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Abstract

Dental caries remains one of the most prevalent yet preventable non-communicable
diseases worldwide, disproportionately affecting populations with limited access to
dental care and persistent socioeconomic inequalities. Early-stage lesions frequently
remain undetected because of their asymptomatic nature, inadequate screening
infrastructure, and the absence of continuous monitoring technologies, resulting in
preventable complications and increased healthcare costs. To address these challenges,
this study proposes an Internet of Things (IoT)-enabled intraoral wearable sensing device
(IFOWSD) for continuous, quantitative, real-time monitoring of biomarkers associated
with caries progression. The proposed framework integrates intraoral wearable sensing,
cloud-based telemedicine services, and artificial intelligence (Al)-assisted analytics to
support preventive oral healthcare and remote clinical decision-making. Two primary
contributions are presented. First, a fractional-order delay-type model (FODM) based on
the Caputo-Fabrizio derivative is proposed to capture the memory-dependent and
nonlocal dynamics of caries progression. Mathematical analysis establishes the model’s
non-negativity, boundedness, existence, uniqueness, and stability properties. Second, a
biocompatible intraoral sensor interface is designed to enable continuous data acquisition
and secure wireless communication with digital health platforms. Simulation results
based on the proposed FODM suggest that, under an estimated adoption rate of 67.49%,
the I-OWSD framework could reduce caries prevalence by approximately 15% while
improving opportunities for early intervention and preventive care. The findings
demonstrate the potential of combining fractional-order modelling, wearable sensing,
and Al-driven teledentistry to advance continuous oral health monitoring and preventive
dental care.
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1. Introduction

Recent advancements in Al-enabled IoT wearable health technologies demonstrate a
rapid transition from research prototypes to practical multimodal monitoring systems.
This trend highlights the relevance of the proposed I-OWSD framework. For instance, an
all-in-one smartphone-based intelligent photonic mHealth system integrates flexible
photonic sensors with deep learning [1]. It enables the monitoring of plantar biomechanics
and cardiorespiratory signals with clinical-grade accuracy. The system also incorporates
signal processing and temporal graph neural networks for robust physiological
interpretation.

In digital health systems, Al-integrated wearables are increasingly used to
continuously acquire and process physiological and biochemical data. These systems
leverage machine learning (ML) for early detection, pattern recognition, and personalized
interventions across cardiovascular, metabolic, and activity domains [2] . Such
developments demonstrate the potential of combining real-time sensing, edge
computation, and Al analytics in wearable platforms. This provides strong motivation for
applying similar interdisciplinary approaches to intraoral monitoring for early dental
disease detection [3].

Many countries are adopting wearable expert systems to enhance healthcare delivery
and reduce pressure on overstretched systems. In the United Kingdom, the National
Health Service (NHS) is exploring the deployment of smartwatches and wearable devices
at scale, signalling a shift towards preventative and data-driven care [4] ]. This approach
is particularly relevant for addressing global health challenges such as dental caries.
Dental caries is a multifactorial disease affecting approximately 2.3 billion people
worldwide. It disproportionately impacts underserved populations [5]. According to the
Global Burden of Disease Study 2019, untreated caries remains the most prevalent health
condition, contributing to oral diseases affecting over 3.5 billion individuals globally [5].

Dental caries is initiated by a complex interplay of dietary sugars, oral microbiota,
and host factors, leading to progressive enamel and dentin demineralization. The process
is primarily driven by acidogenic and aciduric bacteria such as Streptococcus mutans and
Lactobacillus spp. [6]. Despite improvements in oral health strategies, early-stage lesions
often remain asymptomatic and undetected, resulting in irreversible damage and elevated
treatment costs disproportionately affecting the low-income population [7].

Against this backdrop, the emergence of IoT-enabled wearable technologies offers a
promising solution for real-time monitoring and early detection of caries. Caries
pathogenesis begins with biofilm formation, where bacteria metabolize carbohydrates
into acids that reduce oral pH and compromise enamel integrity [8]. This acidic
environment is further sustained by acid-tolerant bacteria such as Lactobacilli and
Actinomyces [9]. While saliva typically buffers these acids and aids in remineralization,
factors like xerostomia, suboptimal oral hygiene, and a poor diet increase vulnerability
[10]. Caries can be anatomically and clinically classified: for example, as pit and fissure,
smooth surface, or root lesions; as acute or chronic; and by activity levels [6].

IoT expert systems are transforming healthcare by integrating sensors, connectivity,
and advanced analytics for continuous, personalised monitoring [11,12]. In dentistry,
these systems enhance both diagnostic and preventative capabilities by tracking salivary
biomarkers, plaque accumulation, and bacterial activity in real time [13]. Wearable
biosensors and smartwatches, long applied in chronic disease management [14], are now
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being tailored for oral health applications. For example, dental IoT sensors can monitor
oral pH, detect specific bacterial strains, and assess tooth surface integrity. This enables
timely intervention before irreversible damage occurs [13]. Salivary pH sensors can detect
acidification events, while bacterial biosensors identify the presence of S. mutans with high
sensitivity [14].

Additional sensing technologies further extend these capabilities. Pressure sensors
integrated into oral appliances can detect bruxism by tracking occlusal forces [15]. Smart
toothbrushes promote optimal hygiene through behaviour monitoring and feedback [16].
These innovations rely on accurate sensor calibration, clinical validation, and robust
signal processing techniques [17]. Furthermore, ensuring user-friendly and biocompatible
designs is essential for intraoral usability and long-term adoption [18].

Machine learning techniques are increasingly applied to interpret intraoral data.
Algorithms such as support vector machines (§VMs), random forests, and convolutional
neural networks (CNNs) are used to analyse biomarker trends and intraoral images for
caries detection [19]. Cloud infrastructure enables real-time feedback and mobile alerts
[20], while teledentistry platforms support remote consultations and personalised
treatment planning [21].

Despite these advances, several challenges remain. Sensor miniaturisation for
intraoral deployment is still technically demanding [22]. Data security during
transmission and storage remains a critical concern [23]. In addition, large-scale clinical
validation is required to ensure reliability and generalisability [13,24]. The integration of
artificial intelligence for autonomous diagnosis presents further opportunities, but also
introduces complexity in model validation and deployment [25]. Addressing these
challenges is essential for effective prevention and early detection of dental caries,
particularly in resource-limited settings.

The proposed I-OWSD system supports remote screening, continuous monitoring,
and improved access to care, particularly valuable in underserved regions. Early wearable
systems focused primarily on vital signs such as temperature [24,26], blood pressure, and
heart rate [27,28]. Modern systems, however, have evolved to detect biochemical and
physiological markers. The oral cavity provides an ideal environment for such devices,
due to its accessibility and minimal disruption to daily activities [29]. For example,
Onuora et al. [27] developed a wearable healthcare monitoring device using Caputo
fractional calculus, demonstrating efficient and low-latency health monitoring.

Given the essential role of oral health in speech, nutrition, and overall quality of life,
the burden of dental diseases is significant. The World Health Organization reports that
dental caries in permanent teeth is the most common global disease [30]. Without timely
intervention, it can lead to pain, infection, and disfigurement [31]. The proposed I-OWSD
system offers the potential to improve early diagnosis and treatment monitoring. It can
reduce patient discomfort and healthcare costs, particularly in regions with limited access
to dental professionals [32,33].

Recent studies [34-37] have advanced the theoretical, clinical, economic, and ethical
foundations of Al-assisted healthcare. These works demonstrate how autonomous Al
agents can address complex system integration challenges [38]. By leveraging deep
learning and large language model APIs, such systems enable early disease prediction
and improved clinical decision-making.

Complementing these Al approaches, computational modelling provides deeper
insights into disease dynamics. Fractional calculus has gained increasing attention for
modelling biological systems with memory-dependent behaviour. It has been successfully
applied to dental caries progression and other diseases [39-44]. For example, Baleanu et
al. [45] modelled liver disease using Caputo-Fabrizio derivatives, while subsequent
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studies explored non-singular kernel formulations [46,47]. Efficient numerical methods
such as the FMSDTM [48] further enhance the solvability and precision of these models.

Against this backdrop, the integration of wearable IoT systems, Al-driven analytics,
and fractional modelling offers a powerful interdisciplinary approach to dental caries
management. The novelty of this study lies in the development of an FODM based on the
Caputo-Fabrizio derivative. This model captures memory effects in dental caries
progression and is integrated with an Al-powered I-OWSD framework for real-time
monitoring.

Unlike conventional approaches that rely on periodic measurements, the proposed
system enables continuous intraoral monitoring, secure data transmission, and cloud-
based analytics. The model is rigorously validated for stability and predictive
performance. Simulation results demonstrate improved population-level outcomes
compared with existing methods. This integrated framework provides a scalable,
accurate, and clinically relevant solution for preventive oral healthcare, particularly for
high-risk and underserved populations.

Summary of Main Contributions
The key contributions of this work are as follows:

e Developing a novel fractional-order delay model (FODM) based on the constant
proportional Caputo-Fabrizio (CPCF) operator to capture the memory-dependent
progression of dental cavities over time.

e  Developing a delay-type, non-integer derivative model (non-classical order) targeted
to reflect the slow and persistent nature of cavity formation, supporting long-term
oral health monitoring.

e  Formulating an intelligent expert system (I-OWSDs) that simplifies tracking and
control of dental cavities, making it easier for researchers and clinicians to analyze
cavity behaviour and treatment effectiveness.

e  Developing a numerical validation scheme to demonstrate the model’s effectiveness
in supporting early diagnosis, reducing cavity spread, and improving treatment
outcomes.

The article is organized as follows: Section 2 introduces the basic concepts and model
formulation using the constant proportional Caputo—Fabrizio (CPCF) method. Section 3
provides an analysis of the proposed model, including non-negative bounded solutions,
existence and uniqueness, and stability analysis, with a focus on wearables. Section 4
discusses the analysis of the model’s generalized proportional operators and the
eigenfunctions of CPCF. Section 5 presents the key graphical analyses and their
discussions. Finally, Section 6 offers the conclusions.

2. Telemedicine Edge Preliminaries and System Model Formulation

In a deployed setting (see Subsection 5.2), patients wear the I-OWSD intraorally,
continuously sensing biomarkers relevant to dental caries, including pH, temperature,
and enzymatic activity. The device integrates ion-selective microelectrodes for pH
monitoring, microfluidic sensors for salivary flow and enzymatic composition,
fluorescence-based optical sensors for Streptococcus mutans detection, and high-resolution
thermistors for localized temperature mapping. Sensor signals are digitized and pre-
processed on-device to reduce noise and compress data, then transmitted via low-power
IoT protocols (BLE, LoRa, or Zigbee) to paired smartphones or edge gateways [38]. Edge
processing performs real-time anomaly detection and preliminary Al-based classification,
while secure cloud analytics combine sensor- and image-derived features using SVM,
neural networks, and hybrid decision fusion to classify oral conditions, assess risk, and
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predict disease progression. Clinicians access dashboards remotely for personalised
interventions, while patients receive automated alerts to support preventive care and
treatment adherence. The system is designed for scalability, allowing multiple devices to
operate concurrently in community or clinical environments. Data confidentiality,
integrity, low energy consumption, and interoperability are maintained throughout. To
mathematically characterise temporal dynamics of dental cavity progression, fractional-
order derivatives are used as a telemedicine edge modelling tool. These derivatives
capture memory-dependent, non-local behaviours inherent in oral disease progression.
Section 2.1 presents the necessary mathematical preliminaries and definitions
underpinning the proposed model.

2.1. Preliminaries

Definition 1. The Caputo derivate of a differentiable function of order q&(0,1) with the
starting point t=0 is defined as follows:

DEQE) = =

r(1-g)

t —
Jy @'(@)(t = 0)™%do, M

Definition 2. The Riemann—Liouville (RL) integral is defined using the following formula,
assuming that Q(t) is an integrable function with 0 <gq <1:

RDPQ) = 15y (t = 0)9 7 do,

(2)
Definition 3. The differential operator derived from [49,50] that may be expressed as a general
proportional or conformable operator is defined as follows:

PDEQ() = Z,(g,)Q() + Zo(q,)Q'®,

(©)
(g [
Lim Z,(a,t) = 1;  Lim Z,(4,6) = 0; Z(g,t) # 0,4 € [0,1); @
@—)0"' (,l—>1_1

where g € [0,1].Z; and Z, are functions of t that ensure the subsequent criterion Vt € R:

Consider this operator a generalization of the common differentiation operator
(DQ(t) = Q'(t)), which depends on g . We are also interested in the constant
proportionate, or CP, of the specific scenario:

DFQ() = Z1(a)Q(®) + Zo(¢)Q'®, 5)

Definition 4. Let 0 <g <1 and QeG'(0,t),t; € R*. The Caputo-Fabrizio derivative of

order g of an integrable function Q(t) is indicated by CF and is defined [51] as
9 _ U@ rt o _a
<Dy, Q) = -~ J, Q'(0) eXp[ L« Q)] do. (4

where (G’(O, tf) denote the Sobolev space and U(g), U(0) = U(L) =1 is a normalization
function.

Definition 5. CPCF, a new hybrid fractional operator formed by combining the CP (5) and CF (6)
operators, is defined in [52] as follows:

U t
750700 = 1 [ (@00 + %@ @) exp<—%(t—g)> © 0
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2.2. Fractional-Order Model Formulation

This section presents the edge-layer model of the telemedicine infrastructure. It
enables real-time monitoring of high-risk patients using I-OWSD devices. The model uses
on-device edge processing with a hardware accelerator for efficient data offloading [53].
This approach reduces latency, improves detection accuracy, optimizes resource
utilization, and allows context-aware, patient-specific processing before sending relevant
data to the cloud for advanced analytics.

To capture oral health progression, we define compartments to represent specific oral
cavity conditions. This provides a structured framework for individualized health
management at the edge. The fractional-order formulation models memory effects and
biological non-linearities. It improves prediction fidelity for early dental caries detection.
The model is developed under the following assumptions:

e The total population N(t) is constant.

e The coefficient of transmission of dental cavity infection is constant.

e Individuals in the population put on oral wearable sensory devices.

e Recovered dental cavity-infected individuals after medical consultation and
treatment return to the susceptible class due to weak immunity at a rate ¢.

e  Susceptible pregnancies after normal medical consultation due to data transmitted
from the wearables return to susceptible class at a rate ¢.

e The I-OWSDs collect dental health data from the target population at the edge (on-
device inferencing) and securely transmit it to both outpost and cloud-native
healthcare providers with qualified clinicians. This setup enables real-time edge-to-
cloud integration of the proposed FODM, leveraging 5G/6G telehealth infrastructure
to support remote diagnostics in underserved populations.

e  Upon receipt, healthcare providers can immediately analyse the data and initiate
appropriate clinical interventions to improve patient outcomes.

2.3. Parameters and Variables

This subsection introduces the variables and parameters employed in the
development of the proposed I-OWSD-based dental cavity monitoring framework. To
represent the temporal evolution of dental caries, an integer-order nonlinear delay
differential model is established. The framework partitions the population into six
mutually exclusive compartments, each corresponding to a specific health condition or
stage in the cavity progression pathway. For population-level analysis, the state variables
are expressed as proportions of the total population, by N(t), rather than absolute counts.
This normalised representation provides a more realistic description of the distribution of
individuals across the various health states over time. The force of data transmission
generated by wearable-device users is defined as

xX= n(S +n(E + I)),
(8)
where x denotes the rate at which health-related information collected by the wearable
devices is communicated to healthcare providers. The parameter m represents the
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effective transmission coefficient, describing the frequency with which oral-health
abnormalities are relayed through the monitoring system. The modification factor 7
captures the relative contribution of exposed and infected individuals to the overall data-
sharing process.

Following the wearable-assessment framework adopted in [54], the device utility
function is expressed as

A+P+t+h
0=—""" ©)
p

where A denotes the capability of the device to identify infection, P represents the
population affected by dental infection, t is the monitoring duration, h corresponds to
healthcare facilities involved in detection and intervention, and p characterises the level
of sustained wearable-device utilisation within the target population. The variables are
denoted as S(t) = Cavity-susceptible individuals with I-OWSDs, E(t) = Cavity-
exposed individuals with I-OWSDs, I(t) = Cavity-Infected individuals with I-OWSDs,
H(t) = Consultation and Treated individuals with I-OWSDs, R(t) = Cavity-recovered
individuals with I-OWSDs and W (t) = I-OWSDs.

Using the information presented in Table 1 and Figure 1, a fractional-order
mathematical model is formulated to describe the dynamics of the proposed system.

Table 1. Description of Parameters for Wearable Telemedicine Device.

Values with Values Without

Parameters Description -OWSDs -OWSDs References
” Recruitment rate of susceptible pop.ulation with oral 231 231 Optimal
wearable sensory device.
Natural death rate. 0.02 0.02 Optimal
Modified parameter that accounts for the rate at
n which data collected from the exposed and infected 8 x10-° 0 Optimal
individuals are shared with the healthcare provider.
The rate of individuals who do not use FOWSDs and
who are not aware of which dental disease they are
A infected with. Most of such population lives in rural 0.0034 0.0034 [55]
areas and slums where people are unaware of dental
infections.
F; Infection transmission coefficient (i.e., effective 0.0006 0.0006 [55]
contact rate).
4 The transmission rate from exposed to infectious. 1.5x10°5 1.5x10°5 [55]
@ Death rate due to infection. 0.00428 0.00428 Optimal
The rate at which the biosensor of the wearable 0.00060,
vy, @ devices collects data from susceptible, exposed, and  0.000028, 0,0,0 Optimal
infected individuals with - OWSDs, respectively. 0.0000028
The rate of movement of susceptible, exposed, and 0.00007, 0.00007,
AALA, infected individuals with I-OWSDs, respectively, to 0.0007, 0.0007, Optimal
consultation and treatment class. 0.045 0.045
The rate movement of individuals with -FOWSDs
@ who, after normal consultation with the healthcare 0.8 0.8 Optimal
providers, return to the susceptible class.
The rate at which the recovered individuals with I-
¢ OWSDs move to the susceptible class because of 0.002 0.002 Optimal
impaired immune function.
- Recovery rate of the exposed, through the use of 6.6 x 10 6.6 x 10 [55]

homemade treatment.
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o Recovery rate of the infected, through the use of 6.6 x 10 6.6 x 10 [55]
homemade treatment.
- T - L D
. The rate of mfecjced individuals XfVIthOth OWSDs 0.0033 0.0033 Optimal
who attend hospital for consultation and treatment.
. The delay in time t cor‘responds to the latent period 0, 10, 30, 50, 0,10, 30, 50, 70 [55]
of the cavity recognition. 70
p Persistent use of wearable devices. 32 32 [54]
T The effective data transmission rate. 8E —6 0 [54]
The rate constant at which the Monitored and Treated
.0001 0.0001 imal
¢ individuals with I-OWSDs recover. 0000 Optima
A The identification of infection. 420 420 [54]
h The infirmaries of identification. 0.95 0.95 [54]
P Individuals with different forms of cavity. 1.3 13 Optimal
6 The work functionality of the device. 0.95 0.95 [54]
t Time. 360 360 Optimal
¥
u, , v A
D ) +
A A+P+t+h
¥ BsI__ wsWo T
«— ¥
\ - YEW >
1\ Cé’y(t : W |
‘ Hv | /(t\’)e\,, u oIW i
‘:‘U , ~, 7 s \§ s ‘
; :“ \ Ly N
‘:‘ I‘l /1
v / oy
A = .? - ME B : <«

Figure 1. Flow diagram for optimising dental cavity care with computational and analytical
insights for target I-OWSDs.

For a fractional order g, 0<g¢g <1, the following chemical reactions can be
expressed as a series of fractional differential equations:
CPCEDPS(t) =+ ER + H — (BI + A+ VW + pu + A)S )
CPCEDPE() = BSI — {BS(t — DIt —T)e ™ — (u+ A+ 0+ A, + YW)E
CPEEDII() = {BS(t — DIt —T)e™ ™ —(u+ oy + A+ ¢W + @ + £ + A,)] >

CPCEDIH() = AS + ME + (e + A+ xW — (A+u+ ¢ + w)H (10)
CPCEDPR(t) = wH + 0E + 011 — (A + p + )R
CPEEDIW (£) = 0+ (VS + YE + ¢DW — (x + 5)W J
along with the initial value conditions S(t) =0,E(t) =0,I(t) =0,H(t) =0,R(t) =
0,W(t)=0.

The total population participating with the -OWSDs monitoring framework at time
t is represented by N(t), which is obtained as the aggregate of all epidemiological
compartments within the system, thus:
CPCEDIN, (t) = CPEEDES(t) + CPCEDPE(E) + CPCEDII(t)
+ CPCEDEH(E) + CPEEDIW (t)
Furthermore, the total population linked with the device at time t is denoted by
(11b).

(11a)
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PEDIN, (8) = “PEGDIW (1) (11b)
Therefore, we have the entire population of the proposed model at time t as

CPEEDEN(t) = PEEDEN, (£) + PEEDEN, (1) (12a)

CPEEDIN(t) = PEEDES(t) + CPEGDE (L) + CFEGDEI(E) + PEODIH(E) + PEADIW () (12b)

where W (t) represents individuals actively utilising the proposed intraoral wearable
sensing devices for continuous oral-health monitoring and data transmission. The
parameter 7 represents a clinically meaningful time delay corresponding to the latent
period between initial tooth demineralization and its eventual detection or diagnosis. This
delay arises due to the asymptomatic nature of early dental caries, limited access to routine
screening, and variability in diagnostic efficiency. In the model, the delayed term S(t —
7)I(t — 1)e™" captures how infection dynamics at time t depend on prior states, while
accounting for attrition during the delay. Smaller values of 7 indicate rapid detection via
the I-OWSD framework, whereas larger values reflect delayed diagnosis, thereby

establishing a direct link between model parameters and real-world clinical conditions.

3. Proposed Model Analysis

The non-negative bounded solution is derived in Appendix A (Equations (A1)—(A3)),
while existence and uniqueness are addressed in Appendix B (Equations (B1)-(B15)).
Stability analysis of the proposed mode is presented in Appendix C (Equations (C1)-
(C12)). The model employs the Laplace transform of the CPCF operator to solve complex
fractional  differential equations, capturing system dynamics involving
S(),E(t),I(t),H(t), R(t) and W(t). This method handles nonlinearities and memory
effects, offering valuable insights into its dynamic behavior.

3.1. Non-Negative Bounded Solutions

First, we check the non-negative and boundedness of the solution, with the help of a
determination of a feasible region.

Theorem 1. The closed set T1 = I1; X 1, where 11, = {(S(t),E(t),I(t),H(t),R(t)) ERS,:0<

¥ - 1. o B} ;
N; < A+u} and T, = {W(t) ER;OSN, < 5} is non-negative.

Proof. The boundedness of the solution for the model system (10) can be explained by the
following Equations (11a) and (11b), which are completed in Appendix A.

3.2. Existence and Uniqueness Analysis

The validity of the equational framework that ensures the survival of fractional
calculus is examined in this:

Theorem 2. The solution of the model system (10) is positive, provided the initial conditions are
positive for all t > 0 and assuming there exist non-negative constants, 3,and Sy, such that

1. |Mh(xh, t) - M”\h(xh, t)l < Shlxh - x,hl,h = 1, ey 6.
2. MG 12 < 3+ |x, D, V(x, t) eR* X [0, tf].

Proof. Model system (10) is simplified and presented as the system (B1), as shown in
Appendix B, with the completion of the Proof.

https://doi.org/10.3390/technologies14070406



Technologies 2026, 14, 406

10 of 39

3.3. Stability Analysis of the Proposed Model

We conduct a qualitative study of the model system (10) to enable us to understand
its dynamic properties. For a fractional-order model of oral wearable sensory devices, the
stability analysis would involve studying the behaviour of the system over time.

Theorem 3. Let G represent a self-map on Banach space B. This implies that the following
inequality is true for all instances of G.

IG & —Gyll < Clla— G*|| + clla - bl|, (13)

with e € [0,1),H = 0, if we assume that G* is Picard G*stable.

Proof. Let’s examine the equations associated with the model system (10) by having G*
as Picard G" stable to obtain the following equations, as shown in Appendix C. (See
Equations (C1)—(C12) in Appendix C.). o

4. Generalized Proportional Operators
Theorem 5. The Laplace transform of the CPCF operator is given as follows:
&[PEDES(D)] = Qe [S(0)] — XS(0),
&|PEEDIE ()] = QB[E(t)] — XE(0),
H[PEEDII(D)] = Qb[1(D)] — XI(0),
&(CPEEDEH ()] = Q& [H(8)] — XH(0),
&[PEEDIR(D)] = QB [R(£)] — XR(0),
&[CPEDIW (D] = Q& [W (£)] — XW(0).

where O = [u(%)zl(%) sU4)Zo(4) — [U(%)Zo(q))
g+s(1-q) = a+¢(1-q) g+s-a) I’

v

(14)

and X

Proof. From Equation (10), we obtain the Laplace transform of the CPCF operator for the
variables S,E,I,H,R and W, and this is given in Appendix D. o

Eigenfunctions of CPCF

Theorem 5. Consider the following system differential equations with the CPCF operator
CPCEDIS(t) = Py(t,S,E, I, H,R, W),
CPCEDIE(t) = P,(t,S,E, 1, H,R, W),
CPCEDPI(t) = P3(t,S,E,I,H,R,W),
CPCEDIH(L) = Py(t,S,E, I, H,R,W), (15)
CPCEDIR(L) = Ps(t,S,E, I, H,R,W),
CPCEDIW (t) = Ps(t,S,E, I, H,R, W),

Assuming that S(0) = E(0) =1(0) = H(0) = R(0) = W(0) =0, and by utilising the
Laplace transform, we have
S(t) = Q[gR 0K P, (t,9) + (1 — g)R 0K P, (£, 9)],
E(t) = Q[gROK ' P,(t,9) + (1 — g)R 0K P, (8, 9)],
I1(t) = Q[gROK ! Py(t,9) + (1 — g)ROK " Py(t,9)],
H(t) = Q[gR 0K Py (t,9) + (1 — g)ROK P, (t,9)],
R(t) = Q[gROK ™ Py(t,9) + (1 — g)ROKH Py(t,9)],
W(t) = Q[gROK Ps(t,9) + (1 — g)R 0K Py (t,9)]-

o z @)\
and R = %2, (— Z;(%)) .

(16)

1
where Q = 307

Proof. Using theorem 6, we have O
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H{S()}S = &{P.(¢,9)},
GLE(6)}S = 6{P,(t,9)},
GL(0)}S = 6{P5(t,9)}, (17)
G{H(6)}S = 6{P,(t,9 )}
G{R(6)}S = 6{Ps(t,9 )}
H{W (©)}S = 6{6(t,9 )}

with § = [% (Z1(p) + CZO(%))]-

This gives
H{S()} = Q[gWs™! + (1 — g)R¢™14{P; (t,9)},
H{E()} = Q[gWs " + (1 — g)R¢ ' 16{P,(t,9)},
H{1(t)} = QlgW¢™"! + (1 — g)R¢™16{P5(t,9)},
H{H(t)} = QlgWs ™" + (1 — g)R¢ ™ [6{P,(t,9)},
H{R()} = QlgW¢™ + (1 — ¢)R¢"16{P5(t,9)},
W (1)} = QlgWs ™" + (1 — g)R¢ ™ [ 6{Ps(t,9)}.

w= o, (- 2"

(18)

Therefore, we obtain

TP} = ﬂ{

i

}&{P(t)} =4 {P(t).t—i} = z«{o&cﬁ”P(t)} (19)

LG+ 1) L +1)
¢UP(D)} = & {%} (PO} = & {P(t). Lf(i)} = 4{0x(P(1)} (20)

Hence utilizing the inverse Laplace transform, we have
6S(t)} = QgWH{0K P, (t, )} + (1 — g)Rg™]4{03C[ P, (t, 9)},)
HLE()} = Q[gWH{0K P,y (£, 9)} + (1 — g)R¢™]4{07 P, (£, 9)),
()} = Q[gWH{0F Py (t,9)} + (1 — g)Rg™ | 6{03¢i P5 (¢, 9) }v
H{H()} = Q[gWE{0K P, (t,9)} + (1 — )R |6{0KP, (L, 9)),
SR} = Q[gWH{0K ' Ps(t,9)} + (1 — g)Rg™ ] 6{0Ki P5(t, 9},
HW ()} = Q[gWE{0K Ps(t,9)} + (1 — g)Rg™ | 4{0KPs (£, 9))}.

21)

5. Model Numerical Scheme

The model numerical scheme was obtained by applying the Laplace transform on
both sides of Equation (10) and using Theorem 4, and it is completed in Appendix E:

H{S(t)} = KS, + HY + E6{R} + pb{H} — B&H{SI} —v&{SW} — (A + +u + A)H{S)),
H{E()} = KE, + H(BH{SI} — {BL{SI}(t — T)(t — T)e ™" — A B{E} — yH{EW} — (u + A + o) H{E}),
S} = Ky + H{BESIHt — 1) (t —1)e ™ — pb{IW} — (u+ 0y + A+ +@ + £ + A,)4{1}),
GH{H ()} = KHy + H(AG{S} + A B{E} + (e + D) 6{0} + x6{W} — (A+ u+ ¢ + 0)6{H}),
H{R()} = KRy + H(wb{H} + 0 b6{E} + 0. 6{1} — (A + p + ) 6{R}),

H{W ()} = KW, + H(O + (vE{SW} + YE{EW} + d6{IW}) — (x + 5)6{WD),

__ 1 _ gt+s(1-g)
where K = A and 0 = o @ rei@ze@

The iterative solution in Equation (E5) models nonlinear, memory-dependent, and
delay-coupled systems using fractal-fractional calculus as derived in Appendix E, for the
state variables Sy 1(t),E, I;11(£)g41(t), Hyp1(£), Ry41(t), Wy (t) . Using operators
Zy(g¢),Z1(g), and U(g), the method captures hereditary and non-local dynamics. Its
recursive form supports successive approximations and handles time delays effectively.
The series incorporates delays via convolution with such terms as SI(t — 7), EW (t), IW(t),
enabling the inclusion of real-world effects. The formulation is numerically tractable,
enabling sensitivity analysis, policy simulations, and integration with numerical schemes.
Overall, it bridges rigorous mathematics with decision-making by incorporating external
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inputs, parameter uncertainty, and control functions, supporting optimal control,
robustness analysis, and Al-driven applications.

5.1. Numerical Simulation and Validation

A. Setup Description

This section discusses experiments to derive the solution dynamics of our model,
using the FODM Equation (10) with the Caputo-Fabrizio scheme. The focus is on detecting
data for susceptible, exposed, and infected populations with dental cavities using I-
OWSDs. We captured the effective data transmission rate and the reduction of dental
cavity patients via real-time decision expert agents. The model for dental cavity dynamics
with [[OWSD was implemented using AWS EC2 instances, each provisioned with
configurations to host specific simulation elements (e.g.
S,E,1,H R,and W compartments). Any cloud platform can serve, although the
computational demands are scaled using AWS Auto Scaling. AWS S3 was utilised for
storing I-OWSDs data streams, while Lambda supported serverless execution for complex
data processing. To manage parallel VMs handling FODs for a time-bound use case, AWS
SimSpace Weaver was employed. Real-time data monitoring and updates, including real-
time wearable inputs, were handled by AWS Kinesis, and CloudWatch was configured
for resource utilisation monitoring. While AWS was used in this study for its simplicity
and availability at the time, the simulation framework is cloud-agnostic and can be
replicated using any multicloud or individual cloud system. Furthermore, open-source
tools and platforms can also be adopted to implement and validate the simulation across
diverse environments.

The system model (8) was simulated using initial conditions S(0) = 2000, E(0) =
200,1(0) =20, H(0) = 15, R(0) = 5,W(0) = 343 [54,55]. The parameter values used in
the simulation, provided in Table 1, were fixed for simulation and are not based on real
data, which remains a limitation of this study.

B. Result Evaluation

Figures 2a—c and 3a—f illustrate the dynamic behavior of dental caries progression
under three scenarios: absence of -OWSDs, low-intensity deployment, and high-intensity
deployment. In the absence of I-OWSDs, the system exhibits a classical uncontrolled
epidemic-like progression of dental caries, characterized by a rapid increase in the
exposed and infected compartments over time. Mathematically, this reflects dominant
transition rates from susceptible to exposed and infected states, with limited feedback or
control influence. Clinically, this scenario corresponds to delayed detection, late
intervention, and accumulation of untreated dental lesions, leading to higher disease
burden and treatment demand. When low-intensity I-OWSDs are introduced, a noticeable
moderation in disease progression is observed. The susceptible population declines more
slowly, while the exposed and infected compartments grow at reduced rates compared to
the uncontrolled case. From a fractional-order perspective, this indicates that memory
effects—captured by the fractional derivative—begin to influence system dynamics,
smoothing transitions between compartments and introducing partial corrective feedback.
Clinically, this scenario reflects intermittent or limited real-time monitoring, enabling
earlier detection than conventional care but still allowing some disease progression due
to delayed or suboptimal response intensity. In contrast, high-intensity I-OWSD
deployment produces a fundamentally different system behavior. The exposed and
infected compartments rapidly decay toward near-zero levels, while the susceptible
population stabilizes at a lower but controlled equilibrium. Mathematically, this
demonstrates enhanced system stability and faster convergence driven by strong feedback
control and long-memory effects inherent in the fractional-order framework. The reduced
amplitude and damped oscillations across all compartments indicate suppression of
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disease persistence and prevention of relapse. Clinically, this corresponds to continuous
real-time monitoring of oral health parameters (such as pH, biofilm activity, and enamel
demineralization), enabling prompt preventive actions, early treatment, and sustained
caries control. Further compartment-wise comparisons in Figure 3 confirm that increased
I-OWSD intensity significantly reduces treatment burden and cumulative infection load,
while improving recovery outcomes. The treated and recovered compartments show
minimal overshoot under high-intensity monitoring, suggesting optimised intervention
timing and reduced overtreatment. The -FOWSD compartment itself stabilises, indicating
feasible long-term device integration without destabilising the oral health system. Overall,
these results highlight that coupling loT-enabled intraoral wearable systems with
fractional-order modelling provides both mathematical robustness—through memory-
aware, stable dynamics—and clinical effectiveness, by enabling early detection,
personalised intervention, and sustained management of dental caries. The proposed
framework supports a shift from reactive dental care to predictive, preventive, and
precision oral healthcare.

%104
20 Susceptible 14,000 2,000
~— Exposed
Infected 12,000 1,800
Treated 3 1,600
15 Recovered 2
@ —— I-OWSDs - 10,000 » 1,400
c E ‘E
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Figure 2. (a—c) Dynamic behavior of dental cavity among the compartments for model system (10)
with and without I-OWSDs.
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Figure 3. (a-f) Comparing the dynamic behavior of dental cavities among the compartments with
and without I-OWSDs.
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Figure 4a-f illustrate the influence of varying fractional order ¢ € [0.8,1.0] on the
dynamics of the susceptible S(t), exposed E(t), infected I(t), consultation and treated
H(t), recovered R(t), and I-OWSDs W (t)compartments within the IoT-enabled dental
caries model. Across all compartments, decreasing the fractional order introduces
pronounced memory effects, resulting in smoother trajectories, reduced oscillations, and
delayed convergence toward equilibrium. This behavior reflects the nonlocal property of
fractional derivatives, where current system evolution depends on historical states,
yielding enhanced stability compared to the integer-order case (g = 1). In particular, the
infected compartment I(t) decays more gradually for lower g, indicating prolonged
disease persistence when past pathological states exert stronger influence. This suggests
that patients with long-standing oral hygiene neglect or chronic enamel demineralization
may exhibit slower recovery, emphasizing the importance of early detection. The exposed
compartment E(t) shows a faster decline at higher fractional orders, while lower g
values sustain exposure over longer periods, highlighting how latent caries activity can
persist undetected without continuous monitoring. The consultation and treated H(t)
and recovered R(t) compartments benefit from higher fractional orders, achieving
quicker stabilization, which corresponds clinically to timely remineralization and effective
preventive care. The [ OWSDs W (t) converges to a stable level for all g, demonstrating
that IoT-enabled monitoring remains robust under varying memory intensities, thereby
supporting long-term deployment feasibility.

Dynamics of E(t) with Varying q
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Figure 4. (a—f) Dynamics of S, E, I, H, R, and W with different values of the order g.

Figure 5a—c further examine the infected compartment under different time-delay
values (r = 10,30, 50, 70) in the absence of intraoral wearable systems. Increasing delay
consistently shifts the infection peak forward in time while amplifying its magnitude,
particularly for lower fractional orders. The combined effect of delay and fractional
memory exacerbates instability, allowing infection to accumulate before intervention
occurs. Clinically, this represents delayed diagnosis and postponed dental visits, which
significantly worsen caries progression. Lower fractional orders intensify this effect,
reflecting patients with prolonged behavioral or biological memory of disease risk.
Overall, these results demonstrate that fractional-order dynamics and time-delay effects
are critical in accurately characterizing dental caries progression. The integration of IoT-
enabled intraoral wearable systems effectively counteracts memory-driven disease
persistence and diagnostic delays by enabling continuous monitoring and early
intervention. This framework supports a transition from episodic dental care to predictive,
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preventive, and precision oral healthcare, grounded in mathematically robust and
clinically actionable modeling.
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Figure 5. (a—c) Dynamics of the infected at different time-delay values (t = 10, 30, 50,
70) and g = 1.000, 0.900, and 0.800 respectively for (a), (b), and (c).

Figures 6a—c and 7a—c present the combined influence of fractional order q €
{0.8,0.9,1.0} and diagnostic delay 7 € {30,70}on the exposed E(t), consultation and
treated H(t), and recovered R(t)compartments of the IoT-enabled dental caries model.
For 7 =30 (Figure 6), the exposed population E(t) remains low initially but rises
sharply after a critical time, with the increase occurring earlier and more steeply for higher
fractional-order values. This reflects weaker memory effects at g = 1, where the system
responds more rapidly to changes in exposure dynamics. In contrast, lower fractional
orders delay the growth of E(t), indicating that historical oral health states suppress
rapid disease escalation.

Clinically, this suggests that individuals with sustained preventive behaviors may
experience delayed onset of caries exposure even in the presence of diagnostic lag. The
consultation and treated compartment H(t) increase monotonically for all g, with
slightly higher trajectories observed at lower fractional orders. This indicates that memory
effects enhance cumulative healthcare engagement over time, as prior exposure and
symptoms influence future treatment-seeking behavior. From a clinical standpoint, this
aligns with the role of IoT-enabled intraoral wearables, which reinforce continuous
feedback and promote timely dental consultations despite inherent delays. The recovered
compartment R(t)remains minimal initially and increases slowly toward the end of the
simulation, with higher g values achieving marginally faster recovery. This implies that
rapid system responsiveness facilitates quicker remineralisation and healing once
treatment is initiated. For larger delay v = 70 (Figure 7), the exposed compartment E(t)
exhibits a more pronounced and delayed surge across all fractional orders, with higher
peaks compared to the 7 = 30 case. The interaction between long delays and fractional
memory amplifies disease accumulation before intervention, increasing system
vulnerability. This corresponds to late diagnosis or prolonged absence of monitoring,
during which caries progress unnoticed. Although the consultation and treated
compartment H(t) still increases, its growth is shifted further in time, indicating delayed
access to care. Recovery R(t) remains suppressed for most of the time horizon,
emphasising that delayed intervention significantly prolongs disease burden.
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«10% Simulation of E at T = 30

Consequently, these results demonstrate that fractional-order dynamics provide a realistic
representation of memory-driven oral health processes, while time delay critically
governs disease escalation and recovery. The findings mathematically validate the
necessity of incorporating both memory and delay in caries modeling and clinically
underscore the importance of IoT-enabled intraoral wearable systems in minimising
diagnostic delays, accelerating treatment initiation, and improving long-term oral health
outcomes.

25 ' Simulation of H at T = 30 Simulation of Rat T = 30
g = 1.000,7 = 30 : ‘ ‘
s = 0.900,T = 30 — =1.000,T = 30 16 — =1.000,T = 30
s = 0.800,7 = 30 600 [|™9=0.900,7 = 30 : s q = 0.900,T = 30
2l s = 0.800,7 = 30 s g = 0.800,7 = 30
° 1.4
2
% 500 |
3 1.2
1.5 -]
3 Sao00f o
o © [
c >
3 S 308
Wl F 3007 e
2 0.6
5 200
05/ © 0.4
100 -
J 0.2 l =
o= ‘ 0 ‘ ‘ ‘ o ‘
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
t = time (days) t = time (days) t = time (days)
(a) (b) (c)
Figure 6. (a—c) Variation in the Exposed E(t), Consultation and Treated H(t) and Recovered R(t)
with time delay values (t = 30) and at Fractional Order values (g = 0.800,0.900,1.000).
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Figure 7. (a—c) Variation in the Exposed E(t), Consultation and Treated H(t) and Recovered R(t)
with time delay values (r = 70) and at Fractional-Order values (g = 0.800,0.900,1.000).

Table 2 quantitatively demonstrates the impact of [FOWSDs on the dynamics of
dental caries by comparing key state variables with and without device implementation.
With strong system utilization and sustained monitoring by I-OWSD engagement
variable W (67.49%), the susceptible population S shows a 36.25% improvement with I-
OWSDs, indicating enhanced preventive awareness and early behavioural modifications
that reduce progression toward exposure. A substantial 41.51% reduction in the exposed
population E highlights the effectiveness of continuous intraoral monitoring in detecting
early pathological changes and limiting disease advancement. The infected population /
exhibits a more modest but meaningful improvement of 14.19%, reflecting the inherent
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biological persistence of established caries, while still benefiting from earlier detection and
intervention. Notably, the consultation and treated population H improves by 25.45%,
suggesting that real-time feedback from I-OWSDs facilitates timely dental consultations
and treatment uptake. The recovered population R records a 61.47% improvement,
underscoring the role of early diagnosis and prompt management in accelerating recovery
and remineralization processes.

Table 2. Percentage improvement of the state variables with the use of I-OWSDs.

State Variables Without With Percentage
I-O0WSDs [I-OWSDs Improvement (%)

Susceptible Population (S) 3,211.5425  5,037.8462 36.25
Exposed Population (E) 19,250.2739 11,259.5722 41.51
Infected Population (I) 316.4321 271.5153 14.19
Consultation/Treated Population (H) 588.1962 438.4943 25.45
Recovered Population (R) 0.22631 0.087186 61.47
-OWSD (W) 13.8698 42.6591 67.49

5.2. System Architecture of the FOWSD Framework

The results presented in Table 2 provide analytical evidence that integrating I-
OWSDs into dental care can significantly enhance early detection, improve treatment
efficiency, and support better recovery outcomes. This highlights the potential of a smarter,
data-driven approach to dental caries management. Developing a practical system for
real-world deployment requires lightweight network. To implement these insights, we
established an architecture I-OWSD framework.

As illustrated in Figure 8, the system employs an IoT-based edge inferencing device
integrated with Al-assisted APIs, enabling secure real-time monitoring, diagnosis, and
remote treatment [46]. Unlike standard Al-assisted diagnostics, which provide
predictions solely to support clinician decisions without adaptive behaviour, the
proposed I-OWSD system exhibits agency by autonomously integrating multimodal
outputs, performing context-aware risk assessments, and generating patient-specific
alerts in real time. Edge-level inference and lightweight AI models enable the system to
operate autonomously under constrained IoT networks. It processes sensor data locally
without continuous cloud connectivity. When connectivity is available, the system
synchronizes with cloud platforms for advanced analytics, data logging, and model
updates [54]. This hybrid edge-cloud architecture ensures proactive, individualized oral
healthcare even in low-power, intermittent, or bandwidth-limited environments, making
it particularly suited for underserved regions where access to dental professionals is
sporadic.
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Figure 8. Biocompatible intraoral sensor-interface and user-model diagram showing IoT-integrated

I-OWSDs for proactive, data-driven dental care.

The multi-layered integration drives low-power operation within the regulatory and

security requirements. Key security measures include the following:

Device-level safeguards: lightweight encryption (AES-128/256) [56], secure boot,
firmware integrity checks, and tamper-evident hardware ensure device
authentication and data protection [41].

Data transmission security: mutual authentication between devices and IoT
gateways ensures safe communication.

Edge and cloud processing: edge computing reduces transmission of sensitive raw
data, while cloud communication employs TLS 1.3, role-based access control, audit
trails, and logging, to comply with HIPAA and GDPR. Trusted Platform Modules
(TPMs) and Secure Elements (SEs) provide cryptographic security and self-
preservation.

Anomaly detection: an Al-powered agent monitors system behaviour in real time,
identifying potential vulnerabilities and supporting continuous operational
integrity.

Ethical and Security Considerations: ethical aspects of using Agentic Al within I-
OWSDs were addressed, including strategies for alignment, resource optimisation,
and environmental adaptability [34-37]. The integrated framework ensures data
confidentiality, integrity, and availability across wearable, gateway, and cloud
layers, supporting safe and compliant deployment in smart healthcare
infrastructures.

5.3. Component-Level Description

The I-OWSD infrastructure consists of the following components:

I-OWSD Sensors: embedded within intraoral devices (as explained previously in
Section 2), these sensors continuously monitor key oral health indicators, (e.g., pH,
temperature, and bacterial activity). Each sensor node functions as a proactive agent,
capturing real-time data for downstream processing.

Data Transmission Layer: sensor readings are securely transmitted in real time via
IoT communication protocols such as LoRa, Bluetooth, Zigbee, or Wi-Fi to
smartphones or dedicated gateways, ensuring low-latency data delivery.
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e  Edge/Cloud Processing: data can be processed locally on smartphones or transmitted
to cloud/edge servers. Prescriptive analytics, combined with the CPCF-based
fractional-order model, evaluate disease risk and progression for timely clinical
insights.

¢  Telemedicine Platform: processed information is routed to telemedical agents or
dental professionals, enabling remote consultations, intervention planning, and
personalized treatment decisions.

° Implicit Feedback Loop: clinicians provide feedback, alerts, and care plans to the
patient’s device, creating a closed-loop system that supports proactive disease
management.

e  Global Patient Health Dashboard: patients access their oral health status through
APl-based dashboards, enabling self-monitoring, preventive behaviour
reinforcement, and engagement with care recommendations.

This modular architecture allows seamless integration of IoT sensing, Al analytics,
and telemedicine, forming a robust platform for early detection and monitoring of oral
diseases.
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5.4. Al-Based Intraoral Disease Diagnostics

To validate the -OWSD system, an Al-assisted diagnostic scheme was developed to
classify and predict oral disease states using continuous multimodal data [53]. The
workflow includes data preparation, feature extraction, model development, training, and
validation. The study utilises a dataset of de-identified thermographic images and
reference oral temperatures from over 1000 subjects. These high-quality data provide a
foundation for validating I-OWSD Al models, supporting early detection, real-time
monitoring, and predictive assessment of oral health.

5.4.1. Dataset Preparation

The dataset comprises synthetically generated thermographic images and simulated
biomarker readings emulating intraoral conditions.

¢ Image modality: thermographic images of size 64 X 64 X 3, capturing intraoral
temperature variations.

e  Biomarker data: simulated sensor outputs, including pH levels, salivary flow rate,
and enamel demineralisation indicators.

e  Data partitioning: a total of 1000 samples from a synthetic thermographic intraoral
dataset were analysed. The dataset was partitioned into 800 samples for model
development and 200 for independent testing. For the Neural Network, the training
set was further divided into 640 training and 160 validation samples to support
hyperparameter optimization and overfitting control. The Support Vector Machine
utilized all 800 development samples for training. The test set remained unseen for
unbiased evaluation. Class distribution was balanced across dental caries, gingivitis,
oral lesions, and healthy tissue.

5.4.2. Feature Extraction
Multimodal features are extracted from both imaging and sensor data:

e Image-based features: pixel intensity distributions, texture descriptors (e.g., Local
Binary Patterns and Gabor filters), and temperature gradients.

e  Sensor-based features: statistical measures (mean and standard deviation), temporal
variation patterns, and fractional-order-derived indicators capturing memory-
dependent disease progression.

A late-fusion strategy was employed to integrate multimodal data by concatenating
independently extracted image- and sensor-feature vectors. The image modality
produced a 128-dimensional vector, while the sensor modality yielded 32 dimensions. The
resulting 160-dimensional representation was used for SVM and Neural Network
classification, preserving modality-specific information and enabling effective joint
learning across heterogeneous data sources.

The fused-feature vector is mapped to four diagnostic classes: dental caries, gingivitis,
oral lesions, and healthy tissue, with Neural Network employing a fully connected
softmax layer to generate class probabilities, and prediction is based on the maximum
score. The SVM applies kernel-based projection with a one-vs-rest strategy, ensuring
consistent, interpretable classification aligned with clinically relevant categories.

5.4.3. Model Development

Two complementary ML models are employed:

e  Support Vector Machine (SVM): linear and radial-basis-function kernels for multi-
class classification.

e Neural Network (NN): feedforward multilayer perceptron with two hidden layers
(128 and 64 neurons) and ReLU activation.
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This dual-model approach enables comparative evaluation and supports hybrid
decision-making for improved diagnostic robustness.

5.4.4. Training and Optimisation

¢  Neural Network training: Adam optimiser with a learning rate of 0.001 over 200
epochs.

e Loss function: cross-entropy for multi-class classification.

¢  Regularisation: dropout (0.3) and L2 weight decay to mitigate overfitting.

¢ SVM tuning: hyperparameters (C, y) optimised via grid search using the validation
set.

5.5. Validation and Evaluation Metrics

Model performance is assessed using standard classification metrics: accuracy,
precision, recall, Fl1-score, and area under the curve (AUC). A 5-fold cross-validation
strategy is applied to ensure robustness and reliable estimation of generalisation
performance.

6. Performance Evaluation
6.1. Model Performance Analysis

Figure 8 depicts the proposed I-OWSD framework within a data-driven oral
healthcare environment. Its Al-based diagnostic engine is evaluated using the results
reported in Tables 3 and 4 and Figure 9a-g. Two complementary ML models are
employed. We used SVM and NN to classify intraoral conditions into four categories:
dental caries, gingivitis, oral lesions, and healthy tissue. The SVM model achieved an
overall accuracy of 24.50%, with a macro-averaged Fl-score of 0.24 and a weighted F1-
score of 0.25. Class-wise analysis indicates moderate discrimination for class 2 (oral
lesions), with an F1-score of 0.36, while other classes exhibit lower performance, reflecting
limited separability in the feature space. The relatively balanced macro and weighted
averages suggest that the SVM maintains a consistent, albeit modest, performance across
all classes without severe bias toward any single category. In contrast, the Neural
Network model recorded a slightly lower accuracy of 22.50%, with a macro Fl-score of
0.15 and a weighted Fl-score of 0.13, indicating weaker generalization.
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Figure 9. (a) Neural Network Weights (First Layer); (b) Precision Recall Curve for Neural Network
(Multi-Class); (c¢) ROC Curves for Neural Network (Multi-Class); (d) Brand Altman plot: NN vs.
SVM. Confusion matrices for (e) Support Vector Machine (SVM) and (f) Neural Network (NN),
showing the distribution of predicted versus actual class labels across the four diagnostic categories
(dental caries, gingivitis, oral lesions, and healthy tissue) and (g) Neural Network Training and
Validity.
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Table 3. Dataset Distribution Summary.
Category Samples

Total Dataset 1000
Training (Total) 800
Neural Network (NN) Training 640
Neural Network (NN) Validation 160
Support Vector Machine (SVM) Training 800
Testing (NN & SVM) 200

Notably, from Table 3, the NN shows a strong recall of 0.75 for class 0, suggesting
over-prediction of this class, while failing to correctly identify classes 1 and 2, as reflected
by zero precision and recall. Training and validation losses (1.2463 and 1.5410,
respectively) indicate overfitting and insufficient feature learning, likely influenced by the
synthetic dataset and suboptimal convergence.

Table 4. SVM Classification Results.

Precision Recall F1-Score Support

0 0.27 0.23 0.25 44

1 0.20 0.21 0.20 47

2 0.37 0.35 0.36 63

3 0.13 0.15 0.14 46
Accuracy 0.24 200
macro avg 0.24 0.24 0.24 200
weighted avg 0.25 0.24 0.25 200

SVM Accuracy: 0.2450.

To ensure a comprehensive and rigorous evaluation beyond overall accuracy,
additional performance metrics, such as precision, recall, and F1-score, including macro
and weighted averages, were computed to complement accuracy in evaluating multi-class
performance, as can be seen in Table 5. Confusion matrices further revealed class-wise
misclassification patterns and limited separability, providing robust, consistent evidence
of model behaviour and performance limitations.

Table 5. NN Classification Results.

Precision Recall F1-Score Support

0 0.22 0.75 0.34 44

1 0.00 0.00 0.00 47

2 0.00 0.00 0.00 63

3 0.26 0.26 0.26 46
Accuracy 0.23 200
macro avg 0.12 0.25 0.15 200
weighted avg 0.11 0.23 0.13 200

NN Accuracy: 0.2250.

The relatively low classification accuracy was rigorously verified through repeated
experimental trials and cross-validation, confirming the consistency and reliability of the
results. The performance limitation is primarily attributed to the use of synthetically
generated thermographic and biomarker datasets, which do not adequately capture the
variability, noise characteristics, and complex patterns inherent in real intraoral clinical
data. Furthermore, the derived feature space exhibits limited separability among the four
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diagnostic classes, thereby constraining the discriminative performance of conventional
models, including Support Vector Machines (SVMs) and shallow Neural Networks.

Despite these constraints, the results remain reproducible, supporting the validity of
the experimental framework. The principal objective of this study is to establish the
feasibility of integrating multimodal sensing, fractional-order modelling, and Al-driven
diagnostics within the I-OWSD framework, rather than achieving state-of-the-art accuracy.
The fused feature vector is mapped to four clinically relevant classes, with classification
performed using softmax-based Neural Networks and one-vs-rest kernel SVM, ensuring
interpretable and consistent outcomes.

6.2. Hybrid Decision Fusion Strategy

To address the limitations of individual models, a hybrid decision fusion approach
is introduced at the orchestration layer. This rule-based consensus mechanism combines
predictions from both SVM and NN models, leveraging their complementary strengths;
where the NN misclassifies a sample, the SVM prediction refines the final decision. This
strategy enhances diagnostic reliability and robustness in handling uncertain or
conflicting predictions. Although direct clinical comparisons are not yet available, the
proposed scheme is benchmarked against baseline classifiers (SVM-only, NN-only) and
existing Al approaches for dental thermography, providing preliminary insight into its
effectiveness in early disease detection. The trained models are integrated with an IoT-
enabled intraoral wearable sensing system, enabling real-time or near-real-time
processing of continuous sensor data streams. This integration supports:

e  Early detection alerts for potential lesions.
e  Risk stratification for preventive interventions.
e  Datalogging and transmission for remote clinical-decision support.

6.3. Discussion and Implications

Overall, the results highlight the inherent challenges of thermographic-based oral
disease classification, particularly with synthetic datasets that may not capture real-world
variability. Despite modest classification performance, the evaluation establishes a proof-
of-concept for integrating ML into the -OWSD framework. The findings validate the
feasibility of the proposed intelligent intraoral wearable system with clear pathways for
performance improvement, viz.:

e  Collection of real clinical datasets for model calibration.

¢ Implementation of advanced deep learning architectures (e.g., CNNs, hybrid
multimodal models).

e  Feature enrichment and multimodal data fusion to improve class separability.

These improvements will enhance predictive accuracy, generalisation, and practical
applicability of Al-assisted oral healthcare diagnostics.

6.4. Current Limitations

Despite the results obtained, some major limitations were noted when I-OWSD are
deployed, including the following:

e  The I-OWSD may be constrained by battery life and power efficiency, as continuous
sensing and wireless transmission within the oral cavity demand optimised energy
management. IoT architectural challenges, including interoperability, data latency,
and dependence on stable network connectivity, may affect real-time monitoring,
particularly in resource-limited settings [57].

e  User comfort and compliance remain critical concerns, as prolonged intraoral device
usage may vary across individuals, and is not explicitly modelled.
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° Ethical issues related to informed consent, data ownership, and patient autonomy,
alongside data privacy and cybersecurity risks, must also be addressed.

¢  From a modelling standpoint, uncertainties in fractional-order parameter estimation
and calibration may arise, due to limited clinical data.

7. Conclusions

This study presents an Al-enabled oral healthcare system. A fractional-order delay-
type model (FODM), integrated with I-OWSD, is employed to manage dental caries
progression. Using the Caputo-Fabrizio derivative, the model captures memory-
dependent dynamics with greater fidelity than conventional integer-order approaches.
When integrated with a cloud-enabled telemedicine platform, it supports early detection,
continuous monitoring, and remote diagnostics, particularly in resource-limited settings.
Analytical validation confirms non-negativity, boundedness, existence, uniqueness, and
stability, ensuring mathematical and clinical robustness. Simulation results indicate that
at 67.49% adoption, dental caries prevalence may decrease by 14.19%, with 25.45% of users
receiving timely treatment, 61.47% reverting to susceptibility, and 36.25% maintaining
protective oral health. The combination of biocompatible wearable design, secure data
transmission, Al-assisted analytics, and seamless cloud APl integration positions I-OWSD
as a scalable, preventive, and personalised oral healthcare solution. The system is further
validated using neural network weights, precision-recall and ROC curves, Bland-Altman
analysis (NN vs. SVM), and confusion matrices for both risk assessment and image
analysis. Future work will focus on clinical validation, adaptive parameter learning, and
enhanced hardware and security frameworks. Additionally, integrating agent-based ML
with advanced IoT-enabled health infrastructures will further improve system
intelligence, responsiveness, and scalability.
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Appendix A. Proof of Boundedness of the Solution for the Model
From Equation (11a), we obtain [A1l];

CPEEDEN, (t) = CPEEDES(t) + PEEDEE(t) + CPEGDEI(E) + CPEGDEH(E) + CPEGDES (L),

which gives

https://doi.org/10.3390/technologies14070406
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Ni(®) = = (A+ Ny,
where N; isthe aggregate number of variables included in the proposed system. We have
N @) + A+ N s (A1)

We can easily derive the fact that the solution of the system (13) can be given as
follows:

N, (t) = + ce+mt

4
A+
Then, at t = 0, we have

N, (t) < N(0)eW+mt 4 @ l—f}— 5 (1 _ e(A+p¢)t)

Y Y .
< — <
Therefore, when N(0) < (Aw),then N(t) < T forallt > 0. Thus, we obtain the

non-negative bounded solution of individuals with oral wearable sensory devices for the
model system (8) as

I, = {(S(t),E(t),[(t),H(t),R(t)) ERS;O0<N, < (A2)

m}
Similarly, for the population of the oral wearable sensory devices, we use system (11b)
to obtain the non-negative bounded solution as

A
I, = {W(t) ERL:0<N, < 3} (A3)

Appendix B. Proof of Existence and Uniqueness Analysis of the Model

Model system (10) is simplified and presented as system (A4):
M, (t,S,E,LH RW) =9+ &R+ @H— (Bl + A+ VW + u+ A)S
M,(t,S,E,I,H,R,W) = BSI — (BS(t = DIt —1)e™™ — (u+ A+ d + A, + yW)E
M;(t,S,E,LH R W) =St —DI(t—1)e ™™ —(u+0, + A+ W + @ + & + Ay)I
M,(t,S,E, [, H,R,W) = AS + AE + (e + A + yW — (A+ p+ ¢ + w)H
M:(t,S,E,I, H,RW)=wH+oE+ol—A+u+éR
M (t,S,E,I,H,R,W) =0+ (WVS+yE+ d¢DW — (y + HHW
Starting with the function M;(¢,S,E, I, H,R, W), we subsequently showed that

“(A4)

| M, (¢, Sy, E, [LH,R,W) — My(t,S,,E,ILH,R,W)|* =

Bl 2
— — A
( I+A+vW+,u+A>(Sl S,) (A5)

Therefore, we obtain the following;:
|My (t, S, E, I, H R, W) — M, (t,S,, E,I,H R, W)|* = [—(BI+ A+ vW 4+ u+ A)(S; — S)I?,
|My (¢, Sy, E, LH,RW) — My (t, S5, E, L H,R,W)|2 = [(BI + A+ VW + u + A)(S; — )%,
|My (¢, Sy, E, 1LH,R,W) — My (t, S5, E, 1, H,R,W)|? < {2B2%|1|? + 2% + 202 |W|? + 2p? + 2A%}|(S; — Su)I2%,
|My (¢, Sy, E, ILH,R,W) — My(t,S,,E, I, H,R,W)|?
< {Zﬂzsupoststfmz +20% + 2U25up05t5tf|W|2 +2u* + ZAZ} [(S, — 52)|2,
|M,(t, Sy, E, 1,H,R,W) — M, (t,S,,E, 1, H,R,W)|?
< (2B%111% + 20 + 202 |WIZ + 2p% + 20%3(S; — S2) 1%,
|M(t, S, E, [,H,R,W) — M (t,S,,E, [, H,R,W)|* < 3,[(S; — S,)I?
where J; = 2{B?|1|% + A? + v?|W|% + p? + A%}
Similarly, it can be proved that E,I,H,R and W are all non-negative, and this is done

(A6)

using the remaining sub-equations of the system (A4). We have:
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|M,(t,S, Ey,I,H RW) — My(t,S,Ey), , HLRW)|?2 = |—(u+ A+ 0+ A, +yW)(E, — E,)|? )
|M,(t,S,E;,,H R,W) — M,(t,S,E,, LH,R,W)|?> = |(u+ A+ 0+ A, +yW)(E, — E,)|?
| M (¢, S, Ey, I, H,R,W) — My (t,S,Ey, I, H,R,W)|? < {2u% + 2A2 + 202 + 27, + 2y2|W|?}|(E, — E2)|?
|M,(t,S,Ey, 1, H R,W) — M, (t,S,E,, I, H,R,W)|?
< {2 + 207 + 207 + 20,% + 2y supocee W P I (B, - Ep)I?
|M,(t,S,Ey, 1, H,R,W) — M,(t,S,E,, I, H,R,W)|?
< {2u? + 20% + 202 + 21, + 2y WL} (E, — E))I?
|M,(t, S, Ey, I,H RW) — M,(t,S,Ep, I, H,R,W)|? < 3,|(E; — Ey)|?
where 3, = 2{u? + A* + 62 + A,” + V2 W3},
|M5(t, S, E I, HLR,W) — M5(t,S,E, L, ,RW)|? = |—(u+ 0, + A+ ¢W + @ + e+ A)(I; — 1)|?,
|M5(t, S, E, I, H,. R,W) — M5(t,S,E, L, L RW)|> = |(u+ 0, + A+ ¢W + @ + £ + A,) (I, — 1) |?,
|M5(t,S,E, I, H,R,W) — M5(t,S,E, I, H, R, W)|? < {2u? + 20,2 + 2A% + 2¢%|W|? + 2w% + 2e% + 210,°}|(, — L)%,
|M5(t,S,E, 1, H, R, W) — M5(t,S,E, I,,H, R, W)|?
< {20% + 20,7 + 207 + 207 supoceee W2 + 20 + 262 + 20,7} 11y — L)1,
|M5(t, S, E, I, H, R, W) — M5(t,S,E, I,,H, R, W)|?
< {2u% + 20,2 + 2% + 292 W |2, + 202 + 2e% + 20,7} (1, — 1) %,
|M5(t, S, E, I, H R,W) — M5(t,S,E, I, H, R, W)|? < 35|(I; — I,)|%.
where I3 = 2{u? + 0,2 + A2 + 2 |W|% + @? + €2 + A,%}.
|M,(t,S,E, I,H,R,W) — M,(t,S,E, I, H,, R, W|? = |-(A+ u+ ¢ + w)(H, — H,)|?,
|M,(t,S,E, I, H,,R,W) — M,(t,S,E, I, Hy, RW)|? = |(A+ u + ¢ + w)(H, — Hy)|?,
|M,(t,S,E, I,H,R,W) — M,(t,S,E,I,Hy, R, W)|? < {2A% + 2u? + 29 + 2w?}|(H, — H)|?,
|M,(t,S,E, I, H,R,W) — M,(t,S,E, I, Hy, R, W)|? < 3,|(H, — H,)|%.
where S, = 2{A? + u® + ¢? + w?}.
|Ms(t,S,E, 1, H Ry, W) — Ms(t,S,E, I, H Ry, W)|? = |—(A+ u + E)(R, — R, %,
|Ms(t,S,E, I, H R, W) — Ms(t,S,E, I,H,R,, W% = |(A+pu+ &R, —R,)|% & (A10)
|Ms(t,S,E, I,H R;,W) — Ms(t,S,E, I, H,Ry,, W)|? < {2A + 2u% + 2E%}|(R; — Ry)|?,
|Ms(t,S,E, I, H Ry, W) — Ms(t,S,E,I,H,R,, W)|? < 35|(R; — R,)|% J
where I = 2{A% + pu? + £2}.
|M(t,S,E, I, H,R,Wy) — My(t, S, E, I H, R, W)I% = |—((x + &)Wy — wy)|*,
|M,(t,S,E, 1, H R,W,) — Ms(t,S,E,I,H,R,W,)|? = |(rS + mE + mnl + 8)(W, — W,)|?
|M(t,S,E, 1, H R,W,) — Mc(t,S,E,I,H,R,W,)|? = {2m?|S|? + 2m22n%|E|? + 2m22n2|1|? + 282} |(W, — W,)|?,
|M,(t,S,E, 1,H,R,W,) — Ms(t,S,E, I, H,R,W,)|?
< {ansupoststf|5|2 + 4”27725upoststf|E|2 + 47T2U25upoststf|1|2 + 252} (W, —W)I?,
|Mg(t,S,E, I, H R,W,) — My(t,S,E, I, H R,W,)|? < {2m?|S|%, + 4m?n?|E|% + 4m?n?|1|% + 262} (W, — W) |3,
| Mo (t, S, E, 1,H,R,Wy) — My(t, S, E, I, H,R,W,)|* < {2n2(IS|Z + 2n2(|E|%, + [113)) + 282} (W — W) |2,
|My(t,S,E, I,H,R,W,) — Ms(t,S,E, I, H,R,W,)|?> < 3¢ (R, — R, |2
where 3¢ = 2{m?(ISI% + 2n2(|E|% + |1|%)) + 6%}
To confirm the second requirement of the above theorem 2, we double-check the
initial condition of each function, and we have the following:
|My(t, S, E,LHRW)?=|p+ER+@H— (Bl +A+vW + u + A)S|?,
|M,(t,S,E,[,H RW)|?> = [ + ER + @H + (Bl + A+ vW + u + A)S|?,
|M,(t,S,E, I,H, R, W)|?
< {202 + 282|R|? + 2% |H|? + 2B2|1)? + 2A% + 20%|W|? + 2u? + 240%}|S|?,
|M,(t,S,E, I,H,R,W)|?
<29 + Zfzsupoststflmz + 2(p25up05t5tf|1‘1|2

s (A7)

> (A8)

(A9)

L (A1)

(A12)
+ (2,stup0St5tf|I|2 + 207 + szsupoststf|w|2 + 2u* + ZAZ) Supoststf|5|2,
|My (t, S, E, 1,H,R,W)|?
< 22 + 282|R|% + 2¢?|H|% + 2B%|1N% + 2A% + 202 |W |2 + 2u? + 24%)|S|%,
(B2E + A2 + 02 |WIE + p? + A%)|S]%
Y2+ &%|R|5 + @?|H|%

|My(t, S, E, 1L H,RW)I? < 2{yp? + E|RIZ, + @?|HIZ} {1 +

https://doi.org/10.3390/technologies14070406



Technologies 2026, 14, 406

28 of 39

. .- (B2111%+A%+v2 W% +u2+A2)|S|%,
With the condition that P RE ot T <1

|M,(t,S,E, LH,R,W)|? = |BSI —{pS(t — DIt —1)e™™ ™ — (u+ A+ 0+ A, +yW)E|?, 3
|M,(t,S,E, LH,R,W)|? = |BSI +{pS(t — DIt —1)e™™ ™+ (u+ A+ 0+ A, + yYW)E|?,
|M,(t,S,E,1,H,R,W)|?
< 2B2ISI2|11% + 432B2ISI12(t — DI (t — 1)e™7 + (2u? + 2A% + 202 + 24, + 2y |W|?)|E|?,
|M,(t,S,E,I,H,R, W)|2 < zﬁzsupoststf|S|25up0ststf|1|2 + 4(2.825upoststf|5|2(t - T)Supoststf|1|2(t - T)e_AT

+ (2;12 +20% + 202 + 20, + 2yzsupoststf|W|2) suposest, |E I,
|M2(t,S,E,I,H,R, W)lz
< 2B%SI% 1% + 4022115t — DL — De ™ + (2u? + 2A% + 202 + 20, + 2y2|W|2)|E|Z,
| M, (¢, S, E, I,H,R,W)|?
(2 + N+ 02+ A%+ |WIL)IEIL
B2IS1Z 112 + 282B2|S|%(t — DII|E(t — T)e ™7
(12 +A2%+02+0,2+y2|W|%)IE% <1
B2IS1% 113 +282 B2|SI% (t=D) 115 (t—T)e ~AT
|M5(t, S, E, LHRW)|? = |{pS(t—DIt—De ™ - (u+0, +A+ W +m+ ¢ + A2)1|2,
|M5(t, S, E, LHRW)|? = |{pSt—DIt—De ™+ (u+0, +A+ W +m+ ¢ + A2)1|2,
|M5(t, S, E, 1, H,R,W)|? < 402B2|S|2(t — DII|2(t — D)e ™ + (21 + 2042 + 2% + 292 |W|? + 2w? + 2e% + 24,%)|1]?,
|M3(t! S, E,I,H,R, W)lz < 4§2ﬁ25upoststf|5|2(t - T)Sup()ststflllz(t - T)e_AT

< 20B2ISI2 112 + 202 B2ISI (6 = DI (6 — r)e-M}{l ;

With the condition that

+ (207 + 20,2 + 207 + 20 supo<ese W2 + 207 + 267 + 28,7 ) suposese, 112,
|M5(t,S,E, 1, H,R,W)|?
<4B2ISIA(t — DA — D)e™ + (2p2 + 20,2 + 202 + 292 |W |2, + 2w? + 2e2 + 20,°)|112,,
(W2 + 012 + N2+ Q2 WL + w2 + &2 + ZAZZ)}
272B2%|S13,(t — 1) (t — 1)e™A7 '
With the condition that (”szlz:;\;l;g (lrlilf;’ (J;_m;:i:uzz)
|M,(t,S,E,LH RW)|? = |AS + A E+ (e + D) + YW — (A+p+ ¢ + w)H|?,
|M,(t,S,E,LH RW)|? = |AS + AE+ (e + D) + YW + (A+p+ ¢ + w)H|?,
|M, (¢, S, E, I, H,R,W)|? < 20%|S|? + 2A,%|E|? + (262 + 28,%) 112 + 22 |W|? + (202 + 2p% + 292 + 20?)|H|?,
|M,(t,S,E, I, H R,W)|?
< ZAzsupoststf|5|2 + 2A125upost5tf|E|2 + (252 + ZAZZ)SupostStf|1|2 + ZXzsupoststf|W|2
+(20% + 207 + 297 + 20P)suposest 1HI?
|M, (¢, S, E, 1, H,R,W)|? < 20%|S|2, + 20, %|E |2, + (262 + 20,7112 + 2x2 W% + (2A% + 2% + 2¢% + 20?)|H|2,
|M,(t,S,E,I,H,R,W)|?

|M5(t,S,E, 1,H,R,W)|? < 432B2|S|%,(t — D115t — 1)e ™ {1 +

<1

r

N+ p? + ¢® + w?)|HIZ
< (2021512 + 20,2 |E [ + (262 + 20,7 112 + 2)(2|W|§o){1 + W +u" " + o) IH] _

22|S1Z, + APIE IS + (2 + A7) I11E + x2 W,

. .. A2+ +9%+w?)|HI
With the condition that ( <1
onditio 21512+, 2112 + (2 + 8, D) B 12 W1

|Ms(t,S,E,ILH R, W)|?> = |wH + 0E + 0,1 — (A + u + ER|?,
|Ms(t,S,E,ILH R,W)|?> = |wH + 0E + o1 + (A + u + ER|?,
|Ms(t,S,E, I,H,R, W)|? < 2w?|H|? + 20%|E|* + 2012|I|2 + (A% + 2u% + 252)|R|2,
|Ms(t,S,E,ILH R, W)|? < szsuPOStstf|H|2 + ZazsuPOStstf|E|2 + 20'125up05tstf|1|2
+(2A% + 2p* + ZEZ)SupoststflRF
|Ms(t, S, E, I,H,R, W)|? < 2w?%|H|% + 26%|E|% + 2012|I|§o + (2A% + 2u? + 28)|R|%

QN +2u” + 28%)|R|%
20%|H|% + 202|E|3 + 2012|1I§o})
(2A%+2u2+282)|R|%
2w2|H|%+202|E|% +20,2|1|%

|Ms(t,S,E,1,H,R,W)|? <. Qw?|H|% + 20%|E|% + 20,2|1|%) {1 +

With the condition that <1

(A13)

(A14)

(A15)

(A16)
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|Mg(t,S,E,ILH R, W)|?> =16 + (vS + YE + dDW — (x + H)W|?,
|Mg(t,S,E,,H R,W)|> =10 + (vS + YE + ¢DW + (x + H)W|?
|Mg(t,S,E, I,H R, W)|? = 202 + (2V?|S|? + 2y?|E|? + 2¢2|1|12)|W|? + (2x% + 26D)|W|?,
|M,(t,S,E, I, H R, W)|?
< 26% + (Zstupoststf|S|2 + Zstupoststf|E|2 + 2¢'25up05tstf|1|2) SuPOStstf|W|2 +Qx*+ 262)Sup05tstf|W|2’ (A17)
|Mg(t,S,E,I,H R, W)|* < 202 + (2V%|S|% + 2YV%|E|% + 202 |1|12)IWI% + (22 + 262)|W |2,
|M(t,S,E, I, H R,W)|? < 20% + (2V%|S|% + 2Y2|E|% + 22|12 + 2x% + 262)|W |2,
(2V2|S|% + 2y2|E|% + 202|115 + 2% + 252)|W|§o}

262

| M (t,S,E,1,H,R,W)|? < 26° {1 +
J

With the condition that (zvzlslgﬁzyz|E|§°+22t22”|§°+2XZ+262)|W|‘2’° < 1. Therefore, we
observe that the solution to our model system (10) is distinct and appropriate in the given
situation:

(B211% + A + V2 |WS + p? + A%)|S[S,
P2+ E2RIZ + @?|HIZ
(K2 + 42+ 02 +4,° +y2IWIE)IEL,

B?ISIGII1E + 2¢2B2|S15 (8 = DIIE (t — 1)e™*

(12 + 0,2 + A2 + W2, + @2 + &2 + 24,°)

Max 2022115 (t — T)(t — D)e A" L <1 (A18)
(A° +p? + 9 + W) HIS,
A%|S|Z + A ENZ + (e2 + A7) IT1E + X2 W15
(A + p* + EDIRIS
w?H|% + a?|E|% + 0 ?|115
V1SS + ¥ ELS + OIS + x* + SDIWIS
92
Appendix C

3.3. Stability Analysis of the Proposed Model
Let’s examine the equations associated with the model system (10) by having G* as
Picard G* stable, to obtain the following:
Sis1(©) = Si(O) + & HLEQW + §R; + oH; — (B + A+ vW; + u+ D)S))],
Eipr () = E(6) + 67 LEBSil; — IBSi(t — DLt —De ™ — (+p+ A+ 0 + Ay +YWDED],

Ly (8) = L(O) + 67 LGRS (t — DLt —D)e™ — (u+ 0y + A+ oW, + @ + € + A)1)], (A19
Hipy (8) = Hi(0) + 67 LE(AS; + M E; + (e + A1 + x Wi — (A + 1+ ¢ + w)H))], )
Risa(£) = Ri(6) + 6 (L6 (0H; + 0 + 011 = (A + p + OR)], J
Wig1 () = Wi(®) + 67HLE(O + (vS; + YE; + SIDW; — (x + SIW))],
where we have the fractional Lagrange multiplier represented as L = - a+e0-q) .
(@)21(4)+T (4)Zo(4)

Theorem 4. Consequently, we define the self~map G as follows:
GISil = Sisa () = Si(O) + &HLEG) + &R + pH; — (BI; + A+ VW, + p+ B)S)],
GIE] = Eip1(6) = Ei(¢) + 67 L& (BSiL; — {BSi(t — DLt — De™ — (u+ A+ o + A +YWDE)],
GIL] = Li41(©) = L(6) + 67 LEEBS;(t — Dt —De™ — (u+ o1 + A+ ¢W; + @ + & + A1), (A20
GIH;] = Hiy (©) = Hi(t) + 67 [LE(AS; + A By + (e + D) + xWi — (A+ u+ ¢ + 0)HY), )
GIRi] = Riy1(t) = Ri(t) + 67 [L&(wH; + 0E; + 01]; — (A +  + R))],
GIWi] = Wiy (8) = W () + 67 [LE(O + (vS; + VE; + GI)W; — (x + HW],
with G* stable in the space L'(x,y) if
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G111 = Gl < II1p () — IOl + &7

{1+v+¢&4:(a) + 942(q) + BA301(g) + A405(g) +vA50:(g) +vAs04(q) — (A +u+M)2;(g)} < 1,
{1 + 2501(q) + fA503(q) + 5.8(110@1(%) + 111@3(%))(15 —-7)(t— T)e_AT} <1
+Y241204(q) +v2130,(g) + 81414(q@) + (u + A+ 0)A45(q) '
{1 + (B (21601(4) + 21703(4))(t — T)(t — De ™ + pA150:(g) + ¢/11994(‘l)} <1 (A21
J= +(u+ oy F A+ 4@+ e+ D) 50(q) ’ " :
{14 424,1(q) + 81422(q) + (e + 82)223(q) + xA24(@) + (A+u+ @ + w)Ays(g)} < 1,
{1+ wAy6(q) +0437(q) + 01428(g) + (A + 1+ E)Ax(g)} < 1,
{1 + 6 +vA300:(g) +vA3104(g) + ¥43,04(q) + v2330,(q) + $23405(q) + ¢/135®4(%)} <1
+(x + 6)36(q) ’
Proof. There exists a fixed point G, so we can find (m,n) € (N x N) D for each:

GLSp] = GISa] = Sis1(t) = Sp(8) + &7 LEW + &Ry + @Hy — (Bl + A+ VW, + 1+ A)Sy)]

=Sa(t) =6 LE@W + §Ry + Hy — (Bl + A+ VW, + p+ A)S,)],
GlEp] = GlE,] = Eiq(8) = Sy (t) + 67 [LEQ + &Ry, + @Hy — (Bl + A+ VW, + 1 + A)S,)]

—Sa(t) =6 LEW + ERy + @Hy — (Bl + A+ VW, + u+ A)S,)],
GlI] = GlIg] = L1 () = I, () + & LGRS, (t — DI (t — e ™ — (u+ 0y + A+ W, + @ + £ + Ay)],)]
—1,(t) =67 LEBS(t — D) (t —1D)e ™" —(u+ o0, + A+ pW, + @ + £ + A)I,)], >(A22
GlHy] = GlH,] = Hi1(t) = Hy(t) + 67 LE(AS, + A E, + (e + A, + x Wy, — (A + p + @ + w)Hp)] )

—H,(t) — 67 HLE(AS, + A Ep + (e + A, + xW, — (A+ p+ ¢ + w)H,)],
G[Rp] — G[R,] = Ri+1(t) Ry(t) + 47L& (wHy, + 0E, + 011, — (A + p + E)Rp)]
—R,(t) — 4 HLb&(wH, + 0E, + 011, — (A + u + ER,)],
GIW,] = GIW,] = Wiy (8) = Wy, (8) + 6~ HIL&(O + (vSp, + YE, + I, W), — (x + 5)W,)]
Wy (t) — &7 L0 + (vVS, + YE, + PIHW, — (x + HHW)I.
By applying the norm to Equation (A22), and without loss of generality, we obtain
16151 = GIS.]| || Sp(®) + &7 L6 + ER, + @Hy — (B, + A+ vW, + p + A)Sp)] |

d ~8a(t) = 6 LEGW + ERg + 9Hy — (Bl + A+ vW, + p+ DS’
Ep(t) + 4 LEBSpl, — {BSp(t — DIt —1)e™ — (u+ A+ 0 + Ay + YW,)E,)]
_Ea(t) - 5’_1[H‘fr(ﬁ5a1a - (ﬁsb(t - T)Ib(t - T)e_AT - (/,l +A+o+ Al + yWa)Ea)] '
L,(t) + 67 L6(QBS,(t — DI,(t —1)e ™ —(u+ 0, + A+ pW), + @ + £ + Ay)I,)]

the following:

IGLEL] = GLEG]Il = |

G111 = GlI1II = ’ (A23

—1,(t) =67 LEBS,(t — DI (t —1)e ™ —(u+ 0y + A+ PpW, + @ + £ + A)I,)]
16 LH, ] — GLH.I| ” Hy(t) + 6 1[1Lfr(ASb + ME, + (e + A+ xW, — (A + u+ ¢ + w)Hp)] )
b H,(t) — & LE(AS, + AE, + (6 + A, + xWy — (A + u+ ¢ + w)H)]II
IGIR,] = GIR ]|l = H R, (t) + 47L& (wH, + 0Ey + 011, — (A+ p + ERp)] |
b —R,(t) — 6 L& (wH, + 0E, + oyl — (A + .+ ORI

IGIW,] - GIWL|l = ” Wy (t) + 67 [LE(O + (vSy + YE, + GI)W, — (x + 5)W)]
b ¢ Wy, () — 67 LGB + (vSq + YE, + dI )W, — (x + W)L
By the imposition of triangular inequality on Equation (A23), we obtain the following:
{ ¥+ 1I$(Ry = RNl + llo(Hp — Ha) }]
L& HIBL, Sy = Sl + 1185y Uy = 1)l
VW (Sp = Sl + 11vSy (W, = Woll + 11(A + p + 8)(Sp = Sa)l
[16(1+¢(t =)t = D)e™7)S, (1) — L)|
_ ~1(pg | FIBA+EE =D —De™ 7)1, (S, — So)|
IG[Ep] = GlELI < lEx(t) = Ea (Ol + &7 [ L& PGt A+ 0)(Ey — EN 4+ 180 (B — EDN[
YWy (Ep — E)I + llVEy (W, — W)

{hﬁ((t — D)t — e S, (I, — 1| + [|BS(t — Dt — 1)e ™71, (S, — Sa)”}] -
L& )

IG[Sp] = GISalll < 1S5 (&) = Se (Ol + 47+

+HloWy (I, — I + I, (W, — W
Hlu+o,+A+m+ e+ A,)U, — I
IACS, = SO+ 1A1(Ep — EDIl + 1I(e + A2) U, — Ia)”}]
HixWy =W+ I(A+p+ o + 0)(H, — H)Il )V
lw(Hp — H)Il + lo(Ey — EDIl + lloy (I — Ia)”}]
HIA+ 1+ Ry — R ’

IG[Hp] — GIHAIIl < IHy(£) = Ho(OIl + 671 [My{

IGIR,] = GIRAIIl < IRy (£) = Ro(OIl + &1 [Mr{

IGIW,] = GIWIIl < W, (8) = Wo (Ol + 671

6 + [IvSp, (Wy — Wl + VW (Sp — Sl
L& +IYEy(Wp, = Wo)ll + YWy (Ep — EQ) I
HIpI, Wy, = Wl + 19Wy, (I, = I + 1[G + 5) (W, — WL)|
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Considering that the solutions found play a similar role, we have the following

conclusion:
1S, (8) = Sa (Ol = lEp () — Eo(DIl = 1, () — IOl = [Hy(8) — Ha (Ol = IRy () — Ra(t)”:} (A25
W, () = Wa (DII. )
At this point, we substitute system (A25) into (A24) to obtain the relationship as in
system (A26) below:

G851 = GISalll < ISy (&) — SOl + 671

P+ 115(S, = SNl + llp (S, = Sl
L& 181y (Sy = Sl + 1855 (S, — So) :
HIVWy (S, = Sl + vSy (Sy = Sl + (A +  + A)(S, — Sl
{ 18(1 + ¢t — )t — 1)e™7)S,(E, — Eo)|| ]
Ey] — GIELI < NIEy(0) — Ea(ll + 6|16 ] TIB(L+¢C — Dt = D)e )1, (B, — Ey)| } ,
61501 = GTEl < WE O = EaON+ 8780 L s 0By — Bl + e — |
LU ywa By — B + vy (B, — EDII
188t = D)t = e85, (I, — 1| + [|BS(t = Dt = eI, (U, — 1) | (A26
G111 = GUIIIN < Ny (6) = Ia (D) + 67 | L& +HIgW Iy — I + 1, Ly = 1)l :
Hlw+o+A+@+e+A8)U, — I
1ACH, = Ho)ll + 118, (Hy = HII + (& + A2) (H, — a)ll}]
Hlx(Hy = H)ll+ 1A + 1+ ¢ + ) (Hy — Hy)|

“g[Hb] _g[Ha]” < ”Hb(t) — Ha(t)” + 41 I:H"ﬁ/{

I6TRs] = GIRI < IRy (0) = Ro(l + 6 [ua{ - deto L E Hot ZEIT Y

+llo1(Ry = RN+ 1A+ + (R, —
0 + [lvSp (Wy — Wl + VW, (W), — Wo) |
IW{ +HIVE, (W = Wl + [YW, (W, — W)l }
HIpI, Wy, = Wl + oWy, (W, = W)l + (I Cx + (W, — Wl
System (A25) is simplified to obtain the following:
-1 Y+ 11ECSs = Sl + lo(Sp = SNl + Bl ISy = Sl + BISH NSy = Sl
1G[Sp] = GISalll < WISy (&) = Sa (Ol + & [My{ WL ISy = Sl + VIS ISy = Sl + (A + p+ DS, = Sl }

B+ -0~ De ™ )IS,IE, = EII ]
L&

G IWs] = GIWRIIl < W, (1) = W (Ol + &7

IGIE,] = GIEAIN < NEx(6) — Eq(OIl + 677 +B(1+ ¢t = D)t = De ™) II(E, — EDIl + (u+ A+ DI(Ep — EI
+0,1(Ep = EDIl + v IWLIICE, = EDIN + VIE, Il (Ep — EQI

{ Be(t — Dt — De NS, Il Uy — L)l }]
L& )

1GL15] = Gl < 1y (©) = () + & [ L4 482t ~ )& = e M1y 1T, ~ L) + PIW 11T, — 1)1

Bl — DI + G+ 03 + A+ @+ &+ )l Uy = 1)l
Bl ~ HIl+ 0y = )l + & + 21y I
HlCHy = H)ll+ A+ o+ + )Gy — BT )]

I6R,1 = GIRII < 1R, (0) ~ R+ [ (1R ~ el + ol = Bll 4 oy = RN,

{6 + VIS Wy, = Wl + W Il (W, = WDl + YIIE, T (W — Wa)”}
L&

(A27

IGLHs] = GLHI < 1H(6) = Ha()ll + 67 L& {

IGIW,] = GIWIII < W, (&) — Wo (DIl + 671 YWl Wy, = Wl + bl Il (W, = WDl + SlIW, || (W, — W)l
+ + O, — W)l

Furthermore, because these are convergent sequences, S, Ej, I, and W, are

bounded. However, we can obtain alternate positive constants 04, 0,, 03, and 0, for every
t, such that

ISp1l < O, [[Epll < O, 5l < O3, Wyl < O, (A28)

1+¢+¢&4,(q) +9A,(q) + 2130,(g) + f1,03(q)
1+ 250,(q) + BA403(g) + 53(11091 (@) + /11193(%))(15 —7)(t—1)e™
IGIEp] — GIEAI +12120,(3) + ¥2130,(q) + A A14(g) I(Ep — EDII,
+(u+A+0)Ais5(q)
1+ qﬁ(ll6®1(('l') + 11793(%))(t - T)(t - T)e_AT + ¢118®3(%)} ”(1 —1 )” (A29)
+$21904(@) + (u+ 01 + A+ +@ + £ + D) A50(4) b
L R A i S A [T B
IGIRp] — GIRII{1 + wAz6(q) + 0A27(q) + 01225(q) + (A + pu + E) A9 (@)}I(Rp — R,
14+ 0+ vA500,(q) +VA310,(g) + YA3,0,(g) + YA330,(q)
I5TWs 1 = Q[Wa]ll{ +¢3/103463(6Z) + ‘533:@4(%) + (3)2( ':5)/136(%)33 2 }”(Wb ~ Wall

IG11,] - g[zam{
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where 1;(¢),i =1,2,3,...,36 are functions of &~1[#].

The mapping G* therefore has a fixed point. Therefore, we show that the previous
theorem 3 is correct, and that G* holds true. Assuming that Equations (A28) and (A29)
are true, we also prove

J(0,0,0,0,0,0),

{1+¢+80(a) + 92,(q) + 250,(q) + fA403(g) +vA501(q) +vA604(q) — (A + p + D) A;(g)} < 1,)
{1 + 150:1(g) + f105(q) + (3(11091(%) + /111@3(%))@ -7)(t— T)e_m} <1
+Y41204(q) +72130,(g) + A1214(g) + (0 + A+ 0)A45(q)
{1 + (ﬁ(/116®1(@) + /11793(%))@ —1)(t —1D)e ™ + ¢pA,505(q) + ¢/119®4(CL)} <1
+(u+ o+ A+ +@+ e+ A,)A50(q) '
{14+ A82;1(g) + 81252(g) + (€ + D) A33(g) + xA24(g) + (A +p+ @ + 0)Ay5(g)} < 1,
{1+ wA6(q) +057(q) + 01428(q) + (A +u+)Ax(q)} < 1,
{1 + 6 +vA3001(g) +vA3104(g) + Y143,04(q) + v2330,:(q) + $A3,05(q) + ‘1)135@4(%)}
+(x + 8)236(q)
G* is Picard G* stable, since it satisfies all the requirements in theorem 4.

' (A30)

Appendix D. Proof of the Laplace Transform of the CPCF Operator for
the Variables S,E,I,H,Rand W

PCF U(g)Z1(q) 9 ey o U(@)Zo(4) 49
[C COD?S(t)] [S(t) —%exp <—mt>:| + & [S (t) X ﬁexp (—mf)]
9

= U(LZIOL(%)&[S@)]{V [exp (—m t>] +

U(@)Zo(q)
1— g

= &[S ()4 [exp (— %t)]

:(u(;l)_zl(‘l)[y[s(t)]x 1% +’U(;z)_Zo(cz)(

St1—3 St1—3

_ ([ U@)Z,(q) sU(4)Zo(q) ([ Ug)Zy(g)
- (4 +o(1 - cz)) sl (4 +¢(1- q)) sl <6Z +¢(1- 4)) SO

U(g)Z,
Mexp (—%t)] +£V[E (t) x

SB1S(0)] - S(0)) X —— )

U(g)Z
[€PEEDIE(D)] = [E(t) X L‘;@ exp <— T f ” t)]

_ U(g)Z:(q)
a

T BE@]6 [exp (_%t)]JrMZo‘Z(%)

PLL e @8 [exp (—%t)]

)

_U@DL@) gL — U@)zo(a) (B IE®)] - S(0)) x ———— :
1-— ¢+ 1= =5

1—g C+1—@

_ [ U(@)Z1(q) cU(g)Z0(q) _( U4)Zo(q)
B (cz +¢(1- cz)) HLEDL+ (4 +¢(1 - cz)) HEW] (4 +¢(1- 4)> E(0).

Similarly, the Laplace transform of the CPCF operator for the variables I, H,R and W

as in (14) can be proved using the same procedure as in (A31) and (A32), to obtain the
remaining sub-equations of system (14).

Appendix E. Proof of the Numerical Scheme of the Model

From theorem 6, we have

@\ ., (1/) + E6{R} + b {H} — BB{SI} — v{r{SW})
Z@) © —(A+ ++ D)B{S)

—_ SO % ) -
H{S(0)} = i M T U@z,@ = <

Z ( Z (oz)) (z,b + E6{R} + @b {H} — BB{SI} — v[r{SW})
u(‘l)zo @) Zy(a) —(A+ +u + D) 6{S}
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7 (4))" o (M{SI} — BBt —T)(t — e — M{E})
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Consider that the scheme gives the outcomes as an infinite series:

S() i Sy E(©) i By, 1(6) i Ig,H(t)i Hy, R(0) i Ry, W(2) i A (A3
=0 g=0 g=0 g=0 g=0 a=0 )

where the non-linear expression can be described as
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g=123,..
Substituting systems (A34) and (A35) into (A33), we obtain
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After applying the inverse Laplace transform on both sides of (A36), we finally obtain
the following iterative solutions:
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