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Abstract

In this paper, we investigated the capability of Yukawa gravity to explain the Schwarzschild
precession of S-stars as a probe for General Relativity and to map the allowed parameter
space of a potential fifth force. We simulated the S38 star orbit in a Yukawa gravity model
and fitted it into the observed astronomical data of the S38 star using the Markov Chain
Monte Carlo method in order to constrain the parameters (strength J and range A) of
the Yukawa interaction. Comparing these findings with previous results for the S2 star
reveals that the best-fit values for A are remarkably close, while the magnitudes of ¢
are slightly smaller for S38. These results map the joint statistical boundaries of a fifth
force at the Galactic Center. Although the General Relativity limit (6 = 0) falls well
within the reported 1o uncertainties, rendering potential nominal deviations statistically
insignificant, the interaction range A exhibits a highly stable spatial scale across different
stellar orbits. This cross-consistency between independent datasets, with stable clusters
near 360, 1900, and 7000 AU, keeps a viable physical window open for a fifth force. This
agreement demonstrates that the interaction scale is robust against individual single-orbit
systematic errors, ensuring that this parameter domain remains a prime target for future
high-precision astrometric observations. Ultimately, analyzing S-star kinematics within
Yukawa gravity provides a powerful independent tool for testing General Relativity and
bounding non-standard gravitational effects at the Galactic Center.

Keywords: theories of gravity; general relativity; fifth force; supermassive black holes;
stellar dynamics

1. Introduction

The standard theory of gravity, General Relativity (GR), or Einstein’s theory of gravity,
recognized as one of the most profound and beautiful physical theories, has nice theoretical
properties, and great phenomenological achievements have been attained with this theory.
GR has been tested in the Solar System, and it is known that it is well-confirmed therein.
It has important astrophysical implications in predicting several significant phenomena
that were confirmed: the perihelion precession of planetary orbits, the deflection of light
in the gravitational field (gravitational lensing), gravitational redshift, Shapiro time delay,
the precession of orbiting gyroscopes (Lense-Thirring effect), black holes and gravita-
tional waves. One of the main features of GR is its capability to make many predictions
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without new degrees of freedom and fine tuning of parameters. It has been considered
the standard theory of gravity since its formulation, in 1915, until the present time and
serves as the theoretical paradigm for gravitational investigations at all astrophysical and
cosmological scales.

In cosmology, GR is the basis of the standard cosmological model (the ACDM model)
which assumes the existence of the dark content of the Universe, comprising approximately
68% Dark Energy (DE), 27% Dark Matter (DM) and only 5% visible (standard) matter [1].
Nevertheless, one should not comprehend GR as the complete (i.e., the final) theory of
gravity at all scales and all states of matter. As we know, all physical theories have
constraints on their validity, for example, those depending on scale, the complexity of
the physical system, physical constants and parameters. There is no a priori reason that
GR is an exception, i.e., it is not without constraints in the description of gravitational
phenomena. GR is not verified at the galactic and cosmological scales; hence, its application
at these scales should be carried out with caution. The existence of DM and DE has not
been confirmed by fundamental experiments seeking new particles; hence, DM and DE
are hypothetical ingredients of the Universe, while their effects at a large scale are evident
(clustering of structures and accelerated expansion of the cosmic flow). Therefore, there is a
sense to look for extensions of GR that could give effects that are usually attributed to DM
and DE. Presently, the state of the art is encouraging researchers to explore the effects of
DM and DE that are, at least partially, in the modified geometrical sector of GR, instead of
the matter sector. DM is introduced as a possible explanation of observational evidence that
the velocity of stars and gas in the outer parts of spiral galaxies almost does not depend on
the distance from the center of galaxy. Thus, DM should be the main source of the total
mass of galaxies, with its main concentration in the outer regions of the galactic disks and
also in the surrounding halos. In that sense, according to ACDM, the baryonic matter of
spiral galaxies is mixed with and embedded into non-baryonic dark matter, causing in that
way the rotation velocities of the visible matter within the disk to be constant or increasing
with disk radius. Let us also mention that GR gives solutions with black hole and Big Bang
singularities. When a physical theory contains a singularity, it should be modified in the
vicinity of the singularity. GR has a serious problem of renormalizability when attempting
to quantize it. However, some modifications of GR are encouraging with regards to the
possibility of quantization.

New observational data have introduced unexpected challenges for GR even within
the Solar System, a domain where GR validity was previously considered absolute. High-
precision observational techniques together with theories of planetary motions enable one
to investigate a variety of small effects in the Solar System. For example, these advanced
high-precision observations reveal additional perihelion precession of the planets with
respect to the prediction of GR. Currently, it is assumed that the additional perihelion
precession can be explained by the presence of DM in the Solar System [2].

Stellar dynamics indeed has a special role, mostly because it allows us to investigate
various gravitational potentials by use of stellar motions. Here, we want to pay attention to
S-stars, the bright stars which move around the Center of our Galaxy [3-18], and in this
center Sgr A* is located. One of the brightest among these S-stars, with a high eccentricity,
is called S2 [6,8]. The GRAVITY Collaboration detected the orbital precession of the S2
star close to the corresponding GR prediction [17], A¢ = 0°.20 per orbital period, and
according to data analysis in the framework of the Yukawa gravity model [19], the orbital
precessions of the S38 and S55 stars are very close to the corresponding prediction of GR
for these stars, 0°.12 and 0°.11 per orbital period, respectively. In Ref. [20] we analyze the
orbital precessions of the S2 star. In this paper we will analyze the orbital precession of the
538 star.
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The Keck group [15] and the GRAVITY Collaboration [13,14] have evaluated rela-
tivistic redshifts of spectral lines for the S2 star near its periapsis passage in May 2018,
and those redshifts were consistent with theoretical estimates done up to the first post-
Newtonian (PN) correction. The orbital precession can occur due to a prograde pericentre
shift (caused by relativistic effects) and due to a retrograde shift (caused by an extended
mass distribution) [21]. In both cases the results will be rosette-shaped orbits [22]. The
prograde precession could be detectable if the astrometric precision reached a few tenths of
mas [23].

Deviations in the orbit of the S2 star from the predictions of GR have not been defini-
tively confirmed, but they are actively investigated within the context of potential new
physics. Analyses indicate that the current observational data is fully consistent with GR,
while any potential deviations are treated as upper bounds to constrain parameters of
modified gravity or dark matter distributions. Significant lines of research exploring these
possibilities include analyses of the following;:

1. The periastron precession of the 52 star’s orbit to evaluate potential deviations from
GR using the Schwarzschild precession parameter (fsp), which would deviate from 1
in modified gravity frameworks [13,17];

2. The Scalar Field Models where the motion of the S2 star is explored in space-
times seeded by scalar fields where deviations arise due to a non-zero scalar
charge [16,24,25];

3.  The Modified Gravity/Scalar-Tensor—Vector Gravity (MOG/STVG) in order to test
Scalar-Tensor—-Vector Gravity (STVG) and to derive upper limits for deviations from
GR based on precise astrometric measurements [19,20,26];

4.  The wormhole models and curved geometries where the potential deviations are
investigated using alternative compact object metrics such as wormholes or non-
Schwarzschild geometries [27-32].

The present paper represents a continuation of our previous investigations in which
we evaluated the parameters of Yukawa gravity by Schwarzschild precession of S2 star
and their extension to 538 star orbit. Our main goal is to test the predictions of GR against
a Yukawa-like modification and to place tight constraints on the parameters of such a
potential fifth force using the observed orbit of the 538 star. Despite the fact that both 52
and S38 stars move around the same supermassive black hole (SMBH), Sgr A*, their orbits
differ. S38 has lower eccentricity, larger semi-major axis, and a longer orbital period than
S2 [10]. Hees et al. [11] showed that a combined orbital fit of the S2 and S38 stars could in
principle result with tighter constraints on a fifth-force parameters. In their analysis, the
orbital elements were specific to each individual star, while the SMBH and the gravitational
potential parameters were fitted jointly. However, the obtained results showed that zero
fifth-force strength is always within the 68% confidence interval, meaning that no significant
deviation from Newtonian gravity was found. Moreover, it was demonstrated that in their
combined analysis of the S2 and S38 stars, the limit on a fifth force strength was primarily
driven by the S2 star for the median values of A and that the S38 star helped only for small
and large values of A [11]. Therefore, the study of Yukawa gravity using an independent
star represents a highly important and crucial test because it enables one to demonstrate
that the resulting fifth-force parameters are not solely linked to the specific orbital geometry
or systematic errors in the S2 star dataset. Moreover, analyzing the motion of 538 star allows
us to track how the intrinsic mathematical degeneracy between the strength J and range A
of a fifth force varies across different orbital configurations. Here we will demonstrate that
utilizing the independent kinematics of S-stars to map Yukawa-like deviations also results
with the values for A which remain remarkably stable and consistent with the results for
the S2 star. This fact confirms the physical reliability of the spatial scale under investigation.
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Besides, combining two highly sensitive astrometric datasets with different systematic
errors and observational cadences requires a specific dedicated statistical framework to
prevent one dataset from introducing bias into the other, which is out of the scope of the
present paper.

This paper is organized as follows: in Section 2 we briefly list some of the most
important successes and shortcomings of General Relativity, while in Section 3 we describe
our method of calculation based on the Markov Chain Monte Carlo (MCMC) analysis of the
S38 star orbit in the extended Parametrized Post-Newtonian (PPN) formalism for Yukawa
gravity. Our main results are presented and discussed in Section 4, and finally we point out
our main conclusions in Section 5.

2. An Overview of General Relativity: Successes and Shortcomings

Before exploring a specific modification of GR, we will first offer its brief summary,
highlighting its key outcomes and addressing both its successes and shortcomings—see,
for example, Refs. [33-36] and their related references.

From a phenomenological point of view, any relativistic theory of gravity must meet
certain minimal requirements. The first requirement is that it has to explain astronomical ob-
servations, like mapping planetary orbits and the gravitational potential of self-gravitating
structures. This signifies that Newtonian dynamics must be achieved in the weak-field,
slow-motion limit. In order to pass at the post-Newtonian (PN) level, the theory has to
recover the Newtonian potential, to accurately reproduce the observed galactic dynamics
accounting for the known baryonic constituents, and to successfully pass the classical Solar
System tests. Furthermore, the theory of gravity must tackle the issue of the generation
and evolution of the large-scale structure of the Universe, and cosmological dynamics has
to be reproduced. In particular, the main cosmological parameters (like the deceleration
parameter g, the Hubble parameter Hy, and density parameters (2p;, (5 and )) have to
be predicted in a self-consistent way. With a certain degree of precision, the simplest theory
that satisfies the previous requirements is GR. Formulated by Albert Einstein between 1909
and 1915, GR remains the best current description of gravitational interaction, conceived as
the geometry of spacetime. In particular, GR is based on four fundamental assumptions:

1. The Principle of Relativity, stating that all observers must be equally valid to describe
physics. Specifically, inertial frames are not a priori preferred.

2. The Equivalence Principle, stating that the dynamics of massive bodies in non-inertial
systems, and that in inertial systems in the presence of the gravitational field, is
the same. Essentially, it is possible to locally reduce any non-inertial frame to an
inertial frame.

3. The Principle of General Covariance, stating that the field equations must be tensor
equations that are “generally covariant”, with the same form in all coordinate systems.

4. The Principle of Causality, dictating that causality is preserved, i.e., each spacetime
point must have a consistent notion of past, present and future, being the same for all
physical observers.

3. Extended PPN Formalism for Yukawa Gravity Model

In this paper, we evaluate the parameters of Yukawa gravity using the orbital fitting of
538 star by numerically integrating the respective equation of motion. Among other things,
this allowed us to estimate the Schwarzschild precession as a result. This estimate naturally
emerges from the obtained best-fit integrated orbit. In our evaluation it is assumed that
the precession per orbital period of S38 star is close to the GR prediction of 0°.12. At short
ranges, we can say that gravity is relatively well-constrained [37], but when investigating
it at long ranges, further tests are still needed (as an example for different ranges, see
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Figures 9 and 10 from Ref. [37]). That is why we believe it is very important to investigate
gravity in the vicinity of SMBHs, especially because the environment around these objects
is substantially different from that in the Solar System framework.

A screening mechanism, such as the Vainshtein [38], chameleon [39] or symmetron
screening [40], is important in modified gravity theories to suppress fifth forces in high-
density environments like our Solar System, and in that way to ensure compatibility with
local precision tests. However, the environment probed by the S-stars near the GC presents
a very different physical setup compared with Solar System environments. It consists of a
massive central compact object Sgr A*, surrounded by a bulk distribution of matter which
includes a stellar cluster, interstellar gas distribution and dark matter (see, e.g., [41] and
references therein). The activation of screening fields depends strictly on local mass-density
gradients or specific curvature thresholds [42]. Because the spatial regime covered by S2
and S38 orbits consists mostly of empty space between the stars and the central object,
the local ambient density is too low to trigger screening mechanisms. In that way, the
environment remains largely “unscreened”, allowing a perturbative fifth force to potentially
manifest and remain observationally accessible.

A mass distribution extending over a certain region induces a retrograde shift in the
pericenter of orbiting stars [21]. This effect actively counteracts the prograde relativistic
Schwarzschild precession. It creates an environment-induced systemic effect that could
mimic or mask signals of modified gravity.

In this work, we investigated the isolated Yukawa correction as the sole source of devi-
ation to cleanly map its available parameter space without introducing highly degenerate
free parameters. While including an extended mass halo would modify the gravitational
potential and alter the resulting § — A degeneracy curve (see, e.g., [41]), other relativistic
effects like the black hole’s spin (Lense-Thirring precesion) remain far too weak to visibly
disrupt S38 at its current periapsis distance [43].

Yukawa-like potentials differ from the standard Newtonian gravitational potential
due to the presence of decreasing exponential terms [44-51]. For short ranges, Yukawa-like
potentials are presented in the paper by Adelberger et al. [37]. Such potentials for long
ranges are given for clusters of galaxies [52,53] and for rotation curves of spiral galaxies [46].
Also, other studies of long-range Yukawa-like modifications of gravity can be found in the
following papers [45,54-59].

Yukawa-like corrections naturally emerge in the weak field limit derived by analytic
Taylor expansions of f(R) gravity with respect to Ricci scalar curvature R [60]:

o f(n)
fR) =) finfo) R" = fo +f1R+%R2+... (1)
n=0 :

Although Sgr A* is a SMBH, the S-stars orbit at distances of thousands of gravitational
radii from its event horizon. At such large radial distances, the curvature R is exceptionally
small (R — 0), physically validating the use of a linearized Taylor expansion around R = 0,
which naturally yields the Yukawa-like modification to the gravitational potential (see,
e.g., [34,61]). Hence, from this expansion, it is possible to obtain [47,62]:

r
GM -7
CD(r):_m 14 e (A) , )

where @(r) represents the modified gravitational potential, M is the central mass, A is the
range of the Yukawa interaction, depending on the scale of the specific gravitating system
and expressed in length units, J is a dimensionless universal constant representing strength
of the Yukawa interaction, while G is the local value of the gravitational constant which is
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related to the corresponding value Go, measured at infinity by: Geo = G/ (146). In the
case 6 = 0, the Yukawa potential reduces to the Newtonian one.

The Yukawa-like correction coming from f(R) gravity can be used to fix the coefficients
in the expansion in (2) [63]. For the expansion up to the second order, we have two
parameters (f1, f2) to fix [61]. The relations between f;, f, and § and A parameters are:
fi=1436, fa=—(1+6)/(A?) [61].

In our previous studies of the Yukawa gravity [41,61,64-70], we constrained these two
parameters using the orbit of the S2 star around the Galactic Center. In [64] we constrained
the parameters 6 and A, and in [61] we constrained the values of f; and f,. In order to
estimate f; and f, under the assumption that fy = 0, the simulated orbits were fitted into
the astrometric observations by minimizing the reduced x?, and as a result we were able to
reconstruct the f(R) models up to the second order [61,64].

We also derived the following approximate formula for the additional contribution of
Yukawa gravity to the Schwarzschild precession in the case when a < A [66,67]:

6vV1 — €2 a2

1406 A2 ®)

Aq)y ~
where ¢ is orbital eccentricity and a is the semi-major axis of the orbital ellipse. The total
orbital precession A can then be obtained by adding the above expression to the formula
for Schwarzschild precession A@gy,, in GR:

6tGM 6v1 — €2 a2
By~ Bgsina 801 = gy t 155 a

(4)

These investigations indicate that it is not possible to get reliable constraints on &
based only on the requirement that the precession angle in Yukawa gravity is like in GR
and that an additional independent astronomical dataset is then necessary. Besides, the
influence of extended mass distribution around Sgr A* should also be taken into account.
When supposing that bulk distribution of matter exists near SMBH at our Galactic Center, a
lower value of range A is obtained (see [41] for more details). As a final remark, it is worth
noting that several Extended Theories of Gravity (ETGs) show Yukawa-like corrections, as
reported in Table I of Ref. [71]. This means that the Newtonian potential is a special case
in a wide class of models where exponential corrections naturally emerge. This feature is
related to the fact that gravity could not be a scale-invariant interaction, as assumed in GR,
but its strength could be related to given astrophysical and cosmological scales [72].

We used the PPN equation of motion (see [73] for more details on PPN formalism)
with the aim to simulate the orbits of S-stars around GC. As it is well-known that Yukawa-
like potentials could not be entirely represented by the standard PPN formalism, these
potentials require its extension/modification in the form of an additional Yukawa-like
correction (see [67,73-75]). Although adding a Yukawa term to the PPN equations of
motion represents a phenomenological test-bed rather than an exact, self-consistent black
hole metric solution derived from a specific non-linear f(R) theory, this framework is a
standard and highly effective tool in the modern literature for setting model-independent
boundaries on a fifth-force parameters [74-78]. In this so-called extended PPN formalism,
the equation of motion (EoM) for Yukawa gravity is given by [79]

The last term in this Equation (5) is an addition to the standard PPN formalism for EoM
in GR, and it vanishes when § = 0 or A — oo, recovering in that way the standard PPN
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equation of motion (one can see Ref. [73] for more details). As demonstrated in some of our
recent papers (see, e.g., [67-70]), the above PPN EoM (5) could be used to directly calculate
a simulated true orbit of an S-star in Yukawa gravity.

The PPN framework is fundamentally a weak-field, slow-motion expansion originally
developed for systems such as the Solar System. The orbits of S-stars remain well outside
the event horizon of Sgr A*, and they probe a gravitational field that is stronger than in
the Solar System. For the Solar System, the dimensionless gravitational potential strength
€ = GM/(rc?) is € < 107> [80], while for the S-stars at their pericenter, it is on the order
of 10~% to 1073 [13,17,81]. This confirms that the motion of the S-stars is safely within
the weak-field, slow-motion regime where v/c < 1, and fully justifies the usage of the
first-order post-Newtonian (1PN) PPN equations as a valid approximation. Higher-order
GR effects, such as 2PN corrections or frame-dragging (Lense-Thirring effect) due to the
black hole’s spin, are suppressed by additional factors of 10~3 or more. It means that
higher-order GR effects fall well below the current astrometric error margins of ~mas.

The results given in this paper represent an extension of our previous results for the
52 star, with the aim to study the possible deviations from GR at GC, as well as to constrain
the parameters of a potential fifth force by applying the MCMC analysis to the observed
orbit of the S38 star. For this analysis we assumed the PPN EoM (5) as our model which
we then fitted to the astrometric observations of S38 star using the MCMC method. This
MCMC study of S38 star orbit using the extended PPN formalism is quite different and
new regarding the standard PPN formalism commonly used for modeling stellar orbits in
GR and some alternative theories of gravity.

With the aim to obtain the estimates of strength ¢ and range A of a fifth force at GC,
we first calculated the simulated orbits of S38 star in the extended PPN formalism using
the EoM (5). Since orbital integration results with coordinates and velocity components
in the orbital plane (i.e., along the true orbit), it is necessary to first project them onto
the observer’s sky plane, i.e., calculate the corresponding coordinates along the apparent
orbit (for the details, see our paper [68]). Then, we fitted these simulated orbits into the
astrometric observations of S38 star from [10] using the MCMC method. For the orbital
fitting we used the MCMC procedure https://emcee.readthedocs.io/en/stable/ (accessed
on 2 August 2026) (emcee) (the Python implementation of Goodman & Weare’s Affine
Invariant MCMC Ensemble sampler [82]). More about MCMC analysis one can find in [70]
and [83]. The MCMC fitting is performed by maximizing the likelihood £ o« exp(—x%/2),
where the reduced x2 between the observed (x?,1?) and calculated (x¢, y¢) positions of S38
star along its apparent orbit is given by:

2 2 N 0 c\ 2 0 c 2
2o Xtx o 1 X — X Yi Vi
X _XPOS_ 2 - Z(N_V)I; Uxi + o 7 (6)

with N—the number of observations, v—the number of unknown parameters, (0y;, (Tyi)—the
observed astrometric uncertainties. The fitted radial velocities were calculated from the positions
and velocities along the resulting best-fit orbit, according to [64]:

sin i y

Vrad = [sin(0 4+ w) - (xx +yy) + cos(8 + w) - (xyy —yx)], 6 = arctan ot )

X2 +y?
As a result of the above fitting procedure, we obtained the estimates of the posterior
probability distributions of all fitted parameters, including S38 star orbital elements and a
fifth force parameters 6 and A, as well as their best-fit values and uncertainties.

In this investigation we chose to fit the following minimal set of parameters which are
necessary for constraining a fifth force at GC:
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e SMBH mass M,

*  six orbital elements of S2 star: a [arcsec]—semi-major axis, e—eccentricity, 7 [°]—inclination,
Q) [°]ongitude of the ascending node, w [°}—pericenter argument and T [yr]—epoch of
the pericenter passage,

*  two parameters describing a fifth force: /—its strength, and A [AU]—its range.

For more references about MCMC analysis applied on S-star orbits, we refer the readers to

these recent articles: [27,32,70,84-87].

4. Results and Discussion

To constrain the parameters of a potential fifth force by analyzing the orbit of the
538 star around Sgr A* and to compare the obtained results with those for the S2 star, we
adopted the observed orbital elements of S38 star and their uncertainties from Table 3
of [10] and analyzed the following three cases for a fifth force range A:

1. A from 200 to 500 AU (i.e., much smaller than S38 star orbit),
2. A from 500 to 2500 AU (i.e., on the order of S38 star orbit), and
3. A from 1000 to 10000 AU (i.e., much larger than S38 star orbit).

We then performed MCMC analysis of S38 star orbit using the Gaussian priors for orbital
parameters from Table 1, as well as the uniform priors for 6 and A from Table 2. The
obtained results are then compared with the corresponding results for S2 star from [70].

Table 1. Gaussian priors for the MCMC analysis of S38 star orbit. The priors are common for all
studied cases.

Gaussian Priors

Parameter

M o
M (x10° My) 4.28 0.1
a(" 0.1416 0.0002
e 0.8201 0.0007
i(°) 171.1 2.1
Q(°) 101.06 0.24
w (°) 17.99 0.25
T (yr) 2003.19 0.01

Table 2. Specific uniform priors for range A and strength J of a fifth force. The priors are different for
the three studied cases of S38 star.

Parameter Initial Value Lower Limit Upper Limit
Case 1: A (AU) 250 200 500

) 1x1073 —0.2 0.2
Case 2: A (AU) 2 x 103 500 2.5 x 103

) 1x1073 —0.3 0.3
Case 3: A (AU) 5% 103 1% 103 1 x 10%

) 0.2 —0.95 0.95

Figure 1 presents an example of the best-fit orbit of S38 star obtained by our MCMC
analysis in case 1 from Table 2. As can be seen from this figure, the best-fit orbit in the
extended PPN formalism is in very good agreement with the observations. Orbital fits for
the other two cases are omitted due to their visual similarity with the presented example.
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Figure 1. Left: The best-fit orbit determined from MCMC analysis of S38 star (blue solid line) in case
1 from Table 2, obtained using the corresponding astrometric observations from [10] (the observations
are presented by black circles with error bars). Right: The calculated and observed radial velocity of
the S38 star (top), as well as its R.A. (middle) and Dec. (bottom) offset relative to the position of Sgr
A* at the coordinate origin. Red dots in all three right panels denote the corresponding O-C residuals.

The posterior probability distributions of the fitted parameters in all three studied
cases, obtained by our MCMC analysis of S38 star orbit, are presented in Figures 2—4. The
corresponding numerical results for the best-fit values and uncertainties of the parameters,
obtained from the 16th, 50th and 84th percentiles of their posterior probability distributions,
are given in Table 3.

Table 3. Results of the MCMC analysis of the S38 star orbit for all three cases from Table 2. The
best-fit values of the parameters and their uncertainties are given. These values are obtained from
the 16th, 50th and 84th percentiles of the posterior probability distributions which are presented in
Figures 2—4.

Parameter Case 1 Case 2 Case 3
M (x10° M) 4291090 4297000 429700
+0.0002 +0.0002 +0.0002

a(”) 0'141618‘888% 0'141618'888% 0'141618‘888%
e ) 0.820118:%07 0.820118;(1)807 0.8201181(1)(1)07
i(°) 171'15;322 171.16;%;[2)g 171.051%3%
Q(( ; 101.036%423 101.016%;422 101'016%23
w (° 18.0210: 18.0110 18.0210-
T (yr) 2003 18%-01 2003 18%-01 2003 190%-01

Y 00117 0076 405002
’ 0001 Cegm 0000700 0124300
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As it can be seen from the presented results, the best-fit values of a fifth force range A
obtained from the S38 star orbit in all three studied cases are A ~ 363, 1915 and 6990 AU,
respectively. These values are very close to our previous results of A =~ 360, 1900 and
7400 AU, obtained in the case of S2 star [70].

The obtained results indicate that the strength J of a fifth force increases and its relative
error Ad/J decreases with increase in the range A. The best-fit values of the strength ¢
obtained from the S38 star orbit in all three studied cases are: 6 ~ —0.0012, —0.0003 and
0.1243. The first two values are slightly smaller in magnitude, and the third one is very
close to the corresponding results for S2 star, for which we obtained ¢ ~ —0.007, —0.028
and —0.114, respectively [70]. This difference is most likely caused by the slightly larger
orbit of S38 star and somewhat worse statistics due to the smaller number of observations.
The relative errors for J are rather big, so that GR case cannot be excluded. The value
|0] ~ 0.0012, obtained in the first case, is in good agreement with the recent constraints on
the strength and range of a fifth force obtained by the GRAVITY Collaboration [85] for a
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similar length scale, but for a slightly different model of Yukawa gravity. Moreover, the
results obtained in the third case for both S2 and S38 stars are compatible with our earliest
estimates for Yukawa gravity parameters given in [64].
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Figure 2. Posterior distribution of S38 star orbit fit determined from MCMC analysis in case when a
fifth force range A is in interval from 200 to 500 AU (case 1 from Table 2). The following parameters
are fitted (see Section 3 for more details): SMBH mass M (M), semi-major axis a (arcsec), eccentricity
e, inclination i (°), longitude of the ascending node ) (°), pericenter argument w (°), epoch of the
pericenter passage T (yr), strength of a fifth force 6 and its range A (AU). The 2D contours, shaded
in blue, represent the confidence levels of 39.3%, 67.5% and 86.4% which correspond to the 10, 1.5¢
and 20 confidence regions for a 2D Gaussian distribution. The best-fit values of the parameters are
presented with the red crosses over 2D contours. These values, and their uncertainties, were obtained
from the 16th, 50th and 84th percentiles (vertical lines in 1D histograms) of the corresponding
posterior probability distributions.

The resulting values of A presented in Table 3 and Figures 2—4 are bounded by the
separately imposed prior intervals and should be viewed as boundary constraints rather
than independent physical measurements. Since the GR value of § = 0 is completely
enclosed within our reported 1 uncertainties across all simulated cases, our study does
not find statistically significant evidence for a non-zero fifth force. Instead, it establishes
rigid upper bounds. Moreover, our additional theoretical considerations suggest that these
two parameters could be correlated and that this correlation could be stronger in the case
of weaker interactions [70]. However, in our MCMC analysis, the parameter space for the
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interaction range A is not arbitrary, rather, the best-fit values obtained independently from
the S38 orbit (A ~ 363, 1915, and 6990 AU) show a remarkable and highly stable consistency
with our previous findings for the S2 star (A ~ 360, 1900, and 7400 AU, respectively). While
6 = 0 is statistically allowed, the non-degenerate behavior and tight clustering of A leave a
well-defined physical window open for prospective fifth force scenarios at the GC.
Besides, the presented results of the orbital fitting are also in agreement with our
constraints on the graviton Compton wavelength A from Refs. [67-69], which were obtained
from the values of the PPN parameter fsp estimated by the GRAVITY Collaboration [17,84].
This parameter was introduced by the GRAVITY Collaboration [17] in order to parametrize
the effect of the Schwarzschild metric and to study to which extent some gravitational
model is relativistic. In theory, it is equal to fsp = (24 2y — B)/3, with B, y being standard
PPN parameters. In the GR case itis: § =1 = 1y, and thus fsp = 1. Therefore, the parameter
fsp may be used for constraining a fifth force, as well as for studying possible deviations
from GR and whether the simulated orbits of S-stars are compatible with the value of
fsp = 1.10 £ 0.19 which was measured by GRAVITY Collaboration in the case of S2

star [17].
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Figure 3. The same as in Figure 2, but for a fifth force range A in interval from 500 to 2500 AU (case 2
from Table 2).
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Figure 4. The same as in Figure 2, but for a fifth force range A in interval from 1000 to 10,000 AU
(case 3 from Table 2).

In order to study whether a fifth force could have a noticeable effect on the
Schwarzschild precession of S38 star orbit, we used the results from Table 3 to estimate its
total precession Ag per orbital period according to Equation (4). We made this estimation
only for the third studied case, since only then the necessary condition a < A is satisfied.
In this case we found that total orbital precession per orbital period is Ap ~ 0°.44 which is
significantly larger than the Schwarzschild precession in GR of A@gy,,, = 0°.12. Therefore,
provided that it exists, a fifth force could significantly affect the Schwarzschild precession
of the S38 star orbit.

5. Conclusions

In this paper we investigated the capability of Yukawa gravity to explain the
Schwarzschild precession of S-stars as a probe for GR and a possible presence of a fifth force.
We simulated the S38 star orbit in the extended PPN formalism for Yukawa gravity that
predicts the emergence of a fifth force. Using the MCMC method for fitting the astrometric
observations of S38 star, we constrained the parameters J and A of Yukawa interaction and
compared our results with the previously obtained results for the S2 star. We studied three
cases for a fifth force range A: (i) when it is a few times smaller than the orbit of S38 star,
(ii) when it is on the order of S38 star orbit, and (iii) when it is much larger than the size
of S38 star orbit. We also tested the compliance of S38 star orbit with GR, i.e., whether
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it slightly deviates from the GR prediction. The results of this study can be summarized
as follows:

1. Our analysis shows that a potential fifth force could significantly alter the Schwarzschild
precession of the S38 star orbit, providing a sensitive probe for testing gravity;

2. The presented results for S38 star are in good agreement with the recent constraints on
the strength and range of a fifth force obtained for S2 star by the GRAVITY Collabora-
tion [85], as well as with our earliest estimates for Yukawa gravity parameters given
in [64] and with our constraints on the graviton Compton wavelength A obtained
from the values of the PPN parameter fsp [67-69];

3. The best-fit values of a fifth force range A obtained from S38 star orbit in all three
studied cases are A ~ 363, 1915 and 6990 AU, respectively. These results are very close
to our previous results for S2 star [70];

4. The best-fit values of a fifth force strength 6 obtained from S38 star orbit in all three
studied cases are § ~ —0.0012, —0.0003 and 0.1243. These results are a little bit smaller
in magnitude in respect to the corresponding values for S2 star [70], most likely due
to the larger orbit of S38 star.

5. The strength of a fifth force J increases and its relative error Aé/é decreases with
increase in the range A;

6.  The obtained results outline the tight constraints on Yukawa-type modifications at
the Galactic Center, defining the remaining allowed phase space for a potential fifth
force. Since the GR case (6 = 0) is enclosed well within the reported 1 uncertainties,
these boundaries do not constitute statistically significant evidence for deviations
from GR. However, the remarkable cross-consistency between the A values derived
independently from the 538 and S2 orbits (exhibiting stable clusters around approxi-
mately 360, 1900, and 7000 AU) keeps a viable physical window open. This agreement
demonstrates that the spatial scale of the interaction is robust against individual
stellar orbit systematic errors, ensuring that the investigated parameter space remains
a highly relevant target for future, higher-precision observations.

GR is one of the most profound and beautiful physical theories with great phenomeno-
logical achievements and nice theoretical properties. Nevertheless, GR is not a complete
theory of gravity. While it very nicely describes the dynamics of the Solar System, at the
galactic, extragalactic and cosmological scales, GR needs the inclusion of DM and DE, which
are without experimental evidence yet. Hence, there is an ongoing work on modifications
of GR with the aim of explaining a lot of astrophysical phenomena at different astronom-
ical scales. Also, modified gravity models can address many problems at cosmological
scales [88]. Here, we demonstrated the ability of Yukawa gravity to reproduce the stellar
kinematics and dynamics at galactic scales, without need for introducing unknown forms
of DM or DE. We hope that this could contribute to the efforts to find the gravitational
theories capable of describing larger parts of the physical world than GR.
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Abbreviations

The following abbreviations are used in this manuscript:

DM Dark Matter

DE Dark Energy

ETGs Extended Theories of Gravity

GC Galactic Center

GR General Relativity

GW Gravitational Wave

MCMC simulation Markov Chain Monte Carlo simulation
PPN formalism Parameterized Post-Newtonian formalism
SMBH Supermassive Black Hole
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