ro = total

ﬁ A A, 9, ?, R,
-0.03 0.59 0.70 58.61 71.77 5.74
-0.02 0.59 0.70 52.52 73.1 956.56
-0.01 0.59 0.70 46.71 75.16 1887.7

0 0.60 0.78 38.72 79.67 2808.58

0.01 0.59 0.84 31.12 87.15 3678.03
0.02 0.56 0.77 30.18 86.92 4501.30
0.03 0.49 0.82 29.79 85.79 5325.13

From Table 8, we can see that: the reward and punishment ratio f in the second
stage significantly affects the effort levels, profit-sharing ratios, and total profits of the
consortium. As [ gradually increases from —0.03 (negative punishment) to 0.03 (positive

reward), the total profit of the consortium rises steadily from 5.74 ten thousand yuan to
5325.13 ten thousand yuan, and the overall profit potential expands significantly with /.
Looking at effort levels, the optimal effort level ¢, for the main contracting unit drops

from 58.61 to 29.79, indicating that positive rewards in the second stage can reduce the
production management pressure of the general contracting unit, allowing them to
achieve profit goals without over-investing in effort. For the design unit, the equilibrium
effort ¢, generally first rises and then slightly falls: as /8 increases from —0.03 to 0.01,

@, grows from 71.77 to a peak of 87.15; with f continuing to rise to 0.03, it slightly

decreases to 85.79. In the low-incentive range of negative or zero rewards, collaborative
production gains are minimal, and the design unit only maintains low R&D and produc-
tion input. As positive rewards strengthen, the design unit actively invests more in pro-
cess iteration; once the reward intensity exceeds a threshold, the unit can moderately re-
duce effort relying on profit-sharing compensation to maintain optimal equilibrium.
Looking at the revenue-sharing ratios, the first stage prototype development share
ratio J, overall shows a slight downward trend. When f <0.0/, it remains stable

around 0.59~0.60; when f increases to 0.02 or 0.03, it gradually drops to 0.56 and 0.49,

without any dramatic fluctuations—only under high-intensity mass production incen-
tives is the prototype stage share slightly compressed. The second stage mass production
share ratio A, shows obvious step-like changes. When fe€ [-0.03,-0.01] is in the

negative penalty range, 1, stays stable at0.70; when 8 =0 with zero rewards or pen-

2
alties, it rises slightly to 0.78; under low-intensity reward with f = (.01, it peaks at 0.84;

thenas [ increases to 0.02 and 0.03, it falls back to 0.77 and 0.82. This indicates that the

mass production revenue share adjusts dynamically with the reward and penalty inten-
sity, and there is not a single fixed optimal value. Only in the positive reward range is
there enough room for excess gains in mass production, and the collaborative value of
having the design team involved throughout the production cycle and in process itera-
tions can be reasonably compensated through a higher share ratio.

From a practical standpoint, the mechanism of adjusting production revenue shares
in favor of the design unit is only feasible when the positive-to-negative reward ratio in
the second-stage mass production reaches a reasonable positive threshold. Negative pen-
alty models can seriously squeeze overall industry profits, leaving both sides with little
incentive to collaborate. On the other hand, tiered revenue-sharing rules that match a rea-
sonable reward-and-penalty structure can effectively encourage design units to break
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away from the traditional division of only completing early-stage designs and not partic-
ipating in later production process optimization, continuously contributing throughout
the full cycle of technical services and iterative improvements. This completely aligns with
the policy requirements for managing the full lifecycle cost of military products.

6.3.4. Two-Parameter Cross-Coupling Sensitivity Analysis

A single-factor sensitivity analysis can only describe how equilibrium evolves under
the independent disturbance of a single parameter, and it cannot capture how the inter-
action of three key external parameters—general contracting unit efficiency, design unit
efficiency, and mass production rewards and penalties—affects allocation and profit
changes. To clarify the mechanism of multi-parameter collaboration, this section selects
three combinations of core parameters to conduct a two-dimensional grid full-cross cou-
pling simulation: general contracting unit efficiency and design unit efficiency (u & v),

general contracting unit efficiency and mass production reward/penalty ratio (1 & f),
and design unit efficiency and mass production reward/penalty ratio (V& f). The key

observation indicators are the two-stage profit-sharing ratio, the equilibrium effort levels
of both parties, and the total profit of the consortium, in order to quantify and analyze the
pattern of parameter synergy. The simulation results are shown in Figures 3, 4, and 5,
respectively.

u & v Two-Factor Coupling Heatmap
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Figure 3. &V coupling heatmap.
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As shown in Figure 3, we take the total contracting unit efficiency /M and the design
unit efficiency v to construct a two-dimensional parameter range, and use a heat map to
explore the co-evolution patterns of balanced allocation, total alliance revenue, and the
efforts of both parties. The results show that the prototype revenue share /, fluctuates
slightly, staying steadily in the 0.45-0.485 range. The mass production share A4, in-

creases significantly as M and v grow together, with revenue in the production phase

continuously tilting toward the design unit. The total alliance revenue R, shows a two-

way efficiency synergy effect; when only one efficiency improves, the revenue increase is
limited, but simultaneous growth in M and v leads to sustained profit growth for the

consortium. In terms of balanced effort, the total contracting unit’s input ¢, is only
driven by its own efficiency M, while the design unit’s input ¢, is only determined by

its own efficiency v . The efforts of the two parties do not influence each other, showing
a dynamic substitution pattern. Therefore, the allocation ratio in the prototype phase does
not need to be adjusted dynamically with the efficiencies of both parties. The mass pro-
duction share is the core tool for regulating the design unit’s participation willingness.
During project implementation, it is necessary to simultaneously enhance the manufac-
turing capability of the total contracting unit and the R&D level of the design unit, and to
design differentiated incentive and control mechanisms for the two types of entities.

As shown in Figure 4, taking the overall contractor efficiency /M and the mass pro-
duction reward and penalty coefficient f, we construct a two-dimensional parameter
range and use a heat map to explore the co-evolution patterns of balanced allocation, total
alliance revenue, and efforts from both sides. The results show that prototype revenue
share J, slightly increases with [ and rises alongside f3, with the overall range stable

at 0.5-0.6. Mass production share 1, has a clear threshold pattern: when f <0 (pen-
alty), the value stays around 0.7, but it only increases significantly with M when there is
positive reward f > (), causing the mass production revenue to tilt toward the design
unit. Total alliance revenue R, rises monotonically with both M and f; in the nega-
tive reward/penalty range, alliance profits are notably low, whereas positive rewards

combined with high overall contractor efficiency can maximize joint profits. Regarding
balanced effort, the overall contractor’s input ¢, increasesas f§ decreasesand M rises,

with punishment mechanisms forcing them to invest more in production control. Design
unit input ¢, only rises noticeably with M when S > 0; without positive mass pro-
duction incentives, their R&D input stays low. This shows that negative mass production
rewards and penalties do little to motivate the design unit to participate in production
optimization, while positive rewards combined with high contractor efficiency can simul-
taneously boost alliance revenue and both parties’ effort. In project management, positive
mass production incentives should be prioritized, and the two-stage revenue distribution
ratio should be dynamically adjusted according to the contractor’s manufacturing effi-
ciency.

As shown in Figure 5, we take the design unit efficiency v and the mass production
reward and punishment coefficient f to construct a two-dimensional parameter range,
and use a heatmap to explore the co-evolution patterns of balanced allocation, total alli-
ance benefits, and efforts from both sides. The results show that the prototype revenue
share ), slightly increases with v and f, staying overall in the 0.45-0.47 range; the

mass production share A, shows clear stratification. When f <0 (punishmentrange),

its value stays around 0.7. Only when >0 (positive incentive) does A, increase
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significantly with v, so the mass production revenue shifts toward the design unit. The
total alliance revenue R, rises monotonically with both v and /. Under negative in-

centives, alliance profit is notably lower. High design unit efficiency paired with positive
rewards can maximize consortium profit. Regarding balanced efforts, the total effort of
the manufacturing unit ¢, is almost unaffected by v or f, staying in the 29-31 range.

The design unit effort ¢, only increases with v when f > 0; without positive mass

production incentives, the design unit keeps its R&D input low. This shows that mass
production incentives are key to adjusting the design unit's R&D effort. Negative incen-
tives alone cannot fully unlock the revenue potential of high design unit efficiency. There-
fore, in project management, there should be positive mass production rewards to simul-
taneously raise the mass production revenue share with high design unit efficiency,
thereby boosting the overall alliance return.

6.3.5. Robustness Test of Different Concave Production Functions

To test how dependent the model’s conclusions are on the form of the production
function, we ran repeated simulations using two types of standard concave cost-reducing
functions: exponential and logarithmic, keeping all other parameters and the solving al-
gorithm unchanged. The baseline exponential model using PSO converged smoothly; af-
ter 80 iterations, the weighted objective and total alliance profit fully converged, so the
equilibrium solution is reliable. Comparing the simulation results of the two functions
side by side, we can see: the optimal share 4, in the first stage consistently falls between

0.48 and 0.49, while the second stage share 1, isbetween 0.82 and 0.86, both within the

stable ranges of 0.4-0.6 and 0.7-0.9. The rule of allocation—"first stage ensures basic rev-

2

enue for all production units, second stage favors design units with bulk revenue” —re-
mains unchanged; the concave function only affects the overall scale of alliance profits
without changing the two-stage profit-sharing balance or the core equilibrium feature of
high R&D investment by design units. As shown in Table 9, the simulation data indicate
that the core conclusion about the two-stage optimal sharing in this study does not depend
on the specific form of the exponential production function, so the model is quite robust.

Table 9. Simulation results of robustness tests for different concave production functions. Note: All
monetary values are in ten thousand Chinese yuan (CNY). 4,, A, =two-stage revenue-sharing

ratios; ¢,, ¢, =effortlevels of two participants; R , = total profit of the consortium.

Function Type Ay A, ?, ?, R,
Exponential function 0.49 0.82 29.79 85.79 5325.13
Logarithmic function 0.48 0.86 30.18 86.92 5349.55

6.4. A Case Study on Two-Stage Revenue-Sharing Contracts for a Certain Gas Turbine
6.4.1. Case Background

A certain gas turbine equipment was procured in two batches: two units for the first-
phase prototype trial and three units for the second-phase mass production. The historical
procurement contracts from 2021 to 2023 used a straightforward 50-50 profit-sharing ar-

rangement (4, = 0.5, 4, = 0.5), without differentiating the technological contributions

between prototype R&D and mass production process iterations, and there was no tiered
incentive design.

Pain points from past project operations: the design team was not sufficiently moti-
vated to invest in process optimization during the mass production phase, the average
manufacturing cost over the three years of mass production exceeded the budget by 8.7%,
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and the project’s annual total alliance profit of 4986 ten thousand yuan closely matched
the simulated 5029.72 ten thousand yuan under a simple equal-sharing model. The slight
numerical difference comes from minor uncontrollable random fluctuations in actual pro-
ject raw material prices and delivery cycles, demonstrating that the simulation model
aligns well with the real project’s profit evolution.

6.4.2. Optimizing the Implementation Plan for the Contract
Based on the standardized distribution range 4, € [0.4, 0.6], 4,€ [0.7, 0.9] ob-

tained from the robustness test in this paper, the revised version of the military procure-
ment incentive contract is as follows: the design unit’s share of profits is fixed at 0.5 during
the prototype stage and 0.82 during mass production, fully matching the Bi-PSO bench-
mark optimal equilibrium solution; the contract also incorporates the dual individual ra-
tionality constraints from this paper, ensuring that both parties’ net profits are higher than
the baseline profits with no allocation and remain non-negative after cooperation.

6.4.3. Comparison of Empirical Indicators Across All Dimensions Between the Old and
New Covenants

To further verify the optimization effect of a tiered differentiated contract compared
to the traditional 50/50 equal split contract, we carried out a quantitative comparison
across multiple dimensions such as work hours, production costs, operating profits, and
fairness of stakeholders’ benefits. The results of the measured indicators are shown in Ta-
ble 10.

Table 10. Comparison of implementation indicators between equally split old contracts and the
tiered differentiated contracts in this article. Note: All monetary values are in ten thousand Chinese
yuan (CNY). R, =General contractor profit; R, =Design Firm Profit; R, = total profit of the

consortium; P _ =military purchase unit price.

Indicator Dimension

Old Even 50-50 Split  Differentiated Layered Contract Indicator Fluctuation Range

Annual work hours
Cost per unit

R,
P

X

[R,- Ry

6210 8197 +32%
27,860 25,300 -9.2%
4986 5297 +5.9%
27,649 27,142 -1.83%
426 1.2

Through comparative analysis, it can be seen that the relevant data fully supports the
mechanism and simulation conclusions of this model: differentiated contracts increase the
design unit’s share of production-phase profits to 0.82, boosting production process opti-
mization hours by 32%, addressing the issue of insufficient motivation for design units
under equal profit-sharing. Optimization of the design-side process directly reduces unit
manufacturing costs by 9.2%, while the average procurement price of military equipment
drops by 1.83%, aligning with military lifecycle cost management policies. The annual
total profit of the project alliance increases by 5.9%, with the profit scale closely matching
the baseline simulation; minor deviations are due to random fluctuations in raw materials
and delivery cycles in real projects, demonstrating that a hierarchical incentive mecha-
nism can achieve Pareto improvement without reducing overall supply chain profits. At
the same time, the net profit difference between both parties narrows from 426 ten thou-
sand yuan to 1.2 ten thousand yuan, showing that cooperation profits are nearly equal,
directly reflecting that the top-level weighted optimization goal balances overall efficiency
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and fairness. This complete set of indicators forms a full empirical evidence chain, com-
prehensively validating the practical effectiveness of the two-tier Stackelberg game model
and the standardized allocation ranges 4, € [0.4, 0.6] and 4, € [0.7, 0.9], overcoming

the limitations of verification solely based on numerical simulation.

6.4.4. Empirical Case Conclusions

The evolution pattern of full-dimensional operational indicators after the actual
equipment project is implemented perfectly matches the simulation equilibrium conclu-
sions of the double-layer Stackelberg game model in this paper, fully supporting the
model and the effectiveness of phased, standardized revenue-sharing for project imple-
mentation. A one-size-fits-all equal distribution approach would significantly suppress
the design units’ full-cycle process collaboration efforts. Phased allocation leaning toward
high-contribution steps in mass production can simultaneously reduce military procure-
ment costs, increase overall alliance revenue, and balance the benefits for both parties,
making up for the limitations of validating the model solely with simulation data.

7. Limitations of the Study

The two-stage, two-level Stackelberg revenue-sharing game model constructed in
this article can effectively describe the collaborative profit-sharing patterns between the
general contracting unit and the design unit in standardized simulation scenarios, and it
can provide a quantitative reference for designing military product incentive contracts.
However, constrained by the research boundaries and simplified assumptions, the model
still has several limitations, detailed as follows:

1. Limited coverage of game participants. The current model only focuses on a binary
cooperation between the general contracting unit and the design unit, and does not
include component suppliers, subcontractors, third-party testing agencies, or other
upstream and downstream participants in the defense industry chain. In reality, mul-
tiple parties in the military product development chain have interdependent inter-
ests, and the multi-level game relationships are more complex. The simplified two-
player framework cannot fully reflect the interaction logic of the entire industry chain
and has insulfficient explanatory power for multi-party collaborative pricing scenar-
ios. The two-party simplification comes from assuming a complete information static
game, ignoring profit squeeze from the private cost info of upstream and down-
stream partners. So, the simulated equilibrium returns tend to be a bit higher than
the actual returns of real projects.

2. Parameters are set as deterministic and static. All input parameters in the model (ef-
ficiency coefficients, cost coefficients, order quantities, policy reward and punish-
ment factors, etc.) are fixed deterministic values, without considering random dis-
turbances such as raw material price fluctuations, R&D delays, technical R&D fail-
ures, or variations in batch production pass rates. It is a static deterministic game
framework and cannot capture the dynamic evolution of equilibrium strategies un-
der uncertain development conditions, making it difficult to directly apply to simu-
lations of volatile military projects.

3. The assumptions about the main actors’ behavior are a bit idealized. The model
strictly assumes that both parties are perfectly rational, risk-neutral, and have com-
plete information symmetry, with no information hiding, bargaining advantages,
fairness preferences, or risk aversion, which are common in real-life behavior. In ac-
tual projects, design units and general contracting units have differences in infor-
mation and status, and decisions are influenced by perceptions of fairness and risk
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aversion. These ideal assumptions can cause a gap between simulated equilibrium
and real project decisions.

4.  The output function is simplified. The study only uses an exponential concave func-
tion to describe the joint cost-reduction effect, and while a logarithmic function is
used for robust checking, it does not extend to either piecewise concave functions or
nonlinear coupling that better reflect real process cost functions. Therefore, the gen-
eral applicability of the model’s conclusions to equipment with complex cost struc-
tures still needs further verification.

To address the above limitations, the model system can be improved in five ways:
first, expand the multi-agent evolutionary game framework to include supporting and
external units, building a full-industry-chain benefits distribution model; second, intro-
duce stochastic/fuzzy parameters to construct an uncertain robust game model, incorpo-
rating schedule, cost, and technical risk disturbances; third, embed behavioral game char-
acteristics such as fairness preferences, risk aversion, and information asymmetry to better
reflect real defense industry decision logic; fourth, design improved multi-objective intel-
ligent optimization algorithms to perform sensitivity simulations for three or more cou-
pled parameters; fifth, combine various process cost functions and historical data from
real defense projects to calibrate model parameters and enhance the practical applicability
of the theoretical model.

8. Conclusions

Aiming at three prominent practical dilemmas in the separated military R&D and
production modes, i.e., the absence of quantitative two-stage profit-sharing criteria, the
non-unique Nash equilibrium of single-layer synchronous optimization, and the insuffi-
cient incentives for design institutes to carry out full-lifecycle process optimization, this
paper establishes a bi-level Stackelberg leader—follower game model where the general
contracting unit acts as the upper decision-maker to formulate two-stage revenue-sharing
ratios, while the general contracting unit and design institute simultaneously solve the
Nash equilibrium of R&D efforts at the lower level. A nested Bi-PSO algorithm is devel-
oped to tackle the non-convex, multi-constraint model. Comprehensive theoretical deduc-
tion, algorithm comparison, multi-mechanism simulation, parameter coupling sensitivity
analysis and robustness tests are conducted to draw systematic theoretical and engineer-
ing conclusions as follows:

1. The proposed bi-level Stackelberg framework fundamentally eliminates the equilib-
rium non-uniqueness defect of single-layer optimization, and the lower-layer Nash
equilibrium possesses rigorous existence and uniqueness.

Single-layer simultaneous decision-making integrates sharing ratios and effort vari-
ables into a unified optimization space. Since revenue sharing merely transfers internal
alliance profit without changing total cost-reduction gains, the single-layer model fails to
yield a stable unique equilibrium mathematically. This study reconstructs a sequential bi-

level decision framework: the general contracting unit determines 4, and 4, in ad-

vance, and both participants respond with optimal efforts under given sharing rules.
Based on the Brouwer fixed-point theorem, the existence of lower-layer pure-strategy
Nash equilibrium is strictly proven. Further derivation via implicit function theorem ver-
ifies that the profit functions of both parties are strictly concave with respect to their own
efforts, and the best response functions are monotonically decreasing, which guarantees
a unique intersection of two response curves, i.e., unique Nash equilibrium. Numerical
verification with five groups of differentiated initial effort combinations confirms that all
initialization schemes converge to identical equilibrium solutions without bifurcation,
forming a complete theoretical and numerical verification system for equilibrium

https://doi.org/10.3390/systems14080939



Systems 2026, 14, 939

35 of 38

uniqueness. From the perspective of general contract theory, in phased R&D collaboration
scenarios, the profit-sharing ratio has an optimal range that varies by stage, with stages
that contribute more to innovation deserving a bigger cut. If the leader only maximizes
the total alliance profit, it can lead to imbalanced benefits, but introducing a fairness-
weighted goal can achieve a Pareto improvement. This conclusion can be applied to multi-
stage turnkey profit coordination scenarios like EPC, IPD, and civil-military collaborative
innovation, enriching the theory of fair profit distribution in cooperative games.

2. The nested Bi-PSO algorithm strictly conforms to the Stackelberg sequential game
logic and exhibits superior theoretical completeness compared with mainstream in-
telligent optimization algorithms.

Six optimization solvers including interior-point method (IPM), GA, SA, DE, adap-
tive PSO and the proposed Bi-PSO are compared under unified bi-level nesting architec-
ture over 20 repeated simulations from five evaluation dimensions (maximum alliance
profit, average iteration steps, solution stability, computational time, number of invalid
solutions). Gradient-based IPM easily converges to local optima violating individual ra-
tionality constraints and thus lacks engineering practicability. Although DE achieves
slightly higher global total profit, GA, SA, DE and adaptive PSO break the leader—follower
sequential logic of Stackelberg game by synchronously optimizing all variables, resulting
in theoretical bias in equilibrium solutions. Differently, Bi-PSO separates upper-layer
sharing optimization and lower-layer Nash equilibrium solving layer by layer, which
fully matches the decision sequence of military general contracting units and design insti-
tutes. Despite relatively long single computation time, Bi-PSO is the most theoretically
consistent solver for batch parameter grid and heatmap simulation in this two-stage mil-
itary revenue-sharing game. To handle the segmented nonlinearity and multi-constraint
non-convex features of the model, we adapted the standard PSO into a hierarchical nested
Bi-PSO framework. There is no innovation in the underlying algorithm itself, but it strictly
follows the Stackelberg sequential game logic. Comparisons with multiple algorithms
show that gradient-based IPM often produces solutions that violate individual rationality,
DE performs best numerically for global optimization, but general evolutionary algo-
rithms tend to weaken the leader—follower timing constraints. Only Bi-PSO executes hier-
archical optimization properly —upper layer for partition optimization, lower layer for
Nash equilibrium solving—making the game theory integrity stronger. It is well-suited
for large-scale parameter grid simulations and has high potential value in military con-
tract calculations.

3. Comparative simulations of four allocation mechanisms verify the integrated supe-
riority of the weighted bi-level Stackelberg model, and equal bilateral profit is an ad-
ditional effect brought by the fairness penalty term rather than an inherent attribute
of bi-level architecture.

Three benchmark allocation rules (no-sharing, fixed equal 50-50 sharing, single-layer
centralized optimization) are set for comparative analysis. (1) Under the no-sharing mech-
anism, the design institute obtains zero marginal profit and thus chooses zero process
optimization effort, leading to drastically shrunk total alliance profit and excessive mili-
tary procurement cost. (2) Fixed equal sharing cannot reflect differentiated technical con-
tributions of prototype R&D and mass production stages, resulting in obvious efficiency
loss and insufficient design incentives. (3) Single-layer centralized optimization maxim-
izes total alliance profit but causes a severe profit imbalance between two participants,
which damages long-term cooperative stability of the military industry chain. The basic
bi-level Stackelberg framework only realizes the upper bound of total alliance profit. By
introducing the weighted objective R,+0.Imin(R,R,) that balances overall benefit

and bilateral fairness, the proposed model maintains the optimal total profit while
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equalizing net profits of the general contracting unit and design institute simultaneously,

realizing the dual goals of minimum military procurement cost and industrial chain ben-

efit equity.

4. Participant efficiency and mass production reward-penalty coefficient have signifi-
cant coupled regulation effects on equilibrium strategies, and the second-stage shar-
ing ratio acts as the core incentive regulation tool.

Single-parameter traversal and two-factor coupling heatmap analyses reveal the in-
teraction laws of core exogenous parameters: (1) The general contracting unit’s cost-re-
duction efficiency positively correlates with its optimal management effort, while the de-
sign institute’s R&D investment remains stable; higher design efficiency significantly
boosts its full-lifecycle process effort, and the first-stage sharing ratio fluctuates slightly
within a narrow range of 0.4-0.6. (2) The mass production reward—penalty coefficient ex-
erts dominant regulatory influence: negative penalties drastically compress alliance prof-
itability and suppress collaborative input; positive rewards fully motivate the design in-
stitute to participate in post-production iterative optimization, and the second-stage shar-
ing ratio rises to 0.7-0.9 to compensate its technical contributions. (3) Two types of effort
show substitution and complementary characteristics under coupled parameter disturb-
ances. Synchronous improvement of both efficiencies together with positive mass rewards
maximizes alliance profit. When formulating military R&D contracts, differentiated two-
stage sharing ratios should be designed according to the technical efficiency of both par-
ties and official mass production incentive policies.

5. The proposed model possesses strong robustness, and stable two-stage sharing in-
tervals are obtained for engineering contract reference.

A robustness test with logarithmic concave cost-reduction output function is con-

ducted on the basis of the baseline exponential function. The optimal 4, ranges from
0.48 t0 049 and /A, ranges from 0.82 to 0.86 under different concave production forms,
which is consistent with the stable interval A€ [0.4, 0.6], A,€ [0.7, 0.9] derived from

baseline simulation. The core allocation rule—“guaranteeing the general contracting
unit’s basic profit in the prototype stage and tilting revenue toward the design institute in
mass production” —is not affected by the form of cost-reduction function. The obtained
quantitative sharing intervals are robust against parameter disturbances and can provide
standardized quantitative references for military equipment two-stage incentive pricing
contracts.

6. This study simplifies real-world military cooperative scenarios with several idealized
assumptions, and multiple research extensions can be carried out in subsequent
work.

The current model only constructs a two-player game consisting of general contract-
ing unit and design institute, adopting static deterministic parameters and complete in-
formation, full rationality, risk-neutral hypotheses without considering supporting sup-
pliers, random Ré&D risks, and participants’ behavioral preferences. Future research di-
rections include: expanding multi-player evolutionary game frameworks covering the
whole industrial chain; constructing stochastic robust bi-level models with uncertain pa-
rameters; embedding fairness and risk aversion preference functions; designing multi-ob-
jective improved Bi-PSO to solve Pareto optimal solution sets; calibrating model parame-
ters with actual military project data for empirical verification; and establishing a three-
layer game framework incorporating military procurement departments as top decision-
makers to optimize policy reward—penalty coefficients synchronously with profit-sharing
ratios.
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