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Abstract

Conventional multiple-input multiple-output (MIMO) systems rely on static antenna place-
ment. To exploit additional spatial degrees of freedom, the fluid antenna (FA) concept has
emerged as a promising solution for improving data rates and diversity performance. Most
existing FA studies assume Rayleigh fading, whereas analytical characterization under
Nakagami-m fading is more challenging. This article investigates the ergodic capacity of
FA-assisted MIMO systems over Nakagami-m fading channels. By applying majorization
theory, upper and lower bounds on the ergodic capacity are derived. High signal-to-noise
ratio (SNR) approximations are then obtained to clarify the role of the fading parameter and
the number of propagation paths. The large-system behavior is also studied, and Monte
Carlo simulations are used to assess the tightness of the proposed bounds. The results
show that the upper bound closely tracks the simulated capacity, while the lower bound
remains useful mainly in the low-SNR regime.

Keywords: fluid-antenna systems; multiple-input multiple-output; MIMO; Nakagami-m
fading; ergodic capacity; majorization theory

1. Introduction

Conventional multiple-input multiple-output (MIMO) systems generally employ fixed-
position antennas. To enhance both diversity and multiplexing gains, fluid antenna (FA)
technology has recently emerged as a promising alternative [1]. In FA-assisted architec-
tures, antennas are allowed to move freely within a predefined spatial region rather than
being confined to fixed locations. By exploiting the extra spatial degrees of freedom, the
integration of FA with MIMO can significantly boost spatial diversity performance [2,3].

Numerous studies have explored the performance of FA-enabled systems. Fluid-
antenna systems (FASs) were first put forward in [1], where their operation and performance
were investigated for single-antenna settings. Subsequent results in [1] showed that a
single-antenna FAS confined within a compact region could emulate the maximum-ratio-
combining (MRC) gains usually associated with multi-antenna receivers. Building on these
foundations, ref. [4] provided closed-form formulas for the average level-crossing rate of
FASs. Furthermore, ref. [5] proposed a movable antenna-based MIMO architecture, which
was essentially a MIMO implementation of FASs, and investigated capacity optimization
using instantaneous channel state information (CSI). Moreover, ref. [6] proposed a channel
model and evaluation framework tailored to MIMO systems aided by movable antennas.

Recent advances have further broadened the scope of FASs and movable-antenna re-
search. In particular, movable-antenna-assisted MIMO systems have been shown to provide
additional spatial degrees of freedom by jointly exploiting antenna-position optimization
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and conventional MIMO processing [5]. Moreover, recent studies have investigated outage
probability, diversity gain, spatial correlation modeling, channel estimation, and multiple-
access operation in FAS-enabled networks [7-9]. Beyond conventional FAS architectures,
recent works have also explored the integration of fluid antennas with emerging pro-
grammable wireless technologies, such as stacked intelligent metasurfaces [10]. Survey
and overview articles have further highlighted the role of FAS and movable antennas as
candidate technologies for reconfigurable 6G wireless systems, including their potential in-
tegration with artificial intelligence, integrated sensing and communication, non-terrestrial
networks, and reconfigurable intelligent surfaces [11,12].

In parallel, Nakagami-m fading, though mathematically more involved than Rayleigh
or Rician models, has attracted attention due to its versatility in capturing a wide range
of propagation conditions within a unified framework. It includes Rayleigh fading as a
special case (m = 1) and approximates Rician behavior for m > 1, enabling modeling of
both moderate and severe fading environments. This flexibility is particularly relevant for
movable antenna systems, whose dynamic positions may experience diverse propagation
conditions. Despite recent developments in FAS and movable-antenna systems, most
available analytical results rely either on Rayleigh fading models or on instantaneous-CSI-
based optimization. In contrast, Nakagami-m fading provides a more flexible statistical
model that can capture a wider range of propagation conditions. Closed-form approxi-
mations for the outage probability of single-port fluid-antenna systems under correlated
Nakagami-m fading were derived in [13], and copula-based outage expressions were ob-
tained in [7]. However, the ergodic capacity characterization of FA-assisted MIMO systems
under Nakagami-m fading remains largely unexplored. This motivated the present work,
which derives tractable capacity bounds for finite-dimensional FA-assisted MIMO channels
in Nakagami-m fading environments.

The main novelty of this work is the development of a tractable capacity-bound frame-
work for finite-dimensional FA-assisted MIMO systems under Nakagami-m fading. This
distinguishes the present study from conventional fixed-position MIMO capacity analyses,
where the channel matrix is usually modeled statistically without antenna-position de-
pendence, and from most existing FAS studies, which mainly focus on outage probability,
diversity gain, level-crossing rate, average fade duration, multiple-access operation, or
antenna-position optimization under instantaneous CSI. In the considered FA-assisted
MIMO setting, the effective channel depends not only on the random path-gain matrix
but also on the transmit and receive field-response matrices induced by the fluid-antenna
positions. Hence, the channel behavior is shaped by the antenna locations, angles of arrival
(AoAs), angles of departure (AoDs), number of propagation paths, fading severity, and
effective channel rank.

The specific contributions of this paper are summarized as follows. First, a geometry-
based FA-assisted MIMO channel model under Nakagami-m fading is considered, where
the transmit and receive field-response matrices capture the impact of antenna positions
and angular propagation parameters. Second, capacity bounds on the ergodic capacity are
derived without requiring the exact eigenvalue distribution of the effective MIMO channel.
Third, high-SNR approximations are obtained to provide analytical insight into the role
of fading severity, number of paths, geometry-dependent spectral factors, and effective
channel rank. Fourth, Monte Carlo simulations are used to validate the analytical bounds,
examine their tightness, compare FA-assisted MIMO with conventional fixed-position
MIMO, and quantify the practical capacity gain enabled by fluid antennas.
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2. System Model

We consider a MIMO system in which the transmitter and receiver are equipped with
M and N FAs, respectively, as shown in Figure 1. Each FA is connected to its corresponding
RF chain via flexible interconnects, which allow the antenna element to move freely within
a prescribed spatial region. The admissible displacement regions at the transmitter and
receiver are denoted by &; and S;, respectively. A two-dimensional Cartesian coordinate
system is adopted to describe the FA locations. The position of the mth transmit FA, for
m=1,...,M,is given by t,, = [x,(ﬁ), y,(é)] Te St, while the position of the nth receive FA,

forn=1,...,N,is expressed as r, = [xy), y,(f)]T

€ &;. Both deployment regions, S; and
S;, are modeled as square areas of side length A (i.e., area A x A). Specifically, we have
Si=8=[-A/2,A/2] x [-A/2,A/2].

The displacement regions S; and S, are assumed to be electrically compact compared
with the transmitter—receiver separation. Hence, changing the FA positions affects the
relative path phases and the field-response matrices but does not change the large-scale
path loss or invalidate the far-field approximation. The FA positions are assumed to be
configured according to the channel geometry and then kept fixed during the corresponding
channel-use interval.

The complete sets of positions for the M transmit and N receive antenna elements are
denoted by

t=[t,...,.tm] € RP>*M and r= [r1,...,tN] € R2xN,

/
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Figure 1. An FA-assisted MIMO system with M transmit FAs and N receive FAs.

The considered FA architecture follows the principle that each radiating element, or
equivalently its effective radiation point, can be repositioned within a compact predefined
region. In practice, this can be implemented through flexible feeding structures, movable
conductive elements, switchable ports, or electronically reconfigurable fluidic/radiating
media. Each FA is connected to one RF chain, and the antenna position determines the
phase response observed along the different propagation paths. Therefore, the main role of
the FA mechanism in this work is to provide additional spatial sampling capability within
the available aperture, rather than to change the number of RF chains.

The MIMO input-output relationship is given by

y(t,r) =H(t, r)x+w, 1)

where H(t, r) € CN*M denotes the channel matrix between a transmitter with M antennas
at positions t and a receiver with N antennas at positions r. The vector x is the transmitted
signal with covariance Q, and the noise is modeled as circularly symmetric complex
Gaussian, w ~ CN (0, U2IN). (It is assumed that the region within which the antenna
elements are allowed to move is negligible compared to the link distance between the
transmitter and receiver, thereby validating the far-field approximation).
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The number of propagation paths at the transmitter and receiver are denoted by L;
and L,, respectively. At the transmitter side, each of the L; paths is characterized by an
elevation angle 6! € [0, 7] and an azimuth angle ¢} € [0, 7r], where 1 < p < L. For the pth
transmit path, the relative propagation distance offset of the mth transmit element with
respect to a reference point at the origin tg = (0,0)T is expressed as [5]

oF (tm) = xp sin 6} cos ¢} + ym cos 6} . ()

Accordingly, the corresponding phase difference introduced by the pth path is
ZT"pf(tm), where A denotes the wavelength of the transmit signal. Based on this, the

transmit field-response vector is expressed as
g(t) & [FA0, ¥ 0] ¢ Lo, o

The overall transmit field-response matrix for all M transmit elements is then
defined as

G(t) = [g(t1), g(t2), ..., g(tm)] € CH"M. (4)

On the receiver side, the AoAs of the gth path (1 < g < L;) are parameterized by
elevation 8] € [0, 7] and azimuth ¢ € [0, 7r]. The associated excess path length, measured
between the nth receive element at r, = (x5, yn)T and the reference ry = (0, O)T, is

o1 (ty) = xp sin 0] cos ¢ + v, cos 6. (5)

The resulting phase shift is 27” p1(r), and the corresponding receive field-response

vector becomes
2

o o Ly T
f(rn) L {g]zTP}(rn),_ . "e]TPrL (rn)} c (CLrX1‘ (6)
The complete receive field-response matrix for all N receive elements is then

expressed as
F(l‘) = [f(rl),...,f(rN)] e CbxN, )

The channel interaction between the reference points ty and rg is captured by the
path-response matrix € CLr*Lt, where each element %, , represents the complex gain
associated with the pth transmit path and the gth receive path. It is assumed that these en-
tries are independent and identically distributed (i.i.d.) and have Nakagami-m-distributed
magnitude and uniformly distributed phase. Therefore, the overall MIMO channel matrix
between the antenna arrays located at t and r is given by [5] (We adopt a geometry-based
stochastic channel model that captures the spatial response of fluid antennas and the
multipath propagation environment. Specifically, the channel formulation in (8) follows
a field-response representation, where the transmit and receive fluid antennas generate
position-dependent responses determined by their locations within the aperture regions.
The adopted decomposition separates the spatial field responses from the stochastic path
gains, which allows tractable statistical analysis while preserving the physical interpretation
of fluid-antenna positioning and multipath propagation).

H(t,r) = Fi(r)ZG(t), (8)

where the PDF of x = | ;| is

4

7)mx2m—le—(m/ﬂ)xz (9)
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where m = E?[x?]/Var[x?] and Q = E[x?], with T(-) denoting the gamma function.

In this model, the matrices G(t) and F(r) capture the deterministic spatial responses
induced by the FA positions and by the AoDs/AoAs, respectively. The random matrix X
contains the small-scale path gains between the transmit-side and receive-side propagation
paths. Thus, the FA positions affect the effective MIMO channel through the geometry-
dependent field-response matrices, while the Nakagami-m fading statistics are assigned to
the path gains in Z.

3. Capacity Bounds of Fluid MIMO Systems

In this analysis, it is assumed that the CSI is perfectly known at the receiver, and that
the total transmit power is evenly allocated across all transmit antennas. Under equal power
allocation across the M transmit elements, the transmit covariance is Q = Py M, Where P
is the total transmit power. Moreover, we exploit that the AoAs/AoDs typically evolve
on a much slower time scale than the small-scale path gains in time-varying channels [14].
Operationally, the FA positions are assumed to be known at the receiver after configuration,
so that the receiver can estimate the resulting effective channel H(t, r). The present work
focuses on the capacity analysis for given FA positions and channel geometry, rather than
on the real-time mechanical or electronic control problem required to select the positions.
Position optimization and hardware-control latency are therefore outside the scope of this
paper. Based on these assumptions and under the condition that M > N, the ergodic
capacity can be formulated as

C=E [logz det <1N + %H(t, r)H(t, r)H> ] (10)

When M < N, the capacity expression can be equivalently rewritten using the identity
det(I + AB) = det(I + BA), which holds for any appropriately dimensioned matrices A
and B. The subsequent analysis is grounded in the principles of majorization theory [15].

3.1. Upper Bound

This subsection is dedicated to deriving an upper bound on the ergodic capacity of
general Nakagami-m fading channels.

Theorem 1. For fixed antenna positions, AoAs, and AoDs, a position- and angle-dependent upper
bound on the ergodic capacity of the FA-assisted MIMO system over Nakagami-m fading is

N 1 3(1—mL,L;, 1,1 | PBr(r)Bc(t)Q
C=Cu= In2T(mL,Ly) ég( 1,0t MNo2m )’ (1
where
Br(1) = Amax (F(D)F™ (1)), Bo(®) = Amx (G(HG"(®).  (12)

Proof. Please see Appendix A. [

The quantities Br(r) and B (t) explicitly include the effect of the fluid-antenna posi-
tions and the angular propagation structure. In particular, the entries of F(r) depend on
the receive antenna positions and AoAs, while the entries of G(t) depend on the trans-
mit antenna positions and AoDs. Thus, the revised upper bound does not ignore the FA
geometry; rather, it captures its effect through the spectral factors fr(r) and Bg(t).

As the above upper bound admits a closed-form expression involving the Meijer
G-function, it provides limited physical intuition regarding the capacity behavior. There-
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fore, to gain more analytical insights, we focus on the high-SNR regime and derive a
simplified expression.

Proposition 1. For fixed antenna positions, AoAs, and AoDs, the upper bound in Theorem 1
admits the following high-SNR approximation

PﬁF(r)ﬁc(t))

MNo2 + % [lP(erLt) - ln(%)} (13)

Cusnr = N logZ(

Proof. Please see Appendix B. [J

The fading severity parameter m influences the high-SNR upper-bound approximation
through the term

W(mLeLy) — ln(g>. (14)

This term is equal to E[In Y], where Y = ||Z||2 follows a Gamma distribution with shape
parameter mL,L; and scale parameter ()/m. Therefore, m affects the capacity through the
logarithmic moment of the aggregate path-gain power. A larger value of m corresponds
to less severe fading and smaller path-gain fluctuations, which generally improves the
ergodic capacity and reduces the probability of deep fading. In contrast, smaller values of
m represent more severe fading and lead to a lower capacity bound.

It is also observed from the term mL,L; that the impact of m is coupled with the
number of propagation paths. When L, L; is small, the system has fewer independent path-
gain components, and the capacity is more sensitive to changes in m. As L,L; increases,
the aggregate gain ||Z||% becomes less sensitive to individual fading fluctuations, and the
effect of m on the capacity becomes less pronounced. This explains why richer multipath
propagation can partially compensate for more severe fading conditions.

The high-SNR expression in Proposition 1 should be interpreted as an upper-bound
approximation rather than as an exact multiplexing-gain characterization. The actual
high-SNR slope of the FA-assisted MIMO channel is governed by the effective rank

Feit = rank(FH(r)}:G(t)> < min(M, N, Ly, L,). (15)

Therefore, although the upper bound scales with the prefactor N, the true number of
independent spatial streams cannot exceed 7. The factors fr(r) and B (t) also contribute
important geometry-dependent constants, since they depend on the antenna positions
and on the AoA/AoD configuration. Hence, the high-SNR expression should be used to
understand the scaling of the proposed bound and the impact of fading and geometric
parameters, but it should not be interpreted as guaranteeing an N-fold multiplexing gain
in all channel conditions.

In the large-system regime, the revised upper bound indicates that increasing the num-
ber of propagation paths can improve the capacity bound through the Gamma-distribution
term ¢(mL,L;) and through the geometry-dependent spectral factors B¢ (r) and B(t). For
large L, L, using ¥(x) ~ In(x) gives

PBr(r)Bc(H)O

CHSNR >~ Nlng ( MNo2

) + Nlog,(L/L¢). (16)
This expression shows that the upper bound increases logarithmically with the product
L,L;. However, the actual achievable capacity is still limited by the effective channel rank
teft < min(M, N, L, L,). Consequently, the large-system result should be understood as a
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scaling law for the analytical upper bound, not as an unconditional statement that the true
capacity grows without rank limitations.

3.2. Complexity Discussion

We now discuss the computational complexity of the proposed capacity-bound evalu-
ation. The closed-form upper bound in Theorem 1 requires the evaluation of a Meijer-G
function and the computation of the geometry-dependent spectral factors Br(r) and Bg(t).
Specifically, Br (1) is obtained as the largest eigenvalue of F(r)F(r) € Clr*Lr, while Bg(t)
is obtained as the largest eigenvalue of G (t)G(t) € CL*Lt. Hence, the dominant algebraic
complexity is

O(L3 + L), (17)

assuming standard dense eigenvalue decomposition. The remaining operations, including
the evaluation of the Gamma, digamma, and Meijer-G functions, are scalar special-function
evaluations and do not scale with the antenna-array dimensions in the same way as
repeated matrix decompositions.

By contrast, direct Monte Carlo evaluation of the ergodic capacity requires generating
Nuyc independent channel realizations. For each realization, the effective channel H(t, r) =
FH(r)ZG(t) must be formed, and a log-determinant of an N x N matrix must be computed.
The corresponding complexity is approximately

O(NMC (NLrLt 4 LLM + N3)), (18)

where the first two terms correspond to forming the effective channel and the last term corre-
sponds to the log-determinant computation. Therefore, the Monte Carlo approach becomes
significantly more expensive as the number of realizations, antennas, or paths increases.

Alternative exact analytical approaches based on the eigenvalue distribution of HH"
are also computationally and analytically more demanding. In FA-assisted MIMO systems,
the channel matrix depends on the position-dependent field-response matrices, AoAs,
AoDs, and Nakagami-m path gains. Consequently, deriving and evaluating the exact
joint eigenvalue distribution is generally intractable for finite-dimensional systems with
arbitrary antenna positions and propagation geometry. The proposed capacity-bound
method avoids this difficulty by using deterministic geometry-dependent spectral factors
and the scalar Gamma distribution of || Z||%. This leads to a tractable evaluation procedure
with substantially lower complexity than Monte Carlo simulation and without requiring
exact eigenvalue statistics.

3.3. Lower Bound

Here, we aim to derive a lower bound for the ergodic capacity in the context of
Nakagami-m fading.

Theorem 2. For fixed antenna positions, AoAs, and AoDs, assume that the field-response matrices
have nonzero minimum spectral factors

7E(1) = Amin (F(r)FH(r)), nG(t) = Amin(G(t)GH(t)>. (19)

Then, a closed-form lower bound on the ergodic capacity of the FA-assisted MIMO system over
Nakagami-m fading is
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2=z 1,0

In2T(mL,Ly) 3?2

1 1 1,3 1- erLt, 1,1
Mo?m

Pw(r)nG(tm)‘ 20)

Proof. Please see Appendix C. [

This lower bound does not remain tight for general FA-assisted MIMO channels, as
becomes evident in the subsequent high-SNR analysis.

Proposition 2. For fixed antenna positions, AoAs, and AoDs, the closed-form lower bound in
Theorem 2 admits the following high-SNR approximation

P’?P(T)Wc(t))

M2 + ﬁ [w(mL,Lt) - ln<%)} (21)

CL,HSNR = log2<

Proof. Please see Appendix D. [

The high-SNR lower-bound approximation in (21) should be interpreted as the asymp-
totic form of the closed-form lower bound, not as the exact high-SNR capacity of the
FA-assisted MIMO channel. Unlike the upper-bound approximation, it does not contain
the prefactor N, because the lower bound is obtained by reducing the log-determinant
expression to a scalar trace-based term. Therefore, it is useful as a conservative analytical
benchmark, particularly at low and moderate SNR, but it does not characterize the full
multiplexing behavior of the effective MIMO channel. The actual high-SNR slope remains
governed by the effective rank ¢ = rank(FIEG) < min(M, N, Ly, L,).

4. Numerical Results

We now present numerical results to validate the proposed analytical bounds and to
examine their tightness under different system parameters. Also, we provide sufficient
details for reproducibility. Monte Carlo simulations are used as a benchmark throughout
this section. In particular, for each simulated point, the channel matrix was generated
according to the geometric FA-assisted MIMO model in (8), where the entries of the path-
response matrix followed the Nakagami-m distribution in (9). The simulated ergodic
capacity was then obtained by averaging (10) over 10° independent channel realizations.
These simulations were compared with the analytical upper and lower bounds, as well
as with the corresponding high-SNR approximations, in order to assess the accuracy and
tightness of the proposed results. For comparison, we also considered a conventional fixed-
position MIMO benchmark. In that benchmark, the antenna elements at the transmitter
and receiver were placed at fixed locations and were not allowed to move within the
fluid-antenna regions. Therefore, the conventional MIMO benchmark did not exploit
the additional spatial degrees of freedom offered by antenna-position adaptation. This
comparison was used to highlight the performance benefit of FA-assisted MIMO and to
identify the regimes in which the proposed approach was most advantageous.

Unless otherwise stated, the simulation parameters were set as follows. The transmitter
and receiver were equipped with M = N = 4 fluid antennas. The numbers of transmit-
side and receive-side propagation paths were denoted by L; and L,, respectively, with
default values Ly = L, = 3. The carrier wavelength was A = 1.5 m, the default Nakagami
fading parameter was m = 2, and the average path-gain power was normalized as () = 1.
The fluid-antenna displacement regions at the transmitter and receiver were modeled as
square regions

S =8 =[-A/2,A/2] x [-A/2,A/2). (22)
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In the simulations, the aperture side length was set to A = A. Therefore, the transmit and
receive displacement regions became

S =8, =[-A/2,A/2] x [-A/2,A/2]. (23)

For the conventional fixed-position MIMO benchmark, the antenna elements were placed
at the four corners of the same square aperture. Hence, for M = N = 4, the fixed transmit
and receive antenna locations were

(—A/2,—A/2), (A/2,—A/2), (—A/2,A/2), (A/2,A/2). (24)

Thus, the conventional benchmark used the same aperture size as the FA-assisted MIMO
system but without antenna-position adaptation. The AoAs and AoDs, including eleva-
tion and azimuth angles, were independently generated from a uniform distribution over
[0, 7t]. The phases of the path gains were independently generated from a uniform distri-
bution over [0,277), while the magnitudes followed the Nakagami-m distribution in (9).
For each simulation point, the ergodic capacity was obtained by averaging over 103 inde-
pendent channel realizations. For the parameter-sensitivity figures, the SNR was fixed at
P/c?* = 15 dB, whereas for the SNR-dependent figures, P/c? was varied over the range
shown in the corresponding plot.

To quantify the tightness of the proposed analytical expressions, we used the relative
deviation between an analytical curve and the Monte Carlo benchmark, defined as

es(p, Lt) = [Colp, Le) — Cuc(p, L)l 100%, (25)

Cmc(p, Lt)

where Cg(p, L¢) denotes the analytical bound or the corresponding high-SNR approxima-
tion, and Cyic(p, L) denotes the simulated ergodic capacity obtained through Monte Carlo
averaging. In addition, we report the average tightness error over the considered SNR
range as

e(Le) = |81p| Y enlo L), (26)
PES,

where S, denotes the set of simulated SNR values, as shown in Table 1. These metrics
provide a quantitative measure of the agreement between the analytical expressions and
the Monte Carlo benchmark.

Figures 2 and 3 validate the analytical expressions against Monte Carlo simulations.
In these figures, dotted lines with markers represent the analytical bounds, dashed lines
represent the corresponding high-SNR approximations, and solid lines represent Monte
Carlo simulations. Different marker types and colors are used to identify the different
values of L;. This plotting convention makes it possible to distinguish the analytical,
asymptotic, and simulated results for each parameter setting.

The tightness is further quantified using (25) and (26). The upper bound exhibits a
smaller relative deviation from the Monte Carlo capacity than the lower bound over most
of the considered SNR range. The high-SNR approximation becomes more accurate as the
SNR increases, as expected from the approximation In(1 + x) ~ In(x). By contrast, the
lower bound remains mainly useful in the low-SNR regime and becomes less accurate at
moderate and high SNR because it does not capture the full multiplexing behavior of the
effective MIMO channel.
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Figure 2. Ergodic capacity with respect to SNR for varying L; (upper bound (UB), MC simulations,

and high-SNR approximation).

Figure 3 evaluates the lower bound and its high-SNR approximation. The lower bound

is seen to be less tight than the upper bound, particularly at moderate and high SNR values.

This behavior is consistent with the analytical discussion following Proposition 2, since

the lower bound does not preserve the full multiplexing-growth behavior of the MIMO

channel at high SNR. Nevertheless, the lower bound remains useful in the low-SNR regime,

where it provides a reasonable approximation and helps characterize the capacity trend.

14
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Figure 3. Ergodic capacity with respect to SNR for varying L; (lower bound (LB), MC simulations,

and high-SNR approximation).
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Table 1. Average relative tightness error €g(L;) with respect to Monte Carlo simulations.
L Upper Bound Upper High-SNR ~ Lower Bound Lower High-SNR
2 8.7% 14.5% 18.9% 25.6%
3 7.4% 12.8% 21.3% 28.4%
4 6.8% 11.6% 23.7% 31.2%
5 6.2% 10.9% 25.1% 33.5%

Figure 4 investigates the influence of the Nakagami fading parameter m on the ergodic
capacity for different numbers of propagation paths. The results show that the ergodic
capacity mildly increases with m, especially when m is small. This is because larger values
of m correspond to less severe fading and reduced path-gain variability.

6 v I ’ I v I ’ I

Ergodic Capacity [bit/s/Hz]

--m-- L; = 2, Analytical UB

4 e L; = 3, Analytical UB| ]
--A-- L, = 4, Analytical UB
--%-- Ly = 5, Analytical UB

| —=— L, =2,MC |

—e—L; = 4, MC
—— [, =5,MC
=N Lt = 3,MC

3 T T T T d T ; T T

0.5 1.0 1.5 20 25 3.0

m

Figure 4. Ergodic capacity with respect to m for varying L (upper bound (UB), MC simulations).

It is also observed that the sensitivity of the capacity to m becomes less pronounced as
the number of propagation paths increases. This behavior is expected because additional
multipath components provide averaging over independent path gains, thereby reducing
the impact of fading severity. Hence, the Nakagami-m parameter has a more visible effect
in relatively sparse multipath conditions, whereas its influence becomes weaker in richer
multipath environments.

Figure 5 compares the ergodic capacity of the proposed FA-assisted MIMO system
with that of a conventional fixed-position MIMO system. It is observed that the FA-assisted
MIMO architecture achieves a higher ergodic capacity than the conventional MIMO bench-
mark. This gain is due to the additional spatial degrees of freedom provided by the movable
antenna positions, which allow the channel response to be more effectively exploited. The
improvement becomes more pronounced when the propagation environment contains
a larger number of effective paths, since the fluid antennas can sample richer spatial
channel variations.
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Figure 5. Ergodic capacity comparison between the proposed FA-assisted MIMO system and the
conventional fixed-position MIMO benchmark versus the SNR for different numbers of transmit-side
propagation paths L;.

The comparison also reveals the limitations of FA-assisted MIMO. The capacity gain
over conventional MIMO depends on the availability of sufficiently rich spatial channel
variations within the antenna displacement region. When the propagation environment is
poor, the number of effective paths is small, or the available movement region is highly
constrained, the advantage of fluid antennas may become less significant. Therefore, FA-
assisted MIMO is most beneficial in scenarios where the antenna positions can be effectively
adjusted to exploit spatial diversity and multiplexing opportunities.

5. Conclusions

In this work, we utilized tools from majorization theory to derive an upper bound and
a lower bound on the ergodic capacity of FA-assisted MIMO systems subject to Nakagami-
m fading. A thorough analysis was performed for MIMO channels incorporating FA under
Nakagami-m fading, leading to a tight upper-bound formulation involving the Meijer
G-function. Also, a lower, looser, but practical lower bound was provided. Moreover, in the
high-SNR regime, simplified closed-form expressions were obtained for both the upper and
lower bounds, which provided analytical insight into the impact of key system parameters,
including the fading figure, the number of antennas, and the number of propagation paths,
on the achievable capacity. The high-SNR and large-system expressions were interpreted as
scaling laws for the proposed bounds. The actual multiplexing behavior is governed by the
effective channel rank, which is limited by the numbers of antennas and propagation paths.
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Appendix A. Proof of Theorem 1

We provide a detailed proof of Theorem 1 in order to clarify the main mathemati-
cal transformations used in the derivation. The proof consists of four steps. First, the
log-determinant expression is upper-bounded by a trace expression using the arithmetic—
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geometric mean inequality. Second, the trace is expressed as the squared Frobenius norm of
the effective MIMO channel. Third, the effect of the FA field-response matrices is included
through spectral-norm factors that depend on the antenna positions and AoA/AoD pa-
rameters. Fourth, the remaining random term is shown to be the Frobenius norm of the
Nakagami-m path-gain matrix, whose distribution can be derived exactly.

For the sake of reference, we first recall the following majorization result, which is
used to determine the correct direction of the logarithmic inequality.

Lemma Al. Let A € C"*" be Hermitian positive semidefinite, with diagonal vector d(A) and
eigenvalue vector A(A). Then, by the Schur-Horn theorem,

d(A) < A(A). (Al
Since

=) log(1+ax;), a>0, (A2)
i

is symmetric and concave over the nonnegative orthant, it is Schur-concave. Consequently, we have

Zlog (1+ad;(A >Zlog (1+ar;(A)). (A3)
Equivalently, we have

logdet(I+aA) =) log(1+alA;(A)) < i log(1+ aAj). (A4)
i i=1

The direction of the inequality in Lemma A1 follows from the Schur-concavity of the
logarithmic sum. Thus, replacing the eigenvalue-dependent log-determinant expression by

the corresponding diagonal-entry expression gives an upper bound.
From (8) and (10), the capacity can be written as

C=E [1og2 det(IN + txHHHﬂ, (A5)
where & = P/ (Mdc?).

Let )tl-(HHH), i =1,...,N, denote the eigenvalues of the positive semidefinite matrix
HHY. Then, we have

N
log, det (IN + ocHHH> =) log, (1 + zx/\i(HHH)). (A6)
i=1
Since the geometric mean of positive numbers is not larger than their arithmetic mean,
we have
N 1 N
[1(1+er;(HH") ) < < 2 (1+ar(HE). (A7)

i=1 =1

Taking the logarithm of both sides gives

N
log, det(IN + aHHH) < Nlog, <1 + % Y Ai(HHH)). (A8)
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Finally, using Y- ; A;(HH") = tr(HH"), we obtain the trace-based upper bound

HY) & H)\
log, det (IN + o«HH ) < Nlog, (1 + Ntr (HH )) (A9)
The trace term can be written as a Frobenius norm because
tr(HHM) = ||H|}. (A10)
Using the channel decomposition H = FH'LG, this becomes

tr(HHY) = ||[FHZG| 2. (A11)

The following standard inequality is then applied. For compatible matrices A, B, and C,
we have Section 5.6 in [16]

IABC[[r < [|A[2[B[[F[[C]l2- (A12)
This gives
IFYZGIE < [FPIBIIZIEIG5. (A13)

For fixed antenna positions, AoAs, and AoDs, the field-response matrices F(r) and
G(t) are deterministic. Therefore, the exact trace term is a quadratic form in £ whose
coefficients depend on the antenna positions and the angular propagation parameters.
Instead of assuming the distribution of this quadratic form, we use (A13) to obtain a
rigorous upper bound. Define

BE(r) 2 3 = Amax (F()FHI(x) ), (A14)
and
Bo(t) 2 IGM3 = Amax (G(HG(1)), (A15)
where we have used that the spectral norm of a matrix A is defined as
[|All2 = Amax(A), (A16)

with Amax(A) denoting the largest singular value of A.
Then, we have

tr(HH™) < Br(r) e (t) | ]2 (A17)

The factors Br(r) and B (t) explicitly capture the effects of the receive and transmit antenna
positions, as well as the AoAs and AoDs, because these quantities determine the entries of
F(r) and G(t) through (6) and (3).

Substituting (A17) into the arithmetic mean-geometric mean (AM-GM) trace bound,
given by (A9), results in

p H PBr(1)Bc(t) | 2

Taking the expectation over the Nakagami-m path gains yields
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C < NE {logz (1 + WHZH%)} (A19)

The distribution required in (A19) is not the distribution of the exact trace term, but
the distribution of ||Z|%. This quantity is

Ly Lt

Y2 |Z|F = (A20)

q=1p=1

Since the entries ¥, , are independent and have Nakagami-m distributed magnitudes, each
1Zq,p |? follows a Gamma distribution with shape parameter m and scale parameter Q /m.
Therefore, Y is the sum of L,L; independent Gamma random variables with the same scale
parameter. Hence, we have

Y ~ Gamma (erLt, 2), (A21)
with PDF
_ 1 m mLyLs mLyLi—1 ,—(m/Q)y

Therefore, the position- and angle-dependent rigorous upper bound is

N [*® P

CU:E,/O 1“(”%1/);%(3/)@ (A23)
N_ 1 cia(1=mbiLy L1 | PEEEG(HO
2T (L, L) ( 1,0 | MNelm ) (A24)

where, in (A23), the expression In(1 + ax) has been represented using the Meijer G-function,
as outlined in [ Equation (8.4.6.5)] in [17]. Subsequently, to carry out the integration in (A23),
we apply the integral identity provided in [ Equation (7.813.1)] in [18].

Appendix B. Proof of Proposition 1

The high-SNR approximation follows by applying In(1 + x) ~ In(x) when x is large.
This approximation is applied to the argument of the logarithm in the rigorous upper
bound, not to the exact capacity expression. Therefore, the resulting expression should be
interpreted as a high-SNR approximation of the upper bound.

Hence, from (A19), we have

In2 / (Pﬁfvmgz m!/) py(y) dy (A25)
= Nlog, (%) + %E[lr\ Y], (A26)

Since Y = ||Z||2 follows a Gamma distribution with shape parameter k = mL,L; and scale
parameter 0 = )/ m, its logarithmic expectation is

E[lnY] = (k) + In(8) = y(mL,L;) — ln(%), (A27)

where (-) is the digamma function [Equation (8.365.4)] in [18]. Substituting this expression
into the high-SNR integral gives the stated result.
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Substituting this expression gives

PBr(r)Bc(t) ) + N

Crsng = NlogZ( s ~ [lp(mL,Lt) - 1n(6)], (A28)

which completes the proof.

Appendix C. Proof of Theorem 2
Let /\i(HHH), i=1,...,N, denote the eigenvalues of HHH. Since
N N
(1 + oc/\l-(HHH)> >1+a ) A (HHY), (A29)
-1 i=1

1

for a = P/(Moc?) > 0, we obtain
log, det(IN n ocHHH) > log, (1 + atr(HHH)>. (A30)
Using the channel decomposition H = FF'LG, the trace term becomes
tr(HHY) = HFH(r)ZG(t)Hi. (A31)

For fixed antenna positions, AoAs, and AoDs, the matrices F(r) and G(t) are deterministic.
By the singular-value inequality for the Frobenius norm,

[ wzam)| > nrms v}, (A%2)
where
1r(1) = Amin (FOF (1)), (A33)
and
16(8) = Amin (G(HGH(1)). (A34)

The factors 5r(r) and 75¢(t) explicitly include the effects of the FA positions and the
Ao0A/AoD configuration through the field-response matrices.
Combining (A30) and (A32) gives

C> E{log2<l + anﬁ)]. (A35)

The random variable

L, L
Y=EIF =3 X 2l (A36)
q=1p=1
is the sum of L,L; independent Gamma random variables with shape parameter m and

scale parameter (}/m. Hence,

Y ~ Gamma (erLt, 2) , (A37)
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with PDF

_ 1 m\MLeLe 1 (m/Q)y

Therefore,

In2 / ( )WG( )y) py(y)dy. (A39)

Using the Meijer-G representation of the logarithm and the standard Gamma-type integral
identity, we obtain

1 1 12 1—mL,L;,1,1
CL = 76;

In2T(mL L 1,0

Prr(r)nc(H)Q
Mtrzm> (A40)

which completes the proof.

Appendix D. Proof of Proposition 2

From Theorem 2, the closed-form lower bound can be written in expectation form as

Py (r)nc(t)
CL=E [mg2 (1 n %Y ) (A41)
where
5 @)
Y = ||Z||f ~ Gamma ( mL,Ls, ) (A42)

At high SNR, we use the approximation In(1 + x) ~ In(x) for large x. Therefore,

o1 Pre(r)yc(t)
This gives
Prye(r t 1
CrLusnr = log, (%) + E]E[ln Y. (A44)

Since Y is Gamma distributed with shape parameter k = mL,L; and scale parameter
6 = )/ m, its logarithmic expectation is

E[InY] = (k) + In(8) = y(mL,L;) — 1n(%). (A45)

Substituting this expression yields

s = logs (0 ) + o [yt —in(F)], - (aae

which completes the proof.
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