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Abstract

Finite-dimensional closed-system gate synthesis is a geometric optimal-control problem on
a compact Lie group, but global solutions require careful treatment of logarithm branches,
determinant-one constraints, drift, anisotropic penalties, and amplitude limits. This paper
assembles and extends a self-contained family of exactly solved benchmarks under explicit
hypotheses. For a positive right-invariant quadratic metric, smooth stationary curves obey
the Euler–Arnold equation and possess Lax invariants. Under fully actuated isotropic
control on SU(n), the fixed-time minimum action is the squared Hilbert–Schmidt distance
divided by twice the gate time and is generated by a minimum-norm skew-Hermitian
logarithm. A finite eigenphase-unwrapping rule computes that logarithm, while the
affine spectral-width cut wall and a branch-gap criterion distinguish stable selection from
set-valued behavior. Drift is removed isometrically whenever the metric is invariant
under the drift adjoint action. Weighted action and box-constrained time on maximal tori
and arbitrary closed commuting subtori reduce to explicit period-lattice problems; the
latter gives distinct strict determinant-one and projective period lattices for an ideal fSim
sector. Numerical validation uses 1506 Haar-random targets through dimension 128, a
complete cost-bounded dynamic-program cross-check for every target, 300 direct Cartesian
branch enumerations, 120 random-conjugation tests with analytically prescribed spectra,
240 independently cross-checked random weighted-torus instances, a separate SU(256)
stress target, large-cluster selector regressions, repeated timing trials, GRAPE–L-BFGS,
a first-order sequential Krotov-type update with exact discrete propagation and Fréchet
derivatives, randomized and drift-adapted CRAB–Powell bases, and cut-locus tests that
exercise the implemented Schur/logarithm solver. When sparse actuation, decoherence,
leakage, or uncertainty invalidates the ideal hypotheses, the exact results are positioned
as ideal-model reference values, branch-aware seeds, and regression tests rather than as
certificates for the enlarged objective.

Keywords: quantum control; optimal control; geometric control; Lie groups; SU(n);
quantum speed limits; matrix logarithm; cut locus; maximal torus; lattice optimization;
numerical benchmarks; robustness

1. Introduction
The synthesis of a target quantum gate by a controlled Hamiltonian is naturally an

optimal-control problem on a Lie group. After removal of the physically irrelevant scalar
phase, the propagator of an n-level closed system lies in SU(n), while its instantaneous
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traceless Hamiltonian is represented by an element of the Lie algebra su(n). Controlla-
bility, reachable sets, minimum time, and minimum fluence can therefore be studied
using geometric control theory and Riemannian or sub-Riemannian geometry [1–5]. These
tools underlie analytic work on time-optimal spin dynamics and quantum brachistochrone
problems [6–9], and they are closely related to geometric descriptions of quantum compu-
tation and circuit complexity [10,11].

Most device-level quantum-control design is numerical. Variational formulations,
GRAPE, Krotov-type methods, chopped-random-basis (CRAB) optimization, and modern
software packages can accommodate sparse Hamiltonians, amplitude and bandwidth
constraints, leakage, robustness objectives, and large parameter spaces [12–20]. Exact
solutions remain useful because they provide a global certificate that a numerical pulse
cannot improve upon within the stated model. They also expose errors that are otherwise
difficult to diagnose: an incorrect matrix-logarithm branch, an interaction-picture sign error,
a failure to cross a phase-lattice boundary, or an apparent optimum that is only local.

The practical motivation is not that current hardware is fully actuated on SU(2k).
Rather, experimentally calibrated native gates often admit reduced effective descriptions.
A fixed-axis Mølmer–Sørensen interaction in trapped ions can generate a one-parameter
or low-dimensional commuting sector, while echoed cross-resonance and tunable-coupler
gates in superconducting circuits are commonly interpreted through a small number
of effective Pauli couplings [21–25]. Moreover, the nonlocal core of an ideal two-qubit
gate is a Cartan-torus problem generated by the mutually commuting operators XX, YY,
and ZZ [6,26]. The exact formulas developed here can therefore be used directly in those
ideal reduced sectors or as ideal-model references, initializations, and regression tests when
the complete hardware model is noncommuting or open. They remain rigorous lower
bounds for a more constrained closed plant only when the endpoint and objective are
unchanged and the ideal admissible set contains the plant’s controls.

This paper develops such benchmarks under deliberately explicit hypotheses. Full
actuation means that the control Hamiltonian can realize every element of su(n); torus actu-
ation means that it remains in a fixed Cartan subalgebra; and drift is cost-neutral only when
the quadratic control metric is invariant under the drift adjoint action. These assumptions
are restrictive, but they make the global optima mathematically sharp and reproducible.
Standard matrix-analysis, matrix-function, and lattice terminology follows [27–30].

The geometric ingredients—Euler–Arnold dynamics, bi-invariant geodesics, compact-
group cut loci, interaction pictures, and closest-vector formulations—are established theory.
The contribution here is their control-specific synthesis into one auditable benchmark frame-
work, together with the finite principal-phase selector and its stability margin, the pullback
to arbitrary accessible closed commuting subtori, the strict/projective f Sim period calcu-
lation, and a reproducibility suite designed to expose branch and conditioning failures.
The statements below distinguish global theorems from numerical evidence and from
device-level interpretation.

The main contributions are as follows.

(i) A precise L2 and L∞ admissibility framework is stated for finite-dimensional closed
systems on SU(n). Smooth stationary curves for general right-invariant quadratic
metrics satisfy the right-trivialized Euler–Arnold equation; the sign convention, Lax
invariants, and energy conservation are derived explicitly.

(ii) The fully actuated isotropic fixed-time action is solved globally. The optimum is
the squared bi-invariant Hilbert–Schmidt distance divided by 2T—equivalently the
squared norm of a minimum-norm skew-Hermitian logarithm divided by 2T. A finite
principal-phase unwrapping theorem identifies the minimizing branch.
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(iii) The cut locus and conjugate-point structure relevant to branch selection are made
explicit for SU(n). A phase-gap theorem quantifies when the minimizing branch is
stable under perturbations and when the minimizing logarithm becomes set-valued.

(iv) Drift is handled by an interaction-picture isometry. When the metric is drift-adjoint in-
variant, the drifted and driftless fixed-time problems are equivalent. For the isotropic
Hilbert–Schmidt metric, this yields an explicit laboratory-frame optimum and an
exact norm-bounded minimum-time criterion.

(v) The maximal-torus sector is solved with anisotropic quadratic weights and coordinate-
wise amplitude limits. Weighted action minimization is a nearest-lattice problem,
box-limited minimum time is a weighted lattice-Chebyshev problem, and fixed-time
synthesis under both constraints is a feasible nearest-lattice problem. A pullback
theorem extends these formulas to any accessible closed commuting subtorus and
separates strict from projective period lattices.

(vi) The connection to native trapped-ion and superconducting gates is stated at the effective-
Hamiltonian level together with rigorous perturbation bounds and a clear account of
what changes under parameter uncertainty, leakage, and Lindblad decoherence.

(vii) The theory is validated computationally on 1506 Haar-random targets through di-
mension n = 128 with a complete cost-bounded Bellman cross-check for every
target and direct Cartesian enumeration for 300 low-dimensional cases. A fur-
ther 120 random-conjugation cases have analytically prescribed interior, near-cut,
or exact-cut spectra; 240 random anisotropic torus instances are solved by independent
sphere-decoding/Cartesian and interval-feasibility/Cartesian pairs; and a separate
n = 256 target stress-tests the dense Schur selector and Bellman certificate. Large
tolerance-cluster regressions test branch reporting above the explicit-enumeration
cap, and two directional cut-locus tests invoke the implemented Schur selector. Con-
trolled comparisons use compact GRAPE–L-BFGS, a first-order sequential Krotov-type
method, randomized CRAB–Powell, and a drift-adapted CRAB basis.

The results are exact calibration cases rather than a replacement for hardware-level
numerical optimal control. Their value is precisely that the assumptions, global optimum,
branch certificate, and failure modes are all known in advance.

2. Mathematical Setting
The recurring geometric objects have direct control interpretations, which are sum-

marized in Table 1. In particular, a “metric” is not an additional dynamical assumption: it
is the positive quadratic form that assigns a cost to each instantaneous control direction.
The adjoint action is simply the change of coordinates induced by a rotating interaction
frame.

Throughout, n ≥ 2. Let

su(n) = {X ∈ Mn(C) : X† = −X, Tr X = 0} (1)

be the Lie algebra of SU(n). We use the real Hilbert–Schmidt pairing

⟨A, B⟩ := −Tr(AB), A, B ∈ su(n), (2)

which is symmetric, positive definite, and Ad-invariant. The associated norm is ∥X∥2 = ⟨X, X⟩.
We set h̄ = 1 and write Hamiltonians in angular-frequency units, so X = −iH for a traceless
Hermitian H; equivalently, for a physical Hamiltonian, X = −iHphys/h̄. In these units, (2)
is Tr(HAHB).
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The controlled propagator is written in right-invariant form as

U̇(t) =
(
Ω0 + Ωc(t)

)
U(t), U(0) = I, (3)

where Ω0 ∈ su(n) is a fixed drift and Ωc(t) ∈ su(n) is the controlled generator. If
Ωc ∈ L2([0, T], su(n)), then Ω0 + Ωc ∈ L1 on the finite interval [0, T], and (3) has a unique
absolutely continuous Carathéodory solution. The solution remains in SU(n) because the
coefficient is skew-Hermitian and traceless almost everywhere.

Table 1. Guide to the principal notation and its control-theoretic meaning.

Object Mathematical Role Control Interpretation

SU(n) Smooth group of determinant-one
unitary matrices

Closed-system gates after removal of
global phase

su(n) Traceless skew-Hermitian tangent space at
the identity

Instantaneous generators −iH of
traceless Hamiltonians

G or G Positive quadratic metric Direction-dependent energy or
fluence penalty

AdV X = VXV† Adjoint action of the group on its Lie algebra The same generator expressed in a
rotated frame

Maximal torus Largest connected commuting subgroup Simultaneously diagonalizable
phase controls

Ln Integer lattice of trace-zero 2π shifts Different phase lifts that exponentiate to the
same gate

Weighted Voronoi cell Region where one lattice representative
is nearest

Targets for which one logarithm branch is
globally cheapest

Definition 1 (Full actuation). The full-actuation model permits Ωc(t) to be any measurable
element of su(n), subject only to the stated integral or pointwise constraints. Thus, the control
distribution is the whole tangent space after right translation.

Definition 2 (Torus actuation). The torus-control model fixes the standard Cartan subalgebra

t =

{
i diag(x1, . . . , xn) : x ∈ Rn,

n

∑
j=1

xj = 0

}
. (4)

We identify t with the phase hyperplane

Rn
0 =

{
x ∈ Rn :

n

∑
j=1

xj = 0

}
(5)

through x 7→ i diag(x1, . . . , xn). A torus control has the form

Ω[u(t)] = i diag(u1(t), . . . , un(t)), u(t) ∈ Rn
0 . (6)

Only targets in this fixed maximal torus are reachable. A conjugate maximal torus is obtained by
conjugating all formulas by the same fixed unitary.

For full actuation, a general quadratic control cost is determined by a positive self-adjoint
operator G : su(n) → su(n):

JT [Ωc] =
1
2

∫ T

0
⟨Ωc(t),GΩc(t)⟩ dt. (7)
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The isotropic case is G = id:

JT [Ωc] =
1
2

∫ T

0
∥Ωc(t)∥2 dt. (8)

For torus control, let G be a symmetric positive definite bilinear form on Rn
0 . Equiv-

alently, after choosing the Euclidean structure inherited from Rn, G is a positive self-
adjoint operator on Rn

0 . When an ambient symmetric matrix A ∈ Rn×n is displayed, it
denotes the restricted form x⊤Ay on Rn

0 ; the associated operator on Rn
0 is the compression

P0 A|Rn
0
, where

P0 = In −
1
n

11⊤ (9)

is the orthogonal projection onto Rn
0 . The weighted torus action is

JT [u] =
1
2

∫ T

0
u(t)⊤Gu(t) dt. (10)

Coordinate-wise amplitude bounds are written

|uj(t)| ≤ µj, j = 1, . . . , n, (11)

with all µj > 0; admissibility is then in L∞([0, T],Rn
0 ).

The integer phase lattice in Rn
0 is

Ln = Zn ∩Rn
0 =

{
m ∈ Zn :

n

∑
j=1

mj = 0

}
. (12)

For θ ∈ Rn
0 , define

D(θ) = diag(eiθ1 , . . . , eiθn). (13)

Then, D(θ + 2πm) = D(θ) for all m ∈ Ln.
For a general U ∈ SU(n), choose principal eigenphases ϑj ∈ (−π, π] such that

U = V diag(eiϑ1 , . . . , eiϑn)V†. (14)

Because det U = 1, the sum Θ = ∑j ϑj is an integer multiple of 2π. A skew-Hermitian
logarithm with eigenvalues i(ϑj + 2πmj) lies in su(n) exactly when

n

∑
j=1

(ϑj + 2πmj) = 0. (15)

3. Quadratic Right-Invariant Variational Geometry
The next result fixes the sign convention for the Euler–Arnold equation in the

finite-dimensional right-invariant setting, following the geometric viewpoint initiated
by Arnold [31]. It is a local stationarity statement; the global optima in later sections require
additional compactness and branch arguments.

Proposition 1 (Right-trivialized Euler–Arnold equation). Consider the driftless full-actuation
problem

U̇(t) = Ω(t)U(t), U(0) = I, U(T) = U f , (16)

with action

S[Ω] =
1
2

∫ T

0
⟨Ω(t),GΩ(t)⟩ dt. (17)
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Let M = GΩ. Every smooth stationary curve for fixed endpoints satisfies

Ṁ = [Ω, M]. (18)

In the isotropic case G = id, this reduces to Ω̇ = 0.

Proof. Let Uε(t) be a smooth endpoint-fixed variation of U(t) and define the right-
trivialized variation field η(t) = ∂εUε(t)|ε=0U(t)−1. Then, η(0) = η(T) = 0, δU = ηU,
and, since Ω = U̇U−1,

δΩ = η̇ + [η, Ω]. (19)

Therefore,

δS =
∫ T

0
⟨M, η̇ + [η, Ω]⟩ dt (20)

= −
∫ T

0

〈
Ṁ, η

〉
dt +

∫ T

0
⟨M, [η, Ω]⟩ dt. (21)

The Ad-invariance of (2) gives

⟨M, [η, Ω]⟩ = ⟨[Ω, M], η⟩. (22)

Thus,

δS = −
∫ T

0

〈
Ṁ − [Ω, M], η

〉
dt. (23)

The fundamental lemma of the calculus of variations gives (18). If G = id, then M = Ω and
Ω̇ = [Ω, Ω] = 0.

Corollary 1 (Lax invariants and energy conservation). Along every smooth solution of (18),
the spectrum of M(t) is independent of t. Moreover,

E(t) =
1
2
⟨Ω(t),GΩ(t)⟩ = 1

2
⟨Ω(t), M(t)⟩ (24)

is constant.

Proof. Equation (18) is a Lax equation, so Tr(M(t)k) is constant for every positive integer k.
Since M(t) is skew-Hermitian, these trace invariants determine its spectrum with multi-
plicity. For the energy, the self-adjointness of G gives

Ė =
〈

Ṁ, Ω
〉
= ⟨[Ω, M], Ω⟩ = ⟨M, [Ω, Ω]⟩ = 0, (25)

again using the Ad-invariance of (2).

Remark 1 (Normality). For full actuation, the control map onto the tangent space is an iso-
morphism after right translation. Thus, the quadratic problem is an ordinary right-invariant
Riemannian variational problem on SU(n), and smooth local minimizers are normal geodesics. For a
generic anisotropic G, (18) is a nonlinear boundary-value problem. The global closed forms below
rely either on the isotropic metric, which is bi-invariant, or on commutativity in a maximal torus.

4. Full Isotropic Actuation
Let d denote the Riemannian distance on SU(n) induced by (2). The next lemma is the

geometric core of the fixed-time result.
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Lemma 1 (Distance and minimum-norm logarithms). For every U ∈ SU(n),

d(I, U) = min
X∈su(n)

eX=U

∥X∥. (26)

Proof. The metric (2) is bi-invariant. For matrix Lie-algebra elements, the Levi–Civita
connection is ∇XL YL = 1

2 [X, Y]L on left-invariant fields and ∇XR YR = − 1
2 [X, Y]R on

right-invariant fields. In either convention, ∇XL/R XL/R = 0, so geodesics through the
identity are one-parameter subgroups t 7→ etX. Since SU(n) is compact and connected,
Hopf–Rinow gives a minimizing constant-speed geodesic from I to U, and the exponential
map is surjective. If the minimizing geodesic is t 7→ etX on [0, 1], then eX = U and its
length is ∥X∥. Conversely, every logarithm X gives the curve etX from I to U with length
∥X∥. Taking the infimum over logarithms proves (26); compactness and the discrete branch
structure ensure the infimum is attained.

Theorem 1 (Exact fixed-time isotropic optimum). Let U f ∈ SU(n), let T > 0, and assume full
actuation with isotropic cost (8). Then, the exact minimum over all L2 controls is

J⋆T(U f ) =
d(I, U f )

2

2T
=

1
2T

min
X∈su(n)
eX=U f

∥X∥2. (27)

If U f has principal eigenphases as in (14), then

J⋆T(U f ) =
1

2T
min
m∈Zn

∑j(ϑj+2πmj)=0

n

∑
j=1

(ϑj + 2πmj)
2. (28)

For every minimizing branch m⋆, an optimal control is constant:

Ω⋆(t) =
X⋆

T
, X⋆ = V i diag(ϑ1 + 2πm⋆

1 , . . . , ϑn + 2πm⋆
n)V

†. (29)

Proof. For an absolutely continuous trajectory generated by Ω ∈ L2, define

L[U] =
∫ T

0
∥Ω(t)∥ dt. (30)

Cauchy–Schwarz gives

JT [Ω] =
1
2

∫ T

0
∥Ω(t)∥2 dt ≥ 1

2T

(∫ T

0
∥Ω(t)∥ dt

)2

=
L[U]2

2T
. (31)

Since L[U] ≥ d(I, U f ), every admissible control satisfies JT [Ω] ≥ d(I, U f )
2/(2T).

By Lemma 1, choose X⋆ ∈ su(n) with eX⋆ = U f and ∥X⋆∥ = d(I, U f ). The curve
U⋆(t) = etX⋆/T has generator X⋆/T, reaches U f , and attains the lower bound.

It remains to identify the logarithm branches. If X ∈ su(n) and eX = U f , then
X commutes with U f . Both matrices are normal, so they are simultaneously unitarily
diagonalizable with arbitrary basis choices inside degenerate eigenspaces. The eigenvalues
of X are i(ϑj + 2πmj) for integers mj after relabeling within equal eigenspaces of U f .
The trace-zero condition is (15), and the unitary invariance of the Hilbert–Schmidt norm
gives (28).

The integer minimization in (28) is finite in closed form.
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Theorem 2 (Finite principal-phase unwrapping). Let ϑj ∈ (−π, π] be principal phases of
U ∈ SU(n) and set

q =
1

2π

n

∑
j=1

ϑj ∈ Z. (32)

A minimizing branch in (28) is obtained by the following rule.

(a) If q = 0, take m⋆
j = 0 for all j.

(b) If q > 0, choose q indices with the largest principal phases and set m⋆
j = −1 on those indices

and m⋆
j = 0 elsewhere.

(c) If q < 0, choose −q indices with the smallest principal phases and set m⋆
j = +1 on those

indices and m⋆
j = 0 elsewhere.

Every choice within a phase tie at the selected–unselected boundary gives a minimizing branch.

Proof. The constraint is ∑j mj = −q. Suppose first that q > 0. Define f j(k) = (ϑj + 2πk)2.
If an admissible vector m has some ma > 0, then, because the total sum is negative, it also
has some mb < 0. Replacing (ma, mb) by (ma − 1, mb + 1) preserves the total sum and does
not increase the cost: the first coordinate strictly decreases because ϑa > −π and ma ≥ 1,
while the second coordinate decreases or remains equal when it moves one step toward
zero. Hence, no minimizer has a positive component.

Thus, a minimizer has mj = −rj with rj ≥ 0 and ∑j rj = q. The marginal cost of the
first downward shift in coordinate j is

f j(−1)− f j(0) = 4π(π − ϑj), (33)

whereas the marginal cost of the rth downward shift, r ≥ 2, is

f j(−r)− f j(−(r − 1)) = 4π
(
(2r − 1)π − ϑj

)
≥ 8π2. (34)

Every unused first downward shift has cost strictly below 8π2, since principal phases lie in
(−π, π]. Also q < n: indeed ∑j ϑj ≤ nπ and at least one strict inequality holds unless n is
even and all phases are π, in which case q = n/2 < n. Therefore, if some rj ≥ 2, there is
an unused coordinate k with rk = 0, and moving one downward shift from j to k lowers
the cost. Hence, rj ∈ {0, 1} for all j. The q chosen coordinates must minimize (33), which is
equivalent to choosing the largest ϑj.

The case q < 0 is the same with upward shifts. The first upward marginal cost is

f j(1)− f j(0) = 4π(π + ϑj), (35)

so the least-cost coordinates are those with the smallest principal phases. When q = 0,
any nonzero feasible branch contains both positive and negative components; the two-
coordinate reduction above lowers the cost until all components vanish.

Corollary 2 (Nonuniqueness). The value J⋆T(U f ) is unique, but the optimal logarithm need not
be. Nonuniqueness occurs when the finite unwrapping rule has a phase tie at its selected–unselected
boundary or when a degenerate eigenspace of U f can be decomposed into different minimizing
branch subspaces. If the spectrum of U f is simple and the relevant largest or smallest phases in
Theorem 2 are separated by strict inequalities, then the minimizing logarithm is unique.

Cut Locus, Conjugate Points, and Branch Stability

For the bi-invariant metric, global nonuniqueness is governed by the Weyl alcove
rather than by a failure of the local Euler–Arnold equation. The following statement gives

https://doi.org/10.3390/universe12080219

https://doi.org/10.3390/universe12080219


Universe 2026, 12, 219 9 of 33

the concrete SU(n) criterion; it is the matrix form of the standard cut- and conjugate-point
description for compact symmetric spaces [5,32].

Proposition 2 (Alcove and conjugate-point criterion). Let

X⋆ = iV diag(α1, . . . , αn)V†, α1 ≥ · · · ≥ αn, ∑
j

αj = 0, (36)

be a minimum-norm logarithm of U. Then,

α1 − αn ≤ 2π. (37)

If the inequality is strict, the minimum-norm logarithm is unique. If equality holds, U lies in
the cut locus of the identity and the minimum-norm logarithms form a continuum. More pre-
cisely, the extremal phases exponentiate to the same eigenvalue of U. If their multiplicities are r
and s, the choices of the r-dimensional branch subspace inside the combined (r + s)-dimensional
eigenspace are parametrized by the complex Grassmannian Gr(r, r + s); independent cut clusters
give the corresponding product. Moreover, the differential of the exponential map at a logarithm
X = iV diag(α)V† is singular exactly when

αj − αk = 2πr for some j ̸= k, r ∈ Z \ {0}. (38)

Thus, the first cut wall α1 − αn = 2π is also a conjugate wall.

Proof. If a trace-zero logarithm has α1 − αn > 2π, replacing α1 by α1 − 2π and αn by
αn + 2π leaves the exponential and trace unchanged, while the squared norm changes by

−4π(α1 − αn) + 8π2 < 0. (39)

Hence, a minimizer must satisfy (37). Under strict inequality, the logarithm is away from
the affine cut wall. Every eigenvalue of U then has a unique real phase in the selected
interval of width less than 2π; within a repeated eigenspace, that phase is scalar, so a
change of eigenbasis does not change X. Thus, the minimum logarithm is unique even if
the ordered point lies on an ordinary Weyl-chamber wall αj = αj+1. At equality, the two-
coordinate transfer leaves the norm unchanged. Because the extremal phases have the
same exponential, rotating the branch subspace inside their combined eigenspace produces
the Grassmannian family stated above. Finally, in left-trivialized form,

(d exp)X = LeX ◦ 1 − e− adX

adX
. (40)

The eigenvalues of adX are i(αj − αk), so the displayed operator is singular precisely
under (38).

A quantitative separation margin is useful in floating-point implementations.

Proposition 3 (Branch-gap stability). Suppose q > 0 in (32), and order the principal phases as
ϑ(1) ≥ · · · ≥ ϑ(n). Define

δ = ϑ(q) − ϑ(q+1). (41)

If δ > 0, the selected index set in Theorem 2 is unique. The squared-norm gap between the optimum
and the nearest branch obtained by exchanging one selected and one unselected phase is 4πδ, and the
corresponding fixed-time action gap is

∆J =
2πδ

T
. (42)
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If consistently matched phase perturbations satisfy maxj |ϑ̂j − ϑj| < δ/2 and do not change q,
the selected branch is unchanged. For q < 0, the same statement holds after ordering the phases
increasingly and using the gap between the (−q)th and (−q + 1)th smallest phases.

Proof. For q > 0, exchanging a shifted phase ϑa with an unshifted phase ϑb changes the
squared norm by (

ϑb − 2π
)2

+ ϑ2
a −

(
ϑa − 2π

)2 − ϑ2
b = 4π(ϑa − ϑb). (43)

The smallest positive exchange uses the two phases adjacent to the selection boundary and
gives 4πδ. Division by 2T gives (42). A perturbation smaller than δ/2 in the maximum
norm cannot reverse the ordering across that boundary. The case q < 0 is analogous.

Remark 2 (Value stability versus selector stability). The optimal value is continuous at the
cut locus, but no globally continuous single-valued choice of minimizing logarithm exists there.
A robust implementation should therefore return the branch margin (41), enumerate all assignments
in a declared numerical boundary cluster, and validate each reported candidate by both the trace
condition and the endpoint residual. Near an eigenvalue on the principal logarithm branch cut,
Schur-based matrix-function algorithms and explicit condition estimates are preferable to unguarded
eigenvector formulas [28,30].

Corollary 3 (Norm-limited minimum time). Assume full actuation and the pointwise bound
∥Ω(t)∥ ≤ ωmax almost everywhere with ωmax > 0. The minimum time to realize U f ∈ SU(n) is

Tmin(U f ) =
d(I, U f )

ωmax
=

1
ωmax

min
X∈su(n)
eX=U f

∥X∥. (44)

If U f ̸= I, an optimal control is the constant-speed geodesic generator

Ω⋆(t) = ωmax
X⋆

∥X⋆∥
, (45)

where X⋆ is a minimum-norm logarithm.

Proof. For every admissible trajectory,

d(I, U f ) ≤
∫ T

0
∥Ω(t)∥ dt ≤ ωmaxT. (46)

The constant-speed geodesic generated by X⋆ attains equality.

Corollary 4 (Projective gates). Let a physical gate be specified by a class [Q] ∈ PU(n) with
representative Q ∈ U(n). Choose one determinant-one representative

Q̂ = (det Q)−1/nQ ∈ SU(n), (47)

where one branch of the nth root is fixed. The exact full-actuation isotropic fixed-time cost for
implementing the projective gate is

J⋆T,PU([Q]) =
1

2T
min

k=0,...,n−1
d
(
I, e2πik/nQ̂

)2. (48)

The corresponding norm-limited time is the square root of the numerator in (48) divided by ωmax.
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Proof. The determinant-one representatives of the projective class are exactly e2πik/nQ̂,
k = 0, . . . , n − 1. Apply Theorem 1 or Corollary 3 to each representative and choose the
least value.

5. Drift-Adapted Full-Control Synthesis
The drifted system is

U̇(t) =
(
Ω0 + Ωc(t)

)
U(t), U(0) = I. (49)

The cost penalizes only Ωc—not the fixed drift Ω0.

Theorem 3 (Interaction-picture isometry). Define

V(t) = e−tΩ0U(t). (50)

Then,
V̇(t) = Ω̃c(t)V(t), Ω̃c(t) = Ade−tΩ0 Ωc(t), (51)

with endpoint
V(T) = e−TΩ0U f . (52)

If the quadratic metric is invariant under the drift adjoint action,〈
Ade−tΩ0 X,G Ade−tΩ0 X

〉
= ⟨X,GX⟩ ∀X ∈ su(n), t ∈ [0, T], (53)

then the drifted and driftless fixed-time problems are isometric:

J⋆T(U f ; Ω0,G) = J⋆T(e
−TΩ0U f ; 0,G). (54)

In particular, for the isotropic metric,

J⋆T(U f ; Ω0) =
1

2T
min

X∈su(n)
eX=e−TΩ0 U f

∥X∥2, (55)

and an optimal laboratory-frame control is

Ω⋆
c (t) = AdetΩ0

(
X⋆

T

)
, (56)

where X⋆ is a minimum-norm logarithm of e−TΩ0U f .

Proof. Differentiating (50) gives

V̇ = −Ω0e−tΩ0U + e−tΩ0(Ω0 + Ωc)U (57)

= e−tΩ0 ΩcetΩ0 V = Ade−tΩ0 Ωc V. (58)

This proves (51); (52) is immediate. The map Ωc 7→ Ω̃c is bijective with inverse
Ω̃c 7→ AdetΩ0 Ω̃c. Under (53), it preserves the cost integrand and therefore preserves admis-
sible fixed-time actions and endpoints as in (54). For G = id, invariance follows from the
Ad-invariance of (2). Applying Theorem 1 in the interaction picture gives (55), and trans-
forming the constant interaction-picture generator back to the laboratory frame gives
(56).
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Remark 3 (Non-invariant anisotropy). The transformation (50) always removes the drift from
the differential equation, but it is not generally cost-neutral. Without (53), the interaction-picture
cost is

1
2

∫ T

0

〈
Ω̃c(t),

(
Ad∗

etΩ0 G AdetΩ0

)
Ω̃c(t)

〉
dt, (59)

where ∗ denotes the adjoint with respect to (2). Thus, arbitrary drift is dynamically removable but
generally converts a time-independent anisotropic metric into a time-dependent one.

Theorem 4 (Exact isotropic drifted speed limit). Under full actuation and ∥Ωc(t)∥ ≤ ωmax

almost everywhere, with ωmax > 0, the minimum time in the presence of drift is

Tmin(U f ; Ω0, ωmax) = min
{

T ≥ 0 : d
(
I, e−TΩ0U f

)
≤ ωmaxT

}
. (60)

For any minimizing T > 0, an optimal control is (56) with X⋆ a minimum-norm logarithm of
e−TΩ0U f .

Proof. At a fixed time T, Theorem 3 and Corollary 3 show that the target is reachable under
the bound if and only if

d
(
I, e−TΩ0U f

)
≤ ωmaxT. (61)

The left-hand side is continuous and bounded on [0, ∞), while the right-hand side grows
linearly. Hence, the feasible set is closed and nonempty, and its minimum is (60). The fixed-
time construction at the minimizing time gives the control. If the minimizing time is
positive, the feasibility inequality is in fact an equality unless the same target is reachable
at time zero.

6. Weighted Maximal-Torus Synthesis
In the torus model, all generators commute. The time-ordered exponential reduces to

an ordinary exponential, but compact phase topology remains.

6.1. Weighted Fixed-Time Action

For u ∈ L2([0, T],Rn
0 ),

U(T) = exp
(

i diag
(∫ T

0
u1(t) dt, . . . ,

∫ T

0
un(t) dt

))
, (62)

so the endpoint depends only on the phase integral

x =
∫ T

0
u(t) dt ∈ Rn

0 . (63)

Theorem 5 (Exact weighted torus action). Let T > 0, let U f = D(θ) with θ ∈ Rn
0 , and let G

be symmetric positive definite on Rn
0 . The exact minimum of (10) over all torus controls on [0, T] is

J⋆T(D(θ)) =
1

2T
min
m∈Ln

(θ + 2πm)⊤G(θ + 2πm). (64)

Every minimizing branch m⋆ gives the optimal constant control

u⋆(t) =
θ + 2πm⋆

T
. (65)
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Proof. A control reaches D(θ) if and only if

x =
∫ T

0
u(t) dt = θ + 2πm for some m ∈ Ln. (66)

For fixed x, Jensen’s inequality in the Hilbert space defined by G gives

∫ T

0
u(t)⊤Gu(t) dt ≥ 1

T
x⊤Gx, (67)

with equality for the constant control u(t) = x/T. Minimization over the lattice representa-
tives in (66) proves (64). A minimizer exists because the positive quadratic form is proper
on Rn

0 and Ln is discrete.

Corollary 5 (Weighted Voronoi branch geometry). Define the lifted value function

JT(θ) =
1

2T
min
m∈Ln

(θ + 2πm)⊤G(θ + 2πm), θ ∈ Rn
0 . (68)

Then, JT is 2πLn-periodic, continuous, and piecewise quadratic. The branch cell for m ∈ Ln is

VG
m =

{
θ ∈ Rn

0 : (θ + 2πm)⊤G(θ + 2πm) ≤ (θ + 2πℓ)⊤G(θ + 2πℓ) ∀ℓ ∈ Ln

}
. (69)

For distinct m, ℓ ∈ Ln, the bisector between the corresponding quadratic branches is

(m − ℓ)⊤Gθ = −π
(
m⊤Gm − ℓ⊤Gℓ

)
. (70)

Inside the interior of a cell, the Euclidean gradient on Rn
0 is

∇Rn
0
JT(θ) =

1
T

G(θ + 2πm), (71)

where G is understood as the self-adjoint operator on Rn
0 . If G is represented by an ambient matrix

A, then (71) means P0 A(θ + 2πm)/T.

Proof. Periodicity follows by relabeling m 7→ m − k when θ is replaced by θ + 2πk. Local
finiteness of the relevant branches follows from the properness of the quadratic form on
the discrete lattice. On a region where one branch is uniquely minimizing, (68) is a single
quadratic polynomial whose gradient is (71). The equality of the m and ℓ branches gives

(θ + 2πm)⊤G(θ + 2πm) = (θ + 2πℓ)⊤G(θ + 2πℓ), (72)

which reduces to (70). A locally finite minimum of continuous functions is continuous.

Lemma 2 (Finite certification of torus branches). Let λmin(G) > 0 be the smallest eigenvalue
of the self-adjoint operator G on Rn

0 . If m0 ∈ Ln is any candidate branch and

R2
0 = (θ + 2πm0)

⊤G(θ + 2πm0), (73)

then every minimizer of (64) lies in the finite set{
m ∈ Ln : ∥θ + 2πm∥2 ≤ R0√

λmin(G)

}
. (74)
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For the box-time problem below, if S0 = ∥θ + 2πm0∥µ,∞, every minimizer lies in{
m ∈ Ln : |θj + 2πmj| ≤ µjS0 for all j

}
. (75)

Proof. A weighted-action minimizer cannot have value larger than the value of m0, and

(θ + 2πm)⊤G(θ + 2πm) ≥ λmin(G)∥θ + 2πm∥2
2. (76)

This gives (74). The box statement follows directly from the definition of S0 and the
coordinate bounds. Both sets are finite because Ln is discrete.

6.2. Box-Constrained Minimum Time and Fixed-Time Action

Define the weighted coordinate norm on Rn
0 by

∥x∥µ,∞ = max
1≤j≤n

|xj|
µj

. (77)

Theorem 6 (Exact box-constrained torus time). Under the box constraint (11), the reachable
phase integrals at time T are exactly

Bµ(T) = {x ∈ Rn
0 : |xj| ≤ µjT for j = 1, . . . , n}. (78)

Consequently, for D(θ) with θ ∈ Rn
0 , the exact minimum time is

Tbox
min(D(θ)) = min

m∈Ln
∥θ + 2πm∥µ,∞ = min

m∈Ln
max

1≤j≤n

|θj + 2πmj|
µj

. (79)

Every minimizing branch m⋆ gives a time-optimal constant control

u⋆
j (t) =

θj + 2πm⋆
j

Tbox
min(D(θ))

, j = 1, . . . , n, (80)

with the zero control if the target is the identity and the minimum time is zero.

Proof. If u satisfies (11), then its phase integral x =
∫ T

0 u(t) dt satisfies

|xj| ≤
∫ T

0
|uj(t)| dt ≤ µjT, (81)

so x ∈ Bµ(T). Conversely, if x ∈ Bµ(T) and T > 0, the constant control u(t) = x/T lies
in Rn

0 and satisfies (11). Thus, (78) is exact. The target is reachable at time T if and only if
some representative θ + 2πm lies in (78). For fixed m, the least such time is ∥θ + 2πm∥µ,∞;
minimizing over m ∈ Ln proves (79). Existence follows from the properness of the norm on
the discrete lattice coset, and (80) attains the value.

Corollary 6 (Fixed time with both quadratic cost and box bounds). Let T > 0 and let

FT(θ) = {m ∈ Ln : |θj + 2πmj| ≤ µjT for all j}. (82)

Under the cost (10) and the box constraint (11), the target D(θ) is reachable at time T if and only if
FT(θ) is nonempty. When it is nonempty,

J⋆T,µ(D(θ)) =
1

2T
min

m∈FT(θ)
(θ + 2πm)⊤G(θ + 2πm), (83)
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and every minimizing branch is attained by the constant control (θ + 2πm)/T.

Proof. The reachability statement is exactly Theorem 6 at fixed T. Conditional on a feasible
branch x = θ + 2πm, Jensen’s inequality in the proof of Theorem 5 shows that the constant
control minimizes the quadratic action among all controls with integral x. The constant
control is feasible precisely because m ∈ FT(θ).

6.3. Closed Commuting Subsectors

The preceding formulas must be pulled back to the actually accessible commuting
sector. Minimizing over the full maximal torus and then restricting the resulting pulse is
generally invalid because the cheapest full-torus lift need not lie in a lower-dimensional
control subspace. The next theorem supplies the required reduction for native-gate sectors.

Theorem 7 (Exact reduction on a closed commuting subtorus). Let B : Rr → su(n) be an
injective linear map whose image is Abelian, and assume

TB = exp(B(Rr)) (84)

is a closed r-dimensional torus. Its strict period lattice and projective period lattice are

ΛB= {λ ∈ Rr : exp(Bλ) = I}, (85)

Λproj
B = {λ ∈ Rr : exp(Bλ) ∈ Z(SU(n))}, (86)

where Z(SU(n)) = {e2πik/nI : k = 0, . . . , n− 1}. Both sets are full-rank lattices with ΛB ⊆ Λproj
B

and finite quotient Λproj
B /ΛB ; equivalently, the projective lattice is a finite union of strict-lattice

cosets.
Consider

U̇(t) = B(v(t))U(t), JT [v] =
1
2

∫ T

0
v(t)⊤Wv(t) dt, (87)

where W is positive definite on Rr. For T > 0 and U f = exp(Bβ),

J⋆T,B(U f ) =
1

2T
min
λ∈ΛB

(β + λ)⊤W(β + λ). (88)

Every minimizing lift is attained by the constant coefficient control v(t) = (β + λ)/T. If |va(t)| ≤
νa with νa > 0, then

Tmin,B(U f ) = min
λ∈ΛB

max
1≤a≤r

|βa + λa|
νa

. (89)

At fixed T, imposing both the quadratic cost and these box bounds restricts (88) to the finite feasible
set satisfying |βa + λa| ≤ νaT. For a projective target, the same three statements hold with ΛB
replaced by Λproj

B .

Proof. Because the generators in B(Rr) commute, the endpoint depends only on

y =
∫ T

0
v(t) dt, U(T) = exp(By). (90)

The strict endpoint condition U(T) = U f is equivalent to y − β ∈ ΛB , while equality up

to the global phase is equivalent to y − β ∈ Λproj
B . The closedness of TB implies that the
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kernel of the covering homomorphism Rr → TB is a discrete cocompact, hence full-rank,
lattice. For a fixed lift y, Jensen’s inequality gives

∫ T

0
v(t)⊤Wv(t) dt ≥ 1

T
y⊤Wy, (91)

with equality for v(t) = y/T. This proves (88). The reachable coefficient integrals under
the box constraint are exactly |ya| ≤ νaT, which are again attained by a constant control;
minimizing the required T proves (89) and the fixed-time statement. Finally, the preimage
of the finite subgroup Z(SU(n)) ∩ TB is an additive subgroup containing ΛB with finite
quotient. It is therefore a full-rank lattice and, equivalently, a finite union of ΛB-cosets.

Remark 4 (Two distinct lattice geometries). The action problem uses the ellipsoidal norm
induced by G, whereas the box-time problem uses the polyhedral norm (77). The same target can
therefore select different logarithm branches for fluence minimization and for time minimization.
The coincidence of the minimizer in a specific example is not a structural theorem.

7. Analytic Examples and Benchmark Definitions
7.1. Drifted Qubit Phase Gate

Let σx, σy, σz be the Pauli matrices and consider

Ω0 = − i∆
2

σx, U f = e−iϕσz/2, (92)

with full isotropic actuation. At a prescribed duration T, Theorem 3 reduces the problem to
the logarithm of

W(T) = e−TΩ0U f = ei∆Tσx/2e−iϕσz/2. (93)

Write

W(T) = cos
χ(T)

2
I − i sin

χ(T)
2

n̂(T) · σ, χ(T) ∈ [0, 2π]. (94)

Then,

cos
χ(T)

2
= cos

∆T
2

cos
ϕ

2
. (95)

For 0 < χ(T) < 2π, a minimum logarithm is

X⋆(T) = − iχ(T)
2

n̂(T) · σ. (96)

Since ∥−i(χ/2)n̂ · σ∥2 = χ2/2,

J⋆T =
χ(T)2

4T
. (97)

The laboratory-frame optimum is

Ω⋆
c (t) = Ade−i∆tσx/2

(
− iχ(T)

2T
n̂(T) · σ

)
. (98)

If W(T) = I, the optimum is the zero interaction-picture control. If W(T) = −I, equivalently
χ(T) = 2π, the axis n̂ is not unique; every unit vector gives a minimum logarithm of norm
squared 2π2, as expected at the cut locus of SU(2).

This example tests whether a numerical method handles drift in the cost-correct way.
The interaction-picture optimum is constant, but the laboratory-frame optimum rotates by
the drift adjoint action.
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7.2. Weighted Qutrit Phase Synthesis and Branch Switching

Consider the diagonal qutrit target

U f = diag
(

e7πi/5, eπi/5, e−8πi/5
)

. (99)

The lift

θ =

(
7π

5
,

π

5
,−8π

5

)
∈ R3

0 (100)

is not the principal trace-zero lift. The principal trace-zero lift is obtained by the lattice
vector m = (−1, 0, 1):

θ + 2π(−1, 0, 1) =
(
−3π

5
,

π

5
,

2π

5

)
. (101)

Let the quadratic form be the restriction of the ambient diagonal form

G = diag(1, 1, 4) (102)

to R3
0, and let

µ = (1, 1, 1/2). (103)

For the branch m = (0, 0, 0),

θ⊤Gθ =
306π2

25
. (104)

For m⋆ = (−1, 0, 1),

(θ + 2πm⋆)⊤G(θ + 2πm⋆) =
26π2

25
. (105)

Appendix B gives a finite certificate that this is the global lattice minimum. Hence,

J⋆T(U f ) =
13π2

25T
, u⋆(t) =

1
T

(
−3π

5
,

π

5
,

2π

5

)
. (106)

For the box constraint, Theorem 6 gives

Tbox
min(U f ) =

4π

5
, u⋆(t) =

(
−3

4
,

1
4

,
1
2

)
, (107)

again with m⋆ = (−1, 0, 1). The third component saturates its amplitude bound. Represen-
tative branches are compared in Table 2.

Table 2. Representative branches for the qutrit target (99). The branch (−1, 0, 1) is globally optimal
for both the displayed weighted action and the displayed box-constrained time.

m θ+ 2πm 2T JT Tbox
min

(0,0,0)
( 7π

5 , π
5 ,− 8π

5
)

306π2

25
16π

5
(-1,0,1)

(
− 3π

5 , π
5 , 2π

5
)

26π2

25
4π
5

(0,-1,1)
( 7π

5 ,− 9π
5 , 2π

5
)

146π2

25
9π
5

Starting from the nonprincipal lift (100), a local method that never changes logarithm
branch reports a weighted action larger by the factor 306/26.
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7.3. Benchmark Definitions for Numerical Solvers

The formulas above define reproducible tests for gradient, sequential-update, random-
basis, shooting, or collocation solvers. The numerical study in Section 9 instantiates these
tests with fixed seeds.

(a) Full isotropic test. Draw U f ∈ SU(n), compute principal eigenphases, unwrap them by
Theorem 2, and compare the solver’s fixed-time cost with (27). The residual should
be measured against the globally minimizing branch rather than merely against the
principal matrix logarithm.

(b) Drift test. Draw Ω0 ∈ su(n), replace the endpoint by e−TΩ0U f , and apply the same
logarithmic certificate. A correct laboratory-frame solution is the adjoint transport (56)
of a constant interaction-picture generator.

(c) Weighted torus test. Choose G and a target lift θ ∈ Rn
0 , solve the finite nearest-lattice

problem certified by Lemma 2, and test whether the numerical method crosses the
branch-switching hyperplanes (70) when required.

(d) Box-time test. Choose amplitudes µj, solve the finite weighted lattice-Chebyshev
problem (79), and compare the reported minimum time and saturated coordinates
with the analytic branch.

(e) Fixed-time box-action test. At a prescribed T, use (83). This test distinguishes algo-
rithms that find a low-action logarithm branch from algorithms that also respect
amplitude feasibility.

8. Practical Interpretation for Native Multiqubit Gates
The dimension n is the Hilbert-space dimension, so a register of k ideal qubits has

n = 2k. Full actuation on SU(2k) would require independent access to all 4k − 1 traceless
Pauli directions and is therefore not a realistic hardware assumption except in very small
effective subspaces. The exact full-control value is an ideal lower bound for a sparse closed
plant only when that plant is an admissible subset of the full-control model under the
same endpoint, duration, and cost normalization. Its direct physical use occurs after a
native gate has been reduced to a fully actuated block or to a commuting effective sector.
Table 3 summarizes the resulting division between direct use of the formulas and use as a
benchmark for a larger numerical model.

Table 3. Connection between common native-gate effective models and the present exact problems.
“Direct” means exact only for the displayed calibrated effective Hamiltonian; omitted effects must be
restored in a device-level numerical plant.

Platform or Reduction Commuting Effective Sector Use and Principal Exclusions

Fixed-axis
Mølmer–Sørensen gate

One generator S2
ϕ,

or same-axis pair

terms σ
(j)
ϕ σ

(ℓ)
ϕ

Direct period-lattice calculation on the accessible closed subtorus after
motional closure; excludes spectator-mode excitation, detuning, heating,
and optical waveform constraints.

Echoed cross-resonance

Ideally isolated dominant
Pauli generator, commonly
ZX after frame and
echo conventions

Direct one-parameter lower bound only after residual terms are
negligible; otherwise, a seed and regression test for a sparse
noncommuting model.

Tunable-coupler or
f Sim gate

Exchange XX + YY together
with a commuting
conditional phase

Direct two-coordinate closed-subtorus calculation with distinct
strict-SU(4) and projective period lattices; excludes leakage, transfer
functions, bandwidth, and calibration drift.

Two-qubit Cartan core Mutually commuting XX,
YY, and ZZ

Exact nonlocal-torus calculation followed by a finite minimization over
Weyl/local-equivalence representatives; local-gate costs must be
specified separately.
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8.1. Trapped-Ion Effective Interactions

For a fixed optical phase and a closed motional trajectory, a Mølmer–Sørensen entan-
gler has the effective form

UMS(χ) = exp
(
−iχS2

ϕ

)
, Sϕ =

1
2

k

∑
j=1

σ
(j)
ϕ , (108)

up to local phases and model-dependent corrections [21,22]. Apart from an identity contri-
bution, S2

ϕ is a sum of same-axis pair couplings σ
(j)
ϕ σ

(ℓ)
ϕ , and all such Pauli strings commute.

With one collective coupling, (108) is a one-parameter subgroup; with independently
calibrated commuting pair couplings, it is a higher-dimensional closed subtorus. Apply-
ing Theorem 7 to the experimentally accessible coefficient map—rather than minimizing
over an inaccessible full Cartan algebra—determines the least-cost period-lattice lift and,
with calibrated amplitude bounds, the ideal minimum time. The theorem does not re-
place the pulse shaping needed to close the motional trajectory, suppress spectator modes,
or compensate optical detuning and heating. In those more complete models, the analytic
gate is a nominal reference and a branch-aware warm start for numerical robust control;
it is a rigorous lower bound only for a closed constrained model with the same endpoint
and objective.

8.2. Superconducting Effective Interactions

Echoed cross-resonance gates are commonly described by a dominant entangling term
together with residual single-qubit and two-qubit Pauli terms, whereas tunable-coupler
devices can realize continuous families such as f Sim gates [23–25]. If calibration and echo
sequences isolate a single effective generator, Theorem 7 gives the ideal one-parameter
action and speed limit. A concrete two-parameter example is the convention

U f Sim(θ, φ) = exp
[
− iθ

2
(XX + YY)

]
exp[−iφ |11⟩⟨11|]. (109)

The two displayed generators commute. The standard matrix has determinant e−iφ, so a
determinant-one representative is

Ũ f Sim(θ, φ) = eiφ/4U f Sim(θ, φ) = exp(θAθ + φAφ), (110)

where
Aθ = − i

2
(XX + YY), Aφ = −i

(
|11⟩⟨11| − I/4

)
, (111)

and |11⟩⟨11| − I/4 = (−ZI − IZ + ZZ)/4 still commutes with XX + YY.

Corollary 7 (Strict and projective f Sim period lattices). For the coefficient map B(a, b) =

aAθ + bAφ,
Λ f Sim = (2πZ)× (8πZ), Λproj

f Sim = (2πZ)× (2πZ). (112)

Consequently, if W is the calibrated positive coefficient metric, the exact strict-SU(4) fixed-time
action is

J⋆T, f Sim =
1

2T
min
k,ℓ∈Z

(
θ + 2πk
φ + 8πℓ

)⊤
W

(
θ + 2πk
φ + 8πℓ

)
. (113)
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For the physical projective gate, replace 8πℓ by 2πℓ. Under coefficient bounds |vθ | ≤ νθ and
|vφ| ≤ νφ, the corresponding exact minimum-time formula is the minimum over the same strict or
projective lattice of

max
{
|θ + 2πk|

νθ
,
|φ + 8πℓ|

νφ

}
, (114)

again replacing 8πℓ by 2πℓ projectively.

Proof. In the joint eigenbasis |00⟩, (|01⟩+ |10⟩)/
√

2, (|01⟩ − |10⟩)/
√

2, |11⟩, the four eigen-
phases of (110) are

φ

4
,

φ

4
− θ,

φ

4
+ θ, −3φ

4
. (115)

Equality of all four exponentials up to a common phase requires θ ∈ 2πZ and φ ∈ 2πZ,
proving the projective lattice. Strict equality to the identity additionally requires eiφ/4 = 1;
hence, φ ∈ 8πZ. The action and time formulas are Theorem 7 for these two lattices.

Thus, the ideal f Sim family is an exact two-dimensional closed-subtorus problem once
the coefficient metric and bounds have been calibrated. Noncommuting residuals, leakage
levels, transfer functions, and bandwidth limits break this exact reduction and must remain
in the numerical plant model.

8.3. Two-Qubit Cartan Reduction

Any ideal two-qubit gate admits a local–nonlocal decomposition of the form

Q = (k1 ⊗ k2) exp
[
− i

2
(c1XX + c2YY + c3ZZ)

]
(k3 ⊗ k4), (116)

where the three nonlocal generators commute [6,26]. If local gates are treated as fast or as-
signed a separate cost, the nonlocal core lies in a conjugate maximal torus, and the weighted
nearest-lattice construction can be applied to (c1, c2, c3) with hardware-derived weights
and bounds. Weyl symmetries and local equivalence add a finite outer minimization over
canonical representatives. This provides a concrete route from the present phase-lattice
geometry to native two-qubit compilation while preserving the distinction between an
exact effective model and the waveform-level realization.

9. Numerical Validation and Sensitivity Analysis
Complex Gaussian QR factorization gives a Haar matrix Q ∈ U(n) [33]; the code

then sets F(Q) = e−i Arg det(Q)/nQ ∈ SU(n). This determinant correction preserves Haar
sampling because F(SQ) = SF(Q) for every S ∈ SU(n), so the push-forward law is left-
invariant and hence Haar on SU(n). Principal phases were extracted with a complex Schur
decomposition, canonicalized to (−π, π], and processed by Theorem 2. The minimum-cost
representative is selected from the actual floating-point phase ordering; the declared 10−10

tolerance is used only to describe numerical ambiguity at the selected–unselected bound-
ary and never to replace that representative. Unless otherwise stated, timing excludes
random-target generation and all independent validation passes, and it includes the Schur
decomposition, branch selection, and endpoint reconstruction. After one unreported warm-
up call per dimension, each target was evaluated five times, and its median was used before
aggregation. The fixed random seed was 4,341,260.

For pulse-optimization comparisons, the endpoint error was

E(U) = 1 − 1
n
ℜTr(U†

f U) =

∥∥∥U − U f

∥∥∥2

F
2n

, (117)
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which is phase-sensitive and therefore tests the stated SU(n) endpoint rather than only
its projective class. The compact reference implementations used a common piecewise-
constant model and two-step penalty continuation. “GRAPE–L-BFGS” denotes concurrent
exact NumPy/SciPy gradients—matrix-exponential Fréchet derivatives for the full system
and analytic phase gradients for the commuting qutrit—followed by L-BFGS-B. “Krotov-
type” denotes a first-order sequential discretize-then-optimize construction: old-field
costates propagate backward, updated-field states propagate forward, and each time slice
approximately minimizes the discrete Krotov auxiliary function to the stated local L-BFGS-
B budget using exact matrix-exponential Fréchet derivatives, the same physical fluence,
and a positive proximal metric. Here, “exact discrete” refers to the exact propagation
and differentiation of the chosen piecewise-constant model rather than to the symbolic
or unlimited-accuracy minimization of each local subproblem. A full sweep is retained
only if the physical fluence-regularized objective is non-increasing within the declared
tolerance. “CRAB–Powell” denotes a constant plus one sine/cosine pair per generator
optimized by derivative-free Powell search [14,17,19,20]. We report both a randomized
harmonic and, for the drifted qubit, a drift-adapted frequency ∆ = 1.1; the latter tests the
effect of matching the basis to the known rotating-frame structure.

9.1. Random-Target Verification and Higher-Dimensional Scaling

Table 4 summarizes 1506 independent Haar-random targets. Every target also under-
went a complete cost-bounded Bellman cross-check. For an incumbent action coefficient C,
every branch capable of improving or tying it must obey

|ϑj + 2πmj| ≤
√

2C (j = 1, . . . , n), (118)

which gives finite coordinate-wise integer ranges without imposing an arbitrary branch
radius. After outward rounding of the real-to-integer range boundaries, the dynamic
program uses the cumulative integer branch sum as its state and minimizes over all
combinations represented by those ranges without invoking Theorem 2. It agreed with the
analytic selector for all 1506 targets; the largest absolute action-coefficient difference was
2.84 × 10−14. The first 100 targets in each of n = 2, 3, 4 were additionally subjected to direct
Cartesian enumeration of every trace-compatible vector in the same cost box. All 300 direct
searches agreed exactly at the recorded precision, and the largest DP–Cartesian difference
was 1.78 × 10−15; the largest Cartesian range product was eight and the largest number
of trace-compatible candidates was three. These are complete finite floating-point checks
under the stated outward-rounded incumbent bounds rather than interval-arithmetic or
formal proofs. Across all dimensions, the largest normalized endpoint reconstruction
residual was 6.21 × 10−15, and the largest trace residual was 1.60 × 10−14 in the archived
run.

Table 4. Random-target validation and timing. The column q ̸= 0 reports the fraction of targets
whose principal eigenphases require a trace-restoring branch shift. After one unreported warm-up
call per dimension, the reported input for each target is the median of five repetitions. Total timing
includes Schur decomposition, tolerance-aware branch selection, and endpoint reconstruction; branch
timing isolates phase canonicalization, sorting, clustering, and index shifts. Residuals are normalized
Frobenius endpoint errors.

n Samples q ̸= 0 (%) Max. Residual Median Total (ms) 90th Pct. (ms) Median Branch (µs)

2 500 0.00 7.95 × 10−16 0.072 0.109 44.4
3 400 2.50 1.68 × 10−15 0.072 0.098 43.5
4 300 4.67 1.71 × 10−15 0.078 0.107 44.9
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Table 4. Cont.

n Samples q ̸= 0 (%) Max. Residual Median Total (ms) 90th Pct. (ms) Median Branch (µs)

8 160 13.75 1.99 × 10−15 0.096 0.126 44.5
16 80 13.75 2.36 × 10−15 0.180 0.214 49.6
32 40 17.50 3.14 × 10−15 0.549 0.620 55.3
64 16 43.75 4.32 × 10−15 2.917 3.242 98.3

128 10 40.00 6.21 × 10−15 114.619 127.274 244.5

9.1.1. Independent Verification Hierarchy

The random-target test was supplemented by 120 random conjugations of analytically
prescribed spectra at every displayed dimension: 96 distinct spectra strictly inside the affine
alcove, 16 near-cut spectra with margins 2 × 10−6 or 2 × 10−10, and eight exact-cut spectra.
For the interior cases, the maximum absolute cost error, sorted-logarithm-spectrum error,
and normalized Frobenius error of the unique logarithm were, respectively, 2.13 × 10−14,
4.11 × 10−15, and 6.33 × 10−15. In the near-cut cases, the cost and spectrum remained
accurate to the displayed precision, whereas the matrix-valued logarithm error reached
6.64 × 10−6 at a 2 × 10−10 affine-wall margin. This is the expected eigenprojector sensitivity
near a coalescing cut eigenspace rather than a value-function error. At the exact cut, only
cost, spectrum, endpoint, and set-valued branch diagnostics are compared because there is
no distinguished single logarithm.

A separate selector regression uses n = 20, q = ±5, and phases separated by less than
the declared cluster tolerance. The numerical cluster then contains(

20
5

)
= 15504 (119)

finite assignments, which is above the 104 explicit-enumeration cap. The implementation
nevertheless selects the exact floating-point minimum from the actual phase order inde-
pendently of the reporting tolerance; a direct enumeration of all 15,504 fixed-cardinality
assignments and the cost-bounded dynamic program agree with that representative ex-
actly at the recorded precision. Thus, the cap can limit only the list of reported near-tied
alternatives—not the computed optimum. The complete numerical verification hierarchy
is summarized in Table 5.

Table 5. Independent numerical verification hierarchy. Cost discrepancies are absolute differences in
the action coefficient C = 1

2 ∑j α2
j . All values are from the archived deterministic run.

Validation Layer Cases Max. Cost Discrepancy Independent Diagnostic

Haar targets,
Bellman cross-check

1506 2.84 × 10−14
Max. endpoint residual
6.21 × 10−15; at most
711 branch-sum states per layer

Low-dimensional
Cartesian search

300 0 Max. DP–Cartesian
discrepancy 1.78 × 10−15

Prescribed
interior spectra

96 2.13 × 10−14
Max. sorted-spectrum and
logarithm errors
4.11 × 10−15/6.33 × 10−15

Prescribed
near/exact-cut spectra

24 0
Correct cost and spectrum; near-cut
logarithm sensitivity and exact-cut
set-valued output

Large-cluster
selector regression

12 0
Maximum cluster count 15,504;
exact representative unchanged by
enumeration cap
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For a dense target, the dominant production operation is the complex Schur decompo-
sition with standard O(n3) arithmetic and O(n2) storage. Away from a numerical boundary
cluster, the finite selector uses one sort and index shifts, hence O(n log n) time and O(n) ad-
ditional storage; order-statistic selection could reduce the generic selection step to expected
linear time. At a high-multiplicity boundary, explicitly listing every cluster assignment is
necessarily combinatorial, so the implementation caps explicit enumeration and returns
the exact representative, the combinatorial cluster count, and a compact cluster/projector
description. The Bellman cross-check is algorithmically separate from the production selec-
tor. In the archived random study, the largest raw cost-box Cartesian product was about
10104.29 branches, yet branch-sum compression required at most 711 states per layer and
297,703 transitions for any target. Even at n = 128, production branch selection remained
negligible compared with the complete dense calculation in the recorded environment.
The smallest observed signed affine-wall margin 2π − (maxj αj − minj αj) over all 1506
random targets was 2.34 × 10−2 > 0, so none of these random samples was numerically on
a cut wall. The high-dimensional samples are modest (16 at n = 64 and 10 at n = 128); the
timings are descriptive machine-specific data rather than a fitted asymptotic law.

A separately archived stress test extends the same production Schur/unwrapping
pipeline to one Haar-random SU(256) target. The normalized endpoint residual was
1.05 × 10−14, the trace residual and selector–Bellman cost discrepancy were zero at the
recorded precision, and the signed affine-wall margin was 2.85 × 10−2. The incumbent-
derived raw Cartesian branch-box product had base-10 logarithm 246.94, whereas the
independent Bellman recursion used at most 2107 states and 2,480,838 transitions. This
single case is deliberately reported as a stress target rather than as a statistical scaling
sample or a replacement for the multi-target study through n = 128.

9.1.2. Random Weighted-Torus Validation

The anisotropic and box-constrained formulas were tested separately from the full-
isotropic selector. For each n ∈ {3, 4, 5, 6}, the archive contains 60 seeded trace-zero
phase targets, which were split equally among random positive quadratic forms with
restricted condition numbers 1, 10, and 100; the coordinate bounds µj were also randomized.
Weighted action was computed by a Cholesky sphere decoder in integer coordinates and
independently by an exhaustive Cartesian search over the complete incumbent-certified
box implied by

(θ + 2πm)TG(θ + 2πm) ≥ λmin(G|Rn
0
)∥θ + 2πm∥2

2. (120)

The box-constrained minimum time was computed by finite Cartesian enumeration and
independently by bisection on an integer-interval feasibility predicate: at a trial time T,
each mj belongs to a contiguous integer interval, and a trace-zero branch exists exactly
when zero lies between the sums of the interval lower and upper endpoints. The paired
algorithms agreed in all 240 cases. Fifty-seven action minima and 20 box-time minima used
nonzero lattice branches, so the suite does not merely retest the zero lift. The maximum
action discrepancy was zero at the recorded precision, the maximum box-time discrepancy
was 1.78 × 10−15, and the maximum endpoint residual was 8.95 × 10−16.

The experiment also exposes a common invalid shortcut. If the principal logarithm has
trace 2πiq, subtracting its scalar trace component produces a traceless matrix but changes
the endpoint by the central phase e−2πiq/n. The normalized residual is exactly∣∣∣e−2πiq/n − 1

∣∣∣, (121)
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which was
√

3 for every nonzero-q sample at n = 3 and
√

2 at n = 4. The finite branch rule
restores trace without changing the endpoint. The randomized weighted-torus results are
summarized in Table 6.

Table 6. Independent randomized validation of weighted action and box-constrained minimum time.
Each dimension contains 20 cases at each restricted metric condition number 1, 10, and 100. “Sphere
nodes” counts the median visited nodes of the exact Cholesky decoder; the final column is the largest
incumbent-certified Cartesian product for the action check.

n Cases Condition
Numbers

Max. Action
Diff.

Max. Box-Time
Diff.

Median Sphere
Nodes

Max. Action
Product

3 60 1, 10, 100 0 1.33 × 10−15 3 144
4 60 1, 10, 100 0 1.78 × 10−15 4 125
5 60 1, 10, 100 0 1.78 × 10−15 5 1080
6 60 1, 10, 100 0 1.33 × 10−15 7 16,807

9.2. Comparison with Numerical Pulse Optimizers

The drifted-qubit benchmark used ∆ = 1.1, ϕ = 1.4, T = 1, and eight equal time
slices. The continuously rotating analytic control (98) was midpoint sampled to quan-
tify discretization alone. Its action is exactly J⋆ at every sampling density because the
interaction-picture norm is constant; the endpoint error decreased from 1.60 × 10−5 at four
slices to 2.42 × 10−10 at 64 slices. Each numerical method was run from ten independently
perturbed initial pulses. Table 7 reports medians and the fraction reaching E ≤ 10−6.

Table 7. Drifted-qubit optimizer benchmark. J/J⋆ is the action relative to the exact continuous-
time optimum. Timings are medians over ten seeded restarts except for the sampled analytic
control. The randomized and drift-adapted CRAB rows use the same nine-parameter basis size but
different frequencies.

Method Runs Success (%) Median E Median J/J⋆ Median Time (s)

Sampled analytic control 1 100 9.93 × 10−7 1.0000 0
GRAPE–L-BFGS 10 100 2.71 × 10−10 1.00108 0.120
First-order Krotov-type 10 100 2.67 × 10−10 1.02769 10.890
CRAB–Powell, randomized mode 10 100 5.87 × 10−8 2.71233 0.355
CRAB–Powell, drift-adapted mode 10 100 3.20 × 10−10 1.00912 0.350

In this configuration, the concurrent-gradient method recovered the analytic action to
about 1.1× 10−3 relative accuracy. The first-order Krotov-type method reached the endpoint
in every restart, had no rejected monotonicity sweep, and retained 2.77% median excess
action under its fixed sweep/proximal budget. The deliberately compressed randomized
one-mode CRAB parametrization used nine coefficients rather than the 24 independent
slice coefficients and reached the endpoint in every restart, but its median action was 2.71J⋆

(90th percentile 4.20J⋆). Its randomized frequency lies near the first Fourier harmonic and
excludes the known laboratory-frame rotation at ∆ = 1.1. Keeping nine coefficients and
replacing that frequency by ∆ reduces the median action to 1.00912J⋆. Thus, the large
randomized-row deficit measures this specific basis mismatch, while the adapted row
demonstrates that one-mode CRAB can approach the exact action when supplied with the
correct physical frequency.

The qutrit benchmark isolates global branch selection. “Branch-blind” initial pulses
were centered on the nonprincipal lift (100); “branch-aware” pulses were centered on the
exact lift selected by the lattice calculation. Every algorithm reached high endpoint fidelity
in both cases. The branch-blind runs remained near the local action ratio 306/26 = 11.769,
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whereas every branch-aware run recovered the globally correct branch; GRAPE–L-BFGS
and CRAB–Powell approached J⋆ to the displayed tolerance, while the Krotov-type method
retained 0.233% median excess action under its fixed budget. The detailed results are
reported in Table 8.

Table 8. Qutrit branch-selection benchmark over ten seeded perturbations. All success rates at
E ≤ 10−6 were 100%. Ratios slightly below one in branch-aware runs arise from the small nonzero
endpoint tolerance in the penalized numerical objective.

Initialization Method Median E Median
J/J⋆

Median
Time (s)

Branch-blind GRAPE–L-BFGS 1.98 × 10−9 11.76883 0.002
Branch-blind First-order Krotov-type 2.06 × 10−9 11.77017 3.111
Branch-blind CRAB–Powell, one mode 1.98 × 10−9 11.76889 0.037

Branch-aware GRAPE–L-BFGS 1.39 × 10−10 0.999972 0.002
Branch-aware First-order Krotov-type 1.54 × 10−10 1.00233 2.758
Branch-aware CRAB–Powell, one mode 1.45 × 10−10 0.999996 0.039

This is the central comparative advantage of the exact lattice solution: it is not merely
another local optimizer. It supplies the missing discrete branch decision, after which
standard numerical algorithms can refine a waveform within the correct global sector. Con-
versely, the numerical methods can incorporate bandwidth, leakage, robustness, and sparse
controls that are absent from the exact model.

9.3. Cut-Locus Stress Tests

For SU(3), consider the principal-phase family

ϑ(ε) =

(
2π

3
+ ε,

2π

3
− ε,

2π

3

)
, q = 1. (122)

At ε = 0, the target is the central element e2πi/3I. In a fixed diagonal basis, there are three
index assignments, but the full-SU(3) minimum logarithms form the continuum

XP = i
(

2π

3
I − 2πP

)
, P2 = P = P†, Tr P = 1. (123)

For ε ̸= 0, the nearest single-exchange action differs by exactly 2π|ε| at T = 1, which is
in agreement with Proposition 3. The numerical test constructs a Fourier-conjugated target
matrix, invokes the same Schur extraction and tolerance-aware unwrapping routine used
for the random targets, and computes the observed branch costs from the extracted phases.
It tracks the law down to |ε| = 10−12 with maximum relative deviation below 8.2 × 10−4; at
ε = 0, the code reports three coordinate representatives and flags the continuum projector
freedom. Figure 1 shows the result.

For SU(2), approach the cut point −I from two directions,

Uz(ε) = e−i(π−ε)σz , Ux(ε) = e−i(π−ε)σx . (124)

The targets coalesce as ε → 0, but their unique minimizing logarithms for ε > 0 approach
different elements of the continuum at −I. Direct calculation gives

∥Xz(ε)− Xx(ε)∥F
∥Uz(ε)− Ux(ε)∥F

=
π − ε

sin ε
∼ π

ε
. (125)
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Thus, the optimal value remains stable, but any single-valued selector of the optimal
logarithm is ill-conditioned. The test constructs both matrices, passes each through the
implemented Schur/minimum-logarithm routine, and forms the displayed norm ratio from
the returned logarithms. It reproduces the inverse-distance divergence down to ε = 10−12

with maximum relative deviation below 4.3 × 10−4. The directional conditioning is shown
in Figure 2.
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Figure 1. Schur-selector and analytic action gaps between the best and second-best coordinate
branches for the SU(3) family (122). The linear collapse explains why finite-precision branch identifi-
cation becomes tolerance-dependent at the cut locus.
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Figure 2. Directional conditioning of a single-valued minimum-logarithm selector near the SU(2)
cut point −I. The value function is continuous, whereas the selected generator changes by an O(1)
amount under an O(ε) change of target.

These experiments motivate three implementation rules: retain a branch-gap diag-
nostic; cluster phases within a declared tolerance and return all finite assignments in that
numerical cluster when manageable—otherwise the exact floating-point representative,
the combinatorial cluster count, and a compact cluster description; and distinguish those
coordinate representatives from the Grassmannian projector freedom caused by exact spec-
tral degeneracy. The optimal-value conditioning must likewise be distinguished from the
conditioning of a selected logarithm. A black-box principal logarithm alone cannot make
these distinctions.
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10. Parameter Uncertainty, Decoherence, and Benchmark Use
The exact results describe a closed, finite-dimensional, perfectly calibrated system.

They remain informative under model error, but the sense in which they remain valid must
be stated precisely.

10.1. Hamiltonian Parameter Errors

Let U0 solve U̇0 = ΩU0 and let Uδ solve U̇δ = (Ω + ∆Ω)Uδ with both generators skew-
Hermitian. The variation of constants in the interaction frame gives the nonasymptotic bound

∥Uδ(T)− U0(T)∥2 ≤
∫ T

0
∥∆Ω(t)∥2 dt. (126)

The first-order error is governed by the toggling-frame integral

U0(T)†Uδ(T)− I =
∫ T

0
U0(t)†∆Ω(t)U0(t) dt + O

(
∥∆Ω∥2

L1

)
. (127)

Consequently, the exact pulse gives a nominal optimum and a computable sensitivity
baseline, while robust pulse design seeks the cancellation of (127) over an uncertainty
ensemble. Sequential convex programming, ensemble GRAPE, and related approaches can
then report the additional action required relative to the exact nominal certificate [18,34].

10.2. Markovian Decoherence

For an open system with a Gorini–Kossakowski–Sudarshan–Lindblad generator, write
the superoperator as an ideal Hamiltonian part plus a dissipator Dt [35,36]. Let Ut:0 be the
ideal unitary channel and use a submultiplicative superoperator norm invariant under
unitary pre- and postcomposition, such as the diamond norm. If the interaction-picture
dissipator obeys ∥∥∥U−1

t:0 ◦ Dt ◦ Ut:0

∥∥∥ ≤ η(t), (128)

then a variation of constants and Grönwall’s inequality yield

∥ET −UT∥ ≤ exp
(∫ T

0
η(t) dt

)
− 1, (129)

where UT is the ideal unitary channel. The closed-system pulse is therefore no longer
certified by the closed-system theorem and generally need not remain globally optimal
for a fidelity-plus-decoherence objective, although it may remain optimal in special noise
models. For a fixed driftless endpoint (or a fixed interaction-picture endpoint), increasing T
lowers the ideal quadratic action as 1/T but generally increases the decoherence exposure
in (129). With a laboratory-frame drift, the interaction-picture endpoint itself depends on T,
so even the ideal action need not follow a pure 1/T law. In either case, the combined noisy
optimum is a new problem.

The exact formulas nevertheless remain useful in four ways. First, the norm-limited
time is an ideal-model speed reference; it is a lower bound for a more constrained closed
model only under the same endpoint and norm-bound objective. Second, the analytic
pulse is a branch-aware initialization for open-system or robust optimization. Third, con-
trolled ablations can compare the exact closed benchmark, the same discretized closed
plant, and the enlarged noisy plant; this helps diagnose numerical and model-induced
contributions, although a gap relative to the ideal value alone cannot identify them without
independent constrained-solver convergence checks or stronger bounds. Fourth, the branch
and affine-wall margins quantify when small calibration errors can change the selected log-
arithm sector even if the optimal value itself remains continuous. Leakage, non-Markovian
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noise, waveform filtering, and calibration drift require correspondingly enlarged models
and are not covered by the theorems in this paper.

A device-facing use protocol therefore includes the following: identify a calibrated
effective block or commuting sector; infer the quadratic weights and amplitude bounds
from the calibration model; compute the exact branch, ideal-model action/time reference,
and branch margin; use the corresponding analytic pulse as the seed or reference for an
ensemble, leakage-aware, or open-system optimizer; and report the resulting action or time
relative to that nominal value. For a more constrained closed plant with the same objective,
this reference is also a lower bound; for an open or otherwise changed objective, it is not.
This protocol does not transfer the closed-system optimality proof to the enlarged plant,
but it makes the origin of any performance gap auditable.

11. Discussion
The analytic and numerical results separate four distinct sources of difficulty that are

often conflated in quantum gate synthesis.
First, full isotropic actuation is a bi-invariant Riemannian problem. The global result

is not a consequence of the local Euler–Arnold equation alone; it also uses compactness,
the exact geodesic-distance formula, and the lattice of logarithm branches. For a dense
target, spectrum extraction is the O(n3) bottleneck, whereas the implemented finite un-
wrapping step is an O(n log n) sort followed by index shifts. The separate timing data
confirm that branch selection is negligible compared with dense matrix decomposition.

Second, drift adaptation is exact but conditional. The interaction picture always
removes the drift from the state equation, but it preserves the cost only under the drift-
adjoint invariance condition (53). The isotropic Hilbert–Schmidt metric has this invariance.
A generic anisotropic metric becomes time dependent in the interaction picture, so the
constant-generator global certificate is lost; special symmetric or commuting instances may
still admit a constant optimum.

Third, even an Abelian control sector has a nonsmooth global landscape. The torus
value function is continuous and piecewise quadratic, but its gradient and minimizing
branch change across weighted Voronoi bisectors.

The qutrit experiment shows that endpoint fidelity alone does not reveal a branch
error: all three numerical optimizers reached the target while retaining an action nearly
twelve times too large when initialized in the wrong lift. The exact lattice calculation
supplies the discrete global information that a local waveform optimizer lacks.

The exact reductions have different high-dimensional algorithmic implications.
The generic unique isotropic full-control branch is selected by the sorting rule of Theorem 2.
By contrast, a general anisotropic torus or embedded-subtorus problem is a closest-vector
problem in its period lattice; exact enumeration, sphere decoding, or branch-and-bound
may grow rapidly with dimension and conditioning. Explicit output of every assignment in
a high-multiplicity numerical boundary cluster can also be combinatorial, where a compact
projector description is preferable. The high-dimensional experiment therefore validates
the generic full-isotropic solver rather than a dimension-independent polynomial-time
algorithm for every weighted lattice instance.

Fourth, the optimal value and an optimal control need not have the same numerical
conditioning. At a full-SU(n) cut wall, the value remains continuous while the minimiz-
ing logarithms form a Grassmannian continuum; only after fixing a diagonal torus or
eigenbasis does one obtain finitely many coordinate branch assignments. The branch
margin (41), projector family (123), and directional experiment (125) make this distinction
quantitative. Numerical code should therefore report both the finite boundary cluster and
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any degenerate-eigenspace projector freedom rather than manufacture a spurious unique
answer from an arbitrary eigenbasis.

The practical scope is correspondingly precise. For an exactly isolated one-parameter
or commuting native interaction, the formulas can be applied directly. For two-qubit Cartan
synthesis, they solve the ideal nonlocal torus once local equivalence and weights have been
specified. For a sparse or bandwidth-limited closed plant with the same endpoint and ob-
jective, the full-control result is a lower bound because its admissible set is larger. For open,
leakage-prone, or otherwise changed objectives, the formulas are nominal baselines, seeds,
and regression tests rather than certified bounds. They cannot certify optimality for a plant
outside the assumptions.

This paper, which is a numerical study, has limitations of its own. Dense Haar-
random matrices probe algebraic correctness and scaling but do not reproduce a specific
laboratory Hamiltonian. GRAPE–L-BFGS, a first-order sequential Krotov-type method,
and CRAB–Powell are compact reference implementations with different update units
and fixed method-specific budgets, so runtime and evaluation counts are not directly
interchangeable and the ordering is configuration dependent. The randomized one-mode
CRAB frequency is near the first Fourier harmonic and does not contain the known drift
rotation at ∆ = 1.1; the added drift-adapted CRAB row quantifies that basis mismatch
directly. More extensive package-level and mode-count comparisons, sparse many-body
models, experimental transfer functions, and open-system benchmarks remain natural
next steps.

12. Conclusions
This paper provides a family of exactly solved quantum-control benchmarks on

SU(n) under explicit hypotheses. The smooth stationary curves of a quadratic full-control
problem satisfy the right-trivialized Euler–Arnold equation. In the fully actuated isotropic
case, the global fixed-time optimum is generated by a minimum-norm skew-Hermitian
logarithm and is computable by a finite principal-phase unwrapping theorem. At the
affine cut wall of spectral width 2π, the exponential is conjugate, the minimizers form
Grassmannian families, and a single-valued selector is ill-conditioned even though the
value remains continuous. Drift is absorbed into a moving endpoint whenever the metric is
drift-adjoint invariant. On maximal tori and accessible closed commuting subtori, weighted
action and box-constrained time reduce to exact period-lattice problems with separate
strict and projective lattices when the global phase is irrelevant.

The computational study tests these claims on 1506 random targets with a complete
cost-bounded Bellman cross-check for every target, 300 direct low-dimensional Cartesian
searches, 120 analytically prescribed random-conjugation cases, 240 independently cross-
checked anisotropic torus cases, a separate SU(256) stress target, large-cluster selector
regressions, ten-restart optimizer comparisons, and solver-level perturbations down to
10−12 from a cut locus. It also clarifies the division of labor between analytic and nu-
merical control: the exact solution supplies a global branch decision within its model,
an ideal-model reference value, a margin diagnostic, and a physically interpretable seed;
numerical optimization supplies device-specific constraints and robustness. That value
is a rigorous lower bound only for a more constrained closed problem with the same
endpoint and objective. Controlled ablations and independent convergence checks are still
required to attribute a performance gap uniquely to topology, discretization, model error,
or numerical suboptimality.
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Appendix A. Variation Identity
For completeness, we derive (19). Let Uε(t) be a smooth variation and define

η(t) =
∂Uε(t)

∂ε

∣∣∣∣
ε=0

U(t)−1. (A1)

Then, δU = ηU. Since Ω = U̇U−1,

δΩ = δ(U̇U−1) (A2)

= δU̇ U−1 + U̇ δ(U−1) (A3)

= (η̇U + ηU̇)U−1 − U̇U−1η (A4)

= η̇ + ηΩ − Ωη = η̇ + [η, Ω]. (A5)

Appendix B. Finite Certificate for the Qutrit Lattice Minimum
Write m = (a, b,−a − b) ∈ L3. For the qutrit lift (100), define dimensionless variables

y(a, b) =
1
π
(θ + 2πm) =

(
7
5
+ 2a,

1
5
+ 2b,−8

5
− 2a − 2b

)
. (A6)

The weighted coefficient divided by π2 is

F(a, b) =
(

7
5
+ 2a

)2
+

(
1
5
+ 2b

)2
+ 4
(
−8

5
− 2a − 2b

)2
. (A7)

The continuous minimizer of this strictly convex quadratic is

(a0, b0) =

(
− 7

10
,− 1

10

)
, (A8)

and F(a0, b0) = 0. The Hessian is

H =

(
40 32
32 40

)
, (A9)

with eigenvalues 8 and 72. Hence,

F(a, b) =
1
2

(
a − a0 b − b0

)
H

(
a − a0

b − b0

)
. (A10)

Since 1
2 λmin(H)∥(a, b)− (a0, b0)∥2

2 = 4∥(a, b)− (a0, b0)∥2
2, any integer point with Euclidean

distance greater than
√

26/10 from (a0, b0) has F > 26/25. The only integer point within
this radius is (−1, 0), for which

F(−1, 0) =
26
25

. (A11)

All other integer points have larger weighted action. Thus, m = (−1, 0, 1) is the unique
weighted-action minimizer.

For the box-time problem, the dimensionless objective is

B(a, b) = max
{∣∣∣∣75 + 2a

∣∣∣∣, ∣∣∣∣15 + 2b
∣∣∣∣, 2
∣∣∣∣−8

5
− 2a − 2b

∣∣∣∣}. (A12)
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At (−1, 0), B(−1, 0) = 4/5. If B(a, b) < 4/5, then∣∣∣∣75 + 2a
∣∣∣∣ < 4

5
⇒ a = −1, (A13)

and ∣∣∣∣15 + 2b
∣∣∣∣ < 4

5
⇒ b = 0. (A14)

But at the only possible pair (−1, 0), the third weighted coordinate equals 4/5; hence,
it cannot be strictly less than 4/5. Therefore, no branch has box objective below 4/5,
and m = (−1, 0, 1) is a global box-time minimizer.

Appendix C. Numerical Safeguards
The exact solver used the following steps for every target U ∈ SU(n).

(1) Compute a complex Schur decomposition U = VTV†. For a normal unitary matrix, T
is diagonal up to roundoff.

(2) Set ϑj = Arg(Tjj), map numerical values at −π to the theorem’s convention +π,
and set q = round(∑j ϑj/(2π)) after checking its distance from the nearest integer.

(3) Apply Theorem 2. Select the representative from the actual stable ordering of the
floating-point phases. Use the declared phase-cluster tolerance 10−10 only to de-
scribe numerical ambiguity at the selected–unselected boundary. Enumerate every
boundary subset when the cluster count is at most 104; otherwise, retain the exact
floating-point representative together with the combinatorial cluster count and a
compact description. A machine-level degeneracy flag indicates when continuous
Grassmannian projector freedom may be present; a floating-point flag is not itself a
proof of exact spectral equality.

(4) Form X = Vi diag(α)V† and verify∥∥eX − U
∥∥

F√
n

, |Tr X|, min
candidate branches

∥X∥2
F

2T
. (A15)

The supplied implementation reconstructs eX spectrally rather than calling a second dense
exponential. For every random and prescribed-spectrum target, the analytically obtained
incumbent cost C is used only as an upper bound: every improving or tying branch
must satisfy (118). The code derives the corresponding integer ranges coordinate by
coordinate, uses nextafter to round each real boundary outward before converting it to
integers, and applies a Bellman recursion whose state is the cumulative branch sum. This
independently minimizes over all trace-compatible branches represented by the cost box
without using the finite-shift conclusion being tested. For 300 low-dimensional targets,
a second routine directly enumerates the complete Cartesian product and agrees with both
the selector and the Bellman result. These are exhaustive finite floating-point checks under
the stated bound.

The optimizer scripts use real coefficients in skew-Hermitian bases and the induced
coefficient metric. Exact matrix exponentials are used on every piecewise-constant interval,
and the same phase-sensitive endpoint error (117) is used for every method. The first-order
sequential Krotov-type routine uses terminal costate PN = −U f /n, old-field backward
propagation, new-field forward propagation, and exact expm_frechet derivatives in each
slice minimization. The term “exact discrete” refers only to the propagator and derivative
of the chosen finite-dimensional piecewise-constant model; each local minimization is
numerical with the fixed tolerance and iteration budget recorded in the configuration file.
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For completeness, the strong-convexity constants quoted for the displayed local sub-
problems follow directly from an operator-norm Hessian bound. Write the endpoint part
of one local objective in a direction v as

h(v) = ℜTr
(

P†
k+1e∆t Ω(v)Uk

)
. (A16)

The terminal condition and unitary backward propagation give ∥Pk+1∥∗ = 1, while
∥Uk∥2 = 1. The integral formula for the second Fréchet derivative of the exponential
therefore yields

D2h(v)[w, w]≥ −∆t2∥G(w)∥2
2, (A17)

where G(w) is the skew-Hermitian control generator in direction w. For the Hilbert–
Schmidt-orthonormal qubit basis, ∥G(w)∥2

2 = ∥w∥2
2/2 and ∆t = 1/8. The unit-

weight proximal term has Hessian ∆tI, so the local Hessian is bounded below by
(1/8 − 1/128)I = (15/128)I. For the qutrit coordinates, G(w) = i diag(w1, w2,−w1 − w2),
hence ∥G(w)∥2

2 ≤ 2∥w∥2
2; moreover, ∆t = 1/5 and the induced metric M =

(
5 4
4 5

)
has

λmin(M) = 1. Thus, the lower bound is (1/5 − 2/25)I = (3/25)I. The physical fluence
term is positive semidefinite and can only increase these constants. Finite-difference checks
of the local Fréchet gradients have maximum absolute discrepancies below 5.3 × 10−11,
and every recorded Krotov-type sweep is checked for the monotonicity of the physical
fluence-regularized objective.

The concurrent GRAPE gradient propagates exact forward and suffix products and
inserts expm_frechet derivatives at every full-system slice; the commuting qutrit uses the
corresponding analytic phase gradient. Seeded central-difference checks give maximum
absolute discrepancies 3.94 × 10−11 for the full drifted-qubit problem and 2.81 × 10−11 for
the qutrit problem with objective-consistency errors at machine precision.
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