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Highlights
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• This paper develops a systems framework for testing when locally defined evaluations
across changing feasible configurations admit a globally coherent scalar representation.

• We establish zero circulation and path independence as exact conditions for global
scalar representability in systems with architecture-dependent feasible changes.

What are the main findings and/or the implications of the main findings?

• Local rationality can exist without global rationality, so locally coherent decisions need
not be representable by a single global utility, welfare, value, or potential function.

• The utility application shows that global welfare coherence exists exactly under cross-
channel compatibility, providing a test for when scalar welfare comparisons are math-
ematically justified.

Abstract

Architecture-dependent systems pose a local-to-global problem in which locally admissible
and locally evaluated changes need not admit a globally coherent scalar representation. We
develop a systems-theoretic framework combining system state and architecture, admis-
sible directions of change, local evaluation, and induced dynamics within a differential-
geometric structure. We establish that, under connectedness and bracket generation, a
global scalar representation exists if and only if the horizontal evaluation form has zero
circulation along every closed horizontal curve, with an equivalent result if horizontal
evaluation is path-independent. When it exists, the representation is unique up to an
additive constant and reproduces the primitive canonical rational correspondence. Along
canonical rational trajectories, its rate of change equals the maximal local evaluative rate;
with additional regularity, feasible inaction, and precompactness, this yields strict ascent
outside rational equilibrium, excludes non-equilibrium recurrence, and confines limiting
behaviour to rational equilibria. An endogenous-opportunity application shows when
locally rational economic adjustments admit a global utility or welfare representation. Rep-
resentability is equivalent to the cross-channel compatibility condition (r ∈ Im(CT)), while
distance from this subspace quantifies failure of global welfare coherence. The framework
therefore distinguishes local optimisation from the stronger systems property of global
evaluative coherence.

Keywords: evaluative systems; global scalar representability; architecture-dependent
systems; horizontal distributions; path dependence; non-integrability; differential inclusions;
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1. Introduction
Dynamic economic models commonly impose a global objective, even when current

choice changes the conditions governing subsequent choice. Becker and Murphy [1],
for example, define rationality through a consistent intertemporal utility-maximising plan,
while past consumption affects subsequent incentives. The same structural dependence
arises in investment, financing, technological adoption, and relationship formation, where
current decisions alter future opportunities. A global objective is a legitimate modelling
primitive, but its existence does not follow from local rationality. If rational choice is instead
defined by the evaluation of currently feasible adjustments, a representation problem arises.
Under what conditions are these local evaluations generated by a single global objective?

The problem has established economic antecedents. Demand behaviour can fail to be
integrable to a utility function [2], and sequentially myopic optimisation need not coincide
with global multiperiod optimisation [3]. The present problem reverses the usual order of
construction. Local evaluation defines rational adjustment independently of any global
objective, whose existence must instead be established over the accessible state space.
Because current actions determine subsequent feasible directions, locally rational choice
may be well defined at every state, even when evaluation has nonzero circulation around
a closed accessible adjustment cycle. Such circulation is incompatible with any global
utility or value function. The central representation theorem gives necessary and sufficient
conditions for this obstruction to vanish.

The problem matters precisely because endogenous opportunity structures are com-
mon. Path dependence and technological lock-in [4,5], organisational adaptation [6,7],
technological recombination [8], and socio-technical and complex-system dynamics [9–19]
all describe systems in which realised actions condition subsequent possibilities. In such
systems, two adjustment paths can connect the same economic configurations while passing
through different intermediate opportunity structures. A global utility or value representa-
tion requires the evaluations accumulated along those paths to be mutually compatible.
That requirement is additional to local optimisation.

Economics has a substantial literature on related representation problems. Revealed-
preference theory characterises when observed choice can be rationalised by preferences
or utility [20–24], with extensions incorporating limited attention, information acquisition,
reference dependence, and state-dependent utility [25–28]. Demand integrability asks when
demand is consistent with utility maximisation [29,30]; potential-game theory asks when
incentive differences admit a common potential [31]; inverse optimisation and reinforce-
ment learning recover objectives that rationalise behaviour [32–34]; and notions of local or
myopic rationality study optimisation under restricted information, horizons, or decision
domains [3,35–37]. What remains to be characterised is when locally rational evaluations
admit a global scalar representation when current actions endogenously determine the
directions of subsequent feasible adjustment.

We take local evaluation, rather than a global objective, as primitive. At each state (z),
a covector (αz) evaluates the feasible directions (A(z)), and local rationality is defined by

R(z) = arg max
v∈A(z)

αz(v).

Feasible motion through the state–architecture manifold is generated by a horizontal
distribution (G), on which local evaluation induces the horizontal form (Θ). Global ratio-
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nality is then a representation property. It holds precisely when there exists a scalar (V)
such that

∃V ∈ C∞(E) with dV|G = Θ.

Local rationality is therefore defined independently of V. The central representation
theorem determines whether such a V exists, proving that global rationality holds if and
only if horizontal evaluation has zero circulation around every closed accessible curve,
equivalently if and only if it is path-independent.

Accessibility and integrability solve complementary parts of this problem. Differen-
tial inclusions and viability theory characterise state-dependent feasible motion [38–40],
while geometric control theory characterises horizontal accessibility and nonholonomic
motion [41–44]. They do not, by themselves, determine whether evaluation over accessible
motion admits a global scalar. Conversely, classical utility integrability does not, by itself,
address primitive evaluation over an endogenously generated nonholonomic accessibility
distribution. This failure is independent of uncertainty. Even when all local evaluations are
known exactly, they need not admit a globally coherent representation [45–49].

The mathematical ingredients used below include established exactness, accessibility,
and differential-inclusion results. The contribution is not a new version of the Chow–
Rashevskii theorem or of path independence in ordinary differential geometry. It is the
representation problem obtained when a primitive directional evaluator is defined before
any scalar objective, while the architecture of the system determines the directions over
which that evaluator must be mutually compatible. The results identify the obstruction,
show what global representation adds to independently defined rational motion, and make
the obstruction operational in an endogenous-opportunity system.

Theorem 1 gives the first main result. On a connected state–architecture manifold
with a smooth constant-rank bracket-generating distribution, a global scalar representation
exists if and only if ∮

η
Θ = 0

for every closed horizontal curve (η), equivalently if horizontal evaluation is path-
independent. When the condition fails, the local rational correspondence remains well
defined, although no scalar objective represents its primitive evaluation.

Proposition 2 and Corollary 1 provide the second main result. Whenever repre-
sentation exists, the recovered scalar represents the already defined canonical rational
correspondence and satisfies

d
dt

V(γ(t)) = ρ(γ(t))

along every canonical rational trajectory. Theorems 3 and 4 then convert representabil-
ity, under their additional hypotheses, into strict ascent, exclusion of non-equilibrium
recurrence, localisation of limit sets, and acyclic asymptotic ordering. These conclusions
are derived from representability and are not imposed through a primitive gradient or
Lyapunov structure.

Proposition 5 makes the third main result systems-operational. In the endogenous-
opportunity application, global representation holds exactly when

r ∈ Im(CT),

so m − q cross-channel restrictions distinguish global coherence from pointwise optimisa-
tion. Proposition 6 quantifies failure by

δGR =
∥∥∥[I − CT(CCT)−1C

]
r
∥∥∥,
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the Euclidean distance from the representable subspace. Thus, the application shows
that the geometric formalism identifies a restriction that local optimisation alone does not
reveal—namely, the compatibility between local evaluation and the architecture endoge-
nously generated by current actions.

The remainder of the paper is organised as follows. Section 2 develops the evaluative
structure of local rationality and the associated canonical dynamics. Section 3 establishes
the representation theorem and derives its dynamical consequences. Section 4 applies the
theory to endogenous opportunity formation and derives the conditions for global welfare
coherence. Section 5 discusses the implications and scope of the framework, and Section 6
concludes the paper. Appendix A provides the proofs of the main theoretical results and
supporting technical arguments.

2. The Evaluative Structure of Local Rationality
The framework begins with local directional evaluation rather than a prescribed global

scalar objective. No utility, value, cost, potential, or Lyapunov function is assumed. In-
stead, evaluation, feasibility, and motion are represented by distinct geometric objects.
A directional bundle specifies the directions on the basis of which local evaluation is de-
fined, a state-dependent correspondence identifies those that are feasible, and a horizontal
distribution determines how evaluable directions lift to motion on the state–architecture
manifold. This separation makes it possible to ask whether locally specified evaluations
admit a global scalar representation without assuming one in advance.

Let E denote the state–architecture manifold and X be the underlying state manifold,
related by a smooth fibre bundle (π : E → X). Local evaluation is defined on a smooth
constant-rank vector sub-bundle (D ⊆ TX), while the feasibility of configuration z ∈ Eis
specified by

A(z) ⊆ Dπ(z).

Thus, Dπ(z) contains all directions on the basis of which evaluation is defined at z, whereas
A(z) contains only those directions that are feasible under that configuration. The dis-
tinction separates evaluability from feasibility and, consequently, the domain of scalar
representation from the domain of feasible system motion.

Definition 1 (Evaluative Structure). An evaluative structure is a triple E = (E, π,A), where
π : E → X is a smooth fibre bundle with connected finite-dimensional smooth manifolds E and X,
and A = (D, α, A, G) consists of

1. A smooth constant-rank vector sub-bundle (D ⊆ TX);
2. A smooth section (α ∈ Γ(π∗D∗)) so that, for every z ∈ E, the map (αz : Dπ(z) → R)

is linear;
3. A correspondence (A : E ⇒ D) satisfying ∅ ̸= A(z) ⊆ Dπ(z) for every z ∈ E, with each

A(z) compact and convex;
4. A smooth constant-rank distribution (G ⊆ TE) such that dπ|G : G → π∗D is a smooth

vector-bundle isomorphism over E.

Since dπ|G is a smooth vector-bundle isomorphism, its inverse (L := (dπ|G)−1 :
π∗D → G) is smooth. For every z ∈ E, Lz : Dπ(z) → Gz is a linear isomorphism satisfying
dπz ◦ Lz = idDπ(z)

. Therefore, the lifted feasible set is Â(z) := Lz(A(z)) ⊆ Gz.
The evaluative section (α) induces a smooth horizontal covector field (Θ ∈ Γ(G∗)) de-

fined by
Θz(ξ) := αz(dπz(ξ)), z ∈ E, ξ ∈ Gz. (1)
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Equivalently, Θz(Lzv) = αz(v) for every v ∈ Dπ(z). Hence, Θ transports the primitive
local evaluation from D to the horizontal distribution (G) without introducing a global
scalar representation.

A piecewise C1 curve (γ : [a, b] → E) is horizontal if γ̇(t) ∈ Gγ(t) wherever the
derivative exists. Its accumulated evaluation is the horizontal line integral (

∫
γ Θ). Since

Â(z) ⊆ Gz, every feasible trajectory is horizontal, but the converse need not hold. A hor-
izontal velocity may belong to Gz \ Â(z). Horizontal path independence and horizontal
circulation therefore concern evaluation on the full distribution (G), not only the directions
realised by feasible or canonical rational motion.

The primitives (E, π, D, α, A, G) determine local evaluation, feasibility, and horizontal
motion without imposing any global scalar objective. In general,

∫
γ Θ may depend on the

horizontal path (γ), and there need not exist V : E → R satisfying dV|G = Θ. The represen-
tation problem developed below determines the conditions under which such a smooth
global scalar representation exists.

2.1. Canonical Rational Dynamics

An evaluative structure induces a local rationality rule independently of global scalar
representability. At each z ∈ E, a feasible direction is locally rational if it attains the maximal
instantaneous evaluation under αz over A(z) ⊆ Dπ(z). Rationality is therefore defined
locally, relative to the feasible directions available under the current system configuration,
without presupposing a global objective or scalar ordering.

For an evaluative structure (E = (E, π,A)), we define the instantaneous rational value
(ρ) and canonical rational correspondence (R) as

ρ(z) := max
v∈A(z)

αz(v), R(z) := arg max
v∈A(z)

αz(v). (2)

The corresponding horizontal rational directions are R̂(z) := Lz(R(z)) ⊆ Â(z) ⊆ Gz.

Proposition 1 (Pointwise Structure of the Rational Correspondence). For every z ∈ E, set
R(z) is nonempty, compact, and convex.

Proposition 1 is pointwise only. Definition 1 does not, by itself, imply the continuity of
ρ, the upper hemicontinuity of R or R̂, or local boundedness of the lifted correspondence.
These properties require additional regularity of A and are established below.

The inclusions (R̂(z) ⊆ Â(z) ⊆ Gz) distinguish the full horizontal domain, the feasi-
ble horizontal directions, and the directions attaining maximal instantaneous evaluation.
Representation concerns evaluation on G, whereas canonical rational motion is generated
only by R̂.

Let I ⊆ R be an interval. An absolutely continuous curve (γ : I → E) is called a
canonical rational trajectory when

γ̇(t) ∈ R̂(γ(t)) for almost every t ∈ I. (3)

Equation (3) defines the canonical rational dynamics associated with E.
Absolute continuity is the natural trajectory class for (3): the derivative exists almost

everywhere, while the set-valued correspondence (R̂) may admit multiple rational velocities
under the same configuration. Equation (3) asserts neither existence nor uniqueness; these
require additional regularity of R̂ and are established separately. Thus, canonical rational
dynamics are determined entirely by the local objects (A, α, and L). Neither R nor R̂
presupposes a global scalar objective. Global representability is a logically subsequent
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property: it asks whether the already-defined local evaluation admits a smooth scalar
representation, i.e., V ∈ C∞(E), satisfying dV|G = Θ.

2.2. Global Scalar Representability

The horizontal evaluation form (Θ ∈ Γ(G∗)) represents the primitive local evaluation
on the full horizontal distribution G. By construction, Θz(Lzv) = αz(v) for every z ∈ E and
v ∈ Dπ(z), so the horizontal lift preserves directional evaluation exactly. Evaluation and
feasibility remain distinct. The covector (Θz) is defined on the entire fibre (Gz), whereas
Â(z) = Lz(A(z)) ⊆ Gz contains only the directions feasible at z. Since Lz : A(z) → Â(z) is
a linear bijection preserving evaluation,

R̂(z) = arg max
ξ∈Â(z)

Θz(ξ).

Hence, the canonical rational correspondence is determined entirely by the local evalu-
ative structure and does not presuppose a global scalar objective. The global representation
problem is whether there exists a single smooth function (V ∈ C∞(E)) whose differential
reproduces the primitive evaluation on every horizontal direction, that is,

dV|G = Θ.

An evaluative structure (E) is globally scalar-representable when there exists
V ∈ C∞(E) such that

dVz|Gz = Θz for every z ∈ E. (4)

Equivalently, dVz(ξ) = Θz(ξ) for every z ∈ E and ξ ∈ Gz. Any such V is a global
scalar representation.

Global scalar representability is therefore a compatibility property of the horizontal
evaluative geometry. It does not require Θ to be an exact one-form on E, since Θ is defined
only on G. Rather, it requires Θ to be the restriction to G of the differential of a globally
defined smooth function. This requirement holds on the full horizontal distribution and
is therefore stronger than agreement only on the feasible sets (Â(z)) or along realised
canonical rational trajectories.

If V is a global scalar representation, then for every z ∈ E and v ∈ Dπ(z),

dVz(Lzv) = Θz(Lzv) = αz(v). (5)

Thus, V reproduces the primitive local evaluation throughout its directional domain.
Representability does not replace the local evaluative structure by a scalar objective; it estab-
lishes that this structure admits a globally coherent scalar representation. Existence is never-
theless a global property. Local evaluation may be smooth and canonical rational dynamics
may be well defined while horizontal integration remains path-dependent. The Represen-
tation Theorem identifies this obstruction and characterises representability by horizontal
path independence or, equivalently, by vanishing horizontal periods. Under bracket gener-
ation, these conditions extend across the connected state–architecture manifold.

3. Representation Theory
Global scalar representability requires the local evaluation encoded by Θ ∈ Γ(G∗) to

be compatible with the horizontal geometry of E. The fundamental obstruction is horizontal
circulation: nonzero accumulated evaluation around a closed horizontal curve is incompat-
ible with the restriction to G of the differential of any globally defined smooth function.
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For a piecewise C1 horizontal curve γ : [a, b] → E, we define the horizontal evaluative
integral as ∫

γ
Θ :=

∫ b

a
(γ∗Θ)t(∂t) dt =

∫ b

a
Θγ(t)(γ̇(t)) dt, (6)

where t ∈ [a, b] is the integration variable and γ∗Θ is the pullback of the horizontal covector
along γ. Integration is taken over the finitely many C1 segments. Since γ̇(t) ∈ Gγ(t)
wherever the derivative exists and Θγ(t) ∈ G∗

γ(t), the integral is intrinsically defined on the
horizontal distribution. No extension of Θ to a differential 1-form on E is required.

We call E evaluatively consistent when∮
γ

Θ = 0 (7)

for every piecewise C1 closed horizontal curve (γ) in E.
Evaluative consistency is equivalent to horizontal path independence within each

horizontal accessibility class. If γ1 and γ2 are piecewise C1 horizontal curves with the same
endpoints, then γ1 ∗ γ2 is a closed piecewise C1 horizontal curve, where γ2 denotes the
reverse of γ2. Evaluative consistency therefore gives∫

γ1

Θ =
∫

γ2

Θ.

Conversely, horizontal path independence implies a vanishing evaluative integral
around every closed horizontal curve. Importantly, this condition concerns the full distri-
bution (G), not merely the feasible correspondence (Â) or the canonical rational correspon-
dence (R̂). It is therefore a compatibility condition on the evaluative geometry itself rather
than on trajectories selected by the canonical rational dynamics.

Global scalar representability necessarily implies evaluative consistency. If V ∈ C∞(E)
satisfies dV|G = Θ, then every piecewise C1 horizontal curve (γ : [a, b] → E) satisfies∫

γ
Θ = V(γ(b))− V(γ(a)). (8)

Indeed, on each C1 segment,

Θγ(t)(γ̇(t)) = dVγ(t)(γ̇(t)) =
d
dt
(V ◦ γ)(t),

and integration over the segments yields (8). Hence, every closed horizontal curve has zero
evaluative integral.

The converse is the substantive local-to-global step. Suppose that G is bracket-
generating on the connected finite-dimensional manifold (E). According to the Chow–
Rashevskii theorem, any two points of E can be joined by a piecewise C1 horizontal curve.
If E is evaluatively consistent, we fix z0 ∈ E and c ∈ R and define

V(z) := c +
∫

γz0,z
Θ,

where γz0,z is any piecewise C1 horizontal curve from z0 to z. Horizontal path indepen-
dence makes V well defined. The remaining issue is regularity: path independence alone
does not establish that V is smooth or that dV|G = Θ, as required by global scalar rep-
resentability. Because Θ is defined only on the possibly non-integrable distribution (G),
this cannot be reduced to the ordinary exactness criterion for a differential 1-form on E.
The Representation Theorem resolves this issue using finite compositions of flows of local
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smooth sections of G, together with bracket generation, to establish smoothness and the
differential identity. It thereby establishes the equivalence between evaluative consistency
and global scalar representability, with uniqueness up to an additive constant.

Lemma 1 (Finite-Flow Local Parametrisation). Let E be a finite-dimensional smooth manifold,
and let G ⊆ TE be a smooth constant-rank distribution. We define

XG :=
{

X ∈ Γloc(TE) | Xz ∈ Gz whenever X is defined at z
}

,

and suppose that G is bracket-generating, i.e.,

Liez(G) = TzE for every z ∈ E. (9)

Then, for every q ∈ E, there exist a point (p ∈ O(q), where O(q) denotes the XG-orbit
through q), vector fields (X1, . . . , Xm ∈ XG), an open set (U ⊆ Rm), and u∗ ∈ U such that the
endpoint map, i.e.,

Φ(u1, . . . , um) := φXm
um ◦ · · · ◦ φX1

u1 (p), (10)

is well defined and smooth on U, satisfies

Φ(u∗) = q, (11)

and has a surjective differential, i.e.,

DΦu∗ : Rm −→ TqE. (12)

Consequently, after restricting U to a sufficiently small neighbourhood of u∗, there exist an
open neighbourhood (W ⊆ E) of q and a smooth map, i.e.,

σ : W −→ U, (13)

such that
Φ ◦ σ = idW . (14)

If E is connected, then E consists of a single XG-orbit. Consequently, any two points of E can
be joined by a finite concatenation of integral curves of local smooth vector fields tangent to G.

Remark 1 (Role of the Finite-Flow Parametrisation). Lemma 1 provides more than horizontal
accessibility. Bracket generation ensures that points can be connected by finite concatenations of hor-
izontal flow segments, whereas the submersion property yields local families of such concatenations
whose parameters depend smoothly on the terminal point. This smooth local parametrisation is the
mechanism used in the Representation Theorem to establish regularity of the scalar function defined
by horizontal evaluative integrals.

Theorem 1 (Representation Theorem). Let E be a connected finite-dimensional smooth manifold,
G ⊆ TE be a smooth constant-rank bracket-generating distribution, and Θ ∈ Γ(G∗) be a smooth
horizontal evaluation form. Then, the following statements are equivalent.

(i) Evaluative consistency: For every piecewise C1 closed horizontal curve (γ),

∮
γ

Θ = 0. (15)
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(ii) Global scalar representability: There exists V ∈ C∞(E) such that

dV|G = Θ. (16)

Whenever these equivalent conditions hold, horizontal evaluative integrals are path-independent.
Moreover, for any z0 ∈ E and c ∈ R,

V(z) = c +
∫

γz0,z
Θ, (17)

where γz0,z is any piecewise C1 horizontal curve from z0 to z defining a smooth global scalar
representation. Every global scalar representation is obtained in this way, and any two global scalar
representations differ by an additive constant.

Remark 2 (Horizontal Exactness). Theorem 1 does not require E to be simply connected. Eval-
uative consistency directly imposes the global vanishing-period condition required for horizontal
path independence. Nor must Θ be extended to a differential 1-form on E: since Θ ∈ Γ(G∗) is
intrinsically defined on G, the relevant notion of exactness is the existence of V ∈ C∞(E) satisfying

dV|G = Θ.

Bracket generation then serves two roles: it yields global horizontal accessibility on connected E
and, through Lemma 1, supplies the local finite-flow parametrisation used to establish the smoothness
of the path-defined representation.

Global scalar representability links the primitive local rationality rule to the global
representation without altering the underlying dynamics. The canonical rational correspon-
dence remains determined by A, α, and the horizontal lift (L). Representability establishes
that the same correspondence can be recovered exactly by maximising the differential of
the global representation over feasible horizontal directions.

Proposition 2 (Scalar Characterisation of Canonical Rational Directions). Let E be globally
scalar representable, and let V ∈ C∞(E) satisfy

dV|G = Θ.

Then, for every z ∈ E and v ∈ A(z),

dVz(Lzv) = αz(v). (18)

Consequently,
R̂(z) = arg max

ξ∈Â(z)
dVz(ξ) for every z ∈ E. (19)

Hence, the primitive and scalar formulations select exactly the same canonical rational directions.

Corollary 1 (Exact Evolution Identity). Under the hypotheses of Proposition 2, let γ : I → E be
a canonical rational trajectory. Then,

d
dt

V(γ(t)) = max
ξ∈Â(γ(t))

dVγ(t)(ξ) = ρ(γ(t)) for almost every t ∈ I. (20)
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Equivalently,

d
dt

V(γ(t)) = max
v∈A(γ(t))

αγ(t)(v) for almost every t ∈ I. (21)

Proposition 2 establishes pointwise equivalence between the primitive and repre-
sented formulations of canonical rationality, while Corollary 1 extends this equivalence to
trajectories. Global scalar representability therefore does not replace the locally defined
dynamics: it yields a scalar representation whose rate of change along every canonical
rational trajectory equals exactly the maximal local evaluative rate. This exact evolution
identity provides the basis for the ascent, recurrence, and limit-set results below.

3.1. Rational Ascent and Asymptotic Structure

The exact evolution identity in Corollary 1 relates global scalar representability directly
to canonical rational trajectories. Representability alone, however, does not imply ascent
because the maximal local evaluative rate may be negative. Non-negative evolution requires
the additional condition of feasible inaction.

Throughout this subsection, let E = (E, π,A) be globally scalar representable,
with V ∈ C∞(E) satisfying dV|G = Θ. Assume that A has nonempty compact convex
values and that inaction is feasible:

0 ∈ A(z) for every z ∈ E. (22)

The continuity assumptions required for correspondence regularity and existence of canon-
ical rational trajectories are introduced below.

Recall that ρ(z) = maxv∈A(z) αz(v). Since αz(0) = 0, feasible inaction implies ρ(z) ≥ 0
for every z ∈ E. According to Proposition 2,

ρ(z) = max
ξ∈Â(z)

dVz(ξ), R̂(z) = arg max
ξ∈Â(z)

dVz(ξ).

Consequently, every canonical rational trajectory (γ), whenever defined, satisfies

d
dt

V(γ(t)) = ρ(γ(t)) ≥ 0 for almost every t. (23)

Hence, V ◦ γ is nondecreasing along canonical rational motion.
A state (z ∈ E) is a rational equilibrium when 0 ∈ R̂(z) and a strong rational equilib-

rium when R̂(z) = {0}. We write

E := {z ∈ E : 0 ∈ R̂(z)}, E s := {z ∈ E : R̂(z) = {0}}.

The distinction is dynamical. At a rational equilibrium, zero velocity is canonical
rational, but nonzero canonical rational velocities may also be available. A strong rational
equilibrium excludes all such nonzero velocities, so every canonical rational motion from
that configuration is stationary.

Proposition 3 (Zero-Rate Characterisation of Rational Equilibrium). Under condition (22),

E = ρ−1(0). (24)

Consequently, ρ(z) > 0 for every z /∈ E .
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Equations (23) and (24) establish the pointwise ascent structure: the canonical rate
is zero precisely on E and strictly positive outside it. These properties alone, however,
do not establish the existence or continuation of canonical rational trajectories, nor do
they determine recurrence or asymptotic behaviour. The analysis therefore proceeds in
three steps. First, continuity of the fibre-valued feasible correspondence is formulated
intrinsically and used to establish the regularity of ρ, R, and R̂. Second, these properties
yield existence and continuation results for the canonical differential inclusion. Third,
the exact ascent identity, together with precompactness, determines recurrence and limit-
set structure. Since A(z) ⊆ Dπ(z) takes values in fibres that vary with z, its continuity must
be defined locally through vector-bundle trivialisations.

Definition 2 (Continuity of a Fibre-Valued Correspondence). Let A : E ⇒ D satisfy A(z) ⊆
Dπ(z) for every z ∈ E. The correspondence (A) is continuous if, for every vector-bundle trivialisation
(τ : D|U → U ×Rd), the induced correspondence, i.e.,

Aτ(z) := pr2
(
τ(A(z))

)
, z ∈ π−1(U), (25)

is both upper and lower hemicontinuous as a correspondence (Aτ : π−1(U) ⇒ Rd).

The definition is independent of the chosen bundle coordinates. Let τ1 and τ2 be
trivialisations over U1 and U2. On U1 ∩ U2, their fibre coordinates are related by a smooth
transition map (T : U1 ∩ U2 → GL(d,R)), and therefore,

Aτ2(z) = T(π(z))Aτ1(z). (26)

The map expressed as (z, w) 7→ (z, T(π(z))w) is a homeomorphism with continuous
inverse (z, w) 7→ (z, T(π(z))−1w). Upper and lower hemicontinuity are preserved under
this fibrewise change in coordinates. Hence, Definition 2 is intrinsic.

Proposition 4 (Regularity of the Canonical Rational Correspondence). Let E = (E, π,A)

be an evaluative structure and suppose that A : E ⇒ D is continuous in the sense of Definition 2,
with nonempty compact convex values. Then, the following properties hold.

(i) The maximal evaluative rate (ρ : E → R) is continuous.
(ii) The canonical rational correspondence (R) is upper hemicontinuous in the fibre-valued sense

and has nonempty compact convex values.
(iii) The lifted correspondence (R̂ : E ⇒ TE) is upper hemicontinuous and locally bounded,

with nonempty compact convex values satisfying R̂(z) ⊆ Gz for every z ∈ E.

Theorem 2 (Existence and Continuation of Canonical Rational Trajectories). Assume the
hypotheses of Proposition 4. Then, for every z0 ∈ E, there exist ε > 0 and an absolutely continuous
canonical rational trajectory (γ : [0, ε] → E) satisfying

γ(0) = z0, γ̇(t) ∈ R̂(γ(t)) for almost every t ∈ [0, ε]. (27)

Every local solution admits a maximal forward extension, i.e., γ : [0, Tmax) → E, where
0 < Tmax ≤ ∞. If Tmax < ∞, then γ([0, Tmax)) is not relatively compact in E. Equivalently,

γ([0, Tmax)) compact =⇒ Tmax = ∞. (28)

Hence, every precompact maximal canonical rational trajectory is forward complete.
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Theorem 3 (Rational Ascent and Limit-Set Theorem). Let E = (E, π,A) be globally scalar-
representable, and let V ∈ C∞(E) satisfy dV|G = Θ. Assume that A is continuous in the sense of
Definition 2, has nonempty compact convex values, and satisfies

0 ∈ A(z) for every z ∈ E. (29)

Then, every canonical rational trajectory (γ) satisfies the following properties.

(i) For all t1 ≤ t2 in the domain of γ,

V(γ(t2))− V(γ(t1)) =
∫ t2

t1

ρ(γ(s)) ds ≥ 0. (30)

Hence, V ◦ γ is nondecreasing.
(ii) If

γ([t1, t2]) ̸⊆ E

for some t1 < t2, then
V(γ(t2)) > V(γ(t1)). (31)

Thus, equality in (30) on a nondegenerate interval occurs if and only if the entire trajectory
segment lies in E .

(iii) Every periodic canonical rational trajectory is contained in E . More generally, if z = γ(t0) is
recurrent in the sense that there exists a sequence (tn → ∞) with γ(tn) → z, then z ∈ E .

(iv) If γ : [0, ∞) → E is precompact, then ω(γ) is nonempty, compact, and connected, and

ω(γ) ⊆ E . (32)

Consequently, for any fixed Riemannian metric on E,

dist(γ(t), E) −→ 0 as t → ∞. (33)

(v) If the trajectory in (iv) is precompact and, in addition, E is discrete, then there exists z∗ ∈ E
such that

γ(t) −→ z∗ as t → ∞. (34)

Remark 3 (Strong Equilibria Are Not Required). The convergence conclusion requires dis-
creteness of the rational-equilibrium set (E ) but not the stronger condition (R̂(z) = {0}). At a
point (z ∈ E \ E s), the zero direction is canonically rational, although nonzero canonical rational
directions may also be available. Theorem 3 nevertheless implies that every precompact forward
trajectory has a nonempty connected omega-limit set contained in E . When E is discrete, this limit
set must be a singleton, which is sufficient for convergence.

3.2. Global Rationality

Global scalar representability imposes structure beyond the pointwise characterisation
of canonical rationality. Together with feasible inaction and the exact evolution identity, it
globally orients canonical rational motion through the represented value (V). Along every
canonical rational trajectory, V is nondecreasing; for complete precompact trajectories not
contained in the rational-equilibrium set, the backward and forward asymptotic levels are
strictly ordered.

This global ordering is not imposed through a primitive Lyapunov function. It is
derived from the local evaluative geometry through scalar representability and the exact
evolution identity.
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To distinguish asymptotic limit sets from the primitive evaluative section (α), we
define the backward and forward limit sets of a complete trajectory (γ : R → E) as

ω−(γ) :=
⋂

T>0
γ((−∞,−T]), ω+(γ) :=

⋂
T>0

γ([T, ∞)).

Theorem 4 (Global Rationality and Acyclic Asymptotic Ordering). Let E = (E, π,A) be
globally scalar-representable, and let V ∈ C∞(E) satisfy dV|G = Θ. Assume that A is continuous
in the sense of Definition 2, has nonempty compact convex values, and satisfies

0 ∈ A(z) for every z ∈ E.

Let γ : R → E be a complete precompact canonical rational trajectory. Then, the following
properties hold.

(i) The finite limits of

V− := lim
t→−∞

V(γ(t)), V+ := lim
t→∞

V(γ(t)) (35)

exist and satisfy V− ≤ V+.
(ii) The sets expressed as ω−(γ) and ω+(γ) are nonempty, compact, and connected, and

ω−(γ) ⊆ E , ω+(γ) ⊆ E . (36)

Moreover,
V|ω−(γ) ≡ V−, V|ω+(γ) ≡ V+. (37)

(iii) If γ(R) ̸⊆ E , then
V− < V+. (38)

Hence, every complete, precompact canonical rational trajectory not contained in E is asymp-
totically oriented from a strictly lower backward V-level to a strictly higher forward V-level.

(iv) If z−, z+ ∈ E satisfy
ω−(γ) = {z−}, ω+(γ) = {z+},

and γ(R) ̸⊆ E , then
V(z−) < V(z+). (39)

Consequently, no finite directed cycle of complete, precompact non-equilibrium canonical
rational connections between rational equilibria exists.

Theorem 4 strengthens the one-sided asymptotic conclusions of Theorem 3. Com-
plete, precompact canonical rational trajectories have both backward and forward limit
sets in E , and every trajectory not contained in E strictly separates its backward and for-
ward represented-value levels. This induces an orientation on equilibrium-to-equilibrium
canonical connections.

For z−, z+ ∈ E , we write z− ≺ z+ when there exists a complete, precompact canonical
rational trajectory (γ : R → E) such that

ω−(γ) = {z−}, ω+(γ) = {z+}, γ(R) ̸⊆ E .

The ≺ relation records direct canonical asymptotic connections. It need not be tran-
sitive. In particular, z1 ≺ z2 and z2 ≺ z3 do not imply the existence of a single canonical
trajectory directly connecting z1 to z3. Let ≺+ denote the transitive closure of ≺.
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Corollary 2 (Asymptotic Rational Order). For z−, z+ ∈ E ,

z− ≺+ z+ =⇒ V(z−) < V(z+). (40)

Consequently, ≺+ is a strict partial order on the subset of E participating in the canonical asymptotic
connection structure. In particular, the connection structure is acyclic.

Global rationality therefore entails more than monotonicity along individual trajecto-
ries. The scalar representation derived from the local evaluative geometry strictly orders
complete precompact, non-equilibrium transitions between rational equilibria and excludes
directed cycles among them. Hence, the asymptotic order of rational motion is derived from
the globally representable local evaluative structure rather than imposed as a primitive
ordering of the dynamics.

4. Global Welfare Coherence Under Endogenous Opportunity Formation
Economic representation problems usually ask whether observed choice or demand

can be rationalised by preferences or utility. Revealed-preference theory provides be-
havioural conditions for such rationalisation [20–24], with extensions allowing limited at-
tention, information acquisition, reference dependence, and state-dependent utility [25–28].
Classical integrability theory similarly asks when local demand restrictions are compatible
with utility maximisation [29,30].

The representation problem developed here has a different primitive object. A feasible-
direction correspondence (A(z)) and a local evaluative covector (αz) determine rational
adjustment before any global objective is assumed. Theorem 1 then determines whether
evaluation over the resulting accessible state space is generated by a single scalar. The dis-
tinction becomes economically substantive when current actions alter subsequent opportu-
nities. Collateral, lending relationships, earnings, technological adoption, and relationship-
specific investment can all change the future domain of feasible adjustment. Evidence from
corporate finance documents precisely such endogenous opportunity formation [50–53].

The application below demonstrates the role of the full representation machinery. Local
maximisation will remain well defined independently of global welfare coherence. Endoge-
nous opportunity formation generates a nonholonomic accessibility structure. Theorem 1
then reduces global welfare coherence to an explicit cross-channel restriction, Proposition 6
quantifies its failure, and the dynamical results of Section 3 determine what follows when
representation exists.

Let
X ⊆ R2m

be connected and open and define

E = X ×Rq,

with coordinates of
z = (x1, y1, . . . , xm, ym, a1, . . . , aq).

The xj variables represent directly economic positions such as productive investment,
technological adoption, relationship capital, or market participation. The yj variables
determine how strongly adjustment through channel j changes subsequent opportunities.
The vector expressed as

a = (a1, . . . , aq)
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records the resulting opportunity architecture. In a financing interpretation, its components
may represent distinct dimensions of financing accessibility. Let

π : E → X

be the canonical projection and take D = TX.
Let

C = (cℓj) ∈ Rq×m, rank C = q < m,

describe how the m economic adjustment channels generate the q architectural dimensions.
We define

H2j−1 =
∂

∂xj
+ yj

q

∑
ℓ=1

cℓj
∂

∂aℓ
, (41)

H2j =
∂

∂yj
, j = 1, . . . , m, (42)

and
G = span{H1, . . . , H2m}.

Since
dπ(H2j−1) =

∂

∂xj
, dπ(H2j) =

∂

∂yj
,

fields H1, . . . , H2m are pointwise linearly independent. Therefore, G is a smooth constant-
rank distribution, and

dπ|Gz : Gz −→ Dπ(z)

is an isomorphism for every z ∈ E. The horizontal lift, i.e.,

Lz = (dπ|Gz)
−1,

is consequently well defined.
A horizontal trajectory satisfies

ȧ = C


y1 ẋ1

...
ym ẋm

. (43)

Equation (43) makes the opportunity architecture endogenous. The state (a) is not an
independent instantaneous control but is generated by sequences of directly economic ad-
justments.

The same construction verifies the accessibility hypothesis used by Theorem 1. For every j,

[H2j−1, H2j] = −
q

∑
ℓ=1

cℓj
∂

∂aℓ
.

Because rank C = q, these brackets span all architectural directions. Hence,

Liez(G) = TzE for every z ∈ E,

and G is bracket-generating of step two. Since X is connected, E = X × Rq is con-
nected. The present economy therefore satisfies the connectedness, smooth constant-rank,
and bracket-generation conditions under which Theorem 1 gives a global representation
criterion.
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Let
U0 : X → R

be smooth, and let
r = (r1, . . . , rm)

T ∈ Rm

collect the primitive marginal evaluations of architecture-producing adjustment through
the m channels. For

u = (ux1 , uy1 , . . . , uxm , uym) ∈ Dπ(z),

define

αz(u) = (dU0)π(z)(u) +
m

∑
j=1

rjyjuxj . (44)

No welfare or value function on E is assumed. The horizontal evaluation form of the
general theory is

Θz(Lzu) = αz(u).

State-dependent feasibility is given by

A(z) =
{

u ∈ Dπ(z)

∣∣∣ uTM(z)u ≤ 1
}

, (45)

where M(z) is smooth and positive definite. Thus, A(z) is nonempty, compact, and strictly
convex and contains 0, while

Â(z) = Lz(A(z)) ⊆ Gz.

Let g(z) be the coordinate vector of the αz covector in (44). The maximal primitive
evaluation rate is

ρ(z) = max
u∈A(z)

αz(u) =
√

g(z)TM(z)−1g(z).

If g(z) ̸= 0, strict convexity of (45) gives the unique locally rational adjustment, i.e.,

u∗(z) =
M(z)−1g(z)√

g(z)TM(z)−1g(z)
. (46)

If g(z) = 0, every feasible direction is locally maximal, and ρ(z) = 0. Hence,

R(z) = arg max
u∈A(z)

αz(u), R̂(z) = Lz(R(z)),

with
R(z) = {u∗(z)} whenever g(z) ̸= 0.

Equations (44)–(46) therefore determine local rationality without a global scalar objective.
Theorem 1 now asks whether the independently specified local evaluator and en-

dogenous accessibility structure are globally compatible. In this economy, the abstract
zero-circulation condition admits an exact algebraic characterisation.

Proposition 5 (Architecture compatibility and global welfare coherence). For the economic
system defined above, the following statements are equivalent.

1. There exists V ∈ C∞(E) such that
dV|G = Θ.
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2. Every piecewise C1 closed horizontal economic adjustment cycle (Γ) satisfies

∮
Γ

Θ = 0.

3.
r ∈ Im(CT).

4. There exists a unique β ∈ Rq such that

r = CTβ.

Whenever these conditions hold,

V(x, a) = U0(x) + βTa

is a global scalar representation.

Proposition 5 converts Theorem 1 into an overidentifying economic restriction. The β

vector gives common shadow values to the q architectural dimensions and requires

rj = CT
·j β, j = 1, . . . , m.

Since
rank C = q < m,

the representable subspace (Im(CT)) has codimension m − q. Global welfare coherence
therefore imposes exactly m − q independent cross-channel restrictions that are absent from
the pointwise maximisation problem (46).

The smallest overidentified economy makes the distinction explicit. Let

m = 3, q = 2, C =

(
1 0 1
0 1 1

)
.

The first two channels generate the architectural dimensions separately, while the
third generates both. Since

ker C = span


−1
−1
1


,

Proposition 5 gives the necessary and sufficient condition, i.e.,

r3 = r1 + r2.

When it holds,

β =

(
r1

r2

)
, V(x, a) = U0(x) + r1a1 + r2a2.

The failure case shows why the horizontal machinery is required. Let

r =

1
1
3

, A =

−1
−1
1

 ∈ ker C.
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Then,
CA = 0, rTA = 1.

To connect this algebraic incompatibility to the geometry of Theorem 1, let Γ be a
closed horizontal cycle and define

Aj =
∮

Γ
yj dxj, A = (A1, . . . , Am)

T.

Integrating (43) gives
∆a = CA.

Thus, A ∈ ker C corresponds to zero net architectural displacement. Conversely,
because X is open, sufficiently small rectangular horizontal loops in the (xj, yj)-planes
can realise any sufficiently small scalar multiple of such an A. Concatenating these loops
produces a closed horizontal adjustment cycle with CA = 0.

Using (44), ∮
Γ

Θ =
∮

Γ
dU0 +

m

∑
j=1

rj

∮
Γ

yj dxj = rTA,

because the exact baseline term has zero circulation. For the vector above,∮
Γ

Θ = 1 ̸= 0.

The zero-circulation condition in Theorem 1 therefore fails, and no V ∈ C∞(E) satis-
fying dV|G = Θ exists. Nevertheless, (45) and (46) continue to determine locally rational
adjustment. Pointwise rationality is therefore preserved while global welfare coherence
fails. The obstructing cycle belongs to the horizontal accessibility geometry generated by G
and need not, itself, be a canonical rational trajectory generated by R̂.

The same geometry yields a quantitative measure of failure. We define

PC = CT(CCT)−1C.

Since C has full row rank, PC is the orthogonal projection onto Im(CT). Let

δGR = ∥(I − PC)r∥. (47)

Proposition 6 (Distance to global representability). For the economic system above,

δGR = dist
(

r, Im(CT)
)
= sup

A∈ker C
∥A∥=1

∣∣∣rTA
∣∣∣. (48)

Consequently,
δGR = 0

if and only if the equivalent conditions of Proposition 5 hold.

Equation (47) is the minimum Euclidean perturbation of the primitive channel evalua-
tions required for global welfare coherence. Equation (48) gives the equivalent maximal
primitive circulation coefficient over unit architecture-neutral signed-area vectors. In the
three-channel economy,

δGR =
|r3 − r1 − r2|√

3
.
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Hence, for r = (1, 1, 3)T,

δGR =
1√
3

.

The abstract obstruction identified by Theorem 1 is therefore both economically inter-
pretable and quantitatively measurable.

When
δGR = 0,

the representation machinery delivers more than the existence of V. Proposition 2 gives

dVz(Lzv) = αz(v) for every v ∈ A(z),

and therefore,
R̂(z) = arg max

ξ∈Â(z)
dVz(ξ).

The recovered scalar consequently represents the rational correspondence defined
independently by (44) and (45).

Corollary 1 then yields, along every canonical rational trajectory, i.e.,

γ̇(t) ∈ R̂(γ(t)),

the exact evolution identity, i.e.,

d
dt

V(γ(t)) = ρ(γ(t)) for almost every t. (49)

Since 0 ∈ A(z) according to (45),

ρ(z) ≥ 0,

while the ellipsoidal structure gives

ρ(z) = 0 ⇐⇒ g(z) = 0.

Thus, the static compatibility condition in Proposition 5 becomes an exact law of
welfare evolution along the rational dynamics.

Under the hypotheses of Theorem 3, (49) implies strict ascent away from rational
equilibrium, excludes non-equilibrium recurrence, and places the omega-limit set of every
precompact canonical rational trajectory in the rational-equilibrium set. Under the addi-
tional hypotheses of Theorem 4, complete precompact rational trajectories are ordered by
their asymptotic V-levels, and finite cycles of non-equilibrium connections are excluded.
The representation condition therefore determines not only whether a global welfare scalar
exists but also whether independently specified locally rational motion admits a global
acyclic ordering.

The empirical literature motivating (43) does not separately identify theoretical objects
C and r. Reduced-form estimates of collateral, relationship, or earnings effects cannot,
without additional identifying assumptions, be interpreted simultaneously as estimates
of the architecture-production matrix and the primitive evaluation vector. The theory
nevertheless yields a testable structural restriction whenever these objects can be separately
identified. Proposition 5 requires

(I − PC)r = 0,
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while Proposition 6 measures its violation by

δGR = ∥(I − PC)r∥.

Observed behaviour satisfying the local optimisation problem (46) therefore does not
establish global welfare coherence. That stronger conclusion follows if and only if the
zero-circulation condition of Theorem 1 holds.

The application consequently uses the complete local-to-global theorem chain. Equation (44)
specifies primitive evaluation; (45) and (46) determine local rationality; (43) generates
the endogenous accessibility structure; Proposition 5 determines global representability;
Proposition 6 measures its failure; and Corollary 1, together with Theorems 3 and 4, deter-
mines the global dynamics whenever representation exists.

5. Discussion
5.1. Rationality as a Systems Property

Theorem 1 establishes a systems distinction between local rationality and global
evaluative coherence. Local rationality requires well-defined evaluation and selection
under each configuration. Global scalar rationality additionally requires

dV|G = Θ

or, equivalently, zero circulation on every closed accessible curve. Pointwise optimisation
therefore does not imply system-wide rationality. The latter is an integrability property
generated jointly by local evaluation and the architecture of accessibility.

This places rationality alongside other system-level properties that depend on rela-
tions among components rather than on components considered separately. Higher-order
interactions, information pathways, and network architecture can determine collective
dynamics, resilience, and critical behaviour [15–19]. The corresponding property here is
evaluative coherence. A system may possess locally rational responses everywhere while
their composition through accessible paths prevents any global scalar ordering.

The circulation criterion makes this failure operational. If an accessible closed curve
(Γ) satisfies ∮

Γ
Θ ̸= 0,

evaluation is path-dependent, even though the system returns to the same configuration.
This strengthens conventional accounts of path dependence, where history changes the state
ultimately reached [4–8]. Here, history can instead change accumulated evaluation between
identical endpoints. Nonzero circulation therefore identifies structural path dependence in
the evaluative system itself.

This distinction also limits what state augmentation can achieve. Adding history,
institutions, technology, or opportunity variables may render system evolution Markovian,
but it does not imply integrability of the resulting evaluative field. For systems in which
actions reshape future opportunities, state completeness and scalar representability are
separate properties. Practically, expanding a model until it predicts system evolution
does not establish that the same model admits a coherent welfare, reward, or performance
function. Theorem 1 provides the additional test required to establish that stronger property.

5.2. Relation to Rationality, Integrability, and Systems Theory

Theorem 1 connects two literatures that usually address different questions. Revealed-
preference and integrability theory study when local or observed choice relations admit a
scalar utility representation [22,23], while potential games ask when decentralised incen-
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tives admit a common potential [31]. Viability theory and geometric control instead deter-
mine which motions and states are accessible under system constraints [38,40,43,44]. Here,
these questions are coupled. The distribution (G) determines the accessible geometry, and

dV|G = Θ

holds precisely when the primitive directional evaluation is integrable over that geom-
etry. Global rationality is therefore a compatibility property of evaluation and system
accessibility, not a consequence of pointwise optimisation.

This distinction also separates representation from inverse optimisation. Inverse
optimal control and inverse reinforcement learning seek an objective capable of rationalising
observed behaviour [32–34]. Theorem 1 addresses the logically prior existence question. If

∮
Γ

Θ ̸= 0

for an accessible closed curve, no smooth scalar satisfying dV|G = Θ exists. Additional data
may reduce uncertainty about an unknown objective but cannot identify an objective that
the evaluative architecture does not admit. This provides a practical diagnostic distinction
between parameter identification and structural non-representability.

The economic results make that distinction testable. Proposition 5 gives the exact
compatibility condition, i.e.,

r ∈ Im(CT),

while Proposition 6 measures its failure by

δGR = dist
(

r, Im(CT)
)

.

Thus, local optimisation may remain well defined, even when the architecture pre-
cludes a common scalar representation. This complements systems research in which
network architecture, interdependence, and stakeholder interaction generate system-level
properties not visible when components are considered separately [54–56].

Representability also changes what can be concluded dynamically. Corollary 1 gives

d
dt

V(γ(t)) = ρ(γ(t)),

and Theorem 3 converts this identity, under its stated regularity conditions, into strict
ascent away from equilibrium and exclusion of non-equilibrium recurrence. Theorem 4
then orders complete non-equilibrium connections by asymptotic V-levels. Acyclic global
organisation is therefore derived from evaluative integrability rather than imposed through
a gradient system or an exogenous Lyapunov function. This is the principal systems
consequence of scalar representation.

Finally, structural non-representability should not be confused with uncertainty. Knigh-
tian uncertainty, ambiguity, and deep uncertainty concern incomplete knowledge of out-
comes, probabilities, or models [45–47,49]. Nonzero circulation can persist even when

(E, π, D, α, A, G)

is completely known. Learning can therefore reduce epistemic uncertainty without restor-
ing global rationality. Restoration requires a change in the evaluative structure, the accessi-
bility architecture, or their compatibility.
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5.3. Policy and Governance Implications

Theorem 1 has a direct implication for policy systems in which current interventions
alter future opportunities. Policy analysis often begins with a scalar welfare or performance
criterion. The theorem shows that, when evaluation is specified locally and interventions
reshape the accessible system, the existence of such a scalar must first be established. Local
optimality of individual interventions does not imply global policy coherence.

Proposition 5 makes this requirement operational. Global coherence in the economic
application requires

r ∈ Im(CT).

Channel-specific evaluations must therefore be compatible with the architecture
through which interventions modify future opportunities. This is relevant to multi-
instrument systems in which financing, technology, infrastructure, institutional relation-
ships, or market access are both affected by current policy and constrain subsequent action.
Evaluating each instrument separately can miss incompatibilities generated by their joint
effect on the opportunity architecture.

The practical implication is a change in the sequence of policy analysis. Where
interventions reshape future feasible sets, representability should be tested before a scalar
objective is used for system-wide optimisation. If C and r are separately identified on
substantively meaningful scales, Proposition 6 provides the diagnostic, i.e.,

δGR = ∥(I − PC)r∥.

The condition of δGR = 0 supports scalar representation, whereas δGR > 0 identifies
structural incompatibility between local evaluation and opportunity formation. The dis-
tinction matters for intervention design because failure may require revision of evaluative
weights, redesign of the opportunity architecture, or abandonment of a single scalar repre-
sentation rather than further optimisation of an incompatible objective.

The same diagnostic logic applies to socio-technical and multi-agent systems, where
algorithmic decisions, human judgement, regulatory constraints, and heterogeneous objec-
tives interact through a common architecture [57–61]. Related systems research emphasises
that network architecture and stakeholder interaction can determine system-level out-
comes [55,56]. The present results add a representation question to this systems perspective.
Apparent misalignment need not result from incorrectly calibrated parameters within
a common objective. The local evaluators, themselves, may be incompatible with any
common scalar representation over the accessible architecture.

The policy contribution is therefore diagnostic rather than prescriptive. The theory
does not determine welfare weights or preferred institutional designs. It determines
whether scalar policy evaluation is compatible with the system architecture and, where it is
not, whether attention should shift from optimisation within the existing model towards
the evaluative structure, the opportunity architecture, or their interaction.

5.4. Limitations and Research Extensions

The assumptions underlying the results delimit their scope and suggest several ex-
tensions. First, Theorem 1 uses bracket generation to obtain horizontal accessibility on the
connected state space. Real systems may instead be modular or institutionally segmented,
as in systems research, where resilience depends on connections among subsystems [54,55].
Without bracket generation, representation becomes orbitwise, i.e.,

dVO |G = Θ,
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on each accessibility orbit (O). This extension could distinguish incoherence within subsys-
tems from incoherence generated by their coupling.

Second, the condition of

dV|G = Θ

is stronger than representation on feasible directions or realised trajectories. Hence,

horizontal representation =⇒ feasible representation =⇒ trajectory representation,

where the reverse implications require additional conditions. Characterising these condi-
tions would clarify when an objective estimated from observed trajectories remains valid
for counterfactual actions or system-wide evaluation.

Third, the framework is deterministic and single-evaluative. Networked and socio-
technical systems may instead contain heterogeneous decision centres, adaptive behaviour,
and distributed objectives [55,56]. Replacing α with

{αi}i∈N

would allow interacting evaluators to admit a common potential, require a vector-valued
representation, or be structurally incompatible. Dynamic or stochastic extensions of αt, At,
and Gt could similarly determine whether evaluative coherence survives learning, shocks,
and architectural adaptation, including irreversible changes in flow architecture [62].

Fourth, the asymptotic results require regularity, completeness, and precompactness
beyond the conditions needed for representation. Systems with switching regimes, dis-
continuous adjustment, cascading failures, or unbounded trajectories may therefore admit
a scalar representation without satisfying the global dynamical conclusions. Hybrid and
piecewise-smooth extensions could identify whether coherence survives structural change
and whether reconfiguration can restore it, building on related stability analysis for nons-
mooth dynamics [54,55,63].

Finally, Propositions 5 and 6 provide structural restrictions rather than an empir-
ical identification strategy. Given separately identified C and r, the theory yields the
testable restriction of

H0 : (I − PC)r = 0

and the departure measure expressed as

δGR = ∥(I − PC)r∥.

Statistical inference for these objects would make global rational coherence empirically
testable and help distinguish failures arising from local evaluation, opportunity architecture,
or their incompatibility.

These extensions preserve the paper’s central systems question of whether the archi-
tecture of feasible system evolution permits a globally coherent scalar representation.

6. Conclusions
This paper develops a systems account of rationality that separates locally rational

adjustment from global scalar coherence. Rather than assuming a utility, welfare, value,
potential, or Lyapunov function, the framework asks when local evaluations generated
by feasible system change can be integrated into a common global representation. Global
coherence is therefore a property to be established rather than imposed.

The endogenous-opportunity application gives this distinction a direct economic
interpretation. When current actions reshape future opportunities, local optimisation
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may remain well defined even though no common utility or welfare representation exists.
The failure of global rationality may therefore arise from incompatibility between local
evaluation and the architecture through which feasible choices are connected rather than
from locally irrational behaviour.

For systems analysis, this provides a practical diagnostic principle. Before using a
scalar objective for optimisation, control, policy evaluation, or system design, one can test
whether local evaluations are globally compatible. Failure of this test indicates that archi-
tectural reconfiguration may be required rather than further optimisation of an incoherent
objective. The framework therefore shifts the systems question from how best to optimise a
given objective to whether the architecture of feasible system evolution permits a coherent
objective to exist.
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Appendix A. Proofs of the Main Results
For completeness, the proofs of all lemmas, propositions, theorems, and corollaries

are collected here in the order in which the results appear in the main text.

Proof of Proposition 1. Fix z ∈ E. Since A(z) is nonempty and compact and αz : Dπ(z) → R
is continuous, the maximum in (2) is attained. Hence, R(z) is nonempty. Because R(z) is
closed in the compact set (A(z)), it is compact.

Let v1, v2 ∈ R(z) and λ ∈ [0, 1]. Convexity of A(z) gives λv1 + (1 − λ)v2 ∈ A(z),
while linearity of αz implies

αz
(
λv1 + (1 − λ)v2

)
= λαz(v1) + (1 − λ)αz(v2) = ρ(z).

Thus, λv1 + (1 − λ)v2 ∈ R(z), proving convexity.

Proof of Lemma 1. Fix q ∈ E and let O(q) denote its XG-orbit. According to the Stefan–
Sussmann orbit theorem, O(q) is a connected, immersed submanifold of E, and its tangent
distribution is the smallest distribution containing the values of the vector fields in XG and
invariant under their local flows [64]. In particular, for every z ∈ O(q),

Liez(G) ⊆ TzO(q) ⊆ TzE. (A1)

According to the bracket-generating hypothesis (9),

TzO(q) = TzE for every z ∈ O(q). (A2)

Hence, dimO(q) = dim E; therefore, O(q) is open in E.
The finite-composition description of the orbit supplied by the Stefan–Sussmann

theorem implies that TqO(q) is spanned by endpoint variations generated by finite com-
positions of local flows of vector fields in XG [64]. Since TqO(q) is finite-dimensional,
finitely many such endpoint variations may be selected to span TqO(q). Collecting
the corresponding flow parameters into a single finite composition, one may choose
vector fields (X1, . . . , Xm ∈ XG), a point (p ∈ O(q)), and a parameter (u∗ ∈ Rm)
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such that the endpoint map (Φ) defined in (10) is smooth on an open neighbourhood
(U of u∗), satisfies Φ(u∗) = q, and

Im DΦu∗ = TqO(q). (A3)

Collecting the corresponding flow parameters into the endpoint map (Φ) therefore
gives

Im DΦu∗ = TqO(q).

Combining this identity with (A2) yields

Im DΦu∗ = TqE,

so DΦu∗ is surjective.
According to the submersion theorem, after restricting U to a sufficiently small neigh-

bourhood of u∗, there exist an open neighbourhood (W ⊆ E) of q and a smooth local right
inverse, i.e.,

σ : W −→ U,

such that
Φ ◦ σ = idW .

Hence, every point sufficiently close to q can be reached from the fixed point (p) by a
finite concatenation of horizontal flow segments whose flow parameters depend smoothly
on the terminal point.

The global accessibility statement remains to be established. The XG-orbits form a
partition of E. The argument above applies to every orbit and shows that each is open.
If E is connected, it cannot be partitioned into more than one nonempty, disjoint, open
orbit. Hence,

O(q) = E for every q ∈ E.

According to the definition of the orbit relation, any two points of E can therefore be
joined by a finite concatenation of integral curves of local smooth vector fields belonging
to XG.

Proof of Theorem 1. Since G is bracket-generating and E is connected, Lemma 1 implies
that E consists of a single XG-orbit. Hence, any two points of E can be joined by a finite
concatenation of integral curves of local smooth vector fields tangent to G and, therefore,
by a piecewise C1 horizontal curve.

Suppose first that (ii) holds. Let γ : [a, b] → E be a piecewise C1 horizontal curve.
On each C1 segment,

γ̇(t) ∈ Gγ(t),

and consequently,

Θγ(t)
(
γ̇(t)

)
= dVγ(t)

(
γ̇(t)

)
=

d
dt
(V ◦ γ)(t).

Integration over the finitely many C1 segments gives∫
γ

Θ = V(γ(b))− V(γ(a)). (A4)

If γ is closed, the right-hand side vanishes. Thus, (i) follows.
Conversely, suppose that (i) holds. We first establish horizontal path independence.

Let γ1 and γ2 be piecewise C1 horizontal curves with the same initial and terminal points.
The concatenation is expressed as
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γ1 ∗ γ2,

where γ2 denotes that γ2 with reversed orientation is a closed, piecewise C1 horizontal
curve. Hence,

0 =
∮

γ1∗γ2

Θ =
∫

γ1

Θ −
∫

γ2

Θ.

Therefore, ∫
γ1

Θ =
∫

γ2

Θ. (A5)

Fix z0 ∈ E and c ∈ R. For each z ∈ E, choose a piecewise C1 horizontal curve (γz0,z)
from z0 to z and define

V(z) := c +
∫

γz0,z
Θ. (A6)

Horizontal accessibility guarantees the existence of γz0,z, while (A5) makes V indepen-
dent of the chosen horizontal curve. Thus, V : E → R is well defined.

The nontrivial point is to establish the smoothness of this path-defined function. Fix
q ∈ E. According to Lemma 1, there exist p ∈ E; local smooth vector fields (X1, . . . , Xm ∈ XG);
an open set (U ⊆ Rm); a point (u∗ ∈ U); an open neighbourhood (W ⊆ E of q); and a
smooth map, i.e.,

σ = (σ1, . . . , σm) : W −→ U.

such that
Φ ◦ σ = idW , (A7)

where
Φ(u1, . . . , um) = φXm

um ◦ · · · ◦ φX1
u1 (p). (A8)

After shrinking U and W if necessary, all flow compositions appearing below are
defined on the required parameter domains.

For y ∈ W, define
p0(y) := p,

and recursively,

pj(y) := φ
Xj
σj(y)

(
pj−1(y)

)
, j = 1, . . . , m. (A9)

Smooth dependence of local flows on time and initial conditions inductively implies
that every map (pj : W → E) is smooth. Moreover,

pm(y) = Φ(σ(y)) = y.

For each j, let ηj,y be the oriented flow segment, i.e.,

s 7−→ φ
Xj
s
(

pj−1(y)
)
,

with s running from 0 to σj(y). Negative values of σj(y) are interpreted with the cor-
responding reversed orientation. Since Xj is tangent to G, each ηj,y is horizontal. Their
concatenation, i.e.,

ηy := η1,y ∗ · · · ∗ ηm,y,

is therefore a piecewise C1 horizontal curve from p to y.
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Choose, once and for all, a piecewise C1 horizontal curve from z0 to p. According
to horizontal path independence,

V(y) = V(p) +
m

∑
j=1

Ij(y), Ij(y) :=
∫ σj(y)

0
Fj(s, y) ds, (A10)

where
Fj(s, y) := Θ

φ
Xj
s (pj−1(y))

(
Xj
(

φ
Xj
s (pj−1(y))

))
. (A11)

For each j, the Fj function is smooth jointly in (s, y) on its domain. Indeed, the local
flow of Xj depends smoothly on time and initial conditions, pj−1 is smooth, and both Xj

and Θ are smooth. Since σj is smooth, smooth dependence of parameterised integrals on
their parameters gives

Ij ∈ C∞(W).

Equation (A10) therefore implies

V|W ∈ C∞(W).

Since q ∈ E was arbitrary,
V ∈ C∞(E). (A12)

The horizontal differential of V remains to be identified. Fix z ∈ E and ξ ∈ Gz. Since G
is a smooth vector sub-bundle of TE, there exists a local smooth section (X ∈ XG) satisfying

Xz = ξ.

Let φX
t denote its local flow. For a sufficiently small t, the curve expressed as

s 7−→ φX
s (z)

is horizontal. Horizontal path independence and (A6) therefore give

V(φX
t (z))− V(z) =

∫ t

0
ΘφX

s (z)

(
XφX

s (z)

)
ds. (A13)

Differentiating at t = 0 yields

dVz(ξ) = Θz(ξ).

Since z ∈ E and ξ ∈ Gz were arbitrary,

dV|G = Θ.

Thus, (ii) holds.
Equation (A4) further shows that every global scalar representation satisfies

V(z) = V(z0) +
∫

γz0,z
Θ,

so every representation has the form of (17).
Finally, let V1, V2 ∈ C∞(E) satisfy

dV1|G = dV2|G = Θ,

https://doi.org/10.3390/systems14091137

https://doi.org/10.3390/systems14091137


Systems 2026, 14, 1137 28 of 40

and define H := V1 − V2. Then,
dH|G = 0.

Given an arbitrary p, q ∈ E, horizontal accessibility provides a piecewise C1 horizontal
curve (γ) joining p to q. On every C1 segment,

d
dt
(H ◦ γ)(t) = dHγ(t)

(
γ̇(t)

)
= 0.

Hence,
H(q) = H(p).

Since, p and q were arbitrary, H is constant on E. Therefore, the global scalar represen-
tation is unique up to an additive constant.

Proof of Proposition 2. Fix z ∈ E and v ∈ A(z). Since

Lzv ∈ Â(z) ⊆ Gz

and
dπz(Lzv) = v,

the representation identity (dV|G = Θ) gives

dVz(Lzv) = Θz(Lzv) = αz
(
dπz(Lzv)

)
= αz(v).

This proves (18).
Since

Lz : A(z) −→ Â(z)

is a bijection, maximisation over Â(z) may be transferred through Lz. Using (18),

arg max
ξ∈Â(z)

dVz(ξ) = Lz

(
arg max

v∈A(z)
dVz(Lzv)

)
(A14)

= Lz

(
arg max

v∈A(z)
αz(v)

)
(A15)

= Lz(R(z)) = R̂(z). (A16)

This proves (19).

Proof of Corollary 1. Since V ∈ C∞(E) and γ is absolutely continuous, V ◦ γ is absolutely
continuous on every compact subinterval of I. The chain rule therefore gives

d
dt

V(γ(t)) = dVγ(t)
(
γ̇(t)

)
(A17)

for almost every t ∈ I.
For almost every such t, the canonical rational trajectory condition gives

γ̇(t) ∈ R̂(γ(t)).

According to Proposition 2,

R̂(γ(t)) = arg max
ξ∈Â(γ(t))

dVγ(t)(ξ).
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Hence,
dVγ(t)

(
γ̇(t)

)
= max

ξ∈Â(γ(t))
dVγ(t)(ξ).

The bijection expressed as

Lγ(t) : A(γ(t)) −→ Â(γ(t))

and (18) further imply

max
ξ∈Â(γ(t))

dVγ(t)(ξ) = max
v∈A(γ(t))

αγ(t)(v) = ρ(γ(t)).

Combining these identities with (A17) proves (20) and (21).

Proof of Proposition 3. Fix z ∈ E. Since 0 ∈ A(z) and Lz(0) = 0, one has 0 ∈ Â(z).
If z ∈ E , then 0 ∈ R̂(z), so the zero direction attains the maximal represented rate. Hence,

ρ(z) = max
ξ∈Â(z)

dVz(ξ) = dVz(0) = 0.

Conversely, if ρ(z) = 0, then

dVz(0) = 0 = max
ξ∈Â(z)

dVz(ξ).

Thus, 0 ∈ R̂(z); therefore, z ∈ E . This proves (24). Since ρ ≥ 0, it follows that ρ(z) > 0
whenever z /∈ E .

Proof of Proposition 4. Fix z0 ∈ E. Choose an open neighbourhood (U ⊆ X) of π(z0) and
a vector-bundle trivialisation (τ : D|U → U ×Rd). Let τfib

x : Dx → Rd denote the associated
fibre isomorphism and write

Aτ(z) := τfib
π(z)(A(z)), z ∈ π−1(U).

By assumption, Aτ is continuous with nonempty compact convex values.
The smooth section (α ∈ Γ(π∗D∗)) has the local coordinate representation (aτ : π−1(U) →

(Rd)∗) defined by
aτ(z)(w) := αz

(
(τfib

π(z))
−1w

)
.

Hence, aτ is smooth, and fτ(z, w) := aτ(z)(w) is continuous on π−1(U)×Rd. The lo-
cal maximisation problem is therefore

ρ(z) = max
w∈Aτ(z)

fτ(z, w), Rτ(z) = arg max
w∈Aτ(z)

fτ(z, w). (A18)

Berge’s maximum theorem applied to (A18) gives continuity of ρ|π−1(U) and upper
hemicontinuity of Rτ , with nonempty compact values. Since z0 was arbitrary, ρ is continu-
ous on E. The coordinate invariance established in (26) shows that R is intrinsically upper
hemicontinuous and compact-valued.

Convexity remains to be verified. Fix z ∈ E, let v1, v2 ∈ R(z), and take λ ∈ [0, 1]. Since
A(z) is convex,

vλ := λv1 + (1 − λ)v2 ∈ A(z).

The linearity of αz gives

αz(vλ) = λαz(v1) + (1 − λ)αz(v2) = ρ(z),
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so vλ ∈ R(z). Thus, R(z) is convex, proving (i) and (ii).
For (iii), recall that R̂(z) = Lz(R(z)), where L : π∗D → G is a smooth vector-bundle

isomorphism. Each fibre map (Lz : Dπ(z) → Gz) is a linear homeomorphism. Hence, R̂(z)
is nonempty, compact, and convex, and R̂(z) ⊆ Gz.

Choose compatible local trivialisations of π∗D and G over an open neighbourhood
W ⊆ E. In these coordinates,

L(z, w) = (z, Λ(z)w),

where Λ(z) ∈ GL(d,R) depends smoothly on z. Consequently,

R̂loc(z) = Λ(z)Rτ(z). (A19)

We first establish local boundedness. Fix z0 ∈ W. Since Rτ(z0) is compact, choose
a bounded open set (O ⊆ Rd) containing Rτ(z0). Upper hemicontinuity of Rτ gives a
neighbourhood (W0 ⊆ W) of z0 such that Rτ(z) ⊆ O for every z ∈ W0. After shrinking W0

so that W0 is contained in the chosen coordinate neighbourhood, continuity of Λ gives

sup
z∈W0

∥Λ(z)∥ < ∞.

Since O is bounded, (A19) implies that R̂loc is uniformly bounded on W0. Thus, R̂ is
locally bounded.

To prove upper hemicontinuity, let zn → z in W0 and suppose ξn ∈ R̂loc(zn) with
ξn → ξ. Set

wn := Λ(zn)
−1ξn.

Then, wn ∈ Rτ(zn), and continuity of Λ−1 gives wn → w := Λ(z)−1ξ. Since Rτ

is upper hemicontinuous with compact values, its graph is closed. Hence, w ∈ Rτ(z);
therefore, ξ = Λ(z)w ∈ R̂loc(z).

Thus, R̂loc has a closed graph. Together with local boundedness and compact values,
the finite-dimensional closed-graph characterisation of upper hemicontinuity yields upper
hemicontinuity of R̂loc and, hence, of R̂.

Equivalently, after fixing any Riemannian metric on E, local boundedness means that
for every z0 ∈ E, there exist a neighbourhood (W) of z0 and C < ∞ such that

∥ξ∥ ≤ C for every z ∈ W, ξ ∈ R̂(z). (A20)

This completes the proof.

Proof of Theorem 2. Fix z0 ∈ E, and choose a coordinate chart (ψ : U → Ω ⊆ Rn) with
z0 ∈ U. In local coordinates, the canonical differential inclusion becomes

ẋ(t) ∈ F(x(t)), F(x) := dψψ−1(x)
(

R̂(ψ−1(x))
)
. (A21)

According to Proposition 4, R̂ is upper hemicontinuous and locally bounded,
with nonempty compact convex values. The bundle map ((z, ξ) 7→ (ψ(z), dψzξ)) is a
local vector-bundle isomorphism. These properties are therefore preserved in coordinates,
so F : Ω ⇒ Rn is upper hemicontinuous and locally bounded with nonempty compact
convex values.

The standard finite-dimensional existence theorem for differential inclusions with
these properties yields ε > 0 and an absolutely continuous curve (x : [0, ε] → Ω) satisfying
x(0) = ψ(z0) and ẋ(t) ∈ F(x(t)) almost everywhere. Consequently, γ := ψ−1 ◦ x is
absolutely continuous, i.e., γ(0) = z0, and satisfies (27).
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A maximal forward extension is obtained by ordering all forward extensions of the
local solution by domain inclusion and agreement on common domains. The union of every
totally ordered family is, again, a canonical rational trajectory on each compact subinterval
of its domain. A maximal element therefore exists. Its domain may be written as [0, Tmax)

for some 0 < Tmax ≤ ∞, since any finite terminal point belonging to the domain would
admit a further local extension according to the existence result just proven.

Suppose, toward a contradiction, that Tmax < ∞ and that γ([0, Tmax)) is relatively
compact. Set

K := γ([0, Tmax)).

Then, K is compact. Fix a Riemannian metric on E, with an associated norm of ∥ · ∥ and
distance of d.

Local boundedness of R̂ and compactness of K give a constant C < ∞ such that

∥ξ∥ ≤ C for every z ∈ K, ξ ∈ R̂(z). (A22)

Since γ̇(t) ∈ R̂(γ(t)) almost everywhere, ∥γ̇(t)∥ ≤ C for almost every t < Tmax.
Hence, for 0 ≤ s < t < Tmax,

d(γ(s), γ(t)) ≤
∫ t

s
∥γ̇(u)∥ du ≤ C(t − s).

Thus, γ is C-Lipschitz with respect to the time parameter on [0, Tmax). In particular,
γ(t) is Cauchy as t ↑ Tmax. Since its image has compact closure, there exists a unique z∗ ∈ K
such that

γ(t) −→ z∗ as t ↑ Tmax. (A23)

Define γ(Tmax) := z∗. The preceding Lipschitz estimate extends to the closed interval
([0, Tmax]), so this extension of γ is absolutely continuous.

Apply the local existence result with an initial state of z∗. After translating the time
parameter, there exist δ > 0 and an absolutely continuous canonical rational trajectory
(η : [Tmax, Tmax + δ] → E) satisfying η(Tmax) = z∗. Define

γ̃(t) :=

γ(t), 0 ≤ t ≤ Tmax,

η(t), Tmax ≤ t ≤ Tmax + δ.

The two absolutely continuous pieces agree at Tmax, so γ̃ is absolutely continuous on
[0, Tmax + δ]. Moreover,

˙̃γ(t) ∈ R̂(γ̃(t))

for almost every t because the inclusion holds almost everywhere on each piece and the
joining time has a measure of zero. Hence, γ̃ is a canonical rational trajectory extending γ

beyond Tmax, contradicting maximality.
Therefore, a maximal forward solution with a finite Tmax cannot have a relatively

compact image. This proves (28).

Proof of Theorem 3. According to Proposition 4, the maximal evaluative rate (ρ) is contin-
uous. Condition (29) and the linearity of αz give

ρ(z) = max
v∈A(z)

αz(v) ≥ αz(0) = 0
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for every z ∈ E. Moreover, Proposition 3 gives

E = ρ−1(0). (A24)

Let γ : I → E be a canonical rational trajectory. Accordign to Corollary 1,

d
dt

V(γ(t)) = ρ(γ(t))

for almost every t ∈ I. Since V ◦ γ is absolutely continuous on compact subintervals of I,
integration yields (30). This proves (i).

For (ii), suppose that γ([t1, t2]) ̸⊆ E . Then, there exists t0 ∈ [t1, t2] such that γ(t0) /∈ E .
According to (A24),

ρ(γ(t0)) > 0.

Continuity of ρ ◦γ therefore gives a nondegenerate interval (J ⊆ [t1, t2]) and a constant
(c > 0) such that

ρ(γ(t)) ≥ c for every t ∈ J.

Consequently,

V(γ(t2))− V(γ(t1)) =
∫ t2

t1

ρ(γ(s)) ds ≥
∫

J
ρ(γ(s)) ds ≥ c |J| > 0.

This proves (31). Conversely, if γ([t1, t2]) ⊆ E , then ρ(γ(t)) = 0 throughout the
interval, so (30) gives equality.

For (iii), suppose first that γ is periodic with period T > 0. Then,

0 = V(γ(T))− V(γ(0)) =
∫ T

0
ρ(γ(s)) ds.

Since ρ ◦ γ is continuous and non-negative, it follows that ρ(γ(s)) = 0 for every
s ∈ [0, T]. Hence,

γ([0, T]) ⊆ E .

Now, let z = γ(t0) be recurrent and suppose, toward a contradiction, that z /∈ E .
According to part (ii), there exists t1 > t0 such that

V(γ(t1)) > V(γ(t0)) = V(z).

Monotonicity then gives

V(γ(t)) ≥ V(γ(t1)) > V(z) for every t ≥ t1.

Recurrence provides tn → ∞ such that γ(tn) → z. For a sufficiently large n, tn ≥ t1,
whereas continuity of V gives

V(γ(tn)) −→ V(z),

contradicting the preceding strict inequality. Therefore, z ∈ E .
For (iv), suppose that γ : [0, ∞) → E is precompact and set

K := γ([0, ∞)).

Then, K is compact. Since V is continuous on K and V ◦ γ is nondecreasing, the finite
limit of

V∞ := lim
t→∞

V(γ(t))

https://doi.org/10.3390/systems14091137

https://doi.org/10.3390/systems14091137


Systems 2026, 14, 1137 33 of 40

exists. Part (i) therefore gives∫ ∞

0
ρ(γ(s)) ds = V∞ − V(γ(0)) < ∞. (A25)

For T ≥ 0, define
KT := γ([T, ∞)).

Each KT is nonempty and compact. It is also connected because γ([T, ∞)) is the
continuous image of the connected interval ([T, ∞)), and the closure of a connected set is
connected. The family ((KT)T≥0) is decreasing, and therefore,

ω(γ) =
⋂

T≥0
KT

is nonempty, compact, and connected.
Equation (32) remains to be proven. Fix a Riemannian metric on E and suppose,

toward a contradiction, that
z∗ ∈ ω(γ) \ E .

Then, ρ(z∗) > 0. According to the continuity of ρ, there exist r > 0 and c > 0 such that

ρ(z) ≥ c whenever d(z, z∗) < r. (A26)

According to Proposition 4, R̂ is locally bounded. Compactness of K therefore yields
C < ∞ such that

∥ξ∥ ≤ C for every z ∈ K, ξ ∈ R̂(z). (A27)

If C = 0, then γ̇(t) = 0 for almost every t, so absolute continuity implies that γ

is constant. The exact evolution identity then gives ρ(γ(t)) = 0 almost everywhere,
and continuity of ρ ◦ γ gives ρ(γ(t)) = 0 everywhere. Hence, ω(γ) ⊆ E , contrary to the
choice of z∗. Thus, C > 0.

Set
τ :=

r
2C

.

Since z∗ ∈ ω(γ), there exists a sequence (tn → ∞) such that γ(tn) → z∗. Passing to a
subsequence, we may assume

d(γ(tn), z∗) <
r
2

, tn+1 > tn + τ.

For every s ∈ [tn, tn + τ], absolute continuity and (A27) give

d(γ(s), γ(tn)) ≤
∫ s

tn
∥γ̇(u)∥ du ≤ C(s − tn) ≤

r
2

.

Hence,
d(γ(s), z∗) < r

throughout [tn, tn + τ]. According to (A26),

∫ tn+τ

tn
ρ(γ(s)) ds ≥ cτ.

The intervals [tn, tn + τ] are pairwise disjoint. Summing over n therefore gives∫ ∞

0
ρ(γ(s)) ds = ∞,
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contradicting (A25). Thus,
ω(γ) ⊆ E .

To establish (33), suppose, instead, that the asserted convergence fails. Then, there
exist ε > 0 and tn → ∞ such that

dist(γ(tn), E) ≥ ε.

Precompactness yields a convergent subsequence, again denoted by γ(tn), with

γ(tn) −→ z̄.

Since tn → ∞, z̄ ∈ ω(γ) ⊆ E necessarily holds. Because E = ρ−1(0) is closed,
the distance function to E is continuous. Hence,

0 = dist(z̄, E) = lim
n→∞

dist(γ(tn), E) ≥ ε,

which is a contradiction. This proves (iv).
Finally, suppose that E is discrete. According to (iv), ω(γ) is a nonempty connected

subset of the discrete set (E ). Therefore,

ω(γ) = {z∗}

for some z∗ ∈ E .
If γ(t) ̸→ z∗, there exist ε > 0 and tn → ∞ such that

d(γ(tn), z∗) ≥ ε.

Precompactness gives a convergent subsequence. Its limit belongs to ω(γ) = {z∗},
contradicting the preceding inequality. Therefore,

γ(t) −→ z∗ as t → ∞.

This proves (v).

Proof of Theorem 4. According to Corollary 1 and feasible inaction,

d
dt

V(γ(t)) = ρ(γ(t)) ≥ 0

for almost every t ∈ R. Hence, V ◦ γ is nondecreasing.
Since γ(R) is precompact, K := γ(R) is compact. Continuity of V implies that V(K)

is bounded. Every bounded, nondecreasing, real-valued function on R has finite limits at
both temporal ends. This proves (35).

For T > 0, define

K−
T := γ((−∞,−T]), K+

T := γ([T, ∞)).

Each K±
T is nonempty, compact, and connected. The corresponding time interval is con-

nected, its image under γ is connected, and closure preserves connectedness. The (K−
T )T>0

and (K+
T )T>0 families are nested. Compactness of K therefore implies that ω−(γ) and

ω+(γ) are nonempty, compact, and connected.
The forward inclusion (ω+(γ) ⊆ E ) follows from Theorem 3. We prove the back-

ward inclusion.
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For every T < 0, the exact evolution identity gives

V(γ(0))− V(γ(T)) =
∫ 0

T
ρ(γ(s)) ds.

Letting T → −∞ and using V(γ(T)) → V− yields

∫ 0

−∞
ρ(γ(s)) ds = V(γ(0))− V− < ∞. (A28)

Suppose, toward a contradiction, that z∗ ∈ ω−(γ) \ E . According to Proposition 3,
ρ(z∗) > 0. Continuity of ρ gives r > 0 and c > 0 such that

ρ(z) ≥ c whenever d(z, z∗) < r. (A29)

Fix a Riemannian metric on E. According to Proposition 4, R̂ is locally bounded.
Compactness of K therefore gives C < ∞ such that

∥ξ∥ ≤ C for every z ∈ K, ξ ∈ R̂(z). (A30)

If C = 0, then γ̇ = 0 almost everywhere, so γ is constant. The exact evolution identity
then gives ρ(γ(t)) = 0, and the desired inclusion follows. Assume C > 0 and set

τ :=
r

2C
.

Since z∗ ∈ ω−(γ), there exists tn → −∞ such that γ(tn) → z∗. Passing to a subse-
quence, we may assume

d(γ(tn), z∗) <
r
2

,

that tn + τ ≤ 0, and that the intervals [tn, tn + τ] are pairwise disjoint. For every s ∈ [tn, tn + τ],
absolute continuity and (A30) give

d(γ(s), γ(tn)) ≤
∫ s

tn
∥γ̇(u)∥ du ≤ C(s − tn) ≤

r
2

.

Hence, d(γ(s), z∗) < r throughout the interval, and (A29) gives

∫ tn+τ

tn
ρ(γ(s)) ds ≥ cτ.

Summing over infinitely many pairwise disjoint intervals contradicts (A28). Therefore,

ω−(γ) ⊆ E ,

which, together with the forward inclusion, proves (36).
Let z ∈ ω+(γ). There exists tn → ∞ such that γ(tn) → z. Continuity of V gives

V(z) = lim
n→∞

V(γ(tn)) = V+.

Hence, V|ω+(γ) ≡ V+. The same argument with tn → −∞ yields V|ω−(γ) ≡ V−,
proving (37).

For (iii), suppose γ(R) ̸⊆ E . Choose t0 ∈ R such that γ(t0) /∈ E . According to E =

ρ−1(0),
ρ(γ(t0)) > 0.
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Continuity of ρ ◦ γ gives t1 < t0 < t2 and c > 0 such that ρ(γ(t)) ≥ c on [t1, t2].
Therefore,

V(γ(t2))− V(γ(t1)) =
∫ t2

t1

ρ(γ(s)) ds ≥ c(t2 − t1) > 0.

Monotonicity gives

V− ≤ V(γ(t1)) < V(γ(t2)) ≤ V+,

and, hence,
V− < V+.

For (iv), if ω−(γ) = {z−} and ω+(γ) = {z+}, then (37) gives

V(z−) = V−, V(z+) = V+.

Part (iii) therefore yields
V(z−) < V(z+).

Suppose, finally, that a finite directed cycle exists, i.e.,

z1 −→ z2 −→ · · · −→ zm −→ z1,

with every arrow realised by a complete, precompact, canonical, rational trajectory not
contained in E , whose singleton backward and forward limit sets are the source and target
equilibria. Applying (39) to each connection gives

V(z1) < V(z2) < · · · < V(zm) < V(z1),

which is impossible. Hence, no such directed cycle exists.

Proof of Corollary 2. If z− ≺+ z+, then there exist m ≥ 1 and equilibria, i.e.,

z0 = z−, z1, . . . , zm = z+,

such that
zj−1 ≺ zj for j = 1, . . . , m.

Theorem 4 gives
V(z0) < V(z1) < · · · < V(zm),

and, hence, V(z−) < V(z+). Therefore, z ̸≺+ z for every equilibrium participating in the
relation. Since ≺+ is transitive by construction, it is a strict partial order. A directed cycle
would imply z ≺+ z for some z, which is impossible.

Proof of Proposition 5. The equivalence of the first two statements follows from Theorem 1.
Set E is connected, and the construction above establishes that G is smooth, constant-rank,
and bracket-generating.

Identify U0 with its pullback U0 ◦ π. Suppose first that V exists and write

W = V − U0.

Since
dW(H2j) = 0,

https://doi.org/10.3390/systems14091137

https://doi.org/10.3390/systems14091137


Systems 2026, 14, 1137 37 of 40

we obtain
∂W
∂yj

= 0 for every j.

The remaining horizontal identities give

∂W
∂xj

+ yjCT
·j ∇aW = rjyj.

Because W and ∇aW are independent of yj, this identity for all yj valuesimplies

∂W
∂xj

= 0, CT
·j ∇aW = rj.

Consequently,
CT∇aW = r.

A necessary condition is therefore

r ∈ Im(CT).

Conversely, if
r = CTβ,

then
V(x, a) = U0(x) + βTa

satisfies dV|G = Θ. Since C has full row rank, CT : Rq → Rm is injective, so β is unique.
For the cycle characterisation, consider a concatenated horizontal adjustment whose

projection onto each (xj, yj)-plane is closed and define

Aj =
∮

yj dxj, A = (A1, . . . , Am)
T.

The directly economic coordinates return to their initial values, while (43) gives the
net architectural displacement, i.e.,

∆a = CA.

Hence, the lifted horizontal adjustment is closed whenever

A ∈ ker C.

Conversely, fix A ∈ ker C. Because X is open, for every base point, there exists ε > 0
such that, for a sufficiently small |t| < ε, oriented rectangular loops can be constructed in
the (xj, yj)-planes with signed areas tAj while remaining inside X. Concatenating these
loops gives a closed horizontal curve because

∆a = tCA = 0.

The baseline term is exact and therefore integrates to zero around the closed projection.
The remaining primitive evaluation satisfies∮

Γt
Θ = t rTA.

Zero circulation around every closed horizontal curve therefore implies

rTA = 0 for every A ∈ ker C.
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Conversely, if this orthogonality condition holds, every closed horizontal curve has
zero primitive circulation. Since

(ker C)⊥ = Im(CT),

the condition is equivalent to
r ∈ Im(CT).

Proof of Proposition 6. Write

r∥ = PCr, r⊥ = (I − PC)r.

Orthogonal projection gives

r∥ ∈ Im(CT), r⊥ ∈ Im(CT)⊥ = ker C.

Hence,
δGR = ∥r⊥∥ = dist

(
r, Im(CT)

)
.

For every A ∈ ker C with ∥A∥ = 1,

rTA = (r⊥)TA,

so Cauchy–Schwarz gives
|rTA| ≤ ∥r⊥∥.

If r⊥ ̸= 0, equality is attained at

A∗ =
r⊥

∥r⊥∥
.

If r⊥ = 0, both sides of (48) vanish.
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