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Abstract: We investigate a holographic model for both spontaneous and explicit symmetry breaking
of non-abelian flavour symmetries. This consists of a bottom-up model inspired by the top-down
D3/probe D7-brane model. It incorporates the running anomalous dimensions of the fields. We
ensure that in the holographic bulk, the full non-abelian flavour symmetries for massless quarks are
present. The quark masses are spontaneously generated field values in the bulk and there is a resultant
bulk Higgs mechanism. We provide a numerical technique to find the mass eigenvalues from a
system of mixed holographic fields, testing it against an analytic model of N = 2 supersymmetric
matter fields. We apply these ideas to two-flavour QCD with both u− d quark mass splitting and
multi-trace bulk action terms that are expected to break U(N f )V to SU(N f )V ×U(1)V away from
large N. We also discuss three-flavour QCD with strange quark mass splitting and applications to
more exotic symmetry breaking patterns of potential relevance for composite Higgs models.

Keywords: AdS/QCD; non-abelian DBI; flavour symmetry breaking; QCD meson spectrum

1. Introduction

Generalizations of the AdS/CFT correspondence [1,2] have provided a new perspec-
tive on strongly coupled QCD-like gauge theories with confinement and chiral symmetry
breaking. A number of approaches have been followed, both using top-down D-brane
constructions [3–8] and bottom-up effective gravity actions [9–20]. Gauge/gravity duality
concepts were applied to QCD-like theories to address chiral symmetry breaking for in-
stance in [3,4,8]. Meson masses were calculated in the approach in [9–11,21], and baryon
masses in [5,12]. These approaches provide sensible predictions for the meson spectrum
and couplings, at least at the 15% level, or even better [12–14,21,22]. Moreover, the results
compare favourably to lattice studies [12–14,21,22].

These holographic techniques were extended to other non-abelian gauge
theories [17,19,20,23,24]. It is natural to also apply them to strongly coupled models
of Beyond the Standard Model (BSM) physics. For example, holographic studies of techni-
colour and Composite Higgs were performed in [20,25–34]. Recently, some of the authors
of the present paper have used a bottom-up holographic approach that retains some es-
sential features of the D3/D7 top-down probe brane model [12,14,35] to investigate the
meson spectrum and the top partner baryons for a large class of Composite Higgs models
presented in [36–39].

Given these successes, there has been only a small amount of studies on realizing
non-abelian flavour symmetries with multiple quarks of different mass. In many cases
where multiple quarks are included they are assumed to be degenerate—the computations
reduce to those for a single quark flavour with the non-abelian symmetry simply allowing
one to assert that the full U(N f ) multiplets have the same mass and couplings. The full
non-abelian structure is really only needed when considering flavour symmetry breaking
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via different quark masses or interactions. Note that some of the basic features of our
bottom-up model were considered already in [40]. Additionally, in the context of the
Sakai–Sugimoto model [4], baryonic states with different quark masses were obtained, for
instance in [41,42].

The aim of this present paper is to extend the holographic framework inspired by the
D3/D7-brane construction beyond an axial U(1) to include non-abelian flavour structures.
In particular, we stress the need for bulk gauge fields for the full non-abelian flavour
symmetry of the massless theory—quark masses are values of supergravity fields in the
bulk and so must be considered to spontaneously break these symmetries in the full bulk
description. A common feature of these models is that one ends up with bulk theories with
mixed fields—we show how to numerically extract the mass eigenvalues in this case and
use an analytically solvable model of meson masses in an N = 2 theory to demonstrate it.
We will then apply these ideas to QCD and begin to consider models with more elaborate
global symmetry breaking patterns.

Amongst the top-down string constructions based on adding flavour through probe
branes [6], one possibility to obtain chiral symmetry breaking (χSB) is to embed D7-brane
probes into supersymmetry breaking backgrounds. The model [3] describes a RG flow
from a four-dimensional conformal field theory, N = 4 Super Yang–Mills theory broken
to N = 2 through an additional supermultiplet in the fundamental representation of the
gauge group, to a confining theory with χSB in the infrared. It is straightforward to dial
the quark mass using the asymptotic boundary conditions on the probe brane embedding.
In this way, explicit symmetry breaking effects are easily included. Here though, adding
additional flavours does not enhance the axial U(1) to U(N f ) since the quarks all have a
Yukawa interaction to a single adjoint scalar.

In ref. [43], a top-down inspired D3/D7 brane model was presented with the aim
to holographically describe mesons consisting of a heavy and a light quark using a non-
abelian DBI-action. Although this model still only has a U(1) axial symmetry, the discussion
centred on the breaking of the SU(N f ) vector by the quark masses including a bulk Higgs
mechanism. We take this model as a starting point—we point out that the base quadratic
kinetic terms do possess a full U(N f )L× U(N f )R flavour symmetry, but it is broken by the
scalar potential to U(N f )V . We therefore simplify the model to the quadratic order kinetic
terms and construct models by adding different potentials that lead to different symmetry
breaking patterns. Bulk gauge fields for the global symmetry of the massless model must
be introduced.

Our first example is essentially to reconstruct the Dirac-Born-Infeld (DBI) of the N = 2
supersymmetric theory of [43]. We include the potential from the DBI case that breaks
the global symmetry group to SU(N)V ×U(1)A. We use this case to explore the problem
of mixed fields in the bulk—when there is quark mass splitting there is a choice of basis
states. For example with two flavours, in the scalar sector, one can use the ūu and d̄d basis
(at large N this is the physical mass eigenstate basis) or the basis 1/

√
2(ūu ± d̄d). The

mass eigenstates are independent of the basis, of course, but we are careful to learn how to
compute if one chooses a basis with mixing. We find a numerical prescription to identify
the mass eigenstates and verify it against the analytic solutions. We also discuss the Higgs
mechanism in the bulk when the u and d masses split showing the model reproduces the
equations of motion for the mesonic states made of ūd quarks found in [43].

Our main example in this paper is to apply our framework to large N QCD: we
introduce a potential that preserves SU(2)L×SU(2)R, but generates a quark condensate that
breaks the global group SU(2)L× SU(2)R to SU(2)V in the massless limit. Quark masses
are introduced through appropriate UV boundary conditions. Much of this is familiar
from AdS/QCD models, but it is important to flesh out this framework in the context of
these models. We again exhibit a Higgs mechanism in the bulk for all symmetry breaking
patterns of the model, which leads, for example, to splitting of the neutral and charged
pion masses.
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Our main original motivation for this work was to explore the breaking of U(2)V
symmetry to SU(2)V× U(1)V by the inclusion of double-trace terms in the potential of the
fields in the bulk. These terms are expected away from the N → ∞ limit. Double-trace
terms in the bulk potential can realise this splitting in the scalar sector. We show they split
the σ = 1/

√
2(ūu + d̄d) isospin singlet and the ξ i = 1/

√
2(ūu− d̄d), ūd, d̄u multiplet of

isospin triplet scalars. If both the double trace term and quark masses are present, then the
bulk has field mixing and the mass eigenstates are not simple to spot a priori—we use our
numerical methods to extract the mass eigenstates in this case.

As a further example, we discuss also QCD with three flavours. Here we focus mainly
on the fact that ms � mu, md and set for simplicity mu = md. We obtain masses for the
pseudo-Nambu–Goldstone Bosons (pNGBs), the scalar bound states, the vector mesons and
axial vector mesons. Our results agree in general quite well with their measured values.

We conclude this paper with an outline of how to treat other more exotic flavour
group breaking patterns relevant for model building beyond the Standard Model. We
leave studying particular cases for future work, having established the framework and
computational tools here.

This paper is organized as follows: In Section 2, we review the non-abelian top-down
model as reported in [43]. In Section 3, we recreate that model in the bottom-up framework
and explore the calculational tools necessary to extract the meson spectrum. We then extend
it to QCD in Section 4, discussing the scenarios with degenerate and non-degenerate quarks
in the two- and three-flavour theory. In Section 5, we discuss the incorporation of more
elaborate symmetry breaking patterns. We draw our conclusions in Section 6 and discuss
potential future work.

2. Summary of the Non-Abelian DBI Action in the D3/Probe D7 System

We collect here the key elements of the non-abelian DBI description of ref. [43] for the
convenience of the reader. That model describes N f flavours of N = 2 supersymmetric
quark hypermultiplets interacting with the glue sector of an N = 4 gauge theory. The
model, by virtue of the Yukawa terms between the quarks and the adjoint scalar fields,
has only a U(N f ) × U(1)A symmetry. This holographic dual description serves as the
ingredients for the model presented in Sections 3–5.

The N = 4 SYM theory has a dual described by the AdS5 × S5 metric, which is
conveniently written as

ds2 = r2dx2
3+1 +

1
r2

[
dρ2 + ρ2dΩ2

3 + dL2 + L2dθ2
]

, (1)

using coordinates appropriate for the embedding of a D7-brane probe.
The starting point to describe the quark dynamics is the non-Abelian DBI action

proposed in ref. [44],

SN f = −τp

∫
dp+1ξe−φ STr

(√
−det(P[Grs + Gra(Q−1 − δ)abGsb] + T−1Frs)

√
detQa

b

)
. (2)

It describes the dynamics of N f Dp-branes in a background with metric Gmn. φ is
the dilaton (which is a constant here), Frs the world-volume field strength tensor and
T−1 = 2πα′. It is important to note that the metric elements Gab(r2) have a matrix structure,
e.g., for the case of diagonal real masses we shall use below

Gρρ =
1
r2 with r2 =

(
r2

u 0
0 r2

d

)
. (3)

The matrix Q is defined by

Qa
b = δa

b + i T [Xa, Xc]Gcb , (4)
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where Xa are the coordinates transverse to the stack of Dp-branes. These take values in an
U(N f ) algebra. All the fields Xa, Aa and the metric elements Gab transform in the adjoint
of U(N f ) transforming as F → U†FU where F is a generic field and U an element of the
vector U(N f ) global symmetry.

The symbol STr denotes the symmetrized trace

STr(A1 . . . An) ≡
1
n! ∑ Tr(A1 . . . An + all permutations), (5)

and is needed to avoid the ordering ambiguity of the expansion of the DBI action [45]. We
note two technical details for completeness: (i) commutators of Lie-algebra valued objects
are considered as one matrix Ai in Equation (5) [44–46]. (ii) One has first to sum over the
space-time indices before performing the symmetrized trace over the Lie-algebra-valued
objects [46]. We will discuss this prescription in more detail in our bottom-up models below.

In our convention, r, s = 0, 1, . . . , p and a, b = p + 1, . . . , 9 label the world-volume
directions and the directions transverse to the Dp-branes, respectively; m, n = 0, 1, · · · , 9
are the 10d spacetime indices. In the following, we take p = 7. P[Ars] denotes the pull-back
of a 10d tensor Amn to the world-volume of the branes, which is given by the covariant
derivative in case of the non-Abelian DBI,

DrXa = ∂rXa + i[Ar, Xa], (6)

with non-Abelian world-volume gauge field Ar.
As in [43], we consider a diagonal brane embedding. The action is then expanded in

powers of [Xa, Xb], leading to

SN f = τp

∫
d8ξ e−φSTr

{√
−det(Grs + GabDrXaDsXb + T−1Frs)

·
(

1− 1
4

(
T Gac[Xc, Xb]

)2
) }

+O
(

X4
)

. (7)

According to [43], the diagonal ansatz for the embeddings leads to a significant
simplification in the determination of the embedding functions for the N f probe D7 branes
in different gravity backgrounds. The diagonal ansatz is given by

Xa = diag(La
1, · · · , La

N f
) (a = 8, 9), (8)

and leads to

SN f = τ7

∫
d8ξ e−φ

N f

∑
i=1

√
−det(Grs + Gab∂rLa

i ∂sLb
i ) . (9)

with the metric factors of the form in Equation (3). Thus, we obtain N f decoupled equations
of motion for the La

i . Their explicit form will of course depend on the metric G. The
asymptotic value of the La

i in the ultraviolet limit is given by the corresponding quark mass
for each flavour. The details for the resulting action have been worked out in ref. [43] for
the case of an U(2) group.

For the fluctuations perpendicular to the D7-branes, the ansatz of [43] is

X8 = τiφ
8
i ≡ φ8 (10)

X9 =

(
L1 0
0 L2

)
+ τiφ

9
i , (11)

where

τ0 =
1
2

(
1 0
0 1

)
, τ1 =

1
2

(
0 1
1 0

)
, τ2 =

1
2

(
0 −i
i 0

)
, τ3 =

1
2

(
1 0
0 −1

)
. (12)
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Expanding the integrand of the action in Equation (7) to second order in the fields,
we obtain

L = ρ3STr
(

eφ

[
1 +

1
2

GρρDrX9†DrX9 +
1
2

Gρρ∂rφ8∂rφ8 +
1

4g2 FabFab

+
1
8

G2
ρρ(L1 − L2)

2[(φ8
1)

2 + (φ8
2)

2]

])
. (13)

The second line corresponds to the the second one in Equation (7), yielding a mass
term for the scalar fluctuations in the 8-direction. The commutator structure in Equation (7)
implies that a corresponding term is absent for X9.

3. A Bottom-Up Non-Abelian Model of the N = 2 Theory

Our goal is to work towards describing an effective holographic description of any
dynamical symmetry breaking pattern. To begin to establish the ground rules, we will start
by creating a bottom-up description of the N = 2 theory described in the previous section
to demonstrate that it captures the key elements of the dynamics.

Let us begin by writing down a kinetic term for the field X that determines the
vacuum—we simply keep the quadratic order term from the DBI action

LD7 = ρ3STr
[

1
2

GρρGab∂aX†∂bX
]

, (14)

where we have dropped a cosmological constant term and terms beyond quadratic order. It
is helpful for concreteness to write X an N f× N f matrix as

X =

(
L + ∑

k
ξk(x)Tk

)
ei(πa(x)Ta) , (15)

here L is a real diagonal matrix that encodes the vacuum values of X. The Ta are the
generators of U(N f ). The ξk and πa are then the 2N f components (they will become the
fluctuations about the vacuum configuration L).

Gab is the AdS metric, but written as a flavour matrix (in the brane language, pulled
back onto the worldvolume of two separated D7s) and depends on the matrix r2 = ρ2

1+ L2.
These kinetic terms have a full chiral flavour symmetry where

X → U†
LXUR, G → U†

LGUR, (16)

UL, UR are the group actions of the chiral symmetries. The STr in the action implies
averaging over all terms compatible with this symmetry. In particular we can form the
two metric components as G†

ρρGab, which transforms as “URU†
R” and can be inserted in the

trace at the beginning. Equally, we can write Gab†Gρρ, which transforms as “ULU†
L” and

can be inserted between X† and X. We average over these possibilities.
Here, we will restrict ourselves to considering cases where L is real and diagonal (but

not proportional to the identity). That is, the up and down quark masses will be unequal,
but both simultaneously real. The allowed vacuum configurations with X non-zero are
then given by two separated equations of motion with X =diag(Lu, Ld).

∂ρ[ρ
3∂ρLu/d] = 0, Lu/d = mu/d +

cu/d
ρ2 , (17)

where in the solution shown, mu/d is identified as being proportional to the two quark
masses and cu/d to the quark condensates.

The equations of motion follow from allowing Lu/d → Lu/d + δLu/d and integrating
by parts as usual. There are then also boundary terms from the variation of the action
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Sb =
∫

d4x
∂L

∂L
δLu/d =

∫
d4xρ3δLu/d∂ρLu/d, (18)

which one makes zero in the UV by fixing Lu/d and in the IR by L′u/d(0) = 0. In the string
picture, the IR condition is a regularity condition on the D7 brane embedding. One can also
though view this IR condition as the result of imposing the surface potential V = mc (i.e.,
Equation (18) evaluated on the solution in Equation (17)), which enforces c = 0 for any
non-zero m and also at m = 0 through the limit of taking m to zero.

The X kinetic term has more symmetry than the N = 2 theory. To reduce the symmetry,
we include a suitable potential term to mimic the theories’ moduli space

V =
1
2

Tr[X†, X]2 = Tr(X†XX†X)− Tr(X†X†XX). (19)

The second term explicitly breaks U(N f )L× U(N f )R → U(N f )V×U(1)A.
Next, holography requires us to include a gauge field for the vector global symmetry

(in the DBI picture this is the D7 worldvolume gauge field) so our full kinetic terms become

L = ρ3STr
[

1
2

GρρGabDaX†DbX +
1

4g2 GabGcdFacFbd

]
, (20)

where
DaX = ∂aX + i[Tm, Tn]Vm

a Xn. (21)

F is again a flavour matrix transforming as F → V†FV. The commutator coupling to
X reflects the vector nature of the symmetry—again we stress that the commutator must be
performed before the STr.

In the DBI picture, the U(1)A symmetry is a remnant of the N = 4 gauge theory’s
SU(4)R symmetry group. There is a gauge field in the AdS bulk that is dual to this symmetry.
In the probe limit, one normally neglects interactions with it. This is presumably the unique
way to introduce the axial field and preserve N = 4 supersymmetry. We will therefore here
neglect this field also so our effective theory mimics the DBI case.

3.1. Example 1—Equal, Real Masses

The theory with real and equal diagonal mass entries that corresponds to the back-
ground solution X = m1N f×N f is a very simple example. We can write the real fluctuations
simply as

Xij = mδij + sij + is̃ij, (22)

where δij is the Kronecker delta. For this case, the metric factors (setting any fluctuations to
zero) are also proportional to the unit vector and for example

Gρρ = Gxx = (ρ2 + m2)1N f×N f . (23)

Further, the potential in Equation (19) vanishes at a quadratic order in the fluctuations
(replace any two X in the first term with m1N f×N f and an equivalent second term cancels
it). Finally, the commutator with the vacuum X in Equation (21) vanishes and at quadratic
order the vector and scalar fluctuations do not mix.

The upshot of all this is that in the scalar sector we obtain 2N2
f copies of the abelian

equation

∂ρ[ρ
3∂ρS] +

M2

(ρ2 + m2)2 S = 0, (24)

and equally for the N2
f vector meson V(ρ, x) = V(ρ)e−ik·x, M2 = −k2

∂ρ[ρ
3∂ρV] +

M2

(ρ2 + m2)2 V = 0. (25)
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These states are all degenerate and match those produced by the full DBI action.

3.2. Example 2—N f = 2 Split, Real Masses

As our second example, let us consider the two flavour case (we call them u, d) with the
real, non-degenerate mass matrix diag(mu, md). This contains many of the key ingredients
of the non-abelian models. In the holographic model, this corresponds to the diagonal
vacuum solution Xūu = mu and Xd̄d = md—both the kinetic and potential terms in the
Lagrangian vanish on this solution for the vacuum. The solution just corresponds to two
D3 branes separated on the same axis and there is no quark condensate in the system.

The meson mass spectrum can be split into two pieces—those associated with diagonal
flavour matrices and those associated with off-diagonal matrices.

3.2.1. Diagonal States

In both the scalar and vector meson sectors, the mass eigenstates for the diagonal
fluctuations, on the introduction of mass splitting, immediately switch from being the
isospin singlet and triplet elements to the simple ūu and d̄d states. The σu, σd basis is
straightforwardly described. For example, the holographic action for the scalars is

S5d =
∫

d4xdρ ρ3

[
(∂ρσu)

2 +
1

(ρ2 + m2
u)

2 (∂µσu)
2 + (∂ρσd)

2 +
1

(ρ2 + m2
d)

2
(∂µσd)

2

]
. (26)

We solve the two equations assuming σi(ρ, x) = σi(ρ)e−iq·x, q2 = −M2
i

∂ρ(ρ
3∂ρσu/d) + ρ3 M2

u/d

(ρ2 + m2
u/d)

2
σu/d = 0, (27)

requiring σu/d → 0 in the UV to fix M2
u/d. We then substitute back into the action, e.g., for

σu(ρ, x) = σu(ρ)σu(x)

S5d =
∫

d4xdρ

[
−∂ρ(ρ

3∂ρσu)σu +
ρ3(∂µσu)2

(ρ2 + m2
u)

2

]

=
∫

dρ
ρ3σu(ρ)2

(ρ2 + m2
u)

2

∫
d4x((∂µσu(x))2 + M2

uσu(x)2),

(28)

to normalize we then set ∫
d4xdρ

ρ3σu/d(ρ)
2

(ρ2 + m2
u/d)

2
= 1. (29)

This has been just two copies of the Abelian case. The reason we stress this structure
is that we now wish to show how one could have arrived in this basis if one had begun
in a different basis where the states mix. For example, the Lagrangian that emerges in the
alternative basis (σ, τ) = 1/

√
2(σu ± σd) is

S5d =
∫

d4xdρ

[
ρ3(∂ρσ)2 + ρ3

2

[
1

(ρ2+m2
u)2 +

1
(ρ2+m2

d)
2

]
(∂xσ)2

+ρ3(∂ρτ)2 + ρ3

2

[
1

(ρ2+m2
u)2 +

1
(ρ2+m2

d)
2

]
(∂xτ)2

+ρ3
[

1
(ρ2+m2

u)2 − 1
(ρ2+m2

d)
2

]
(∂xσ)(∂xτ)

]
.

(30)

In reference [47] a prescription to numerically find the mass eigenstates is provided
that we take over to this case (their quasi-normal modes were considered). We should seek
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fluctuations of both σ and τ that coherently have the form e−ik·x, k2 = −M2. This leads to
the equation of motion

∂ρ(ρ
3∂ρσ) +

ρ3

2

[
1

(ρ2 + m2
u)

2 +
1

(ρ2 + m2
d)

2

]
M2σ +

ρ3

2

[
1

(ρ2 + m2
u)

2 −
1

(ρ2 + m2
d)

2

]
M2τ = 0, (31)

∂ρ(ρ
3∂ρτ) +

ρ3

2

[
1

(ρ2 + m2
u)

2 +
1

(ρ2 + m2
d)

2

]
M2τ +

ρ3

2

[
1

(ρ2 + m2
u)

2 −
1

(ρ2 + m2
d)

2

]
M2σ = 0. (32)

To solve these numerically, we start in the IR with boundary conditions σ(0) = 1,
σ′(0) = 0 and τ′(0) = 0. Here and throughout the paper, we used Mathematica’s NDSolve
function to perform numerical solutions of our equations. Now, we have two parameters
M2 and τ(0) that we can vary to seek solutions where both σ and τ vanish in the UV. An
example of the numerical method is shown in Figure 1.

Figure 1. Here, we show a numerical method to the solution of the mixed equations, Equations (31)
and (32). The diagonal basis is known and the solutions in each of the u and d sectors are M2 =

4(n + 1)(n + 2)mq. Here, with fixed σ(0) = 1, σ′(0) = 0, τ′(0) = 0, we vary the mass squared and
the value of τ(0). We plot the quantity 1/(|σ(∞)|+ |τ(∞)|), which diverges when both the fields
vanish asymptotically. In this case, we have set one quark mass to unity and the other to 0.5 there are
clear peaks at τ(0) = −1 and M2 = 2, 6, which are the zeroth and first excited states of the d quark
state. The peak at τ(0) = 1 and M2 = 8 is the ground state of the u quark.

In this case, we can find these solutions analytically. They are σ = τ = σu with
M2 = M2

u, which returns our Equation (27). Equally, one can set σ = −τ = σd with
M2 = M2

d.
Now, when we substitute back into the action, we write, e.g., for the first case

σ = σ(ρ)σu(x) and τ = τ(ρ)σu(x) and we find

S5d =
∫

d4xdρ
ρ3

2

[
(σ+τ)2

(ρ2+m2
u)2 +

(σ−τ)2

(ρ2+m2
d)

2

][
(∂xσu)2 + Muσ2

u
]

. (33)

Note the mixed kinetic term is now no longer present because the two fields share the
same x dependence and so that cross term just merges to form the diagonal kinetic term.
Note that since σ = τ, the md dependence vanishes here.
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Summary of the numerical method for mixed equations of motion: The general case is if
one has n fields, σi, with mixed equations of motion. One should seek fluctuations of all
n fields that all have the form e−ik·x, k2 = −M2. To solve the equations numerically, one
shoots from the IR with boundary conditions σ1(0) = 1, and σ′i (0) = 0 for all i = 1 . . . n.
Now, we have n parameters M2 and σn(0) i = 2 . . . n that we can vary to seek solutions
where all σi vanish in the UV.

3.2.2. Off-Diagonal States

Meson states made from both u and d quarks follow a new story that was the focus
of [43]. Our model here contains all the key elements still.

Firstly, consider the real off diagonal fluctuations of X—since here X is real, the
potential in Equation (19) vanishes. When the masses split in the vacuum solution for X,
the commutator in Equation (21) is non-zero with the off-diagonal generators of SU(2)V .
The mass splitting breaks the U(2)V → U(1)2 and in the bulk there is a Higgs mechanism.

To see this in detail, consider the particular case where we look at fluctuations asso-
ciated with the T1 generator and the A2 component of the gauge field in flavour space,

X =

(
mu δX1
δX1 md

)
and A2 =

(
0 −i
i 0

)
, (34)

for which the covariant derivative in Equation (21) becomes at linear order

DaX = (∂aδX1 + (mu −md)A2a)

(
0 1
1 0

)
, (35)

with a being the five-dimensional Lorentz index running over (xµ, ρ). In this case where
the quark masses mu, md are constants, we can just make the gauge transformation

A2a → Ã2a = A2a − ∂a
δX1

(mu −md)
, (36)

to “eat” the δX1 field. On computing the kinetic term |DaX|2, we obtain a mass term for the
gauge field Ã2a that is proportional to (mu −md)

2. The gauge field kinetic term is of course,
by construction, gauge invariant and the kinetic term for Ã2a is just canonical. Likewise,
A1a eats the scalar δX2. Thus, we obtain, after taking the trace over the diagonal metric
factors also, the following equation of motion for all five Lorentz components of the two
vector fields A1a, A2a,

∂ρ[ρ
3∂ρVa] +

M2 − (mu −md)
2

2

(
1

(ρ2 + m2
u)

2 +
1

(ρ2 + m2
d)

2

)
Va = 0 . (37)

We note that in this example, all five Lorentz components of each gauge field lead to
the same meson mass. The δX2 fluctuation and A1a field follow the same pattern and lead
to further degenerate states. From the boundary point of view, we obtain two vector mesons
associated to the four Lorentz components µ ∈ {0, 1, 2, 3} of A1a and A2a, respectively.
In addition, there are two real scalar mesons arising from the fluctuations of the radial
components A1ρ and A2ρ. In the mass degenerate case where the vector symmetry is
preserved, Aρ is usually set to zero by a gauge transform. Here, however, this extra degree
of freedom becomes physical. It is degenerate with the vector mesons, but appears as
a scalar in the gauge theory dual. In fact, it is nothing other than the scalar meson that
was previously described by the now eaten degree of freedom. Thus, there are two vector
mesons and two real scalar mesons made of ūd and d̄u.

Finally, we must consider the off-diagonal complex fluctuations of X. These two
real scalars acquire a mass squared from the potential Equation (19) also proportional to
(mu −md)

2. Their equation of motion is again degenerate with the ūd d̄u scalars already
discussed, as well as the vector mesons in Equation (37). These are the same equations of
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motion as were numerically studied in [43], so we do not explore the numerical solutions
further here.

In summary, we have spent a considerable amount of time in this section developing
the bottom-up model of the N = 2 gauge theory in order to: (1) show how to build a
bottom-up model with appropriate potential and bulk gauge fields; (2) to explore and test
our numerical method for fields that have mixed equations; and (3) to demonstrate that
the Higgs mechanism in the bulk is needed if symmetries are explicitly broken by quark
masses. We will now further develop models of QCD and more exotic symmetry breaking
patterns.

4. A Bottom-Up Non-Abelian Dynamic AdS/QCD Model

Our focus in this section is to construct a non-abelian holographic model of QCD with
dynamical symmetry breaking and explicit symmetry breaking masses. We will explore
some of the subtleties associated with the non-abelian structures. As in the previous model,
we will take the basic components inherited from the D3/probe D7 system and make
minimal adjustments to fit the theory to be modelled.

The key element to describe QCD is to embed the global symmetries SU(N f )L×SU(N f )R
and the symmetry breaking pattern to SU(N f )V .

4.1. Kinetic Terms

To describe the vacuum of QCD, we will need to include the field X that describes the
chiral condensate. It naturally transforms under the chiral symmetries as X → U†

LXUR.
In addition, we must include gauge fields to provide the holographic description of the
sources and currents associated with the chiral symmetries. Our kinetic terms (as is familiar
from the earliest AdS/QCD models [9,10], although the factors of r are adjusted since to
include the backreaction of X, which has one dimension) are

S =
∫

d5x ρ3STr

(
1
r2 (DaX)†(DaX) +

1
g2

5

(
FL,abFab

L + (L↔ R)
))

. (38)

Here, we do not include an explicit dilaton factor. Below we will introduce a ∆m2 term
that can be thought of as the effects of a dilaton, as we will explain.

The five-dimensional coupling may be obtained by matching to the UV vector–vector
correlator [9], and is given by

g2
5 =

24π2

d(R) N f (R)
, (39)

where d(R) is the dimension of the quark’s representation and N f (R) is the number of
flavours in that representation. The covariant derivative is

DaX = ∂aX− iAa
LX + iXAa

R . (40)

The model lives in a five-dimensional AdS5 spacetime, which is given by

ds2 = r2dx2
(1,3) +

dρ2

r2 , (41)

however, again we must promote these metric elements to matrices that transform also
under the chiral symmetries as G → U†

LGUR. This essentially means writing r as a matrix

r2 = ρ2
1N f + X†X. (42)

Note that formally the identity here is some combination of metric elements such as
GρρGxx that is the identity, but transforms under the chiral symmetries. The STr represents
that we include the metric terms in all possible positions allowed by the symmetries of the
model equally.
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4.2. Potential

To induce dynamical chiral symmetry breaking in the model, we must include a
potential for the X fields, which naturally takes the form

V = STr
(

A + BX†X + C(X†X)2 + . . .
)

, (43)

where the coefficients may be ρ dependent (representing the entering of metric components,
etc., of the background) and to ensure all terms are of the correct dimension. At this stage,
we assume they are flavour independent since any flavour breaking (including quark
masses) will be generated as vevs for the bulk fields. The coefficients are therefore scalars
rather than matrices. A only contributes to the vacuum energy and we do not fix it.

B, which we call ∆m2 below, is a contribution to the mass of the X fields. To understand
its role, let us return to the abelian D7 probe computations briefly. An example of a chiral
symmetry breaking set up in the probe D7 system is obtained by adding a world-volume
baryon number magnetic field [48], B. This breaks supersymmetry and conformality. The
DBI action arranges to give the usual action with an effective dilaton multiplier

e−φ =

√
1 +

B2

r4 . (44)

The resulting equations of motion for the vacuum configuration for L have solutions
with L = 0 in the UV (for large ρ) that bend off the L = 0 axis in the interior. These solutions
break the U(1)A chiral symmetry. The reason for this behaviour follows from the divergent
behaviour of the dilaton factor—for example, in Equation (44), the action clearly grows
as r2 = ρ2 + L2 → 0. One can further see an instability though by expanding the dilaton
factor around L = 0, the chirally symmetric vacuum,

e−φ =

√
1 +

B2

ρ4 (1−
B2√

1 + B2

ρ4 ρ6
L2 + . . . ). (45)

The O(L2) term in the expansion is simply a mass term, although in this case ρ
dependent. At small ρ, the mass grows until it violates the Breitenlohner-Freedman (BF)
bound [49] (this is when this contribution to the mass ∆m2 = −1 since the field L has
intrinsic dimension one in AdS5) and the L = 0 solution becomes unbounded. In the AdS
duality the mass is precisely linked to the dimension γ of the mass and quark condensate
operator that L is dual to: ∆m2 = γ(γ− 2). The instability sets in when the anomalous
dimension of the quark mass γ = 1—see [50] for more detailed discussion of this instability.
Thus, the ∆m2L2 term we introduce can be thought to include the effects of any dilaton
factor in the action.

The bottom-up dynamic AdS/QCD model [12,20] took inspiration from this mecha-
nism to simply include a potential inspired by the running of γ in the gauge theory. Here,
to match the perturbative regime, we set [12,20]

∆m2 = −2γ, γ =
3C2(R)

2π
α, (46)

where we have quoted the gauge theory’s one-loop running of γ in terms of the running
of α. In previous papers, we have taken the running of α from the two loop gauge theory
result setting µ = r =

√
ρ2 + L2. We will discuss this identification in more detail below.

The two-loop result for the running coupling in a gauge theory with multi-
representational matter is given by

µ
dα

dµ
= −b0α2 − b1α3 , (47)
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with

b0 =
1

6π

(
11C2(G)− 2 ∑

R
T(R)N f (R)

)
,

b1 =
1

24π2

(
34C2

2(G)−∑
R
(10C2(G) + 6C2(R))T(R)N f (R)

)
.

(48)

Note that we have written the results for Weyl fermions instead of Dirac fermions in a
given representation as this is more useful in the case of Composite Higgs models [12].

We now convert this logic to a bottom-up model of QCD’s non-abelian flavour sym-
metries. The base Lagrangian in the scalar sector is

S =
∫

d5x ρ3STr
(

1
r2 (DaX)†(DaX) + ∆m2X†X

)
. (49)

As discussed, a key point for non-abelian extensions of the abelian case is that the
metric components or equivalently r2 are a matrix as in Equation (3).

Let us begin by assuming ∆m2 is the flavour independent scalar quantity B we in-
troduced in the potential above. That is, we make it a ρ-dependent function by setting
µ = ρ in (46). Now, in QCD, the SU(N f )L × SU(N f )R chiral symmetries are sufficient to
diagonalize the chiral condensate matrix. We will therefore assume the vacuum state of X
is diagonal and real X0 = diag(Lu, Ld, . . .). The Li satisfy the equations

∂ρ(ρ
3∂ρLi)− ρ ∆m2(ρ)Li = 0 (i = 1, . . . , N f ) . (50)

The UV behaviour (assuming ∆m2 → 0 in the UV) is [12]

Li(ρ) = mi + ciρ
−2. (51)

As in the abelian case though here is a BF bound violation at small ρ, which cannot
be removed by the formation of a vev for the Li. To remove this, we naturally want to

make the shift ρ→
√

ρ2 + L2
i in each equation. This we will do, but it intrinsically implies

that we have made ∆m2 a matrix that must be included inside the STr in the action. If one
expands that matrix in powers of X†X, then we can see that we have effectively chosen
all of the coefficients B, C, . . . in (43) to return the equation of motion we desire. The shift

ρ→
√

ρ2 + L2
i is a well motivated choice of these parameters though.

We solve (50) with the initial conditions in the infrared (IR) [12]

Li(ρIR,i) = ρIR,i and L′i(ρIR,i) = 0 . (52)

The boundary conditions in Equation (51) are motivated by those in the D3/D7
system—there one sets L′(0) = 0 for regularity of the D7 brane in the interior of the space.
Here, we move that condition to the scale where the IR quark mass equals the RG scale,
i.e., where it goes on mass shell. This seems the minimal change that does not require us to
incorporate the glue dynamics below the mass scale (which is presumably unimportant for
the quark physics itself).

In the UV one demands that Li(ρ→ ∞) ∼ mi. According to Equation (51), the vev ci
could also contribute, but they are suppressed at UV due to the large value of ρ. However,
one can still extract the quark mass and the vev numerically by taking the first derivative

L′i(UV) = −2c
ρ3 |UV . (53)

The value Li(UV) ∼ mi is fixed using the IR boundary condition and then one can
also read out the derivatives L′i(UV). A more immediate estimate of the dynamically
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generated chiral symmetry breaking gap is given by the IR quark mass L(ρIR,i) rather than
the condensate. For the three flavour theory, we take the quark masses, mi for i = u, d, s
from the particle data book. In other cases where we, for example, set mu = md, we allow
them to float and fit them to the pion and kaon masses. ρIR,i are the scales where each
quark goes on the mass shell. In practice, these IR values are quite similar for the u, d, s
quarks despite possible large hierarchies of UV quark masses. In the following subsections,
we will consider fluctuations describing spin zero and spin one states. We will set the
corresponding boundary conditions in the IR at ρIR =max(ρIR,i) the scale where the highest
mass quark component goes on mass shell.

We now consider fluctuations about the vacuum configuration. We solve these equa-
tions numerically using the prescription discussed in Section 3.2.1. We will parameterize
the scalar fluctuations as [51]

X = eiπa(x)Ta

(
L + ∑

k
ξk(x)Tk

)
eiπa(x)Ta , (54)

where in each case the generators are four orthogonal (TrTaTb = 1
2 δab) basis matrices. A

natural basis are the generators of SU(N f ) plus T0 = 1√
2N f

1N f , but we will also discuss the

linear combinations 1√
2
(T0 ± T3) in the SU(2) example below.

Moreover, we will use the combinations

A =
1
2
(AL − AR) and V =

1
2
(AL + AR), (55)

where V corresponds to vector states and A to axial vector states.
The equations of motion can be found from the abelian case by including the STr over

the matrix valued components. For example, for the real scalar ξk and the vector field,
which we write as Vµ = Vµ

trans + ∂µφV , we find

∂ρ(ρ3∂ρξk(ρ))− ρξ jSTr ∆m2(Tk)(T j)− ρξ jSTr X0
∂∆m2

∂L |X0(T
k)(T j) + M2ξ jSTr ρ3

r4 (Tk)(T j)

+∂ρSTr
{

ρ32i
[
π j
(
(∂ρX†

o )TkT j + (∂ρX†
0 T j)(Tk)

)
+ ∂ρπ j(X0T j)(Tk)

]
+ h.c

}
+ρ3∂ρπbSTr (i(∂ρX0)TkT j + h.c.) + ρ3M2πjSTr (i 1

r4 (X0T j)(Tk) + h.c.)

−ρ3M2φ
j
VSTr (i 1

r4 [T j, X0](Tk) + h.c.)−M2ρ3φ
j
ASTr (i 1

r4 {T j, X0}(Tk) + h.c.) = 0,

(56)

∂ρ(ρ
3∂ξa

V)− ρ3g2
5(ξ

bSTr (
1
r4 TaTb)− φb

VSTr (
1
r4 [T

a, Tb])) = 0. (57)

For the perpendicular components of the vector gauge field, we have

∂ρ(ρ
3∂ρVa(ρ)) + M2

V
ρ3

r4 Va(ρ) + ρ3g2
5STr ([X†, Tb][X, Ta])Vb(ρ) = 0. (58)

As one can see, for a generic parametrization of the field X as in Equation (15) with a
non-diagonal vev, there will be mixing between essentially all fields in the model. In fact,
we find that for the particular parametrization of X in (54), the fields in the vector and axial
pieces of the scalar and vector remain unmixed even for a X vev that is not proportional to
the identity.

We also note that we do not compute radial excitations of meson states in the discussion
here. The reason is, as is well-documented, models where the supergravity states are
particles typically fail to reproduce the Regge M2 n behaviour expected. To include this
one should include string dynamics in the bulk for excited states—the philosophy here
is that for the lowest excited states the strings are contracted and the field approximation
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works well. We discussed this aspect of the model in detail in [12]. We note some authors
try to correct this phenomenology with a soft wall in the geometry [52], but this seems the
wrong correction since it does not introduce the needed stringy aspect of excited mesons.

4.3. The Higgs Mechanism for the Vector Gauge Field

When the quark masses are unequal, the vector symmetry is explicitly broken in the
gauge theory. In the bulk though, the quark masses emerge in the solutions of the equations
of motion for the entries in the X matrix in flavour space, and there is a vector gauge field
still present. This gauge symmetry is naturally Higgsed in the bulk gravity theory.

To see the Goldstone mode, consider a N f = 2 version of the theory with a truncated
scalar potential

L = ρ3STr ∂ρX†∂ρX + A(ρ)STr X†X + B(ρ)STr X†XX†X, (59)

here in our model A(ρ) = ∆m2(ρ) and B(ρ) = ∂∆m2

∂ρ2 with further terms in the Taylor ex-
pansion dropped. The vacuum is given by diagonal elements of X, Lu(ρ), Ld(ρ), satisfying

∂ρ(ρ
3∂ρLu/d)− ALu/d − 2BL3

u/d = 0. (60)

Now, consider a fluctuation δX =

(
0 ξ2
ξ2 0

)
with quadratic action

L = ρ2(∂ρξ2)
2 + Aξ2

2 + B(2L2
uξ2

2 + 2LuLdξ2
2 + 2L2

dξ2
2). (61)

Here we have not included space-time dependent kinetic terms because we will seek a
massless solution on which they would vanish. The resulting equation of motion has the
particular solution ξ2 = Lu − Ld. This is the Goldstone from the bulk perspective that is
eaten by the vector gauge field when Lu 6= Ld. In the field theory, this is not a physical
state because Lu − Ld does not vanish asymptotically. Nevertheless, it is important to write
the potential in the expanded form in Equation (43) to correctly generate the equations of
motion for the off-diagonal fluctuations.

Now let us include the vector field. We can derive three equations of motion—one for
the scalar ξ2,

∂ρ

(
ρ3∂ρξ2(ρ)

)
+

ρ

2

[
−2A− B(4L2

u + 4LuLd + 4L2
d)
]
ξ2

+
1
2

M2
ξ2

ρ3

(
1
r4

d
+

1
r4

u

)(
ξ2(ρ)± (Lu − Ld)φV2/1(ρ)

)
= 0,

(62)

and two for the vector field that we write as Vµ = Vµ
⊥ + ∂µφV , ∂µVµ

⊥ = 0, Vρ = 0—the
first is the equation of motion for Vµ with this form substituted, and the other is the direct
equation for φV :

∂ρ

(
ρ3∂ρφV1/2(ρ)

)
±

ρ3g2
5

8

(
1
r4

u
+

1
r4

d

)
(Lu − Ld)

(
ξ2(ρ)∓ (Lu − Ld)φV1/2(ρ)

)
= 0

4M2∂ρφV1/2(ρ)∓ g2
5(Lu − Ld)∂ρξ2(ρ)± g2

5ξ2(ρ)∂ρ(Lu − Ld) = 0.

(63)

There are really only two equations with one redundant—for example, substituting
the bottom equation in Equation (63) into the top one leads to Equation (62).

Were one to include higher order terms in the expansion (STr(X†X)n), this same
Higgs mechanism and consistency holds—in a sense, Equation (63) implicitly contains the
information of the potential in Equation (62) through the solutions Li.

This Higgs mechanism in the bulk is rather elegant since it shows how explicit breaking
in the gauge theory translates to the bulk gauge symmetry. However, unfortunately when
in Equation (50) we impose the running of ∆m2 at the level of the equation of motion rather
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than in the Lagrangian, we spoil these consistency conditions. Then, if we use (63), we do
not obtain numerical results that give degeneracy of the ξ3 and ξ1/2 as the mass splitting
vanishes. Instead of using the full (62), in the numerics below, for small mass splitting, we
will ignore the vector field mixing (the last term in (62) of vanishes as Lu = Ld) and use the
ξ2 equation of motion

∂ρ

(
ρ3∂ρξ2(ρ)

)
+ ρ

2
[
−∆m2

u − ∆m2
d − Lu(ρ)∆m2′

u − Ld(ρ)∆m2′
d
]
ξ1/2(ρ)

+ 1
2 M2

ξ1/2
ρ3
(

1
r4

d
+ 1

r4
u

)
ξ2 = 0,

(64)

which is consistent with the substitution in (50) that we have made.
Using these simplifications, we will now consider some particular phenomenologically

interesting cases.

4.4. Scenario 1—N f Equal Masses

For the case of a diagonal quark mass matrix, the vacuum structure of the theory
breaks into N f copies of the N f = 1 case. The equation of motion for each real diagonal
component of X is

∂ρ(ρ
3∂ρL)− ρ ∆m2L = 0 , (65)

where here ∆m2 is simply a scalar function corresponding to any one of its equal diagonal
components. We have dropped the indices here to simplify the notation. We insert the r
dependent ∆m2 here at the level of the equation of motion so that we are precisely using
it to set the running anomalous dimension. We plot the solution for a variety of common
quark masses in the left plot of Figure 2. In the UV, the curve will flatten to the given quark
masses, as can be seen from the u and d quark embeddings. The strange quark embedding
will eventually tend to 95 MeV, which is not shown explicitly in this plot. We set the scale
with the rho meson mass. The solution of Equation (65) is denoted by L0 below.

mu=2.3 MeV

md=4.6 MeV

ms=95.5 MeV

500 1000 1500 2000
ρ(MeV )0

50

100

150

200

250

300

350

L(ρ)

(a)

κ=-0.3

κ=0

500 1000 1500 2000
ρ(MeV )0

50

100

150

200

250

300

350

L(ρ)

(b)

Figure 2. Left plot: different embeddings for various quark masses. We input the boundary quark
mass values (2.3, 4.6, 95.5) MeV for Li, i = u, d, s, respectively, in units where mρ = 775 MeV.
The quark condensates can be calculated numerically using Equation (51)—we find ((65.7 MeV)3,
(67.3 MeV)3, (180.2 MeV)3) for the three flavours. Right plot: the dashed line shows the effect of a
double trace term with κ = −0.3 (dashed line) compared to κ = 0 (full line). (a) Embedding vs. quark
masses. (b) Embedding with κ.

We now discuss the fluctuations (mesons) of the theory. Let us begin the scalar sector
where it is sensible here to discuss the isospin triplet, ξk, and isospin scalar, σ, states.
The kinetic terms for the σ, ξk fields are simply quadratic (any linear terms cancel when
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evaluated on the solutions of the equation of motion) and separately follow the basic
trace algebra

Tr

σ
1√
2N f

1N f + ∑
k

ξk(x)Tk

2

=
1
2

(
σ2 + ∑

k
ξ2

k

)
. (66)

Since the vev of X is proportional to the identity, we can move the ∆m2 and metric
factors outside of the STr in Equation (56). The trace treats σ and ξk on an equal footing—
they will therefore be degenerate.

The equation of motion, consistent with the truncation in Equation (65), for the σ
fluctuation reads

∂ρ(ρ
3∂ρσ(ρ))− ρ∆m2σ(ρ)− ρL0(ρ)σ(ρ)

∂∆m2

∂L
|L0 + M2 ρ3

r4 σ(ρ) = 0. (67)

The N2
f vector-mesons are obtained from fluctuations of the gauge fields V = 1

2 (AL +

AR) around the vacuum. They couple to X via a commutator, which is zero for X ∝ 1N f ,
so their equations are also governed simply by the quadratic F2 kinetic term. They are all
degenerate and satisfy the equation of motion

∂ρ(ρ
3∂ρV(ρ)) + M2

V
ρ3

r4 V(ρ) = 0. (68)

The axial-vector-meson gauge field in the bulk enters the covariant derivative for
the field X, coupling as an anti-commutator. The result is that a ρ-dependent mass term
proportional to L2

0 forms. In choosing the Aρ = 0 gauge and decompose the axial-vector
as Aµ = Aµ⊥ + ∂µφ, with ∂µ Aµ

⊥ = 0, one observes a Higgs mechanism. The action is of
the form

S =
∫

d4xdρ

[
− ρ3

4g2
5

Fa
AFa

A + L2
0ρ3(∂π − Aa)2

]
, (69)

where we have suppressed the space-time indices. One arrives at the equation of motion
for the N2

f axial mesons, which are degenerate

∂ρ(ρ
3∂ρ A(ρ))− g2

5
ρ3L2

0
r2 A(ρ) +

ρ3M2
A

r4 A(ρ) = 0 . (70)

The φa and πa fields (the phases of X) mix to describe the pion—we have the two
equations of motion

∂ρ(ρ
3L2

0∂ρπa)− L0ρ3q2

(ρ2 + L0)2 (π
a − φa) = 0, (71)

q2∂ρ(ρ
3∂ρφa)− L0ρ3q2

(ρ2 + L0)2 (π
a − φa) = 0. (72)

The difference of these two gives a total derivative that can be integrated and the
constant was determined to be zero at large ρ so

q2∂ρφ− g2
5L2

0∂ρπ = 0. (73)

The solutions of these equations have been previously studied in [12] and generate
N2

f massless pions in the zero quark mass limit and display a Gell–Mann–Oakes–Renner
relation at finite quark mass. We present numerical computations of the meson masses in
the next section where we also include 1/N effects.
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4.5. Scenario 2—Two Equal-Mass Quarks and 1/N Effects

In Scenario 1 above, all the terms we have lead to degeneracy between the N2
f states in

the vector and scalar meson sectors. Generically, these states split into a N2
f − 1 dimensional

representation of SU(N f ) and a singlet. To include such splitting, we must add for example
additional terms to our scalar potential, which must be invariant under the symmetries. To
see the key point, it is useful to explicitly compute the operator

(
Tr X†X

)2
=

1
4

[
(L0 + σ)2 + ∑

k
ξ2

k

]2

' 2L2
0ξ2

k + 6L2
0σ2 + . . . . (74)

Clearly, these terms break the degeneracy between ξk and σ. We add the double trace
term κ[Tr X†X]2 to the Lagrangian to exemplify the effect. It will also change the equation
of emotion for the embedding, which now reads as

∂ρ

(
ρ3∂ρL0(ρ)

)
− ρ∆m2(ρ)L0(ρ)− κL0(ρ)

3ρ = 0 . (75)

The numerical effect of such a contribution is however small, as can be seen from the
right-hand plot of Figure 2, where we show the case relevant for the strange quark. In case
of smaller masses, e.g., for the u- and d-quarks, the cases κ = 0 and κ = −0.3 can hardly be
distinguished.

This operator affects in particular the equations of motion of σ and ξ3, they are
changed to

∂ρ(ρ
3∂ρσ(ρ))− ρ(∆m2)σ(ρ)− ρL0(ρ)σ(ρ)

∂∆m2

∂L
|L0 + M2

σ
ρ3

r4 σ(ρ)− 3κL2
0σ(ρ)ρ = 0,

∂ρ(ρ
3∂ρξ3(ρ))− ρ(∆m2)ξ3(ρ)− ρL0(ρ)ξ3(ρ)

∂∆m2

∂L
|L0 + M2

ξ3

ρ3

r4 ξ3(ρ)− κL2
0ξ3(ρ)ρ = 0.

(76)

Solving the equations numerically, we find a dependence of the scalar masses on the
factor κ, as shown in Figure 3. Double trace terms in QCD are expected to be suppressed
by 1/N2, so we have chosen a fairly narrow range of κ values in Figure 3.
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Figure 3. Dependence of the scalar masses on κ when quark mass mq = 2 MeV. κ is the coupling of
the double trace term introduced in Equation (76), which gives a small splitting in the singlet and
triplet scalar masses mσ and mξ3 .

We solve the meson masses from Equation (76) using the shooting method, the spec-
trum is listed in Table 1. The vector ρ meson mass is used as an input parameter to read out
physical masses of the other lowest meson states. We find that most of the masses lie within
a 3% range with respect to the data. The pion (π0) mass is very sensitive to the quark mass
mq, this explains the larger deviation comparing with the others. Note that adding a double
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trace term in the same mass scenario does produce a realistic mass splitting between the
scalar singlet ( f0(980)) and triplet (a0(980)) mass.

Table 1. Meson masses of the lowest lying states in the U(N f ) model with equal quark masses.
The ρ meson mass is fixed to 775 MeV (therefore marked with an asterisk) and we have set
mq = mu = 2.3 MeV and κ = −0.3 (the asterisk next to 994 means when m f0(980) = 994 MeV we
get κ = −0.3). The QCD masses are taken from the PDG [53]. The mass difference in f0(980) and
a0(980) is introduced by the double trace term with the coupling κ. The π0 mass is very sensitive to
the quark mass, this explains the large deviation.

Observables QCD [MeV] U(N f = 2) [MeV] Deviation

Mρ(770) 775.26± 0.23 775 * fitted
Ma1(1260) 1230± 40 1194 3%
M f0(980) 990± 20 994 * <1%
Ma0(980) 980± 20 997 2%

π0 134.9768± 0.0005 117 14%

4.6. Scenario 3—N f = 2 Split Masses

In this section, we discuss the case of unequal masses for the different quark flavours.
To start with, we consider a two flavour theory with different quark masses (mu 6= md) to
exemplify the features of the non-abelian DBI action. Here, we neglect the additional con-
tributions in QCD from the electromagnetic interactions. The U(N f )L ×U(N f )R symmetry
can be used to find a basis in which the mass matrix is real and diagonal. To begin with,
consider only including single trace terms in the potential for the mass splitting case. At this
stage, the vacuum is expected to also be diagonal—the matrix structure simply falls apart
into two copies of the one flavour case, but here we set different IR boundary conditions on
the two L0s to represent the different UV masses—we can call the two solutions Lu and Ld.

∂ρ

(
ρ3∂ρLi

)
− ∆m2

i ρLi = 0, i = u, d. (77)

The vacuum now preserves a U(1) vector symmetry in each of the u and d quark
sectors. In this large N limit with no multi-trace terms, the mesons made of ūu or d̄d are
unmixed mass eigenstates (the σ and ξ3 states are not mass eigenstates)—thus, one just
repeats the two separate sectors with different L0.

The mixed ūd states see the mass splitting though. After taking the symmetrised trace,
we find the equations of motion are sorted into two classes. We take here the vectors as an
example, and the equations of motion for other fluctuations are listed in Appendix A. The
off-diagonal V1,2 are dual with the meson states consist of two flavours of quarks

V1/2 : ∂ρ

(
ρ3∂ρV1/2(ρ)

)
+

ρ3

8

(
1
r4

u
+

1
r4

d

)[
4M2

V1/2
− g2

5(Lu(ρ)− Ld(ρ))
2
]
V1/2(ρ) = 0. (78)

In writing these equations, we have defined Vµ
i = Vµ

⊥,i + ∂µφV,i, ∂µVµ
⊥ = 0 and taking

the Vρ = 0 gauge, and here we have concentrated on the transverse pieces. We observe a
Higgs mechanism since the longitudinal piece φvi mixes with the scalars, see Equation (A2).
The masses for the off-diagonal vector and axial-vector excitations can be solved using the
usual procedure with the boundary conditions

Vi(Ld) = 1, ∂ρVi(Ld) = 0, Vi(ρUV) = 0, i = 1, 2, (79)

i.e., we shoot from the IR and solve for the mass M fi
such that the field fi vanishes in

the UV.
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Due to the Higgs mechanism, the off-diagonal scalars have coupled equations of
motion. For example, the scalar ξ2 is coupled to the longitudinal φV1 . One can set the
boundary condition

φv,i(IR) = 1, φ′v,i(IR) = 0, ξ2(IR) = b, (80)

where b is a free shooting parameter as discussed in Section 3.2.1. The IR scale is set
by whichever of Lu or Ld terminates at the highest ρ. Again, finding the solutions that
vanish for both fields in the UV gives the corresponding mass and the boundary condition
b. However, we find that taking the limit that φV and φA are small compared to other
fluctuations so they can be neglected is a good approximation. The resulting masses are
shown in Table 2. They are very close to the triplet states shown in Table 1 due to the small
physical mass splitting. After introducing the mass splitting, we see the deviation of π±

from π0. In Figure 4a, we show how the π± mass depends on the quark mass splitting.

Table 2. Meson masses of the lowest lying states in the U(N f ) model with unequal quark masses,
mu = 2.3 MeV and md = 4.6 MeV. The ρ meson mass is fixed to 775 MeV (therefore marked with an
asterisk). The QCD masses are taken from the PDG [53]. Notice the deviation of pion from the initial
π0 state to the π± state.

Observables QCD [MeV] U(N f = 2) [MeV] Deviation

Mρ(770) 775.26± 0.23 775 * fitted
Ma1(1260) 1230± 40 1196 3%
Ma0(980) 980± 20 998 2%

π± 139.57039± 0.00017 146 2%
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Figure 4. Left plot: The π± mass increases with the growing quark mass splitting at fixed mu and
κ = 0. Right plot: The scalar masses in the presence of κρTr (X†X)2 in the split mass case. The shaded
blue area marks the valid data range of the f0(980), and the yellow area marks that of the a0(980).
This indicates a range κ ∈ [−0.4, 0]. (a) π± vs. ∆mq. (b) The diagonal scalar fields vary with κ.

Finally, we can add in a double trace term κρTr (X†X)2 in addition to mass splitting.
The former favours a basis where σ and ξ3 are the mass eigenstates, whilst the latter prefers
the ūu and d̄d basis. In this case, the true mass eigenstates are a mixture in either basis and
one must solve fully coupled equations using the methodology of Section 3.2.1.

Firstly, the presence of the double trace term changes the vacuum dynamics governed
now by

∂ρ

(
ρ3∂ρLu(ρ)

)
− ∆mu(ρ)ρLu(ρ)− 2κLu(ρ)

3ρ− 2κLu(ρ)Ld(ρ)
2 = 0,

∂ρ

(
ρ3∂ρLd(ρ)

)
− ∆md(ρ)ρLd(ρ)− 2κLd(ρ)

3ρ− 2κLd(ρ)Lu(ρ)
2 = 0,

(81)

and for example gives corrections to the diagonal scalar excitations:
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∂ρ(ρ
3∂ρσu) + ρ

(
−∆mu(ρ)− Lu(ρ)∆m′u(ρ)− 2κ

(
3Lu(ρ)

2 + Ld(ρ)
2
)
+

ρ2M2

r4
u

)
σu(ρ)

− 4κρLu(ρ)Ld(ρ)σd(ρ) = 0, (82)

∂ρ(ρ
3∂ρσd) + ρ

(
−∆md(ρ)− Ld(ρ)∆m′d(ρ)− 2κ

(
+3Ld(ρ)

2 + Lu(ρ)
2
)
+

ρ2M2

r4
d

)
σu(ρ)

− 4κρLu(ρ)Ld(ρ)σu(ρ) = 0. (83)

In Figure 4b, we show the two mass eigenstates as a function of κ.
Note we have not discussed the mass of η′, which would be close to 250 MeV in this

approximation, since we have not included the effect of the chiral anomaly.

4.7. Scenario 4—N f = 3 Split Masses, mu = md � ms

In this section we extend the description to three quark flavours. The main effect on
the spectrum we investigated is from the mass difference between the s-quark and the
quarks of the first generation. Thus, we take here the approximation mu = md � ms.
The vacuum equations of motion take the same form as in Equation (77), and the three
embeddings follow Lu = Ld � Ls in the UV.

In this approximation, the isospin SU(2) subgroup of the SU(3) flavour group is
conserved. In the neutral sector one has a mixing between the SU(3) singlet fields and
the one corresponding to the 8th component of SU(3). In case of vector mesons, these
correspond to the ω and φ. In this case, we do have some quite experimental information
to rely on. For example, chapter 5 of [54] teaches that there is an ideally mixed case
where one mass eigenstate corresponds to an ss̄ and the second one to a (uū + dd̄)/

√
2

combination. This implies that actually in this case the isospin SU(2) becomes enlarged to a
U(2). As a test, we have used this information to define the states

fu :=

√
2
3

f0 +
1√
3

f8, fs :=
1√
3

f0 −
√

2
3

f8. (84)

We denote here any fluctuation by f and the indices u and s are chosen according to
composition (uū + dd̄)/

√
2 and ss̄, respectively. In this approximation, we set the mω = mρ

for the input and obtain other masses as predictions, which agrees quite well with the
experimental value, see Table 3. In this way, the equations of motion decompose into
three groups: (u, 1, 2, 3), (4, 5, 6, 7) and s, corresponding to the adjoint, the fundamental
and a singlet of U(2), respectively. The corresponding equations of motion have the same
structure as in the N f = 2 case and we summarize in Appendix B how those two cases are
related. Using the same procedure as before, we obtain the various meson masses listed in
Table 3. We see that the results for the vector mesons agree quite well with the experimental
data. This is a consequence of the fact that in this sector the ideal mixing between the
singlet and the octet state is realized. In the case of the axial vectors, a sizeable deviation
exists, which can be understood using the technique of the QCD conformal partial wave
expansion [55]. This explains the larger deviations observed in this sector. In the scalar
section, the f0(1370) shows an even larger deviation; however, these states that can be
q̄q, glueball or even pion molecules are hard to identify. In the case of the pseudoscalars,
theoretically we can only compute the values for the pions and kaons, which again agree
quite well with the data. The η′ mass are shown to complete the full analysis. This value
should have a somewhat large deviation given that we did not include the chiral anomaly.
To include the chiral anomaly, one would need to add a Wess–Zumino–Witten term to the
non-abelian DBI. For example, this has been discussed in the D3/D7 system in [56]. It
would be interesting in the future to incorporate these dynamics in the non-abelian system.
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Table 3. Meson masses in the three flavour case compared with the experimental data [53]. We have
fixed the masses for the vector bosons ρ and ω and calculated the masses for the axial vectors (therefore
the asterisk next to 775), the scalars and the pNGBs. The quark masses used are mu = md = 3.1 MeV
and ms = 95.7 MeV.

Observables QCD [MeV] N f = 3—Split Masses [MeV] Deviation

Mρ(770),ω(782) 775.26± 0.23 775 * fitted
MK∗(892) 891.67± 0.26 1009 12%
Mφ(1020) 1019.461± 0.016 1048 3%

Ma1(1260), M f1(1285) 1230± 40 1104 11%
MK1(1400) 1403± 7 1377 2%
M f1(1420) 1426.3± 0.9 1713 18%

Ma0(980), M f0(980) 980± 20 929 5%
MK∗0 (700) 845± 17 876 4%
M f0(1370) 1370 970 34%

Mπ 139.57039± 0.00017 139 1%
MK 497.611± 0.013 584 16%
Mη′ 957.78± 0.06 791 19%

Mπ(1300) 1300± 100 1438 10%
MK(1460) 1460 1807 21%

5. Other Symmetry Breaking Patterns

We have concentrated on aspects of QCD physics above to exemplify the structure of
our non-abelian holographic model. It is straightforward though to generalize it to other
symmetry breaking patterns—we discuss briefly two such patterns here.

5.1. SU(2N)→ Sp(2N)

This symmetry breaking pattern can emerge in theories where there is a gauge in-
variant, Lorentz singlet, bi-quark operator that can condense. For example, in SU(2) (or
generically Sp(2N) gauge theory where the fundamental and anti-fundamental representa-
tion are identical), if we include N f Dirac quarks, then there is an SU(2N f ) flavour symmetry
on the Weyl spinors. Biquark states are anti-symmetric in colour, and a Lorentz singlet is
antisymmetric in spin so the state can only form in the anti-symmetric representation of
flavour by the Pauli Exclusion Principle.

In the holographic model, we therefore write the field X as an 2N f × 2N f matrix, but
restricted to anti-symmetric generators. It transforms under the flavour group as FTXF.
The natural vacuum expectation value in the vacuum can be placed in the form

X = i

(
0 1N f

−1N f 0

)
, (85)

which manifestly breaks the global symmetry group to Sp(2N). If mass terms are included,
then one must consider the vacuum in 2×2 blocks with a function Li(ρ) in each case
satisfying the abelian equation we have seen above and with the solution asymptoting to
the ith quark mass.

The model must also include in the bulk a gauge field for the SU(2N f ) global symmetry
of the gauge theory. The fluctuation equations follow naturally as in the QCD case, but with
restrictions to the anti-symmetric generators. We leave an explicit example to future work.

5.2. SU(2N)→ SO(2N)

This symmetry breaking pattern can emerge also in theories where there is a gauge
invariant, Lorentz singlet, bi-quark operator that can condense. For example, in SO(N)
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gauge theory, where the fundamental and anti-fundamental representation are identical,
if we include a N f Dirac quark, then there is an SU(2N f ) flavour symmetry on the Weyl
spinors. Biquark states are symmetric in colour, and a Lorentz singlet is antisymmetric
in spin so the state can only form in the symmetric representation of flavour by the Pauli
Exclusion Principle.

In the holographic model, we therefore write the field X as an 2N f × 2N f matrix, but
restricted to symmetric generators. It transforms under the flavour group as FTXF. The
natural vacuum expectation value in the vacuum can be placed in the form

X =

(
0 1N f

1N f 0

)
, (86)

which manifestly breaks the global symmetry group to SO(2N). If mass terms are included
then one must consider the vacuum in 2×2 blocks with a function Li(ρ) in each case
satisfying the abelian equation we have seen above and with solution asymptoting to the
ith quark mass.

The model must also include in the bulk a gauge field for the SU(2N f ) global symmetry
of the gauge theory. The fluctuation equations follow naturally as in the QCD case, but with
restrictions to the symmetric generators. Again, we leave explicit examples to future work.

6. Conclusions and Outlook

In this paper, we have worked through a number of implications of holographic
models’ descriptions of non-abelian flavour symmetry.

The non-abelian structure only seriously manifests when one includes explicit breaking
of the non-abelian symmetry. The non-abelian flavour symmetry is necessarily a gauge
symmetry in the bulk. In particular, we have been keen to make manifest the bulk Higgs
mechanism that results from the inclusion of mass terms that break a global symmetry in
the dual field theory. Although these are explicitly symmetry breaking in the field theory in
the bulk gravitational description, the masses arise as solutions of the field equations and
the breaking is spontaneous. In Section 3, we displayed this Higgs mechanism in a bottom
up dual of a supersymmetric theory without quark condensates. In Section 4, we showed it
at play in a bottom up model of QCD including quark condensates. We have combined for
this purpose the AdS/Yang Mills model of [12] with the top-down inspired non-abelian
DBI model of ref. [43]. This is a model with N f branes where the corresponding brane
embedding depends on the respective quark mass.

Another key computational element that arises in the study of these cases is the
difficulty of a priori guessing the mass eigenstate basis for the meson fields. In Section 3.2.1,
we developed a numerical method to find these mass eigenstates even when generically
there are many mixed fields. Although this method is already in the literature, we presented
here an analytically solvable model (of an N = 2 supersymmetric theory) that allowed us
to verify its veracity when making explicit changes of variables. In Section 4, in the context
of QCD, we used this method to compute the mass eigenstates in models with both u d
quark mass splitting and a 1/N suppressed, multi-trace term that splits the isospin singlet
σ and isospin triplet ξa mesons. Away from the large N limit, the mass eigenstates here are
neither the σ and ξ3 nor the ūu and d̄d states.

We have used these methods here to fully include the effects of the non-abelian flavour
structure in the calculation of the masses of bosonic QCD bound states. We calculated the
mass spectrum of QCD with N f light quarks including different quark masses and found
good agreement with the observed spectrum in the three flavour case.

We have briefly discussed how the framework could be extended to models with
SU(2N f )→ Sp(N f )/SO(N f ) flavour symmetry breaking patterns. Such breaking patterns
are important for composite Higgs models and we have developed many of the techniques
here in preparation to model such theories in the future.
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We have not considered here the inclusion of fermionic bound states. One approach
to include such states is the introduction of fermions in the bulk gravitational theory as
dual states of baryons as has been outlined in [12,35,57]. That work we also leave for the
future, but it would lay the ground to investigate the top-partner spectrum of composite
Higgs models.
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Appendix A. Equations of Motions, N f = 2 Split Masses

We use r2
i = r2

i (ρ) = L2
i (ρ) + ρ2 (i = d, u) in the following. On calculating the masses,

we took the limit of vanishing longitudinal φvi and φai .
Scalars

ξu,d : ∂ρ

(
ρ3∂ρξu/d(ρ)

)
+ ρ

(
−∆m2

u/d − Lu/d(ρ)∆m2′
u/d +

ρ2M2
ξu/d

r4
u/d

)
ξu/d(ρ) = 0 (A1)

ξ1/2 : ∂ρ

(
ρ3∂ρξ1/2(ρ)

)
+

ρ

2

[
−∆m2

u − ∆m2
d − Lu(ρ)∆m2′

u − Ld(ρ)∆m2′
d

]
ξ1/2(ρ)

+
1
2

M2
ξ1/2

ρ3

(
1
r4

d
+

1
r4

u

)(
ξ1/2(ρ)± (Lu(ρ)− Ld(ρ))φV2/1(ρ)

)
= 0 (A2)

Pseudo-Scalars

πu,d : ∂ρ

(
L2

u/d(ρ)ρ
3∂ρπu/d(ρ)

)
+

L2
u/d(ρ)M2

πu/d
ρ3

r4
u/d

(
πu/d(ρ)− φAu/d(ρ)

)
= 0 (A3)

π1/2 : ∂ρ

(
(Lu(ρ) + Ld(ρ))

2ρ3∂ρπ1/2(ρ)
)
+

M2
π1/2

ρ3

2

(
1
r4

u
+

1
r4

d

)
(Lu(ρ) + Ld(ρ))

2

×
(

π1/2(ρ)− φA1/2(ρ)
)
= 0 (A4)

Vectors

Vu,d : ∂ρ

(
ρ3∂ρVu/d(ρ)

)
+

ρ3M2
Vu/d

r4
u/d

Vu/d(ρ) = 0 (A5)

V1/2 : ∂ρ

(
ρ3∂ρV1/2(ρ)

)
+

ρ3

8

(
1
r4

u
+

1
r4

d

)[
4M2

V1/2
− g2

5(Lu(ρ)− Ld(ρ))
2
]
V1/2(ρ) = 0 (A6)



Universe 2023, 9, 289 24 of 26

φv1/2 : ∂ρ

(
ρ3∂ρφV1/2(ρ)

)
±

ρ3g2
5

8

(
1
r4

u
+

1
r4

d

)
(Lu(ρ)− Ld(ρ))

×
(

ξ2/1(ρ)∓ (Lu(ρ)− Ld(ρ))φV1/2(ρ)
)
= 0 (A7)

4M2
φV1/2

∂ρφV1/2(ρ)∓ g2
5(Lu(ρ)− Ld(ρ))∂ρξ2/1(ρ)± g2

5ξ2/1(ρ)∂ρ(Lu(ρ)− Ld(ρ)) = 0 (A8)

Axial-Vectors

Au,d : ∂ρ

(
ρ3∂ρ Au/d(ρ)

)
+

ρ3

r4
u/d

(
M2

Au/d
− g2

5Lu/d(ρ)
2
)

Au/d(ρ) = 0 (A9)

φAu/d : ∂ρ

(
ρ3∂ρφAu/d(ρ)

)
+

ρ3g2
5

r4
u/d

Lu/d(ρ)
2(πu/d(ρ)− φAu/d(ρ)) = 0 (A10)

M2
φAu/d

∂ρφAu/d(ρ)− g2
5Lu/d(ρ)

2∂ρπu/d(ρ) = 0 (A11)

A1/2 : ∂ρ

(
ρ3∂ρ A1/2(ρ)

)
+

ρ3

8

(
1
r4

u
+

1
r4

d

)[
4M2

A1/2
− g2

5(Lu(ρ) + Ld(ρ))
2
]

A1/2(ρ) = 0 (A12)

φA1/2 : ∂ρ

(
ρ3∂ρφA1/2(ρ)

)
+

ρ3g2
5

8

(
1
r4

u
+

1
r4

d

)
(Lu(ρ) + Ld(ρ))

2(π1/2(ρ)− φA1/2(ρ)) = 0 (A13)

M2
φAu/d

∂ρφA1/2(ρ)−
g2

5
4
(Lu(ρ) + Ld(ρ))

2∂ρπ1/2(ρ) = 0 (A14)

From Equations (A10) and (A13) one recovers Equation (A4).

Appendix B. Equations of Motions, N f = 3

As mentioned in Section 4.7, the equations of motion are sorted in groups (u, 1, 2, 3),
(4, 5, 6, 7) and s. The groups (u, 1, 2, 3) and s take the abelian form, but with (Lu, ru) and
(Ls, rs) for (u, 1, 2, 3) and s, respectively. The group (4, 5, 6, 7) have mixed equations as the
off-diagonal ones (1, 2) in the two-flavour case, where (4, 5) and (6, 7) mixed in the same
way as N f = 2 (1, 2). We demonstrate this pattern with the scalars as an example.

The scalar fluctuations are[
∂ρ

(
ρ3∂ρ

)
− ∆m2

u(ρ)ρ− Lu(ρ)
∂∆m2

u(ρ)

∂Lu
ρ + ρ3 M2

σi

r2
u

]
σi(ρ) = 0, i = u, 1, . . . , 3 (A15)

[
∂ρ

(
ρ3∂ρ

)
− ∆m2

s (ρ)ρ− Ls(ρ)
∂∆m2

s (ρ)

∂Ls
ρ + ρ3 M2

σi

r2
s

]
σi(ρ) = 0, i = s (A16)

where σu and σs are defined in Equation (84). To obtain the equations for off-diagonal ones
(4, 5, 6, 7), one can simply take Equation (A2) and change the pairs

(1, 2)→ (4, 5), (6, 7)

(Lu, Ld)→ (Lu, Ls).
(A17)

The other fluctuations’ equations follow the same logic.
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