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Abstract

We study the conditions under which momentum-space equal-time correlators of scalar
fields are finite in flat space. We identify cases where these correlators can be divergent
even after renormalization, and we provide sufficient criteria for their existence. Concrete
examples are discussed, including the well-known λϕ4 model, composite operators, and
effective field theories.
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1. Introduction
It is widely believed that, at its very beginning, the universe underwent a phase

of rapid expansion known as inflation. Describing the physics of inflation requires an
understanding of quantum field theory on a de Sitter background, a task that has received
significant attention since the seminal work [1]. In particular, cosmological correlators
have recently attracted considerable interest [2–34]. The goal of this program is to compute
n-point correlation functions ⟨ϕ1 . . . ϕn⟩ in a de Sitter background [35,36].

An especially powerful tool for this purpose is the Wavefunction of the Uni-
verse [5,6,35,37], see also [7,9,11,12,38–43]. A key feature of this approach is that, while
it avoids the more cumbersome computations of the in-in Schwinger-Keldysh formal-
ism [28,44–47], it most naturally provides access to equal-time correlators. Indeed, even the
in-in formalism is often specialized to the computation of equal-time correlators.

The purpose of this work is to critically examine the existence of these equal-time
correlators in quantum field theory.

Among recent developments in the study of cosmological correlators, we note that the
analogs of the Cutkosky cutting rules and the optical theorem have been formulated for
de Sitter, and more generally FLRW backgrounds, in [7,9,11,12,41,43,48] within the Wave-
function of the Universe framework, yielding results valid to all loop orders. On the fully
non-perturbative side, we highlight the formulation of the Källén-Lehmann representation
for deSitter [29,49,50], the Reeh–Schlieder theorem [51], and a discussion of the spectral
condition [52].

We examine equal-time correlators, for which UV divergences are often left unrenor-
malized, with an explicit cutoff retained in the final result (see, however, [28,45,46,53–55] for
works that do implement renormalization). In Section 2, we show on general grounds that
computing correlators at exactly equal times can produce divergences even for renormalized
fields at loop level, making the removal of the UV regulator problematic in general. The core
issue is that quantum fields, which are operator distributions, do not in general admit a
restriction to a space-like hypersurface. We first present a necessary and sufficient condition
for the finiteness of the equal-time 2-point function, and then show how from the existence
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of the equal-time 2-point function we can bootstrap the existence of equal-time n-point
functions. Since our focus is solely on UV divergences, we restrict the discussion to flat
space, where both the theoretical framework and computations are more developed, un-
der the expectation that the UV behavior of correlators should be similar to that in de Sitter
space. In Section 3, we give explicit computations in flat space to illustrate how these
divergences arise in perturbative calculations, including examples involving composite
operators and non-renormalizable theories.

While the goal of the program is to ultimately take the limit of cosmological correlators
as η → 0, this limit can be non-trivial [56–66]. To simplify the discussion, we restrict
our attention to finite t and η. For concreteness, we also focus on massive scalar fields,
although the extension to higher-spin fields is conceptually straightforward. The mass acts
as an IR regulator but otherwise plays no role in the analysis.

Notation

We denote bare fields with a subscript 0, while renormalized fields are denoted by
a subscript R, or no subscript at all. For equal-time correlators, we indicate the identical
time t as ⟨. . .⟩t. By ⟨. . .⟩′, we mean the correlator without the overall 3- or 4-momentum
conserving delta function, depending on context. Except for Section 2, we will leave the
time ordering symbol implicit in the correlators.

We will begin by showing a very simple example, rooted in perturbative quantum
field theory, of pairs of operators whose 2-point correlation function cannot admit an
equal-time restriction.

2. General Arguments
A central problem in quantum field theory is to give a precise meaning to the equations

governing the dynamics of the Heisenberg fields ϕ. Perturbative quantum field theory
attempts to solve this problem by introducing the interaction picture fields ϕ = U†ϕIU,
where U is unitary and ϕI are fields obeying the canonical commutation relations. However
U, can only exist if a cutoff ϵ is imposed (Haag’s theorem). The limit where the regulator is
removed ϵ → 0 would be singular for bare fields ϕϵ, but can instead be obtained after an
appropriate rescaling inside correlation functions

ϕ = lim
ϵ→0

Z−1/2
ϵ ϕϵ (1)

where Zϵ is the wavefunction renormalization (singular as ϵ → 0) and ϕ are called renor-
malized fields. From here on we will refer to the bare fields as ϕ0, to the renormalized fields
as ϕR or ϕ and to Zϵ as Z.

This short review clarifies that bare fields obey equal-time canonical commutation
relations at finite cutoff, because they are unitarily equivalent to the canonical fields ϕI

[ϕ0(x, t), ϕ̇0(y, t)] = iδ3(x − y) (2)

where we focused on theories without derivative interactions for simplicity, so that the
canonical momentum is ϕ̇. As a consequence, the rescaled renormalized fields ϕR =

Z−1/2ϕ0 obey
[ϕR(x, t), ϕ̇R(y, t)] = iZ−1δ3(x − y) (3)

where Z−1 diverges as we remove the regulator, except for free theories where Z = 1.
Thus either ⟨ϕR(x)ϕ̇R(y)⟩t or ⟨ϕ̇R(y)ϕR(x)⟩t (in fact both) must be divergent, providing
a first example of pairs of renormalized fields whose correlation function is divergent at
equal times.
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Before proceeding, it is worth stopping and clarify why one should be concerned with
the singularities of Z but not with those of δ3(x − y). For this purpose, it is worth recalling
that smeared correlation functions

⟨ϕR( f1) . . . ϕR( fn)⟩
def
=
∫

d4x1 . . . d4xn f1(x1) . . . fn(xn) ⟨ϕR(x1) . . . ϕR(xn)⟩ (4)

are supposed to give finite values [67,68]. The fi(x), called test functions, are functions of
spacetime of rapid decrease at infinity. Before this smearing, the correlator is a distribution
in each of the spacetime variables, and it is not clear a priori that such a distribution admits a
restriction where all times ti are identical. Free fields can be shown to admit this restriction,
and the distributional nature of δ3(x − y) in Equation (2) should not worry us because
it gets regulated by the test functions. On the contrary, Equation (3) can be taken as an
example of this restriction not existing in general. Investigating when this restriction exists
is one of the main points addressed in this paper. As a side remark, because of spacetime
translation invariance only the smearing in the relative coordinates is relevant.

In the remainder of this section, we first describe the condition under which the
equal-time 2-point function exists, and guiding the reader’s intuition by interpreting this
condition in the context of conformal field theories. We then examine what happens when
a time smearing is introduced and subsequently taken to the delta-function limit. Finally,
we prove a general result: the finiteness of the equal-time 2-point function is sufficient to
guarantee the finiteness of all equal-time n-point functions.

2.1. Discussion of the 2-Point Function

We can discuss the finiteness of the 2-point function at equal times by invoking the
Källén–Lehmann representation [68,69] (for now ϕ(x), ρ(µ2) can be either bare or renormal-
ized). Our strategy, which is now fully non-perturbative and independent of the canonical
commutation relations, is to take the 2-point function given by the Källén–Lehmann repre-
sentation, restrict it to equal times and check if the result is still a distribution. This check is
performed by smearing in the remaining (space) variables and determining if the result is
divergent or not.

We discuss the time ordered correlator, but the result easily translates to Wightman
functions.

⟨T [ϕ(x)ϕ(y)]⟩ =
∫ ∞

0
dµ2 ρ(µ2)D(x − y; µ2) =

∫
dµ2 d4 p

(2π)4 ρ(µ2)
i

p2 − µ2 + iε
eip(x−y) (5)

where D is the Feynman propagator, ρ(µ2) ≥ 0 is the spectral density and µ is the mass
of the intermediate states. We emphasize that this equation is to be understood in the
distributional sense: one must first integrate over spacetime against a test function, as in
Equation (4), then perform the momentum integral, and only afterwards integrate over µ2.

We will now determine under which conditions the 2-point function with fields at
equal times is well-defined, while keeping the smearing in space against a test function
f (x). We integrate in the energy p0 by closing the contour in the upper/lower half plane,
depending on the sign of ∆t = t1 − t2, obtaining

⟨T [ϕ( f , t1)ϕ( f , t2)]⟩ =
∫

dµ2ρ(µ2)
∫ d4 p

(2π)4
i

E2 − p2 − µ2 + iε
| f̃ (p)|2eiE∆t =

=
1
2

∫
dµ2ρ(µ2)

∫ d3 p
(2π)3

| f̃ (p)|2
Ep

e−iEp |∆t|, Ep =
√

p2 + µ2, ∆t = t1 − t2

(6)
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If we are interested in the correlator at some assigned 3-momentum p, factoring out the

momentum conserving δ3 function, it is sufficient to remove
∫ d3 p

(2π)3 | f̃ (p)|2. The Wightman
function would instead be

⟨ϕ( f , t1)ϕ( f , t2)⟩ =
1
2

∫
dµ2 ρ(µ2)

∫ d3 p
(2π)3

| f̃ (p)|2
Ep

e−iEp∆t (7)

At equal times, we get a finite 2-point function if and only if

⟨ϕ( f , t)ϕ( f , t)⟩ = 1
2

∫
dµ2 ρ(µ2)

∫ d3 p
(2π)3

| f̃ (p)|2
Ep

< ∞ (8)

Since the integrand is always positive, we need to ensure convergence in µ2. Recalling
Ep ∼ µ as µ → ∞, we arrive at our first result: the equal-time 2-point function is finite if

∫ ∞
dµ2 ρ(µ2)

µ
< ∞ (9)

Up to now our discussion applies for any field and is fully non-perturbative. We now
specialize the discussion to the “elementary” fields that appear in the Lagrangian in order
to revisit and generalize the argument given in the previous section for commutators:
we will demonstrate that the correlator between a renormalized field and its conjugate
momentum is divergent at equal times. To this end, it will be convenient to keep the cutoff
ϵ finite.

Going back to Equations (6) and (7) and working at fixed 3-momentum discarding the
momentum conserving delta function, we observe that taking a time derivative of one of
the fields worsens convergence, since it brings down an additional factor of Ep. Explicitly,

⟨T [ϕ(p, t1)ϕ̇(p, t2)]⟩′ =
i
2

sgn(∆t)
∫

dµ2 ρ(µ2) e−iEp |∆t| (10)

⟨ϕ(p, t1)ϕ̇(p, t2)⟩′ =
i
2

∫
dµ2 ρ(µ2) e−iEp∆t (11)

which could be problematic when t1 → t2, because the rapidly oscillating phase vanishes,
giving the integral

⟨ϕ(p, t)ϕ̇(p, t)⟩′ = i
2

∫
dµ2 ρ(µ2) (12)

To see that this integral is divergent, we will relate it to the well known commutator of bare
fields Equation (2).

Given that Equation (10) is the time-ordered correlator, we can take the difference
between the limits t1 → t+2 , t1 → t−2 and then set t2 = t to compute the commutator
[ϕ(p, t), ϕ̇(p, t)]. This computation can be specialized to bare or renormalized fields, giving

⟨[ϕR(p), ϕ̇R(p)]⟩′t = i
∫ ∞

0
dµ2 ρR(µ

2), ⟨[ϕ0(p), ϕ̇0(p)]⟩′t = i
∫ ∞

0
dµ2 ρ0(µ

2), ρ0
def
= ZρR (13)

The canonical commutation relation between the bare fields ϕ̇0 and ϕ0 for theories with no
derivative interactions ensures that

⟨[ϕ0(p, t), ϕ̇0(p, t)]⟩′ = i (14)

thus we deduce the integral of the bare spectral density∫ ∞

0
dµ2ρ0(µ

2) = 1 (15)
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while the integral of the renormalized spectral density obeys∫ ∞

0
dµ2 ρR(µ

2) = Z−1 (16)

which diverges as we remove the UV cutoff. This concludes the (perturbative) argument
for the divergence of the integral of the spectral density, which can also be checked non-
perturbatively in simple models [68].

The first conclusion to draw from Equation (16) is that not only is equal-time commu-
tator Equation (3) divergent, but so is the equal-time correlator Equation (12). In addition,
the µ−1 suppression factor is crucial to not trivially exclude the validity of Equation (9) for
renormalized fields.

2.2. Interpretation in a CFT

In this subsection we interpret the condition in Equation (9) for the existence of
the equal-time 2-point function by studying the example of an interacting scalar field of
dimension ∆ in a conformal field theory. The reason why this example is simple is that,
from scaling arguments,

ρ(µ2) ∝ (µ2)∆−2 (17)

so the integral in Equation (9) is convergent if and only if

∆ <
3
2

(18)

The same scaling arguments also apply to interacting spinning fields1.
Recall that in Euclidean signature the 2-point function of a scalar field of dimension

∆ is
⟨ϕ(τ1, x1)ϕ(τ2, x2)⟩ =

1
[(τ1 − τ2)2 + (x1 − x2)2]∆

(19)

Notice how the only singularity is localized at coincident points. Instead in Lorentzian
signature, we get the Wightman 2-point function

⟨ϕ(t1, x1)ϕ(t2, x2)⟩ =
1

[−(t1 − t2 − iε)2 + (x1 − x2)2]∆
(20)

where singularities, now spread out on the whole light-cone, are regulated by iε. The ap-
pearance of iε is most easily understood by looking at Equation (7): the substitution
∆t → ∆t − iε improves the convergence of the integral yielding an analytic function of
complex time [67].

We now come to what happens when we consider equal times. The 2-point func-
tion becomes

⟨ϕ(t, x1)ϕ(t, x2)⟩ =
1

[(x1 − x2)2]∆
(21)

which is finite, except at coincident points. However, to be more precise, Equation (21) is
not a distribution in general, unless additional subtractions are performed. To see this, it is
sufficient to study the existence of the integral of Equation (21) against a test function in
space2. The integral we study is

∫ f (x)
[(x)2]∆

d3x , f (x) = 1 if |x| < ϵ , f (x) = 0 if |x| > 2ϵ (22)

where we assumed f (x) to have non-zero value close to x = 0, and then to smoothly decay.
The integral is indeed finite if and only if ∆ < 3/2, in agreement with Equation (18).
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The same arguments can be repeated for spinning fields. As an application of these
ideas, we discuss spin 1

2 interacting fermions of dimension ∆. The bound ∆ < 3
2 in

Equation (18) can be combined with unitarity bounds for spinning particles [71], which
enforce ∆ ≥ 3

2 . Thus, the only fermion fields that admit a sharp time restriction are free
fermions because they do not have a spectral density obeying Equation (17). This conclusion
was also reached by Wightman [72] by different arguments.

Since the problem we are highlighting has to do with the UV modes of the theory,
and given that many quantum field theories are expected to flow to a conformal fixed point
in the UV, the computation above actually applies quite generally if ∆ is understood as the
scaling dimension of the field in the UV. Conformal field theories are also simple enough
that we can compute the Wightman 2-point function of a conformally coupled field in de
Sitter space. Performing a Weyl transformation on Equation (20) and defining H as the
Hubble constant, we get

⟨ϕ(η1, x1)ϕ(η2, x2)⟩ =
(H2η1η2)

∆

[−(η1 − η2 − iε)2 + (x1 − x2)2]∆
(23)

This expression clarifies that the condition Equation (18), derived for flat space, remains
identical in de Sitter. This is not surprising, since divergences in equal-time correlators
arise from probing large energies, where the theory is often effectively conformal.

2.3. Time Smearing

We know from the general theory of Wightman QFT that renormalized correlators
give finite results when all coordinates are smeared using test functions regular in every
space–time variable, as in Equation (4). We can then ask what fails in the limit where the
time smearing approaches a sharp δ function. We will see that time smearing suppresses
dangerous UV modes, and this suppression is lost once we take the limit to a δ function.

To be concrete, we focus on Gaussian smearing for simplicity, noting that the conclu-
sions hold more generally for any test functions supported over a finite time or length scale.
We choose the normalized

α(t) =
Ω√

π
e−Ω2t2

, f (x) =
K2

π3/2 e−K2|x|2 (24)

so that Equation (7) becomes

⟨ϕ( f , α)ϕ( f , α)⟩ =
∫ ∞

0
dµ2ρ(µ2)

∫ d3 p
(2π)3

1
2Ep

e−
E2

p
2Ω2 e−

p2

2K2 (25)

We stress the order of the integrals in Equation (5): first in x, y against test functions, then
in momentum, then in µ2. The integral in p gives

∫ ∞

0
dµ2ρ(µ2)

K2Ω2

K2 + Ω2 e−
µ2

2Ω2 U
(

1
2

, 0, µ2 K2 + Ω2

2K2Ω2

)
(26)

up to irrelevant scaleless prefactors, where U is the confluent hypergeometric funtion, which
asymptotes to U( 1

2 , 0, x) ∼ 1√
x as x → ∞. The well known sub-exponential growth of

ρ(µ2), together with the exponential suppression from e−
µ2

2Ω2 now ensures the convergence
of the integral for any Ω > 0.
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We can easily study what happens in the limit in which α(t) → δ(t), i.e., Ω → ∞:
because the integrand is positive, no non-trivial cancellations can arise. For this reason, we
can bring the limit inside the integral and we get

∫ ∞

0
dµ2ρ(µ2)K2U

(
1
2

, 0,
µ2

2K2

)
(27)

which, recalling the asymptotic behavior of U, is convergent if and only if

∫ ∞
dµ2 ρ(µ2)

µ
< ∞ (28)

in agreement with Equation (9).

2.4. Renormalized Higher Point Functions

The necessary and sufficient condition Equation (9) for the finiteness of the equal-time
2-point function was relatively easy to establish, more so than for higher-point functions,
because only in this case do we have access to the Källén–Lehmann representation. For-
tunately, the finiteness of the equal-time 2-point function is sufficient to guarantee the
finiteness of all equal-time n-point functions. In what follows, we work exclusively with
renormalized fields, as they are the only ones that give finite correlation functions when
appropriately smeared.

To show this, we will begin by establishing that the field restricted to a sharp time but
smeared in space against a test function f

ϕ( f , t) =
∫

ϕ(x, t) f (x)d3x (29)

defines a well-behaved operator (not only a distribution) on a dense subspace of the Hilbert
space H whenever the equal-time 2-point function is finite, a condition which can be
checked using Equation (9). To conclude the argument, we will then note that the equal-
time n-point function of ϕ amounts to the repeated application of the well-defined operator
ϕ( f , t) on a state in H, so that no divergences can arise.

Argument:

We begin by proving that if the equal-time 2-point function exists, then ϕ( f , t) is a well
defined operator. The assumption

⟨ϕ( f , t)ϕ( f , t)⟩ < ∞ (30)

can be interpreted as the state ϕ( f , t) |0⟩ having finite norm.
We can always assume that f has support in some finite space region R1. We now

want to determine the matrix elements of ϕ( f , t) itself, and we will do so by considering
the braket of ϕ( f , t) with two arbitrary states

⟨ψ|ϕ( f , t)|ϕ⟩ (31)

By the Reeh–Schlieder theorem,3 any state |ϕ⟩ can be approximated to any precision by
acting on the vacuum with field operators localized in an arbitrary compact spacetime
region. Let

|ϕ⟩ = Φ(R2) |0⟩ (32)
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where Φ(R2) is a product of fields smeared in the spacetime region R2, which we choose to
be space-like with respect to every point in R1 at time t. Thanks to the smearing, Φ(R2) is
not a distribution, but rather a well defined operator on H. Then

⟨ψ|ϕ( f , t)|ϕ⟩ = ⟨ψ|ϕ( f , t)Φ(R2)|0⟩ (33)

but from microcausality of the fields, i.e., their commutation at space-like separation,
we have

⟨ψ|ϕ( f , t)Φ(R2)|0⟩ = ⟨ψ|Φ(R2)ϕ( f , t)|0⟩ (34)

which we can read as the scalar product of two states which are known to be of finite norm:
we already proved this for the ket ϕ( f , t) |0⟩, while the bra ⟨ψ|Φ(R2) is the action of the
well defined operator Φ(R2) on a well-defined state. Tracing back our steps, the scalar
product ⟨ψ|ϕ( f , t)|ϕ⟩ must be finite by the Cauchy-Schwarz inequality. Having shown that
the matrix elements of ϕ( f , t) between two arbitrary states are finite numbers, we deduce
that ϕ( f , t) is a well-defined operator, for any compactly supported space test function
f (x). These functions are dense in the Schwartz class, so that compact support is not
too restrictive.

The final point is the observation that any equal-time vacuum correlation function
must exist

⟨ϕ( f1, t) . . . ϕ( fn, t)⟩ < ∞ (35)

because we can read it as repeatedly acting on the vacuum with well-defined operators,
to finally project again on the vacuum4. This concludes the proof.

2.5. A Possible Solution

In this section we summarize the situation, draw some conclusions, and propose a
possible resolution.

First, in renormalizable theories treated perturbatively, fields without time derivatives
admit a sharp time restriction. The reason is that the two-point function Γ(2) must have
mass dimension 2, and because there are no couplings with negative mass dimension,
the dependence on p2 can only appear linearly and inside logarithms, which more generally
amount to (p2)−cϵ, for some number c vanishing with the couplings and ϵ the dim-reg
regulator. So ultimately the 2-point correlator goes as 1

(p2)1+cϵ at large momentum, thus
passing the requirement in Equation (9).

More generally, in perturbation theory the mass dimension of every elementary field
in the UV is close to that of a free field up to an anomalous dimension γ, so for scalars the
condition Equation (18) is satisfied because ∆ = 1+γ < 3/2 if |γ| ≪ 1. Non-perturbatively
the situation is more delicate, and one should check the anomalous dimension of the
field and Equation (9) explicitly. Attempting to impose a sharp-time restriction on time
derivatives of fields is generically problematic because they have mass dimension 2 already
in the free case, thus violating Equation (18). All these results extend from the 2-point
function to any correlator, by the argument given in Section 2.4.

As discussed in Section 2.3, the most straightforward solution is to smear correlators
in time (independently for each field), but this approach can be cumbersome. Instead, one
can ask how can we make sense of equal-time correlators? From the general Wightman
framework [67], these divergences are a distributional issue that arises at coincident points.
The assumption of equal times in therefore not strictly enough to obtain infinite results,
and indeed Equations (3), (12), (21) and (27) involve either coincident points in space, or test
functions with overlapping support, or the related 3-momentum representation (where
plane waves are effectively the limit of very delocalized test functions).
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As a consequence, one possible strategy is to work in position space rather than 3-
momentum space. The resulting correlators are well-defined as long as one never takes a
coincident space-point limit.

It is sufficient to put only the external legs of the correlator in position space, so all
intermediate computations can still be performed more conveniently in momentum space.
Concretely, one can take the momentum-space equal-time correlator computed with a finite
UV cutoff, Fourier transform all external legs to position space, and only then remove the
UV regulator.

As an example, let us go back to the 2-point function at finite space separation ∆x

⟨ϕ(x1, t)ϕ(x2, t)⟩ =
∫

dµ2 ρ(µ2)
∫ d3 p

(2π)3
1

2Ep
eip·∆x (36)

Notice that the argument given above Equation (9) to show the divergence of this correlator
at equal times relied on the positivity of the integrand, which is now missing. Indeed the
spatial Fourier transform of 1

2Ep
is the free propagator at space-like separation, which enjoys

a suppression ∝ e−µ|∆x| that makes the dµ2ρ(µ2) integral always convergent at separate
points. Correlators with ϕ̇ enjoy a similar suppression.

3. Examples
This section is devoted to working out some flat space examples in detail. First, we will

discuss the prototypical λϕ4 model, checking every statement made on general grounds
in the previous section. By checking the behavior of the spectral density of ϕ, we will
try to elucidate in particular how the equal-time renormalized commutator [ϕ, ϕ̇] can be
divergent (Equation (3)), while the non-renormalized one remains finite (Equation (2)). We
will also check the validity of Equation (9), which was claimed to hold for perturbative
scalar fields. We continue in Section 3.2 by considering a composite operator in a free
theory, both in flat space and de Sitter. We conclude by briefly discussing effective field
theories, where the presence of an EFT cutoff makes an infinitely sharp time localization
even more problematic.

3.1. Single Scalar, λϕ4 Model

We now delve more into the details of the above arguments by studying an example.
Our aim will be to show that in d = 4 − ϵ, despite the divergence of correlation functions
in the limit ϵ → 0, the commutator of the bare fields [ϕ0, ϕ̇0] is finite at equal times.
Additionally, we will show that correlation functions of renormalized fields are divergent
when evaluated at equal times. We consider λϕ4 theory

L =
1
2
(∂µϕ0)

2 − 1
2

m2
0ϕ2

0 −
λ0µϵ

4!
ϕ4

0 (37)

in flat space. It is well known that, in dimensional regularization at two loops, the 2-point
function gets contributions from the following diagrams

Tree level
1-Loop

Cactus Sunset

The resulting 2-point amplitude, defined as the Fourier transform of the 2-point
function without the momentum conserving delta function, is
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Γ(2)
0 = p2 − m2

0 −
λ0m2

0
2(4π)2

(
4πµ2

m2
0

) ϵ
2

Γ
(
−1 +

ϵ

2

)
+

+
λ2

0m2
0

4(4π)4

(
4πµ2

m2
0

)ϵ

Γ
(
−1 +

ϵ

2

)
Γ
( ϵ

2

)
−

λ2
0Γ(ϵ)

6(1 − ϵ)(4π)4 (4πµ2)ϵ(3m2
0 A(p2) + B(p2)),

A(p2) =
∫ 1

0
dx
∫ 1

0
dy F(x, y, p2), B(p2) = −p2

∫ 1

0
dx
∫ 1

0
dy y F(x, y, p2)

F(x, y, p2) = [x(1 − x)]−
ϵ
2 (1 − y)y

ϵ
2−1
[
−p2y(1 − y) + m2

0

(
1 − y +

y
x(1 − x)

)]−ϵ

(38)

where µ is the dimensional regularization mass scale, and the Feynman iε prescription can
be implemented by giving a small negative imaginary part to m2

0. The renormalization
constants at order λ2 in MS scheme are

ϕ0 = Z1/2ϕ, λ0 =
Zλ

Z2 λ, Z = 1 − 1
12ϵ

λ2

(4π)4

Zm2 = 1 +
λ

(4π)2ϵ
+

λ2

(4π)4

(
2
ϵ2 − 1

2ϵ

)
, Zλ = 1 +

3λ

(4π)2ϵ
+

λ2

(4π)4

(
9
ϵ2 − 3

ϵ

) (39)

The 2-point correlator is

⟨ϕ0(E, p)ϕ0(−E,−p)⟩′ = i

Γ(2)
0

=
i

p2 − m2
0 + iε

+

+
iλ0m2

0 Γ
(
−1 + ϵ

2
)

2(4π)2(p2 − m2
0 + iε)2

(
4πµ2

m2
0

) ϵ
2

+
iλ2

0m4
0 Γ
(
−1 + ϵ

2
)2

4(4π)4(p2 − m2
0 + iε)3

(
4πµ2

m2
0

)ϵ

+

−
iλ2

0m2
0 Γ
(
−1 + ϵ

2
)
Γ
(

ϵ
2
)

4(4π)4(p2 − m2
0 + iε)2

(
4πµ2

m2
0

)ϵ

+
iλ2

0 Γ(ϵ) (4πµ2)ϵ(3m2
0 A(p2) + B(p2))

6(1 − ϵ)(4π)4(p2 − m2
0 + iε)2

(40)

where the iε prescription was made explicit.
To compute equal-time correlators, we now go from energy to time domain

⟨ϕ0(t, p)ϕ0(0,−p)⟩′ =
∫ dE

2π
eiEt ⟨ϕ0(E, p)ϕ0(−E,−p)⟩′ (41)

For most of the terms in ⟨ϕ0(E, p)ϕ0(−E,−p)⟩′, the integration is straightforwardly per-

formed. The tree level contribution is e−iEp |t|

2Ep
, and it gives rise to the correct equal-time

commutation relation [ϕ(x1, t), ϕ̇(x2, t)] = iδ3(x1 − x2). All higher order contributions to
[ϕ, ϕ̇] are expected to vanish at equal times. The 1-loop and cactus diagrams contribute
with terms proportional to

e−iEp |t|(1 + iEp|t|), e−iEp |t|(3 + 3iEp|t| − E2
pt2) (42)

where the coefficients contain 1
ϵ poles. When taking

d
dt

∣∣∣∣
0+

− d
dt

∣∣∣∣
0−

to compute the con-

tribution to the equal-time commutator, we get zero as expected. Finally, the sunset term
containing the A, B functions has branch cuts, making its evaluation non-trivial, and the
cancellation of its contribution will be shown in Appendix A. This shows that the bare field
satisfied canonical commutation relations at equal times, as assumed in Equation (2).

The computation above suffices to show that [ϕ(x1, t), ϕ̇(x2, t)] = iδ3(x1 − x2) at equal
times, but it is also interesting to check the integrals of ρ0(µ

2) and ρ(µ2), where µ2 here
is not to be confused with the dim-reg mass scale (subsequently named p2 whenever
confusions may arise). Following the general strategy discussed in Section 2.1, we extract
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the spectral density ρ0(µ
2) from ⟨ϕ0(E, p)ϕ0(−E,−p)⟩′ in Equation (40), bypassing the

need to go to time domain. This is easily done because

lim
ε→0+

i
p2 − m2

0 + iε
= P

i
p2 − m2

0
+ πδ(p2 − m2

0) (43)

where P indicates the principal part, so

ℜ[⟨ϕ0(E, p)ϕ0(−E,−p)⟩′] =
∫

dµ2ρ0(µ
2)ℜ

[
i

p2 − µ2 + iε

]
= πρ0(p2) (44)

The tree level term gives the expected δ function centered on the particle mass, while all
other terms except for the sunset contribution immediately give zero. For the sunset, in
addition to picking up the residue at the pole p2 = m2

0, we also get a term from the cut
when the energy is above threshold (p2 > (3m)2). Using

(−x − iε)−ϵ = x−ϵ(cos(πϵ) + i sin(πϵ)), if x > 0 (45)

we get

ρ0(p2) = δ(p2 − m2
0) +

λ2
0 Γ(ϵ) (4πµ2)ϵ(3m2

0 A′(m2
0) + B′(m2

0))

6(1 − ϵ)(4π)4 δ(p2 − m2
0)+

−
λ2

0 Γ(ϵ)ϵ (4πµ2)ϵ

6(1 − ϵ)(4π)4(p2 − m2
0)

2

∫ 1

0
dx dy[x(1 − x)]−ϵ/2(1 − y)y−1+ϵ/2×

×(3m2
0 − p2y)

[
p2y(1 − y)− m2

0(1 − y +
y

x(1 − x)
)

]−ϵ

θ

(
p2 −

m2
0

y(1 − y)
(1 − y +

y
x(1 − x)

)

) (46)

where θ is the Heaviside step function. The p2 = m2
0 contribution has a ϵ−1 pole, readily

evaluated to be − 1
12ϵ

λ2
0

(4π)4 δ(p2 − m2
0) as expected to reproduce the singular part of the

counterterm. The cut contribution does not have 1
ϵ poles: to show this, notice the y domain

of integration is restricted to be always a finite distance away from 0 by the θ function, thus
the factor y−1+ϵ/2 cannot give a singularity as ϵ → 0. Despite this, we cannot neglect the
cut contribution because, as we will see, it will give a ϵ−1 pole when we will consider the
integral of ρ0(µ

2). For this purpose, it will be sufficient to evaluate the cut contribution in
the limit of large p2, where we obtain

ρ0(p2) ≃ Zδ(p2 − m2
0) +

λ2
0

12(4π)4(p2 − m2
0)

2
(p2)1−ϵ (47)

where we dropped O(ϵ0) terms in the coefficient of δ, while the second term is approxi-
mated to leading order in large p2. We can now check that

∫ ∞

0
dµ2ρ0(µ

2) = Z +
λ2

0
12(4π)4

1
ϵ
+O(ϵ0) = O(ϵ0) (48)

and the 1
ϵ divergence canceled, as announced in Equation (15). Notice the need to keep

ϵ finite when it sits at the exponent of p2: expanding into logarithms is valid for all
finite momenta as ϵ → 0, but here we are checking a delicate ultraviolet property of the
bare fields.

We now discuss the renormalized correlator. The mass is renormalized by Zm2 , leading
to m2

0 → m2 inside all formulas. Similarly, since λ enters our formulas only as λ2, we can

https://doi.org/10.3390/universe12020035

https://doi.org/10.3390/universe12020035


Universe 2026, 12, 35 12 of 20

set Zλ = 1 up to higher loop corrections. Finally Z rescales ϕ0 and ρ0. As claimed in
Section 2.1,

ρR(µ
2) = Z−1ρ0(µ

2) ≃ δ(µ2 − m2) +
λ2

12(4π)4(µ2 − m2)2 (µ
2)1−ϵ (49)

The integral
∫ ∞

0 ρR(µ
2)dµ2 is now UV divergent, and the divergence is precisely the one

predicted in Equation (16). This also means that the correlator ⟨ϕ(x1)ϕ̇(x2)⟩t Equation (12)
is divergent. On the other hand, the condition in Equation (9) is satisfied even as ϵ → 0,
indicating that the equal-time ⟨ϕ(x1)ϕ(x2)⟩t correlator exists. This is in agreement with the
previous observation that the mass dimension of fields in perturbation theory is close to 1,
hence satisfying Equation (18).

3.2. Composite Operator : ϕ2(x) : In a Free Scalar Theory

As pointed out in Equation (18), the condition in Equation (9) is not satisfied for CFT
operators of dimension ∆ > 3

2 , indicating for example that : ϕ2(x) : in a free scalar theory
should not admit a sharp time restriction because its mass dimension is ∆ = 2. We verify
this in this subsection5. We suppress all time dependencies from operators and correlators,
always working at fixed equal time.

We begin by observing that

: ϕ2(x) :=
∫ d3 p1

(2π)3
d3 p2

(2π)3 e−i(p1+p2)·x : ϕ̃(p1)ϕ̃(p2) :=
∫ d3 p

(2π)3
d3P
(2π)3 e−iP·x : ϕ̃(p)ϕ̃(P − p) : (50)

where we separated the internal momentum and the centre of mass momentum. In mo-
mentum space, we can then define : ϕ̃2(P) : as

: ϕ̃2(P) :=
∫ d3 p

(2π)3 : ϕ̃(p)ϕ̃(P − p) : (51)

Recall from Equation (6) applied to a free theory that

⟨ϕ̃(p1)ϕ̃
∗(p2)⟩t =

1
2Ep1

(2π)3δ3(p1 − p2) (52)

so

⟨: ϕ̃2(P1) :: ϕ̃2∗(P2) :⟩t =
∫ d3 p1

(2π)3
d3 p2

(2π)3 ⟨: ϕ̃(p1)ϕ̃(P1 − p1) :: ϕ̃∗(p2)ϕ̃
∗(P2 − p2) :⟩t =

= 2 × (2π)3δ3(P1 − P2)
∫ d3 p1

(2π)3
1

2Ep1

1
2EP1−p1

(53)

It is readily observed, from Ep1 ∼ EP1−p1 ∼ p1 as p1 → ∞, that the last integral is
linearly divergent. We stress that this happens despite normal ordering, which already
subtracted all unphysical divergences and made : ϕ2(x) : a well-defined operator when
suitably smeared against test functions of space-time: the problem lies entirely in forcing
the correlator to be at equal times in 3-momentum space. As mentioned at the end of
Section 2.2, the divergence is absent in position space for distinct points at equal times,
because clearly

⟨: ϕ2(x) :: ϕ2(y) :⟩t =
2

[(x − y)2]2
, x ̸= y (54)

This example with : ϕ2(x) : is simple enough that it can be easily studied even in
de Sitter. For simplicity, we restrict to the frequently studied case of a conformally coupled
scalar field, with no interactions. Since we only used translational invariance, the whole

https://doi.org/10.3390/universe12020035

https://doi.org/10.3390/universe12020035


Universe 2026, 12, 35 13 of 20

discussion above still applies except that the 2-point function for the elementary field ϕ

now is
Wk(η, η′) = H2ηη′ 1

2k
eik(η−η′) (55)

so that

⟨: ϕ̃2(P1) :: ϕ̃2∗(P2) :⟩η = 2 × (2π)3δ3(P1 − P2)
∫ d3 p1

(2π)3 Wp1(η, η)WP1−p1(η, η) (56)

It is straightforward to see that the UV behavior of the integrand is the same, as one might
have expected. Thus the same problem can also affect de Sitter correlation functions.

3.3. Light Scalar, Heavy Scalar

Renormalizable theories such as the λϕ4 model discussed in Section 3.1 are in principle
valid up to arbitrarily large energies (aside for the Landau pole). On the contrary, effective
field theories (EFTs), due to the higher dimensional operators in their lagrangians, stop
making sense at energies above their cutoff, prompting the question of what happens to
the divergences in sharp time correlators in this context.

The first general point is that the argument given in Section 2.5, according to which
ρ(µ2) scales as ∼ (p2)1−c ϵ at large momentum, does not hold. We will now work through
an explicit example to show that higher derivative terms, generic in an EFT Lagrangian,
spoil the existence of sharp time restrictions of fields even in perturbation theory, making
correlation functions divergent in 3-momentum space. Next, we will show that a resum-
mation of diagrams can give finite results in specific cases, which however are hard to
interpret physically because of the appearence of spurious contributions. Indeed, while in
renormalizable theories only coincident points are problematic at equal times, we will see
in Equation (65) that in theories with a cutoff Λ any time localization more precise than 1

Λ ,
as one might expect, is problematic.

Consider a model consisting of a light scalar π and a heavy scalar ϕ 6, coupled together

LUV =
1
2
(∂µπ)2 − 1

2
m2π2 +

1
2
(∂µϕ)2 − 1

2
M2ϕ2 +

g
2

π2ϕ (57)

At energies much below M, π is described by the effective lagrangian

LEFT =
1
2
(∂µπ)2 − 1

2
m2π2 + . . . (58)

where the dots encapsulate all higher order operators, which can be fixed by imposing
matching conditions between LUV and LEFT . In particular, higher derivative operators like

(schematically) g2

M4 ∂2π∂2π appear in LEFT .
We will now show from a top-down computation that such terms proportional to p4

dominate the high-energy limit of the 2-point function Γ(2)
EFT , computed to some finite order

in g and 1
M . These terms will be important in what follows.

In the UV theory, the 2-point function of π at 1 loop (in MS after renormalization) is

iΓ(2)
π = i(p2 − m2) + (ig)2

∫ d4k
(2π)4

i
k2 − m2

i
(p + k)2 − M2 + counter-terms ≃

= i(p2 − m2) + i
g2

16π2

[
1 + ln

µ2

M2 +
p2

2M2 +
m2

M2 ln
m2

M2 +

+
p4

6M4 +
3m2 p2

2M4 +

(
m4

M4 +
m2 p2

M4

)
ln

m2

M2 +O
(

1
M6

)]
+O(g4)

(59)
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The term g2

16π2
p4

6M4 dominates the 2-point function if we (illegitimately) extrapolate the
theory up to large momenta.

We are now presented with a choice. We can either discuss the 2-point correlator to
order g2, or we can resum the geometric series of O(g2) 1-PI diagrams and study i

Γ(2) .

3.3.1. Leading Terms

In the first case the 2-point correlator is

⟨ϕ(p)ϕ(−p)⟩′t = i
∫ dE

2π

 1
p2 − m2 + g2 −

1
16π2

p4

6M4 +O(p2, p0)

(p2 − m2)2

 (60)

Due to the p4 term, which dominates at large energies, the second part of the integrand
gives a divergent contribution. This is to be contrasted with the λϕ4 example presented in
Section 3.1, where the equal-time ⟨ϕϕ⟩ correlator existed. More generally, the presence of a
p4 term is only possible in a non-renormalizable theory, on dimensional grounds.

If we were to introduce a time smearing that cuts off frequencies higher than Ω,
the correlator Equation (60) would get a contribution proportional to g2 Ω

M4 , thus linearly
divergent when the smearing is removed. This divergence signals a sensitivity of the result
on the effective UV cutoff Ω introduced by the smearing, which is hardly acceptable in
an EFT.

3.3.2. Resummed Series

The above treatment might seem a bit naive because usually we think of inverting Γ(2)

to determine the 2-point correlator, which corresponds to resumming the geometric series
of 1PI 2-point diagrams. We should then discuss

⟨ϕϕ⟩t = i
∫ dE

2π

1
Γ(2)

(61)

directly. To simplify the notation, let us define m̃, c1, c2 such that Γ(2) in Equation (59) can
be expressed as

Γ(2) = p2 − m̃2 + c1 p2 + c2 p4, c1, c2 > 0 (62)

The integrand now has 4 poles, and in particular we can write

1
Γ(2)

=
1

c2(a − b)

(
1

p2 − a
− 1

p2 − b

)
a =

√
(c1 + 1)2 + 4c2m2 − c1 − 1

2c2
, b = −

√
(c1 + 1)2 + 4c2m2 + c1 + 1

2c2

a ≃ m2, b ≃ − 1
c2

,
1

c2(a − b)
≃ 1 as g → 0

(63)

which makes manifest the presence of an unphysical degree of freedom because of the
negative kinetic and mass terms.

Reintroducing iε, the integral in Equation (61) can now be trivially performed resulting
in ∝ 1

Ea
− 1

Eb
, which is the sum of simple free propagators. In particular, the mass squared b

is negative, leading to
1
Eb

=
1√

p2 + b
≃ ic2 ∝

g2

M4 (64)

which is a spurious contribution of the same order as the terms we kept in the EFT la-
grangian. Going back to the idea of introducing a time smearing that cuts off frequencies
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above Ω, we see that a reasonable consistency requirement we should impose is that the
unphysical mass squared b should be much larger than the smearing cutoff Ω2, leading to

Ω2 ≪ M4

g2 (65)

which is the simple statement that the energies we consider should be well below the strong
coupling scale. The conclusion is that any time localization sharper than the EFT cutoff
is illegitimate.

4. Conclusions
In this paper, we examined the existence of sharp time restrictions for quantum fields,

required to compute correlators of fields at equal time. This seemingly harmless assumption
was shown to be a priori problematic. This is to be contrasted with the usual correlators
expressed in terms of energy (instead of time) and 3-momentum, where this problem does
not exist. These considerations could cast doubt on the validity of any method that attempts
to compute correlators at equal times. We were therefore prompted to determine under
which conditions the sharp time restriction is valid.

Fortunately, the condition we found in Equation (9) for elementary scalar fields, which
was reduced in Equation (18) to the check that the UV mass dimension of the field should
be at most 3

2 , is verified for free theories as well as scalar theories treated perturbatively.
This check, while only guaranteeing the existence of the 2-point function, extends to all
n-point correlators thanks to the argument given in Section 2.4. Computations of equal-time
correlators are then completely fine to all loop orders for elementary scalar fields. However,
it is not hard to construct simple examples where equal-time correlation functions are
ill-defined: we showed how divergences can arise both in the presence of time derivatives
and composite operators, even for very well known theories like λϕ4. Such divergences
typically only appear at two loops, which is more than what generally considered for
cosmological correlators.

While we only focused on scalar fields for simplicity, extensions to spinning fields
are straightforward. For spin 1/2 fields for example, an analogue of the divergences we
found for : ϕ2(x) : could be the non-canonical terms that Schwinger discovered [74] in
current commutators, which make sharp time restrictions of the electric current ill-defined
already in a free theory (see [68] for a review). This example is instructive because it
shows that even current commutators might not be finite at equal times, despite the role
of conserved currents as symmetry generators (see [68] for a solution to this problem,
involving a time smearing).

The divergences we discussed only arise in the coincident space-point limit of the
equal-time correlators, so a strategy to obtain a finite result could be to work in position
rather than 3-momentum space, at the price of obscuring the overall 3-momentum con-
servation. For effective field theories this strategy, while formally working, is not free of
issues because the infinite time localization requires that we know the correlation function
at energies well above the EFT cutoff.

Finally, we draw some conclusions regarding cosmology. The first point is that our
arguments only apply to IR finite correlators at finite (and equal) conformal time η. This
is because the more physically interesting late time limit η → 0 could also be achieved by
computing the correlator at different ηi for each operator Oi, and then sending each ηi to
zero independently. It is then unclear whether removing the UV cutoff after taking η → 0
in an equal-time correlator could give the correct result. However, we notice that this late
time limit sometimes cannot be taken directly, either because the correlator would vanish
Equation (23) or because of infrared divergences.
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Secondly, although much of our discussion was carried out in flat space, we expect
many of our results to carry over to de Sitter since we were always concerned with UV
properties of the correlators, which should be robust under IR deformations of the space-
time and operators like the Riemann tensor getting a vacuum expectation value. We also
highlight that many of our arguments employed tools, like the Källén–Lehmann repre-
sentation or the Reeh–Schlieder theorem, which have been successfully carried over to
de Sitter [29,49–51], further closing the gap between this work and the more interesting
cosmological scenario.

Similarly, while in cosmology we are interested in in–in rather than in–out correlators,
we do not expect significant deviations because in flat space the two correlators coincide.
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Appendix A. Sunset Diagram
The contribution of the sunset diagram to ⟨ϕϕ⟩′ in λϕ4 theory is

S(p2) =
iλ2

0 Γ(ϵ) (4πµ2)ϵ(3m2
0 A(p2) + B(p2))

6(1 − ϵ)(4π)4(p2 − m2
0 + iε)2

(A1)

and the goal of this appendix will be to Fourier transform this quantity to time domain

∫ dE
2π

S(p2)eiEt (A2)

What is the analytic structure of S(p2) in the complex E plane? There are two poles
at E = ±(Ep − iε), and from the definitions of A(p2), B(p2) in Equation (38) we see
two branch cuts emanating from values of E given by (see the definition of F(x, y, p2) in
Equation (38))

−(E2 − p2)y(1 − y) + m2
0

(
1 − y +

y
x(1 − x)

)
− iε = 0 (A3)

These branch points are symmetric with respect to the origin of the complex E plane,
and the one with negative real part has a small positive imaginary part.

When t > 0, we can close the contour of Equation (A2) in the upper half plane, picking
up the energy pole. To fully close the contour, however, we have to go around the cut
and account for its contribution. The end result is described in Figure A1, so we have to
evaluate the cut and the pole contributions separately.
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Figure A1. Evaluation of the sunset diagram in λϕ4 theory. We display the upper complex E plane.
The real line, in blue, is the integration domain, while the red cross is the pole. When t > 0 in
Equation (A2), the integration domain can be deformed to the green lines.

The pole contributes, up to O(ϵ0) terms, as

−
λ2

0 (3m2
0 A(m2

0) + B(m2
0))

6ϵ(4π)4

1 + iEp|t|
4E3

p
e−iEp |t| +

λ2
0 (3m2

0 A′(m2
0) + B′(m2

0))

6ϵ(4π)4
e−iEp |t|

2Ep
(A4)

The contribution to ⟨ϕϕ̇⟩′ at equal times then comes only from B′(m2
0), to leading order in

1
ϵ , and it is

− i
4

λ2
0

6ϵ(4π)4 (A5)

The cut can be handled recalling

(−x − iε)−ϵ = x−ϵ(1 + iϵπ) (A6)

so that the discontinuity along the cut is x−ϵ2πiϵ. Then the cut contributes as

iλ2
0

6ϵ(4π)4

∫ 0

−∞

dE
2π

eiEt

(p2 − m2
0 + iε)2

∫ 1

0
dx dy (3m2

0 − p2y)[x(1 − x)]−ϵ/2(1 − y)y−1+ϵ/2×

×
[

p2y(1 − y)− m2
0

(
1 − y +

y
x(1 − x)

)]−ϵ

2πiϵ θ

[
p2y(1 − y)− m2

0

(
1 − y +

y
x(1 − x)

)] (A7)

where the integration domain is first restricted to (−∞, 0) to discard the other cut, and then
the θ function selects the correct half-line, whose origin is x, y dependent.

The reader should notice that the pole from Γ(ϵ) cancels against the 2πiϵ coming from
the discontinuity; moreover the x, y integral cannot give a divergence as ϵ → 0, because the
dangerous point y = 0 is never part of the integration domain for any finite p2.

Thus, we can extract the leading 1
ϵ behavior of the integral by taking ϵ → 0 inside the

integrand, except for the factor which depends on p2. Focusing on the leading behavior,
we get

∼ −
λ2

0
6(4π)4

∫
−∞

dE
eiEt

(p2 − m2
0 + iε)2

(−p2)

2

[
p2
]−ϵ

(A8)

while the contribution to ⟨ϕϕ̇⟩′ at equal times is

∼ −i
λ2

0
12(4π)4

∫
−∞

dE E
1

(p2 − m2
0 + iε)2

p2
[

p2
]−ϵ

∼ i
λ2

0
24(4π)4ϵ

(A9)

To evaluate the correlator for t < 0 we would close the contour in the lower half
E plane, obtaining completely analogous results. Indeed the equal-time ⟨ϕ̇ϕ⟩ cut and
pole contributions are opposite to the ones obtained here for ⟨ϕϕ̇⟩, so we simply double
them when considering the commutator. This implies that for bare fields at equal-times
[ϕ0, ϕ̇0] = O(ϵ0), so the 1

ϵ pole cancels, while for the renormalized fields at equal times

⟨ϕRϕ̇R⟩′ = − ⟨ϕ̇RϕR⟩′ =
1
2
⟨[ϕR, ϕ̇R]⟩′ = i

λ2

24(4π)4ϵ
+O(ϵ0) (A10)
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as expected.

Notes
1 Free fields have a delta function spectral density, in contrast with Equation (17), so they evade the bound. Indeed free fermions

have ∆ = 3/2 while allowing equal-time correlators.
2 See for example [70], pp. 25, 28, for a brief discussion of test functions.
3 See [67,68] for discussions of the theorem and its applications.
4 This discussion neglects possible domain subtleties associated with non-compact operators, effectively identifying a state and an

arbitrarily close approximation of it.
5 See [73] for the same computation together with the 2-point function of the stress energy tensor.
6 This model was chosen to avoid the appearence of logarithms in Equation (62), which makes the subsequent discussion simpler

while illustrating the main point.
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