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Abstract: K-essence theories are usually studied in the framework of a single scalar field ϕ. Namely,
the Lagrangian of K-essence is the function of the single scalar field ϕ and its covariant derivative.
However, in this paper, we explore a double-field pure K-essence, i.e., the corresponding Lagrangian
is the function of covariant derivatives of double scalar fields without a dependency on scalar fields
themselves. This is why we call it double-field pure K-essence. The novelty of this K-essence is that its
Lagrangian contains the quotient term of the kinetic energies from the two scalar fields. This results
in the presence of many interesting features; for example, the equation of state can be arbitrarily small
and arbitrarily large. In comparison, the range of the equation of state for quintessence is −1 to +1.
Interestingly, this novel K-essence can play the role of an inflation field, dark matter, or dark energy
by appropriately selecting the expressions of Lagrangian.

Keywords: K-essence; dark energy

1. Introduction

K-essence is a certain class of scalar field with non-standard kinetic terms. The name
was first coined in a paradigm for inflation by Armendariz-Picon et al. [1,2]. One of the
motivations for taking this kind of Lagrangian seriously stems from the action of a low-
energy approximation for string theory. Subsequently, it was shown that K-essence can
present interesting models for dark energy [3–9]. Right after these studies, Scherrer shows
that K-essence can also serve in the unified model as dark matter and dark energy [10].
Afterwards, the literature on K-essence theories rapidly grew.

Specifically, Chimonto and Lazkoz made an analysis of atypical K-essence cosmolo-
gies [11]. Abramo et al. conducted research on the stability problem of phantom k-essence
theories [12]. Bonvin et al. [13] demonstrated that if one uses K-essence to solve the co-
incidence problem and play the role of dark energy in the universe, the fluctuations of
the field have to propagate superluminally at some stage. This implies that successful K-
essence models violate causality. Therefore, K-essence cannot arise as a low energy effective
field theory of a causal, consistent high-energy theory. On the other hand, K-essence can
yield a complete picture of the evolution of the universe, starting from the early inflation,
the subsequent dark matter domination, and to the late-time cosmic acceleration [14,15].
Interestingly, Tian and Zhu’s research [16] reveal that the K-essence framework is also
conducive to the Hubble tension problem [17,18].1 However, Adi et al. found that if the
cosmic acceleration is sourced by baryonic and K-essence dark matter, observations support
phantom dark energy and help in resolving the Hubble tension problem [20].

Very recently, Kehayias and Scherrer found a new generic evolution for K-essence
dark energy with the equation of state of a roughly cosmological constant [21]. Chen et
al. made a study on the stability problem and geometrical diagnostic for the power-law
K-essence dark energy [22]. Chen et al. also made the phase space analysis of interacting K-
essence dark energy in loop quantum cosmology [23]. Jawad et al. studied the inflationary
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scenario in the realm of the K-essence model and swampland conjectures [24]. Socorro et al.
presented an analysis of a chiral cosmological scenario from the perspective of K-essence
formalism [25]. Huang [26] constructed thawing K-essence models by generating the
Taylor expansion coefficients of Lagrangian functions from random matrices. Finally, the
K-essence model in which K-essence can be responsible for both primordial inflation and
the present observed acceleration, while also admitting a non-singular de Sitter beginning
of the universe was achieved by Ferreira et al. [27].

Up to this point, what we need to emphasize is that all of the above research on
K-essence is actually focused on single-field K-essence. Specifically, the Lagrangian of
K-essence is the function of a single field ϕ and its derivatives ∂µϕ. However, in this paper,
we shall consider double-field K-essence, where there are two scalar fields ϕ and ψ together
with their derivatives. The novelty of this research is that the Lagrangian functions are
significantly different from the previous ones. To be exact, they are constructed by the
quotient form x/y, with x and y being the kinetic terms of the fields.

What is the motivation for this quotient form “potential”, x/y? We state it as fol-
lows. As is known, the Einstein cosmological constant is perhaps the best candidate for
dark energy. It is consistent with nearly all astronomical and cosmological observations.
However, there are two fundamental problems, i.e., the cosmological constant problem
and the coincidence problem. The two problems are so difficult that one resorts to the
quintessence field model. When quintessence rolls very slowly, it behaves as a cosmological
constant, but quintessence has the well-known fine-tuning problem. Then, are there any
other alternatives for the cosmological constant except for quintessence? We find that in
double-field pure K-essence theory, a quotient form of the Lagrangian F(x/y) can exactly
play the role of the cosmological constant, although the scalar fields are dynamic. This
motivates us to make an analysis on the cosmic evolution of even more general Lagrangians
except for the quotient form.

To our knowledge, no investigation has been conducted on this type of K-essence. On
the other hand, we consider this as a pure K-essence, making the calculations considerably
simpler. In fact, we can obtain the energy density, the pressure, and the equation of state
in a straightforward manner because the equations of motion of K-essence can be solved
exactly without the help of dynamical analysis.

The paper is organized as follows. In Section 2, we derive the Einstein equations and
the equations of motion for the double-field pure K-essence. In Section 3, we study the
cosmic evolution of the K-essence in the background of the Friedmann–Robertson–Walker
universe. First, we revise the Lagrangian functions of the K-essence for some conventional
EOSs (equations of state). Then, inspired by the Lagrangian expressions of the K-essence
for several conventional EOSs, we explore the so-called novel K-essence Lagrangian, which
has quotient “potentials”. In this manner, we meet several unconventional EOSs (equations
of state) of K-essence. In Section 4, we study the stability of the novel K-essence in the
background of Minkowski spacetime. We find that there always exist stable solutions.
Finally, Section 5 gives the conclusion and discussion. Throughout this paper, we adopt a
system of units in which G = c = h̄ = 1 and the metric signature is (−,+,+,+).

2. Equations of Motion

We consider the action

S =
∫

d4x
√
−g

[
R

16π
+ F + Lm

]
, (1)

where
F = F(x, y) , (2)

is the Lagrangian of the double-field pure K-essence. Following Ref. [10], we call it pure
K-essence because it does not depend explicitly on the two scalar fields, ϕ and ψ. The
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Lagrangian is only the function of the terms x and y. Here, x and y are the kinetic energy of
the scalar fields ϕ and ψ, respectively. They are defined by

x ≡ −1
2
∇µϕ∇µϕ , y ≡ −1

2
∇µψ∇µψ , (3)

and they are positive with the signature of (−,+,+,+) in the Friedmann–Robertson–
Walker universe. The dimensions of x and y are the inverse of the area. R is the Ricci scalar
and Lm is the Lagrangian for matters. Making a variation in the action with respect to the
metric tensor, we obtain the Einstein equations

Gµν = 8π
(

Tk
µν + Tm

µν

)
, (4)

where Tm
µν and Tk

µν represent the energy-momentum of matter and K-essence, respectively.
The expression of Tk

µν is found to be

Tk
µν = F,x∇µϕ∇νϕ + F,y∇µψ∇νψ + gµνF , (5)

where the comma denotes the derivative with respect to x and y. When F = constant, we obtain
the energy-momentum tensor for the Einstein cosmological constant. When F = −2x or
F = −2y , we obtain the energy-momentum tensor for stiff matter. Finally, variation in the
action with respect to ϕ and ψ results in their equations of motion as follows

∇µ[F,x∇µϕ] = 0 , ∇µ

[
F,y∇µψ

]
= 0 . (6)

3. Cosmic Evolution

In this section, we explore the cosmic evolution of the double-field pure K-essence in
the background of the Friedmann–Robertson–Walker universe. To this end, we should first
derive the cosmological equations of motion.

3.1. Cosmological Equations of Motion

In the background of Friedmann–Robertson–Walker universe with the line element

ds2 = −dt2 + a(t)2
(

dr2 + r2dθ2 + r2 sin2 θdφ2
)

, (7)

where a(t) is the scale factor of the universe, the Einstein equations appear as the Friedmann
equation and the acceleration equation

3H2 = 8π
(ρm0

a3 +
ρr0

a4 + ρK

)
, (8)

2Ḣ + 3H2 = −8π
( ρr0

3a4 + pK

)
. (9)

Here, the energy density and pressure of K-essence are

ρK = −2xF,x − 2yF,y + F , pK = −F . (10)

H is the Hubble parameter, and the dot denotes the derivative with respect to the cosmic
time t. ρm0 and ρr0 are the present-day energy density values for dark matter and radiation.
The equations of motion for the two scalar fields are(

a3F,xϕ̇
)·

= 0 ,
(

a3F,yψ̇
)·

= 0 . (11)

Equations (8)–(11) constitute the cosmological equations of motion. Observing the
expressions of density and pressure, we find they are the functions of Lagrangian F. So,
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once the equation of state pK = pK(ρK) for K-essence is given, we can obtain the expression
of F by solving the partial differential equations. In the next subsection, we shall investigate
three conventional EOSs in this way.

3.2. Motivation: The Power of Double-Field Pure K-Essence

In this subsection, we consider three conventional EOSs, namely, that for the Einstein
cosmological constant, the constant EOS, and the generalized Chaplygin gas in order to
show that the double-field pure K-essence is so powerful that it can play the role of many
types of matter.

3.2.1. Dynamical Cosmological Constant

If we assume the EOS for the K-essence is that for the cosmological constant, i.e.,

ω ≡ pK
ρK

= −1 , (12)

and take into account Equation (10), we obtain

−F
−2xF,x − 2yF,y + F

= −1 . (13)

This is a differential equation for F(x, y). We then obtain the solution

F = f
(

x
y

)
. (14)

Here and thereafter, f
(

x
y

)
represents the arbitrary function x/y. It is apparent that

x/y is dimensionless. We note that the unnecessary integration constant is dropped. Once
the Lagrangian function F is given by in the form of Equation (14), energy density and the
pressure are derived from Equation (10)

ρK = f , pK = − f , (15)

with the scalar fields ϕ and ψ found to be dynamic from Equation (11)

ϕ̇ ∝ a3 , ψ̇ ∝ a3 . (16)

Considering the definition of x and y, we find that the Lagrangian function Equation (14)
gives the cosmological constant exactly. We emphasize that, in general, for example in the
background of anisotropic and inhomogeneous spacetime, the Lagrangian of Equation (14)
would be significantly different from the Einstein cosmological constant because their
energy-momentum tensors are obviously different.

It is interesting that the Lagrangian has the quotient form x/y for two scalar fields. We
find the quotient form of Lagrangian is inevitably encountered, even in multi-scalar field
theories F(x, y, z, u, · · ·) with x, y, z, u, etc., and the kinetic terms of scalar fields ϕ, ψ, κ, etc.
It can be verified that the Lagrangian

F = f
( y

x
,

z
x

,
u
x

, · · ·
)

, (17)

behaves as a cosmological constant in the background of the Friedmann–Robertson–Walker
universe although those scalar fields are dynamic.

ϕ̇ ∝ a3 , ψ̇ ∝ a3 κ̇ ∝ a3 , · · · . (18)

In all, in the background of Friedmann–Robertson–Walker universe, the double-field
pure K-essence can play the role of Einstein cosmological constant.
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3.2.2. Constant Equation of State

If we assume the equation of state for K-essence is a constant ω, i.e.,

ω =
pK
ρK

= const , (19)

and take into account Equation (10), we find

−F
−2xF,x − 2yF,y + F

= ω . (20)

This is a differential equation for F(x, y). We then obtain the solution

F = f
(

x
y

)
x

1+ω
2ω . (21)

Once again, the Lagrangian contains the function of the quotient form of kinetic
energies. After the Lagrangian is fixed, the energy density and pressure of K-essence are
found to be

ρK =
ρK0

a3(ω+1)
, pK = ωρK . (22)

It seems the Lagrangian Equation (21) is divergent in the limit of ω = 0 (for dark
matter). This is an illusion; if we choose

f
(

x
y

)
= e−

1
ω2

√
y
x

, (23)

such that the Lagrangian emerges as below

F = c0
x

1
2ω

e
1

ω2

√
y . (24)

then there is no divergence in the expression when ω = 0. We remind that ω is dimen-
sionless, and c0 has a dimension of L

1
ω −1, (L stands for the length.). When ω = −1, it is

included by Equation (14). One can make an examination that the scalar fields evolve in
the following form

ϕ̇ ∝
1

a3ω
, ψ̇ ∝

1
a3ω

. (25)

Now we see that the double-field pure K-essence can play the role of dark matter
(ω = 0), relativistic matter (ω = 1/3), stiff matter (ω = 1), and so on.

3.2.3. Generalized Chaplygin Gas

If we assume the equation of state for K-essence is the same as that for the generalized
Chaplygin gas [28], i.e.,

ρK =
A

(−pK)
n−1 , (26)

and take into account Equation (10), we obtain

−2xF,x − 2yF,y + F =
A

Fn−1 . (27)

Solving this differential equation, we obtain

F =

[
A + x

n
2 f

(
x
y

)] 1
n

, (28)
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where A and n are positive constants. The resulting energy density is

ρK =

[
c1 +

c2

a
3(n−2)

n−1

] n−1
n−2

, (29)

with c1, c2 as two positive constants. When the c1 term dominates, it behaves as a cosmo-
logical constant, while when the c2 term dominates, it behaves as dark matter. This form of
dark matter and dark energy model has been studied in great detail in [29].

Up to this point, we conclude that the double-field pure K-essence is very powerful
since it can play the role of the Einstein cosmological constant, a fluid with a constant EOS,
and the generalized Chaplygin gas in the background of Friedmann–Robertson–Walker
universe. Of course, in the background of other spacetimes, the behavior of the double-field
pure K-essence is certainly different from the others because they have different energy-
momentum tensors. Observing the Lagrangian Equations (14), (21) and (28), we find they
are all the functions of quotient x/y. This motivates us, in the next section, to perform a
study on the cosmic evolution of this novel K-essence by starting from even more general
expressions of the Lagrangian and several unconventional EOSs are found.

3.3. Some Unconventional EOSs

In this section, we shall first assume the expression of a Lagrangian function F and
then explore its cosmic evolution. In this way, some novel EOSs are found.

3.3.1. The Case of F = 2y + s
√

x
y2n

First, we consider the Lagrangian function

F = 2y + s
√

x
y2n , (30)

where s and n are constants. n is dimensionless, and s has the dimension of L−4n−1. The
first term is the normal canonical kinetic term and the second term denotes the “potential ”.
The potential is constructed by the quotient form of kinetic terms. We note that the sign
before the kinetic term is positive. This indicates that ϕ is a phantom scalar field. Then, the
cosmological equations of motion, Equations (10) and (11), give the density and pressure of
K-essence as follows

ρK = b0a
3(1−4n)

4n + b1a
3

2n , (31)

pK = − b0

4n
a

3(1−4n)
4n − b1(2n + 1)

2n
a

3
2n , (32)

where b0 and b1 are positive integration constants. The equation of state is

ω = −
b0
4n a

3(1−4n)
4n + b1(2n+1)

2n a
3

2n

b0a
3(1−4n)

4n + b1a
3

2n

. (33)

It is interesting that for large n, we have the energy density

ρK = b0a−3 + b1 , (34)

which is the sum of dark matter and the cosmological constant. Thus, when n is sufficiently
large, the K-essence unifies cold dark matter and the Einstein cosmological constant. When
n = 1/4, we have

ρK = b0 + b1a6 . (35)
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It consists of two terms: one is the Einstein cosmological constant, and the other is
a phantom. In this case, the K-essence can play the role of dark energy for present-day
cosmic acceleration.

In Figure 1, we plot the equation of state ω with respect to the scale factor. In cosmology,
the scale factor is related to redshift as a = 1/(1 + z), meaning is a = 1 today, a = 0 is the
beginning of universe, and a = ∞ is the distant future of universe. Therefore, the domain
of scale factor is a ∈ (0, ∞). In order to ensure that the energy density is always positive,
we assume the two integration constants b0 > 0 and b1 > 0. The figure shows that when
n = −1/4, the K-essence behaves as stiff matter that has the equation of state +1. However,
it is amazing that its Lagrangian function F = 2y + s

√
xy is obviously different from that

for conventional stiff matter F = −2y. If n = 1/4, the K-essence can play the role of cosmic
dark energy as mentioned above. On the other hand, if |n| → ∞, the K-essence unifies the
Einstein cosmological constant and the cold dark matter model. Finally, when n ≈ 0, the
equation of state can be very large such that w → +∞. Now, the K-essence becomes the
stiffest matter in nature.

–4

–3

–2

–1

w

1

2

3

1 2 3 4 5 6 7a

Figure 1. The evolution of EOS for K-essence with respect to the scale factor when
n = 0.17, 0.25, 0.5, 2 from down to top, respectively, for the lower half of the graph. For the up-
per half of the graph, we put n = −0.14, −0.18, −0.25, −0.5, −2 from up to down. We assume
b0 = b1 = 1.

3.3.2. The Case of F = s1
√

x + s2
√

y + s
(

x
y

) n
2

Secondly, we consider the Lagrangian function

F = s1
√

x + s2
√

y + s
(

x
y

) n
2

, (36)

where s1, s2, s, and n are constants. n is dimensionless, and s has the dimension of L−2

while s2, s2 have the same dimension of L−1. We recognize that s1 and s2 terms are actually
the kinetic terms of Cuscuton action [30]. It is amazing that the s1 and s2 terms of the
Lagrangian also appear in the Lagrangian of two interacting particles in the low-velocity
limit [31]. The third term denotes the novel potential. The reason we call it “potential”
is that it behaves exactly as the Einstein cosmological constant in the background of
the Friedmann–Robertson–Walker universe in the absence of the s1 and s2 terms. The
cosmological equations of motion, Equations (10) and (11), give the energy density
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ρK = −
s
(
c2 − s2a3)n

(c1 − s1a3)
n , (37)

where c1 and c2 are integration constants. It is straightforward to obtain the pressure pK
and equation of state ω for K-essence by substituting the energy density into the energy
conservation equation

dρK
dt

+ 3H(ρK + pK) = 0 . (38)

In order to ensure that the energy density is always positive, we let

(s, s1, s2) < 0 , (c1, c2) > 0 . (39)

Of course, there are other options available, depending on the values of n.
In Figure 2, we plot the EOS ω with respect to the scale factor. It shows that the EOS

starts from −1 at the very early universe and then decreases to negative. Subsequently it
approaches −1 in the distant future. This shows that the energy density emerges as nearly
a constant in the very early universe. Then, it experiences a remarkable growth. Eventually,
the energy density climbs to a very huge constant again. To show this point, we plot the
evolution for the log-ratio.

–3

–2

–1

w

1

1 2 3 4 5 6 7a

Figure 2. The evolution of EOS for K-essence with respect to the scale factor when
n = −5 ,−4 ,−3 ,−2 ,−1 , 1 , 2 , 3 , 4 , 5 from down to top, respectively. We have put
s1 = s2 = −1, c1 = 1, c2 = 8.

η = log
ρK
ρK0

. (40)

of K-essence density ρK to its present-day value ρK0 in Figure 3. Thus, we conclude that the
fate of our universe is to undergo an inflation a third time.

In Figures 4 and 5, we plot the evolution of EOS for K-essence with respect to the
natural logarithm of the scale factor. The present-day EOS is slightly less than −1, which is
consistent with the astronomical observations [32,33].
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η

0

20

40

80

100

120

–10 –5 0 5 10 15 20ln a

Figure 3. The evolution of for the log-ratio η of K-essence density to its present-day value with respect
to the scale factor. We have put s1 = −2 · 10−3, s2 = −10−3, c1 = 10, c2 = 1, n = 170.

–70

–60

–50

–40

w

–20

–10

0

0 2 4 6ln a

Figure 4. The evolution of EOS for K-essence with respect to the natural logarithm of scale factor. We
have put s1 = −2 · 10−3, s2 = −10−3, c1 = 10, c2 = 1, n = 170.
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–2

–1.8

–1.6

–1.4

w

–1

–0.8

–0.6

0 2 4 6ln a

Figure 5. The evolution of EOS for K-essence being a part of Figure 4 with respect to the natural
logarithm of scale factor.

On the other hand, Figure 2 also shows that the EOS might start from −1 in the very
early universe and then increases to positive, its curves bulging and distended. In the end,
it arrives at −1. This shows that the energy density is nearly a constant in the very early
universe and then it decreases significantly. Finally, the energy density dwells on a very
small constant. This indicates that the K-essence can unify the early inflation field and the
later dark energy. In order to make this clear, we plot the evolution for the log-ratio η of
K-essence density to its present-day value, the equation of state of K-essence with respect
to the natural logarithm of scale factor in Figures 6–8.

η

0

20

40

80

100

120

–100 –90 –80 –70 –60 –50 –40 –30
ln a

Figure 6. The evolution of for the log-ratio η of K-essence density to its present-
day value with respect to the natural logarithm of scale factor. We have put
s1 = −4, s2 = −1, c1 = 10−93, c2 = 10−93, n = 200.
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0

10

20

30

40

50

60

70

w

–78 –76 –74 –68 –66 –64 –62ln a

Figure 7. The evolution of EOS for K-essence with respect to the natural logarithm of scale factor. We
have put s1 = −4, s2 = −1, c1 = 10−93, c2 = 10−93, n = 200.

–1.2

–1.1

–1

–0.9

–0.8

–0.7

–0.6

–0.5

w

–78 –76 –74 –68 –66 –64 –62ln a

Figure 8. The evolution of EOS for K-essence being a part of Figure 7, with respect to the natural
logarithm of scale factor.

The Hubble radius of the present-day universe is in the order of 1025 m. Inflation is
generally assumed as starting from the Planck length, 10−35 m. On the whole, the scale
factor expands by an order of 1060 or 140 e-folds. In order to solve the horizon problem,
60 e-folds from inflation are needed, more or less. Without a loss of generality, we assume
inflation produces 70 e-folds. Therefore, inflation starts from a ∼ e−140 to a ∼ e−70. Then,
from a ∼ e−70 to a ∼ e0, the universe goes through three stages, namely, the radiation-
dominated, matter-dominated, and matter plus dark-energy dominated stages, respectively.

Figure 6 tells us that the early density of double-field K-essence can be to the order
of 120 as compared to the present-day cosmic density. This is commonly assumed in the
inflation paradigm. Figure 7 shows that the EOS can be very large, which indicates the
K-essence energy density undergoes a precipitous decline at this instant. Figure 8 clearly
shows that the EOS has −1 as its starting point and final result. This is a desirable feature
for it to play the role of the early inflation field and the later cosmic dark energy.
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In the next subsection, we shall present the other example which can unify the early
inflation field and the later cosmic dark energy.

3.3.3. The Case of F = s1
√

x + s2
√

y + sen
(

x
y

) m
2

Thirdly, we consider the Lagrangian

F = s1
√

x + s2
√

y + sen
(

x
y

) m
2

, (41)

where s1, s2, s, n and m are constants. Here, both n and m are dimensionless. The s1
and s2 terms are the kinetic terms of Cuscuton action [30]. The exponential term is the
potential and it behaves exactly as the Einstein cosmological constant in the background
of the Friedmann–Robertson–Walker universe in the absence of the s1 and s2 terms. The
cosmological equations of motion, Equations (10) and (11), give the energy density

ρK = se
n
(c2−a3s2)

m

(a3s1−c1)
m

, (42)

where c1 and c2 are two integration constants. When the scale factor a is sufficiently small,
i.e., a → 0, we obtain a constant energy density

ρKe = se
n

cm
2

(−c1)
m

. (43)

On the other hand, when the scale factor is sufficient large, we also have a constant
energy density

ρKl = se
n (−s2)

m

sm
1 . (44)

The log-ratio of above constant densities is

η ≡ log
ρKe
ρKl

=
1

ln 10

[
n

cm
2

(−c1)
m − n

(−s2)
m

sm
1

]
. (45)

If we require

n
cm

2
(−c1)

m ≈ 277 , n
(−s2)

m

sm
1

≈ 1 , (46)

we would find

η ≈ 120 . (47)

Namely, the constant energy density for inflation is 120 orders of magnitude larger
than the present dark energy density. To make this clear and for simplicity, we consider the
parameter

m = 1 . (48)

Then, we obtain the energy density

ρK = se
−n a3s2−c2

a3s1−c1 . (49)

Given the energy conservation equation (Equation (38)), the EOS can be obtained.
In Figures 9–11, we plot the evolution for the log-ratio η of the K-essence density to its
present-day value, the EOS of K-essence with respect to the natural logarithm of scale factor.
To conclude, we find the Lagrangian function Equation (41) can be used as a model of
unification of early inflation field and later cosmic dark energy.
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Figure 9. The evolution of for the Log-ratio η of K-essence density to its present-day value with respect
to the natural logarithm of scale factor. We have put s1 = −277, s2 = −1, c1 = 10−93, c2 = 10−93,
n = −277.
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Figure 10. The evolution of EOS for K-essence with respect to the natural logarithm of scale factor.
We have put s1 = −277, s2 = −1, c1 = 10−93, c2 = 10−93, n = −277.
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Figure 11. The evolution of EOS for K-essence being a part of Figure 10 with respect to the natural
logarithm of scale factor.

3.3.4. The Case of F = s1
√

x + s2
√

y + s
√

x

y
n
2

Finally, we consider the Lagrangian

F = s1
√

x + s2
√

y + s
√

x
y

n
2

, (50)

where s1, s2, s, and n are constants. Now, s has a dimension of L3−n. The cosmological
equations of motion, Equations (10) and (11), give the energy density

ρK =
1
n

s
1
n

(
s2a3 − c2

)
a−3+ 3

n

(
c1 − s1a3

)− 1
n , (51)

where c1 and c2 are integration constants. In order to ensure that the energy density is
always positive, we require

(c2, s1) < 0 , (s2, c1, s, n) > 0 . (52)

It is straightforward to obtain the pressure pK and thus equation of state ω

ω = −ns1s2a6 − ns2c1a3 − s2c1a3 + c1c2

n(s2a3 − c2)(s1a3 − c1)
, (53)

for K-essence by substituting the energy density into the energy conservation equation. In
Figures 12–14, we plot the EOS with respect to the scale factor. Figure 12 shows that the
absolute value of EOS can be very large at the early universe. The large number of the EOS
means that the energy density decreases or increases remarkably fast. When a → 0, we
have the EOS.
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Figure 12. The evolution of EOS for K-essence with respect to the scale factor when
n = 1

2 , 2
3 , 1 , 2 , 5 , 100 from bottom to top. We set s1 = −1 , s2 = 1 , c2 = −1 , c1 = 10.
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Figure 13. The evolution of EOS for K-essence with respect to the scale factor when
c2 = −0.5 ,−20 ,−60 ,−200 ,−800 from bottom to top. We set n = 1

2 , s1 = −1 , s2 = 1 , c1 = 10.
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Figure 14. The evolution of EOS for K-essence with respect to the scale factor when
c2 = −0.25 ,−8 ,−60 ,−400 ,−1800 from bottom to top. We set n = 2 , s1 = −1 , s2 = 1 , c1 = 10.

ω = − 1
n

. (54)

Then, when n → +∞, we have ω = 0, as shown in Figure 12. On the other hand,
when a → ∞, we have

ω = −1 . (55)

Figures 13 and 14 reveal that the EOS can cross the phantom divide either from large
to small as shown in Figure 14 or from small to large as shown in Figure 13. They have one
thing in common: namely, they all approach −1 in the distant future.

It is of particular interest when n = 1. We find that in this case, the K-essence can
unify the inflation field, dark matter, and dark energy. Equations (54) and (55) tell us that
the EOS is −1 both in the very early universe and the later universe, which is a desired
feature for the candidates of inflation field and dark energy. In Figure 15, we plot the EOS
of the K-essence with respect to the natural logarithm of scale factor when n = 1. The
figure shows that inflation starts from a ∼ e−140 to a ∼ e−80, i.e., 60 e-folds are generated
by inflation. Then, from a ∼ e−80 to a ∼ e−0, K-essence plays the role of dark matter with
an EOS of 0. Finally, in the vicinity of a0, namely, the present-day universe, the K-essence
plays the role of both dark matter and dark energy. To illustrate this point, we plot the
evolution of the EOS with respect to cosmic redshift in Figure 16. The circled line is for
the ΛCDM paradigm. As we can see, the two curves are almost overlap with each other,
suggesting that the unification model holds here. In Figure 17, we plot the evolution for
the log-ratio η of the K-essence density to its present-day value with respect to the natural
logarithm of scale factor. There is a slope between the two platforms. The slope denotes the
decrease in dark matter with the expansion of the universe.
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Figure 15. The evolution of EOS for K-essence with respect to the natural logarithm of scale factor
when c2 = −1 , s1 = −10−14 , s2 = 2 , c1 = 10−125 .
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Figure 16. The evolution of EOS for K-essence with respect to the cosmological redshift when
c2 = −1 , s1 = −10−14 , s2 = 2 , c1 = 10−125 . The circled line is for the ΛCDM paradigm.
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Figure 17. The evolution of EOS for the log-ratio η of K-essence density to its present-day value with
respect to the natural logarithm of scale factor when c2 = −1 , s1 = −10−14 , s2 = 2 , c1 = 10−125 .

To summarize at this stage, the double-field pure K-essence is a potential candidate
to unify the inflation field, dark matter, and dark energy. In this scenario, the coincidence
problem no longer exists because dark matter and dark energy are the same field. This is
different from the conventional method in order to solve the coincidence problem where
it assumes an interaction between dark matter and dark energy (see for example the
review [34]). Other models that attempt to unify inflation, dark energy, and dark matter are
mainly developed in framework of one scalar field theory, for example [35,36].

4. Stability Analysis

The stability conditions for K-essence with a single field were obtained by Kase and
Tsujikawa in [37]. In this section, we carry out the stability analysis of double-field pure
K-essence theories in the background of Minkowski spacetime. The search for gauge-ready
formulation of scalar perturbations in in-homogeneous universe as performed in [37] is a
large and complex subject and thus beyond the scope of this paper.

It is easily found that in the background of Minkowski spacetime, the evolution of two
scalars for a general Lagrangian function F(x, y) is always

ϕ = v1t , ψ = v2t , (56)

with v1 and v2 as two constants. This means that the two scalars are always varying
uniformly over time. So, we expand them in the form

ϕ
(
t,−→x

)
= v1t + δϕ

(
t,−→x

)
,

ψ
(
t,−→x

)
= v2t + δψ

(
t,−→x

)
, (57)

where the delta terms are the perturbations. Substituting them into the Lagrangian Equation (30)
and collecting the second order terms for perturbations, we obtain the final Lagrangian,

L =
(
−4snv2

1 − 2
3
2−2nv4n+2

2 v1 − 16sn2v2
1

)(dδψ

dt

)2
+ 8v2snv1

dδϕ

dt
dδψ

dt

+
(
−4snv2

1 + 2
3
2−2nv4n+2

2 v1

)
∇δψ · ∇δψ + v2

2s∇δϕ · ∇δϕ , (58)

where ∇2
represents the three-dimensional Laplace operator in Euclidean space. Then, the

equation of motion for linear perturbations are obtained
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4nv1
d2δψ

dt2 + v2∇
2
δϕ = 0 ,

snv2
d2δϕ

dt2 +

(
−v1sn − 1

2

√
24−nv4n+2

2 − 4v1sn2
)

d2δψ

dt2

+

(
−v1sn +

1
2

√
24−nv4n+2

2

)
∇2

δψ = 0 . (59)

They have the stable solutions

δϕ = δψ = eI
(−→

k ·−→x −wt
)

, (60)

with

w2 = −v2
−→
k ·

−→
k

4nv1
, (61)

s =

√
24−nv4n+2

2 (v2 + 4nv1)

2n(v1 − v2)(4nv1 − v2)
. (62)

The square of frequencies, Equation (61), shows that there exists a decaying mode
(for imaginary w) or oscillating mode (for real w) dependent on the sign of v1, v2, and n.
Therefore, it is physically reasonable. Similarly, we obtain the square of frequencies for
other three models. They are given by

w2 = −
−→
k ·

−→
k (v2s2 + s1v1)

v2s2 − v2ns2 + v1s2n + s1v1 + s1v1n − v2s1n
, (63)

w2 = −
−→
k ·

−→
k
(

vm+1
2 s2 + s1v1vm

2

)[
vm+1

2 s2 − nmvm
1 v2s2 − mvm+1

2 s2 + mnvm+1
1 s2

+mv1s2vm
2 + s1mnvm+1

1 − s1v2mnvm
1 + s1mv1vm

2 − s1vm+1
2 m + s1v1vm

2

]−1
, (64)

and

w2 = −
−→
k ·

−→
k (nv1s1 + v2s2)

n(v1s1 + nv1s1 − s1v2 + s2v1)
, (65)

respectively. In all, the double-field pure K-essence models are physically allowable at the
level of perturbations in the background of Minkowski spacetime.

5. Conclusions and Discussion

In conclusion, we have studied a class of novel double-field pure K-essence whose
Lagrangians are the functions of the kinetic terms x, y of two scalar fields while independent
of the scalar fields ϕ and ψ. The absence of the scalar field variables in the Lagrangians
makes the equations of motion for scalar fields considerably simpler and their analytic
solutions can be found. The novelty of this K-essence lies in the “potential”, which is made
up of the quotient of kinetic terms x/y of the scalar fields.

Why do we study this quotient form “potential”, x/y? Actually, we find in the double-
field pure K-essence theory, that a quotient form of the Lagrangian F(x/y) can exactly play
the role of the cosmological constant in the background of a homogeneous and isotropic
universe. However, the scalar fields are dynamic, although the energy density is a constant.
Of course, in an inhomogeneous and anisotropic universe, the quotient form of the K-
essence would be different from the Einstein cosmological constant because they have
different energy-momentum tensor. On the other hand, in the process of looking for the
double-field K-essence description of constant EOM matter and generalized Chaplygin
gas matter, the quotient terms inevitably occur in the Lagrangians. These facts motivate
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us to make an analysis of the cosmic evolution of the double-field K-essence with the
quotient-form potentials. To our knowledge, this is the first time that this type of K-essence
has been explored. As for the kinetic terms in the Lagrangians, we emphasize that they are
actually the Cuscuton terms [30]. It is surprising that the Cuscuton terms of the Lagrangian
also appear in the Lagrangian of two interacting particles in the low-velocity limit [31].

We find that the equation of state for this novel K-essence has many interesting features.
They are outlined as follows.

First, the EOS can cover a very large parameter space, −∞ < ω < +∞, which is re-
markably different from that of quintessence, −1 < ω < +1. The large magnitude of
|ω| ≫ 1 means that the energy density of K-essence can increase, ∝ a|ω|, or decrease,
∝ a−|ω|, extremely dramatically.

Secondly, the EOS can start from −1 in the very early universe. Then, it increases
or decreases dramatically, and finally equals −1 in the distant future. Accordingly, two
fates of the universe are laid before us. One is a de Sitter-like universe governed by a very
small nearly constant energy density (with the order of dark energy density in the present
universe) and the other is an inflationary universe governed by a very large nearly constant
energy density (with the order of Planck energy density). In the former case, the universe
will expand forever exponentially while in the later case, it starts a new inflation again.

Thirdly, the EOS also begins from −1, goes through 0, and ends in −1. Therefore, the
novel K-essence has the potential to unify the early inflation field, the later dark energy,
and the dark matter in between. In this scenario, the coincidence problem no longer exists
because of the sameness of dark matter and dark energy in nature.

Fourthly, we find that the novel double-field pure K-essence can incorporate the
scenario of sign-switching dark energy like the ones investigated in [38–40] by appropriately
selecting the values of parameters s2, c2 and c1, s1 in the energy density, Equation (51), for
example. It is found that the sign-switching dark energy is asymptotically positive and
vanishing, but negative at the Big Bang. As a consequence, the Hubble tension is alleviated.

Finally, we must acknowledge that while our studies have revealed above interesting
features, it is not enough. In brief, we only studied the cosmic evolution of the novel
K-essence in a homogeneous universe. The research on the behavior of this novel K-essence
in an inhomogeneous universe should be carried out in the following work.
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Notes
1 But Lee et al. [19] proved that the EOS (equation of state) of dark energy and the present-day Hubble parameter are anti-correlated

in K-essence theories. So, K-essence acting as late-time dark energy may make the Hubble tension even worse. The reason for
this is that if the K-essence scalar does not rest at the minimum of the potential, the present-day Hubble parameter would be
decreased.
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