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Abstract

We study gravitational lensing by k — n generalized black-bounce space-times both in
regimes of weak and strong field approximations. These metrics interpolate between
regular black holes and one-way or traversable wormholes. First, we investigate the light-
like geodesic trajectories and derive an analytical expression for the deflection angle in
terms of the bounce parameter in the weak-field gravitational regime. We then turn to
the strong-field gravitational regime and display the behavior of the bending angle as a
function of both the impact parameter and the bounce parameter. Next, using the lens
equations, we analyze how the observables for Sagittarius A* behave concerning the bounce
parameter. We obtain the shadow’s radii for some black-bounce metrics and plot the graph
of their sizes, comparing them with the Schwarzschild one.

Keywords: gravitational lensing; black holes; wormholes; exact solutions in gravity

1. Introduction

It is undeniable that general relativity (GR) remains our best-tested theory of gravity.
This statement is underpinned by its remarkable success in describing numerous gravita-
tional phenomena, such as classical tests and gravitational waves. One notable gravitational
phenomenon is gravitational lensing—the light deflection in the neighborhood of a massive
object (often referred to as a gravitational lens). In fact, this effect was originally observed
over one hundred years ago [1] (the history of this discovery is presented in various papers;
see, for example, [2,3]). Recent breakthroughs, such as obtaining the image of the shadow
of a supermassive black hole at the center of the M87 galaxy [4-9], and, furthermore, the
observation of the supermassive black hole Sagittarius A* located at the center of our
galaxy [10], have further increased interest in the study of gravitational lensing.

Due to mathematical difficulties, the first works regarding gravitational lensing were
carried out in the limit when the light passes far from the gravitational lens (given by
some massive object)-this approximation is sometimes referred to as the weak gravita-
tional field regime [11-13]. Nevertheless, the weak-field regime fails to apply when light
experiences an intense gravitational field; this is known as the strong gravitational field
regime. In the latter case, a typical example arises as the light passes near the photon
sphere—that is, a region where the gravitational pull is so strong that the circular lightlike
geodesics become unstable—of a black hole. In this limit, several works have been per-
formed to compute the angular deflection in different contexts, including quantum gravity-
inspired black holes [14-16], non-commutative black holes [17-19], Reissner—-Nordstrém
black holes [20-22], wormholes [23-36], spinning black holes [37-43]. The keystone of the
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theoretical studies of strong gravitational lensing has been put forward by the seminal
paper [44], where strong gravitational lensing by a Schwarzschild black hole was studied.
The authors found a surprising effect: an infinite sequence of relativistic images, aside from
the primary and secondary images, is generated along the optic axis, which is purely an
effect of the strong field regime. Further continuation of this study was performed in [45],
where the concept of photon surface generalizing the photon sphere was proposed. After-
wards, several mathematically consistent approaches to the formal study of gravitational
lensing in the strong field regime were developed in [46-49]. Recent results for the strong
deflection of particles in various contexts are presented in [14,50-54], and some other issues
related to gravitational lensing can be found also in [55-61].

It is well known that GR presents pathological solutions, for example, (i) the Godel
solution in which global causality is broken, and (ii) solutions that display singularities,
such as the Schwarzschild black hole. Regarding the latter, Bardeen originally proposed
a black hole solution without singularity, the so-called regular black hole [62]. Other
regular black hole solutions have been obtained in the literature [63—68]; in particular, we
highlight a class of metrics known as black-bounce ones, which describe non-singular
solutions [69,70]. Furthermore, regular black holes have the peculiar property of being
sourced by a matter content that violates the energy conditions in GR [71]. Although this is
a stringent constraint in GR, it generically does not hold in alternative theories of gravity
scenarios. Within the light deflection context, an important study of regular black holes
was carried out in [72], the effect of weak and strong gravitational lensing was studied in
the Simpson-Visser (SV) black-bounce space-time, originally introduced in [69]. In this
paper, we perform the next step along this line considering a more generic regular metric
called k — n generalized black-bounce space-time [73], which reduces to the one studied
in [72] for special values of the parameters. For this metric, we consider the light deflection
both for weak-field and strong-field limits.

It is also instructive to compare the present results with gravitational lensing by other
alternative compact objects. In braneworld geometries, additional bulk-induced parameters
modify the deflection angle, photon-sphere structure, and strong-lensing observables [74].
The Kehagias—Sfetsos solution of Hotfava-Lifshitz gravity likewise possesses black-hole
and naked-singularity branches, and its gravitational parameter affects both weak- and
strong-field lensing [75,76]. These cases differ conceptually from the k — n black-bounce
family, which is nonsingular and interpolates between regular black holes and wormbholes.
A further distinction concerns regular black holes sourced by nonlinear electrodynamics.
In such theories, electromagnetic rays generally follow null geodesics of an effective optical
metric, which need not coincide with the background spacetime metric and may therefore
modify the light rings, shadow, and lensing observables [77]. In the present work, by con-
trast, photons are minimally coupled and follow null geodesics of the spacetime metric in
Equation (1). Thus, although all these models can produce departures from Schwarzschild
lensing, the physical origin of those departures is different.

Another important strong-field regime effect is the appearance of a shadow region,
which is defined as the region where the light follows unstable circular orbits. In this
scenario, this work aims to investigate the shadow structure of k — n generalized black-
bounce spacetimes, which has not been explored earlier. To achieve this, we will first
discuss the effects of gravitational lensing in these geometries.

The structure of the paper is as follows. In Section 2, we briefly describe the main
properties of generalized black-bounce space-times. In Section 3, we consider the light
deflection in the weak field regime within these regular space-times and then we compute
its correspondent deflection angle. In Section 4, employing Tsukamoto’s method, we plot
the graphs of angular deflection in terms of the impact parameter. Section 5 is devoted to a
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detailed discussion of gravitational lensing by the generalized black-bounce metrics and to
its applications, such as obtaining observables from observational data of Sagittarius A*
and investigating the sizes of the shadows. We summarize our results in Section 6.

2. Generalized Black-Bounce Space-Times

One of the most interesting studies of the light deflection was performed in the stan-
dard black-bounce space-time [72,78], also known as the SV space-time, which represents
itself as one of the simplest examples of a regular black hole (various issues relating to this
solution, including a discussion of corresponding matter sources, can be found in [79]).
Later, various generalizations of this metric were introduced; see [73]. They are character-
ized by the typical form of the line element:

ds* = f(r)dt* — ;i(r:) — X2(r)(d6? + sin® 0d¢?), 1)

where X(r) = V2 +a%2and f(r) =1— zg/ég;) [73]. The dependence on the bounce parame-

ter g, allowing to avoid the presence of a singularity, is the main feature of all black-bounce

space-times. It corresponds to a throat at the origin, which may or may not be surrounded
by an event horizon. Depending on the value of 4, the metric (1) can describe a regular
black hole with a space-like throat leading into a future copy of the universe, a one-way
wormbhole if the throat is light-like, or even a traversable wormhole if the throat is time-like.
These space-times present mostly the same properties as SV ones, but some of them can
have more than one horizon, and some of them can violate only some of the energy condi-
tions required in GR instead of all of them. It is possible that these metrics do not violate
the energy conditions in some modified theories of gravitation.

The main difference of the metric (1) from the SV one is the generalization of the
constant mass to a function of the radial coordinate M(r), which can carry additional pa-
rameters and generate new effects. The example of space-time proposed in [73] introduces
the parameters k (a non-negative integer) and n (a positive integer) by defining

B mx(r)r
M(r) = m- 2)

The SV metric corresponds to the case with n = 1 and k = 0. In any of the new
black-bounce space-times, 2 — 0 recovers the Schwarzschild space-time. These metrics
have the same restrictions in GR as the SV one, i.e., in general they do not satisfy the energy
conditions, requiring some source of exotic matter whose distribution through space is
discussed in detail in [73], but they have the advantage that this mass function M(r) can
be modified to avoid violating at least some energy conditions, in a modified theory of
gravitation. Let us see this in more detail: the Einstein equations G¥#, = 2 TH, define an
effective anisotropic fluid, T#, = diag(p, —pr, —pt, —pt), where p, is the radial pressure
and p; is the transverse pressure. Its energy density and radial and transverse pressures
are, respectively,

2rE2M 4 a2 (4M — %
R = aM-r), ®
2rX2M + %
szr = - 25 ; (4)
(X — M) — x*M”
e = CEZM)ZEM ®)
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In particular,

2
o+ pr) = - 2L, ©)

so that the radial null energy condition is violated in every static region with f(r) > 0
when a # 0. This effective-fluid description provides a direct starting point for the study
of the energy conditions, which were analyzed in detail for this family in [73]; it does not
select a unique underlying matter Lagrangian.

Our goal hereby is to calculate the light deflection and consequently gravitational
lensing effects in some of the generalized black-bounce space-times. A more specific
characterization of some of these metrics will be given in Section 4 where we study the
photon spheres for the metrics with k = 0,n = 2 and k = 2,n = 1. We note that some
previous studies of the case k = 2, n = 1 were performed in the papers [80,81], while we, in
this paper, present more details for this case.

3. Light Deflection: Weak Field Regime

The trajectory of the photon moving through the space-times described by the
metric (1), with the mass function given by (2) is determined by the Lagrangian

-1
L::(l—(zmﬁhl>ﬁ-<1—(ZMW)H1> 72— (P + a®) (6% +sin2 0. ¢2). (7)

r2n + a2n)ﬁ r2n + an

For the light-like particle we have the constraint £ = 0. Using the Euler-Lagrange
equation for t, we obtain the following expression for the photon energy:

k
Eo (12" ); ®)
(TZn_'_uZn)kz%l

The evident homogeneity of time allows us to conclude the energy of the photon is
conserved, which is natural since the metric is static. Further, from the Euler-Lagrange
equation for ¢, we see that the z-component of angular momentum of the photon, given by

L= (r*+a%)sin®0 ¢ )

is also conserved. As a consequence, the trajectory of the photon is restricted to a single
equatorial plane, and we can assume 6 = 7. Taking into account the spherical symmetry
of the metric, we can easily find the trajectory of the photon.

If we substitute (8) and (9) in (7), and require 8 = 71/2, we get

2 k
2= +12(1-—" )2 +a?)? (10)
(1,211 + aZn) kzinl

So, the problem of finding the trajectory of light reduces to that of a one-dimensional
f(r)
22(r)

Each photon coming from infinity has an impact parameter b = &, which determines

movement for a particle under the effective potential V' (r) = L? displayed at Figure 1.

its behavior in response to V, and consequently its trajectory. Depending on its value, the
photon can either be scattered in some direction, fall into the black hole, or, in the strong
field limit, stay orbiting around it indefinitely in the photon sphere. There is a maximal
approximation point (rg) that can be found for every impact parameter. In other words,
when a photon comes from infinity, it passes near the black hole at a minimal distance rq
and is scattered in another direction afterward. The angle between its trajectories before
and after scattering is the deflection angle which we will denote as «.
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Figure 1. Effective potentials for some specific black-bounce spacetimes.

Since the impact parameter is constant for the entire trajectory, its value is easily

obtained by knowing o, because at this point # = 0, and from (10) we have b? = Zfz((r:]o)) .

Rewriting (10) with the use of the definitions of the effective potential V, the impact
parameter b and the angular momentum L, we obtain a trajectory equation relating » and
the angular coordinate ¢:

2 — 25 (r) (blz _ zfz((rr))) (11)

We can then define « from this equation by integrating the angle where radius varies
from r( to oo to obtain the first branch of the trajectory, multiplying the result by 2, and then
subtracting 7z, so, finally we obtain

0 dr
/ro \/24(72)((70) — f(r)Z2(r)

M 7’0)

=2

— TT. (12)

This integral cannot be expressed in closed form, so, it must be approximated in some
way. It can be found using some numerical approximation, as in Figure 2.

At the same time, several physically interesting results can be obtained through
expansions of this integral. We first consider light deflection in the weak field limit, that is,
when m << 1, and consequently 2 << 1. This scenario corresponds to the large distance
from the center of the black hole. In the zeroth order, we have zero result which is natural
since the black hole should not affect regions very distant from it. In this limit rg ~ b, so we
express the result in terms of b. Then, we can write down the Taylor series up to the second
order, to obtain the deflection in every black-bounce space-time:

N~ —

4m N (15 —16)m*  ma*
b 42 4b2

(13)

as is the case for SV space-time. Therefore we conclude that in the weak field limit the new
black-bounce space-times cannot be distinguished from the SV space-time.
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Figure 2. Light deflection as a function of the impact parameter for different space-times with the
same value of a.

4. Light Deflection: Strong Field Regime

Now we turn to the strong field limit. In this case, we give main attention to the light
deflection near the photon sphere, whose radius is ;. Since these metrics are spherically
symmetric, static and asymptotically flat, we can use the same procedure developed in [49]
to calculate the deflection of light in our case. The first step is to calculate the radius of the
photon sphere (), for which the following expression is valid:

V/(#) = 0. (14)

In this expression, the prime denotes the derivative with respect to the coordinate r.
This expression itself could describe a maximum or a minimum of the effective potential,
but for the metrics studied here, the outermost photon sphere, or the largest solution of
(14) is always a maximum. Indeed, if there was a minimum, the photon would have a
greater energy than is needed to be caught in the potential well and would pass right
through it. Where there is a maximum potential, it becomes an unstable equilibrium point.
If the innermost radius attained by the photon (rg) coincides with the photon sphere (r,;),
the photon becomes trapped in it forever moving around the black hole. In practice, two
situations occur, namely: if rg < 1y, the photon follows an unstable circular orbit and then
falls inside the black hole, and if rg > r;;, the photon is scattered by the black hole to infinity.
As its energy approaches its maximum, it circles the black hole an increasing number of
times. This scenario will become more important in Section 5. Now we are concerned with
the dependence of the deflection angle on the parameters of the metric.

To start, let us consider the case with k = 2 and n = 1 (Figure 3a), which has also been
analyzed in [80] and the case with k = 0 and n = 2 (Figure 3b). Other space-times with
n =1and k # 0,2 have configurations of event horizon and photon sphere analogous to
Figure 3a. Similarly, other space-times with #n > 1 and for all k behave like Figure 3b.
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Figure 3. Photon sphere (blue) and event horizon (black) for black-bounce space-times.

The differences among the different kinds of black-bounce metrics are more evident as

we approach the photon spheres.

Let us now proceed with an in-depth assessment of the horizon and photon sphere

structures of some particular black-bounce metrics. To gain more insight on this, we first

consider the SV metric, which possesses the following features:

V m?
L2

A horizon at ry = /(2m)? — a? and a photon sphere at 1, = V9m? — a? for 0 < a < 2m;
A marginal horizon at ri; = 0 and a photon sphere at 7, = v/5m for a = 2m;

No horizon and a photon sphere for 2m < a < 3m;

No horizon and a marginal photon sphere at 1, = 0 for a = 3m;

No horizon and no stable photon sphere for a > 3m (a possibility of unstable photon
spheres was indicated in [82]). At the same time, there is no horizon and no stable
photon sphere for a > 3m on the throat [83], as can be seen in Figure 4 (black line).

0.07

—— k=0, n=1

0.06 ]
—— k=0, n=2
0.05¢ —— k=2, n=1 ]

0.04F

0.03F ]
0.02 1

0.01F

0.00 - - - ; -
0

r/m

Figure 4. Effective potential for different spacetimes with large a (a = 4m). It is evident that r = 0

represents a potential peak, i.e., a photon sphere, for all metrics considered.

Now, let us explore two different cases for the generalized black-bounce metrics,

namely the following:

Forn =2and k = 0 and a < 2m, we found one horizon at ry = v/(2m)* — a* and one
photon sphere whose radius is given by the equation

3mry, + ma*ry, 4+ 2matry = (15, + atry)y/ 1 +at, (15)

for a = 2m it has a marginal horizon at ry = 0 besides one photon sphere, for
2m < a < 2.54343m it has an inner and an outer photon sphere, for 2 = 2.54343m there
is only one photon sphere at r;;, = 2.29825m and for a > 2.54343m there is a photon
sphere on the throat (Figure 4) and no horizons.

Forn = 1and k = 2, one has two horizons for a < 34% and two photon spheres for

a< 27’% while for a = 2—"; it has one photon sphere at r,;, = 4—"; and for a > 2—"; ithas a
photon sphere on the throat (Figure 4) and no horizons. In [73], this metric, as well as
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other metrics with k = 0 and n > 2 as being qualitatively the same as the SV model,
but the authors did not considered the additional photon spheres.

If we simply substitute r,, for ry into (12), the integral diverges [49], which is expected
because a photon becomes trapped in the photon surface. Thus, the light deflection angle «
is calculated with rg — ry, in the strong field limit. When ry — r,, the impact parameter
approaches a critical value (b.), so we can also express the deflection angle in terms of
b. instead of r,;, which will become more convenient in Section 5 where we calculate the
observables. We can compare graphically how b, changes with a among the black-bounce
spacetimes (see Figure 5):

6.0r
5.5¢
b./m
5.0r —— Simpson-Visser |
—— k=0,n=2
451 — k=2,n-1

0.0 0.5 1.0 1.5 2.0 2.5 3.0
a/m
Figure 5. Critical impact parameter, equivalently the shadow radius rs = b, as a function of the
bounce parameter a for the Simpson-Visser and generalized black-bounce geometries.

The only black-bounce metric with a closed form of the critical impact parameter is
the SV metric, for which b, = 3v/3m, the same as Schwarzschild, independent of a. For the
other two black-bounce metrics, b depends on the value of a.

Since the integral diverges in this case, the method devised in [49] can be used to
extract the divergent part of the result. It remains to evaluate the regular part of the integral.
The result looks like

a(b) ~ —Aln (: — 1) + B, (16)

where the coefficients .A and B are constants, and the logarithmic term diverges in the
strong field limit (b — b.). The constant A is given by

P (17)

Y, f m % ,;42%,,
And the constant B looks like
1!

B=Aln (r;(;z—f’"))ﬂlz—n. (18)

In this expression, Ir is the regular part (19) of the integral of the light deflection
(cf. (12)):

1
m:/ﬁ 2m - 2 (19)
0

(-2 fems(fe) - () f(m) = F— ATR

wherez =1 — r7° as defined in [49]. The first term inside the integral is just the integrand

of (12) after substituting z for r and r,; for . The second term inside the integral is the
divergent term, which is used to calculate the strong field coefficients A and B, so we
subtract the divergent term from the original integral to obtain a finite result and the
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divergent part becomes a logarithmic function which tends to infinity. For the metric with
k =0, n = 2, this expression becomes

/ 1 2rmdz
0

4
(I’zm n az(z _ 1>2) < (r,zn+a2(z71)2> (\/ré,,+a472m) _ 2m(z—1)3 - B (Z B 1>2>

(r%l+a2) %/r%1+a4 é/’éﬂ +at (z—-1

9
_/1 2(rt, +a*)sdz )
0 Z\/Zazmr?n — 7atmrd, — 3abmr, — 2a8m + (rk, 4 a*)3
where, as a result of Equation (14), r, is given by the following equation:
5/4
(a4 + ri) - m(2a4 + a?r?, + Sri) =0. (21)

And for k = 2, n = 1 (this case has been investigated in [80,81]) the regular integral is
written as

1
/0 (Fte(=12) ((ota) 3 —2mr) 2 2m(z—1) 2(z — 1)
\/ (ta2)3 n(z=1) (1+¢¢Tﬂ) SrE Y

(r2, + az)%dz

! 2
_/0 2(742 2 2 23
Z\/ma (2a? — 13rm?) + (r3, + a?)2

(22)

where, as a result of Equation (14), r,, satisfies the following equation:

az(\/a2+r%1+2m)+rﬁ1(\/a2+r%1—3m> =0. (23)

In Figure 6 we compare the results of the regular integral for the metrics whose photon
spheres were previously illustrated with the regular integral for the SV metric.

4 T T T T T
- === Schwarzschild

3r—— k =0, n =1 (Simpson-Visser)
— k=0,n=2

2 L
— k=2,n=1

Ir

0.0 0.5 1.0 1.5 2.0 2.5 3.0

a/m

Figure 6. Regular integral as a function of parameter a.

We can see in this figure that as a approaches a limit for which there can no longer be
photon spheres, the regular integral diverges, tending to 4o for SV space-time and to —oo
for the generalized black-bounce space-times. For small values of 4, the regular integral
does not depend on # and k.

As illustrated in Figure 7, when we increase a, not only do the curves become different
but the critical impact parameters and the value for which the deflection angle blows up
present differences. As we restricted ourselves here to the strong field limit, we did not
calculate the deflection for values of a for which the metric does not exhibit photon spheres.
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This is the reason why there is no k = 2 curve for a = gm (its limit for photon spheres is

2m
a= ==).
\@)
4rn T T 4rn 4rn T 4r
==== Schwarzschild ==== Schwarzschild
3ak — k=0,n=1 I3 3ak — k=0,n=1 15
— k=0,n=2 — k=0,n=2
a 2nf k=2,n=1 12n a 2nf k=2,n=1 12n
nr e e qn
0 - - 0 0 - - - 0
5.0 5.2 5.4 5.6 5.8 6.0 4.5 5.0 5.5 6.0 6.5
b/m b/m
_1 _ 4
(@)a=zm (b)a=zm
4rn v 4r
H = === Schwarzschild
'
3nr H — k=0,n=1 13
"\ — k=0,n=2
a 2nf 12n

Figure 7. Strong field approximation for different space-times and fixed a.

5. Gravitational Lensing

After we write light deflection in the form of (16), it becomes possible to calculate
two physical quantities related to the nearest surroundings of a black hole outside its
shadow. In the strong field limit, relativistic images are located very close to the main
image. They are formed by photons from some source behind the black hole whose impact
parameter results in a deflection of more than 27, i.e., they do more than one turn around
the black hole before coming out to the observer. Relativistic images are also fainter and
more compact than the main image. There is a relativistic image for each number (N) of
complete rotations. We follow the same procedure adopted in [47-49,72].

5.1. Lens Equation

Let us consider a nearly coaligned observer-lens—source configuration. We write
the total deflection angle as @« = 27tN + ay, where N is the number of complete loops
performed by the photon around the lens, and ay; is the residual deflection. We restrict
the following analysis to the small-angle regime |f| < 1, |0y| < 1, and |ay| < 1, as in
the standard strong-deflection treatment [42,72,78], illustrated in Figure 8. Assuming also
Dos =~ Dor + Dyg, the lens equation reduces to

D
p=6N—poan. (24)
o
Moreover, b = Dy tany =~ Doy 6y in this approximation.
Thus, ay can be treated as a function of 6. Then, we expand S to first order in
(On — 6%), with 6%, defined as an angle such that ay (6%) = 0.
A DLSDOL eZnN—B

ﬁzG?\,Jr(lJrM )(GNG?\,) (25)
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This expression can also be easily inverted in order to obtain the angular position of
the image (6) as a function of the angular position of the source (), by noting that in (25)
one can neglect 1 in comparison with another term. So, one finds

bc DOS B-2nN

~ 00 B=2aN o 40
GN 9N+ADOLDLSE (:B QN) (26)

From (25) and (26), we can define the observables which depend on the deflection
coefficients A and B.

IBEN

Dis Do,
Figure 8. Schematic representation of the observer (O), the source (S), the lens (L) and the image ().

5.2. Observables

The first observable is the separation angle (s) between the first (N = 1) and the
remaining relativistic images, all merged in a single image denoted by an infinity index
(N — o0). Since the correction in (26) is much smaller than 6%, s can be approximated
as follows:

b B-2n
s @) -0 = S A

~ Dot )

The other observable defined from the deflection coefficients is the ratio between

the luminous flux of the first relativistic image and the remaining ones. It depends on
I _ (g ap\ ! . .

the magnification uny = (WW) |9?v . Because of the large distances involved, the

magnification can be approximated as

bCZDOS eB—jnN (1 + eB—JZAHN)
= (28)
HN B ADps Do

Hence, we calculate R, and, from the order of magnitude of the quantities considered,
present its approximate value as

27 A
g A B s
R= b = (X tef) [ 2—+ ~ ek (29)
eA -1 e4d -1

LUN
2

5.3. Application for Sagittarius A*

In order to compare the results of each metric, we suppose the lens is the black
hole at the center of the galaxy, Sagittarius A*, with mass (4.297 x 10°M,) and distance
(8277 pc) profile taken from [84]. Figure 9 presents the separation angles and ratios between
luminosities for the metrics studied.
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(a) Separation angle in parcsec. (b) Ratio between luminous fluxes.

Figure 9. Observables as a function of parameter a with Sagittarius A* acting as a gravitational lens.

We can see in the graphs that the observables can differ essentially from the
Schwarzschild case, if the values of a are not too small.

5.4. Shadows

Black hole and wormhole shadows are typical gravitational lensing effects that arise
in the strong field regime. As discussed in the previous section, the photon sphere—with
critical radius r,—is the region where photons are forced to follow unstable circular orbits.
As a result, such orbits cast a dark region on the observer’s sky, called the shadow. In
particular, for an asymptotically flat, static, and spherically symmetric spacetime written as

ds*> = A(r)dt*> — B(r)dr* — C(r)dQ)?, (30)

the shadow radius measured by an observer at infinity coincides with the critical impact
parameter associated with the outermost unstable circular photon orbit [49,72,78]:

ro = be = . (31)

For the metric in Equation (1), A(r) = f(r) and C(r) = X£?(r), and hence

X(rm) '
f(rm)

This expression is also obtained directly from the turning-point relation b> = ¥2(rq)/ f(ro)

(32)

rs = b, =

derived from the null geodesic equation.
For the Simpson—Visser geometry, the exterior photon sphere satisfies

1
Tm = V9Im2 — a2, X(rpm) = 3m, flrm) = 3 (33)

so that
re = b, = 3v3m, 0<a<3m. (34)

Thus, although the coordinate position 7;; depends on the bounce parameter, the
areal radius of the photon sphere and the corresponding shadow radius remain equal to
their Schwarzschild values throughout this branch [72,78]. At a = 3m, the photon sphere
is marginally unstable. For a > 3m, the unstable circular photon orbit is located at the
wormhole throat and the critical impact parameter becomes

b a
c — a— zml (35)
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which explicitly depends on a [78]. This throat-controlled branch lies outside the parameter
interval displayed for the Simpson—Visser curve in Figure 5.

The shadow-size information for the generalized geometries is already contained in
the critical-impact-parameter curves in Figure 5; therefore, the former plots of concentric
shadow disks have been removed. The influence of the bounce parameter is model de-
pendent. For the k = 2, n = 1 geometry, b, decreases as a increases over the range shown,
and the shadow is smaller than the Schwarzschild shadow. By contrast, for the k = 0,
n = 2 geometry, b, increases and can exceed the Schwarzschild value. Consequently, the
Schwarzschild shadow is not a universal upper bound within the complete generalized
black-bounce family considered here.

The inequalities

3 T
Ersc < Tm S % S 3ml (36)

with rs. = 2m, were proposed for static black holes in Einstein gravity [85]. They cannot
be applied without qualification to the whole black-bounce family, which also contains
wormhole branches and is supported, in its general-relativistic interpretation, by effective
matter that may violate the usual energy conditions [69,73]. The behavior found here
therefore does not contradict the domain of applicability of the bounds in [85].

6. Conclusions

In this work, we have analyzed light deflection and gravitational lensing in k — n
generalized black-bounce spacetimes, characterized by two parameters, k and n. In the
weak-field gravitational regime, we succeeded in demonstrating that the angular deflection
within generalized black-bounce metrics coincides with the usual SV metric up to the
second order in the parameters, 2 and m. Conversely, in the strong-field regime the critical
impact parameter and the bending angle acquire nonlinear dependence on the bounce
parameter a for the cases (k = 0,17 = 2) and (k = 2,n = 1), leaving light-bending effects
more evident as a grows. Using the lens equations for Sagittarius A*, we demonstrated how
relativistic image observables depart from their Schwarzschild values as a/m increases.
Thus, the Schwarzschild shadow is not a universal upper bound within this generalized
black-bounce family.

As an unfolding of this work, we intended to study the light deflection for spinning
generalized black-bounce metrics and the rotation effects on their shadows. We plan to
carry out these investigations in a forthcoming paper.
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