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Abstract

We constrain the difference in gravitational potential between our location and sources at
z 2, 0.3 using datasets at those redshifts. Our motivation is that the Hubble tension might
be caused by a local void, as suggested by galaxy number counts. This would increase
the redshift through outflow and gravitational redshift (GR). Only the latter is important
at high redshift, where a void contributes a fixed additional GR contribution of zy due
to our location on a potential hill. This zg model has various subtle effects that were not
previously considered, including a hotter CMB and reduced BAO scale r4. We test whether
zo can have the previously expected value of 0.84%, which was based on the fitting of void
parameters to galaxy number counts and local Hy measurements. Combining BBN, CMB,
BAO, and CC datasets at z > 0.5, we find that zg = —O.4Jj8:g%, which rises to —0.1 + 0.7%
when extending our analysis down to z > 0.29. Although the results prefer the standard
value of zgp = 0, the best-fitting model with zp = 0.84% fits the data almost as well as
ACDM, with Ax? < 2. We find that ACDM faces a 3.07c BAO anomaly in the standard
(Horg4, Qm) parameter space, where different regions are preferred by BAO and non-BAO
datasets from z > 0.29. Fixing zg = 0.84% reduces this to 2.79¢. This suggests that a
local void large enough to solve the Hubble tension cannot be ruled out by higher-redshift
datasets, despite its novel impacts on them.

Keywords: cosmological parameters; cosmology: theory; cosmology: observations;
distance scale; large-scale structure of the Universe; gravitation

1. Introduction

Although it has been clear for over a century that the Universe is expanding [1,2],
the present rate of expansion remains a topic of major controversy known as the Hubble
tension [3,4]. This arises due to a mismatch between the observed rate at which redshift
(z) increases with distance (r) in the local Universe and the predicted rate of increase in
the Lambda cold dark matter (ACDM) standard cosmological paradigm [5,6] calibrated
using observations of the early Universe. If the Universe is taken to be homogeneous and
isotropic, it must hold that

cz =4 = Hy, 1)

where c is the speed of light, z/ = dz/dr in the local Universe, a is the cosmic scale factor
normalised to unity today, overdots denote time derivatives, 0 subscripts denote quantities
at the present epoch, and H = 4/a is the Hubble parameter [7].
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We can predict Hy from unrelated observations in several ways, but the technique
most commonly used nowadays involves fitting the precisely observed power spectrum
of anisotropies in the cosmic microwave background (CMB) using the ACDM model.
The power spectrum has characteristic oscillatory features, which provide a wealth of
information about the baryon—photon plasma in the primordial Universe [8,9]. Mod-
ern observations cover up to ten peaks in the CMB power spectrum [10-12]. This is
enough to fix the ACDM parameters to high precision, leading to a clear prediction that
Hy = HSMP = 67.19 £ 0.38 km/s/Mpc [12].

This precise prediction is in >7¢ tension with the “community consensus” estimate
of ¢z = 73.50 + 0.81 km/s/Mpc reported recently by the Hy Distance Network Collabo-
ration [4]. This estimate combines several popular methods and takes into account their
covariances, though it does not properly account for selection effects and homogeneous
Malmgquist bias, the larger volume per unit distance at larger distances due to sources being
distributed in 3D [13-15]. A wide variety of different techniques to construct the local
distance ladder give numerically similar estimates of ¢z’ [16]. The most precise results rely
on using the period-luminosity relation or Leavitt Law of Cepheid variable stars [17] to
calibrate Type Ia supernovae (SNe Ia), which are then assumed to be physically similar out
to z = 0.15 [18,19]. Single-step techniques such as the use of masers [20,21] and Type II
SNe [22] have also been claimed to produce ¢z’ values above HgMB. This is also the case
with a two-rung geometry-to-Cepheids ladder [14]. For a comprehensive review of the
Hubble tension and possible solutions, we refer the reader to Di Valentino et al. [3].

Given the evidence that cz’ > HgMB, many workers have tried to find a way to explain
the CMB anisotropies in a cosmology with higher Hy values, for instance, with early dark
energy [23,24] or primordial magnetic fields [25]. Whatever the precise details, the lack
of new physics in the late Universe implies that i(z) should be 9% above that predicted
by the CMB-calibrated ACDM cosmology for z < 1000. This generic prediction runs into
several difficulties. For instance, a faster expansion rate throughout nearly the entirety
of cosmic history would reduce the age of the Universe from the usual 13.8 Gyr down
to =13.8/1.09 = 12.7 Gyr [26]. This is inconsistent with the ages of the oldest Galactic
stars and globular clusters [26—41]. While these results are based on absolute stellar ages,
similar conclusions can be drawn from differential ages between galaxies at different
redshifts [42,43]. In general, probes of the expansion rate at intermediate epochs line up
well with the Planck cosmology (for a review, see [44]). Moreover, one might expect that
substantial changes to pre-recombination physics would distort the CMB power spectrum
in some way. However, there are no anomalies in the CMB power spectrum that might be
associated with the hypothesised new physics prior to recombination [10,12,45,46]. There
are several additional challenges to this approach [47], which may also introduce some
tension with Big Bang nucleosynthesis (BBN), given that CMB fits with higher Hj values
are usually associated with a higher baryon density [48,49].

Since the CMB only probes the late Universe through the comoving distance to recom-
bination, it is possible to distort the expansion history such that this integral constraint
is preserved but Hj is higher. A crucial constraint on such models is baryon acoustic
oscillation (BAO) measurements from the DESI data release 2 (DESI DR2; [50]). The BAO
provides a standard statistical ruler whose comoving size (r4) was fixed by the sound
horizon at early times [8,9]. By observing the angular scale and redshift depth of the BAO
ruler, we can place tight constraints on the expansion history at intermediate epochs [51,52].
A recent exploration of several background solutions to the Hubble tension found that all
the considered models struggle when confronted with the BAO [53]. The more physically
motivated models generally struggled more, while the phenomenological (“Phen”) models
performed better. A major result is that the Phen models can succeed to a large extent, but
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the deviation from ACDM behaviour should be restricted to rather low redshifts, far below
the scale where dark energy causes i to switch sign. It is unclear why H(z) would start
deviating from ACDM only at such low redshifts after working well for billions of years.
This would require very unusual behaviour for the dark energy equation of state in the
context of General Relativity, though the empirically reconstructed behaviour might be
natural in some modified gravity theory.

Given these difficulties with solving the Hubble tension through new physics prior
to recombination or a modified background expansion history at late times, we must
seriously question the validity of Equation (1), the only common thread in all the proposals
mentioned above. The only way to violate Equation (1) is if some of the observed redshift
arises from sources other than homogeneous cosmic expansion. cz’ can be inflated if there
are outward peculiar velocities or we are located on a potential hill, creating gravitational
redshift (GR) contributions as photons from the distant Universe struggle against gravity
to reach our detectors (Equation (1) of [54]). Both arguments require that we live in a local
underdensity or void. While these non-cosmological contributions to z would generally
decay as we get to larger redshift, an increasing trend is possible over a limited range of
radii, depending on the void properties and our vantage point. A void of the required
size and depth is not possible in ACDM, which predicts too little cosmic variance in cz’ to
explain the Hubble tension this way [55,56]. Therefore, the local void scenario still requires
new physics—but not at the background level. The main requirement is enhanced growth
of structure on scales of 2100 Mpc, which we suggest is related to a modified behaviour of
gravity on these scales.

Unlike most solutions to the Hubble tension, which were proposed only after it became
apparent, a local void was proposed many decades prior based on optical galaxy number
counts [57,58]. The void was later claimed in near-infrared observations covering 90% of the
sky, which suggest that we live inside the Keenan-Barger—-Cowie (KBC) void [59]. There is
evidence for the KBC void across the electromagnetic spectrum, from X-rays [60,61] to radio
wavelengths [62,63] and in the infrared band [59,64-71]. Since the underlying observable
is the galaxy luminosity density or source number density in redshift space, these results
are not dependent on what value is assumed for the local ¢z’. The increasing comoving
luminosity density towards larger redshift is difficult to understand through selection
effects, which would instead be expected to favour the detection of nearby galaxies. The
observations can be understood in a homogeneous Universe only if we assume extreme
evolution of the galaxy population at z < 0.1, followed by much milder evolution out to
z = 1[71]. Another argument for a local underdensity is that the mass fraction of galaxies
residing in their stellar haloes increases with redshift [72]. Because this halo fraction traces
the merger history of galaxies, it can serve as a probe of the local galaxy-number density, as
noted by those authors.

The local void scenario was explored in some detail by [73]. Those authors evolved a
semi-analytic model of a small initial underdensity from z = 9 to the present, enhancing the
gravitational field using an approach inspired by Milgromian dynamics (MOND; [74]). It
proved possible to obtain a joint fit to the local cz’ and the redshift-space comoving density
profile of the KBC void, whose apparent density contrast in redshift space is inconsistent
with ACDM expectations at >60 confidence [73]. More recently, their best-fitting models
were claimed to provide a good match to BAO observations over the last 20 years [52]. One
can conversely infer the existence of a local void similar to that claimed by Keenan et al. [59]
without using galaxy number counts if a background Planck cosmology is assumed and
local ¢z’ constraints are applied [75]. These and other studies on the local void model were
recently reviewed in Banik et al. [76].
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Just like background solutions to the Hubble tension, a local void would necessarily
introduce ‘spillover” effects at high redshift, by which we mean that some impact on
cosmology is inevitable besides inflating the local cz’. Our main goal in this contribution
is to check if the predicted spillover effects of a local void are consistent with the latest
observations, which by now are quite precise yet remain close to ACDM expectations.
While some of the effects we will consider have been previously discussed [73], they have
not been calculated in detail or compared to the latest observations, while other effects
have not been recognised. This is crucial in addressing high-precision BAO observations,
which were claimed to provide strong support for the [73] void model compared to the
homogeneous Planck cosmology [52]. However, we identify several major deficiencies with
this study:

1.  The cosmological parameters were fixed to values that best fit the CMB, but slightly
varying them while remaining consistent allows for a much improved fit to the BAO.

2. The CMB perceived by an average observer at the present epoch must be slightly
hotter than that measured at Earth if we live on a potential hill (Section 5.3.3 of [73]).
Those authors argued that slight changes to the cosmological parameters should allow
a good CMB fit to be preserved, but these changes were not taken into account when
predicting the BAO.

3.  Related to the above, rqy would be slightly lower with a hotter CMB because we
generally expect the physical size of the BAO ruler to remain about the same—but
a hotter CMB implies less expansion since decoupling. Combined with the reduced
Hy that a hotter CMB requires [77], there would be a reduction in the Hyrgq product,
which is crucial in BAO studies.

To test the local void model at high redshift, we discuss how it affects high-z observ-
ables in Section 2, where we also describe the observational constraints. Our results are
presented in Section 3 and discussed in Section 4. We conclude this paper in Section 5.
Appendix A provides useful fitting formulae for the recombination and decoupling tem-
peratures in ACDM as a function of the baryon and CDM densities. Appendix B discusses
the evolution of the neutrino density, while Appendix C discusses the accuracy of the com-
pressed CMB likelihood approach for handling CMB constraints on models with standard
physics prior to recombination.

2. Methods and Observational Constraints

In this contribution, we focus on testing the local void model at high redshift because
this greatly simplifies the setup. In general, a local void distorts the distance-redshift
relation by creating additional non-cosmological contributions to the redshift through
peculiar velocity and GR. Equation (52) of [73] shows that the observed redshift (z) satisfies

Doppler

—_——
o 1 € + Vint
Tz = oo [ e / gvmddr) e

where 4 is the cosmic scale factor at the emission time (t) of an observed photon; gyiq is

the outward gravitational field induced by the void due to it having less density than the
cosmic mean; and vy is the outflow velocity in the reference frame of the void, which may
be moving as a whole.

A local void would have little physical effect on the high-redshift Universe. This allows
us to greatly simplify the effect of a local void by neglecting peculiar velocity. Moreover,
since GR would mostly arise at rather small distances, we can assume that the GR contribu-
tion remains fixed as we observe sources at ever larger redshift. We discuss the validity of
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these approximations in Section 2.1. With these simplifications, the relation between the
observed redshift (z) and the cosmological redshift (zc = a~! — 1) becomes

1+z = (1+2z0)(1+20), 3)

where z is a model parameter capturing the dimensionless height of the local gravitational
potential hill created by the void. For a void that can solve the Hubble tension jointly with
galaxy number counts, we expect that zyp = 0.84% (Section 5.3.3 of [73]). Our main goal is
to freely vary zg, then check if its inferred value is consistent with this estimate, which was
made prior to DESI without considering BAO data. We also fix zg to the prediction of [73]
and assess the impact on the considered datasets. Since it is quite possible that somewhat
different void profiles can also fit the available observations, we then consider a reduced
value of zg = 0.5%. Finally, we perform control ACDM analyses by setting zy = 0.

In the following sections, we discuss the validity of the zy approximation for the impact
of a local void (Section 2.1). We then describe how z; affects cosmological observables at
various epochs, assuming a standard background expansion history, which we briefly recap
in Section 2.2. The main impact at low redshift is that the cosmological redshift is slightly
smaller than the observed redshift (Sections 2.3 and 2.4). In the early Universe, the z) term
has important implications for our interpretation of the CMB anisotropies (Section 2.5) and
the sound horizon at recombination and decoupling, changing the calibration of CMB and
BAO observations, respectively (Section 2.6).

2.1. Validity of the zo Approximation

Our approximate treatment of the impact of a local void (Equation (3)) is only expected
to be valid at sufficiently high redshift. To estimate where our zp approximation first
becomes accurate, we use Figure 1 to reproduce Figure 4 of Banik and Kalaitzidis [52].
This shows the ajg, ratio between Dy /r4 and its predicted value in the ACDM model
calibrated using Planck observations of the CMB [10], where Dy is the isotropically averaged
BAO distance (Equation (10)). Unlike in the present study, uncertainties in cosmological
parameters due to uncertainties in CMB observations were included only by means of a
0.2% error margin in r4. This does not account for uncertainty in the predicted expansion
history at low redshift, which inflates uncertainties from the CMB due to the need to
extrapolate forward over many Gyr and >3 orders of magnitude in a.

The important aspect of Figure 1 for our purposes is the comparison between the
thin solid and dashed lines in the same colour, with different colours indicating different
initial underdensity profiles. The solid lines show model predictions including both non-
cosmological sources of redshift in Equation (2), while the dashed lines show predictions
considering only the special relativistic Doppler effect, excluding the impact of GR. The
similarity of the predictions with and without GR shows that at low redshift, the dominant
source of non-cosmological redshift is predicted to be the Doppler effect. The reason is that
sources here are at a potential height similar to that of the void centre, but the gravitational
fields are still able to create some outflow, which is necessary to solve the Hubble tension.
The opposite occurs at high redshift, where outflows alone only negligibly distort the
ACDM prediction. This is apparent from the dashed lines without GR lying almost on
top of the ACDM expectation (5o = 1). However, the solid lines including GR are still
appreciably different from ACDM. It is therefore clear that GR is the dominant source of
non-cosmological redshift at high redshift. This is because sources very far out are not
directly affected by outflow from a local void. Its only impact is an observational effect due
to the need for photons from such sources to climb the local gravitational potential hill in
order to reach our detectors.
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Figure 1. Ratio between the isotropically averaged BAO distance scale (Dy) and the ACDM prediction
based on Planck observations of the CMB [10]. The shaded grey horizontal band shows a 0.2%
uncertainty on the ACDM prediction due to the Planck uncertainty on rq [10], though this does
not properly account for the uncertainties (see the text). The coloured lines show predictions of
the best-fitting void models from [73] with an initial underdensity profile that is exponential (red),
Gaussian (blue), or Maxwell-Boltzmann (green). Solid lines show predictions including both non-
cosmological redshift contributions in Equation (2), while the dashed lines in the same colour show
the corresponding results without the GR contribution. This highlights that the dominant non-
cosmological contribution is the Doppler effect at low redshift, while GR dominates at high redshift.
Points with uncertainties show BAO measurements over the last 20 years, with different colours
indicating different surveys and larger markers indicating more recent results, as indicated towards
the bottom left. Reproduced from Figure 4 of Banik and Kalaitzidis [52].

Figure 1 shows that GR is more important than the Doppler effect at z 2> 0.3 for all three
density profiles considered in [73]. We therefore consider data from a ‘nominal redshift
range’ of z > 0.5, where GR completely dominates over the Doppler effect of outflow
velocities. This allows us to address 12 of the 13 BAO measurements from DESI DR2 [50].
We complement this by considering an ‘extended redshift range” of z > 0.29 for most
analyses. This simplifies the comparison with other studies that typically include all
13 BAO measurements. We argue that the zy approximation should still work fairly well
at this lower redshift because GR is still dominant over the Doppler effect at z 2> 0.3.
Sources at z = 0.29 — 0.5 would be partway up the local potential hill, reducing the GR
contribution compared to that for a very distant source. On the other hand, outflows
are obviously important at z ~ 0.3 in the local void model. These would increase the
non-cosmological redshift via the Doppler effect (Equation (2)). We can suppose that there
would be an approximate cancellation between the impact of a reduced GR contribution
and an unmodelled outflow contribution to z. The results for our extended redshift range
should clearly be taken with some caution, given the approximate nature of this argument,
but we note that the zg approximation would become valid at lower redshift with a smaller
void than that proposed in [73], as suggested based on peculiar velocities [78]. This would
make the zg approximation more accurate at the redshifts considered here. Bearing these
caveats in mind, we show variants of most of our analyses in which we consider data at

https://doi.org/10.3390 /universe12080235


https://doi.org/10.3390/universe12080235

Universe 2026, 12, 235

7 of 35

z > 0.29. The extra data from z = 0.29 — 0.5 tightens the constraints somewhat compared
to our nominal analysis.

2.2. Friedmann Equation with Neutrinos

By construction, the local void model does not alter the standard a(t). Considering
dark energy, matter, radiation, and neutrinos, the Friedmann equation for E = H/Hy is
expressed as follows [53]:

O Q’Y Qi/,ur,i a 2
B AT T 1+.ZB 1+ ’ @

E*(a) = Qp +
i=A, Anr,i

where Q) refers to the present fraction of the cosmic critical density (3H3/(87G)) in
component x (which is A, b, 7, or v for dark energy, baryons + CDM, photons, or neutrinos,
respectively) and (), ; is the present contribution of each neutrino species (i) if these
neutrinos were massless, while 4y, ; is the scale factor when they transition from ultra-
relativistic to non-relativistic. We label the neutrino species as A, B, and C in descending
order of rest mass. The final term only includes species A and B due to our assumption
that neutrinos of species C are massless, therefore behaving like radiation. For the massive
species (A and B), we find a,; using the approach discussed in Appendix B, which also
recaps the ratio between photon and neutrino energy densities in the ultra-relativistic
limit. We follow the same outline as Appendix B of [53], but unlike their study, we assume
different masses for the different neutrino species to better conform to terrestrial neutrino
experiments. We follow the usual convention of keeping the neutrino masses as low as
possible, so the neutrino species are assumed to have m, ; = (50,10,0) meV /c?. This places
the transition from relativistic to non-relativistic behaviour at z ~ 100 (20) for species A
(B), while species C is massless. The matter density parameter (()y,) applicable to lower
redshift datasets includes the massive neutrino contribution (Equation (22)). The photon
energy density follows from standard blackbody physics assuming a photon temperature
of Tcyp (Equation (11)). Motivated by inflationary theory, we only consider flat models,
neglecting the curvature contribution.

2.3. Cosmic Chronometers (CCs)

The stellar populations in passively evolving galaxies serve as excellent
CCs [42,43,79-82]. The relative age between galaxies at different redshifts constrains the
expansion history even more directly than the distance-redshift relation, since there is no
need to convert distances into lookback times through division by c. Observers report CC
results in the form of

Z
14z’

Hee(z) = ®)

which is generally not the same as H(z). Assuming a fixed GR contribution to the redshift,
applying the chain rule to Equation (3) tells us that

dz = (14 zp)dzc. (6)

This inflates both Z and (1 + z) by the same factor of (1 + zg), which therefore cancels out.
Taking into account that observations at a redshift of z are actually probing the apparent
expansion rate at the cosmological redshift (z. < z), Equation (5) reduces to

Hee(z) = H(ze). (7)
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We compare predictions for Hcc(z) with a widely used compilation of 32 observa-
tions [81] supplemented by a very recent measurement at z = 0.12 [83]. However, not all
33 of these CC measurements are used in our analyses because the zg model is not a valid
approximation of a local void at low redshift (Section 2.1). This requires us to consider only
those CC measurements beyond the redshift floor imposed for each analysis (0.29 or 0.5).

2.4. Comoving and Hubble Distances from BAO

The BAO signal provides both a redshift depth and an angular scale [52]. Equation (6)
shows that the redshift depth is inflated by a factor of (1 + z(), reducing the inferred Hubble
distance (Dy = ¢/ H).

DH(ZC)
1+zp

DH(Z) = (8)

The angular BAO scale is used to constrain the comoving distance (D) to the redshift
of the used tracer, where

4z,
D, = c/o raal ©)

This remains true in the zp model, provided we calculate the D, integral in terms of z.
rather than z. This is because the BAO constraint on D, tells us the comoving distance
to z in the void-free cosmology, implying that H(z.) must be used in the integral rather
than H(z).

We use the 13 BAO measurements from DESI DR2 [50]. In our nominal analysis
considering only data at z > 0.5, we neglect the lowest redshift measurement of Dy /74,
where Dy is the isotropically averaged BAO distance.

} 1/3. 10)

Dy(z) = [zD2(z)Dul(z)

The other measurements tell us (D./7q, Dy /7q) and their covariance at six redshifts, lead-
ing to a total of 1 4- 6 x 2 = 13 measurements and a block-diagonal covariance matrix. In
our extended analyses using data at z > 0.29, we consider all 13 measurements. Since BAO
measurements must be calibrated using some assumed r4, we recalculate it at each step of
our analysis using the approach described in Section 2.6.

2.5. CMB Temperature and Anisotropies

The GR contribution in Equation (2) would also affect CMB photons. This would
make the CMB appear to be slightly cooler than it actually is. In other words, an idealised
observer at the present epoch (not on a potential hill or in a potential well) would measure
a CMB temperature of

Tems = Trras(1 +20), 11)

where Tpras = 2.72548 £ 0.00057 K is the temperature observed by the Far-Infrared
Absolute Spectrophotometer (FIRAS) instrument onboard the Cosmic Background Explorer
(COBE) satellite [84]. We neglect the negligible uncertainty on Tgras.

The impact of a hotter CMB has been explored in a few previous studies [77,85]. The
main impact is that since the recombination temperature (T) is almost fixed, there must
have been less expansion since recombination. To preserve the physics in the primordial
Universe, the present baryon and matter densities must be correspondingly increased.

https:/ /doi.org/10.3390/universe12080235


https://doi.org/10.3390/universe12080235

Universe 2026, 12, 235

9 of 35

Therefore, the standard CMB constraint on the physical baryon density (w,) must be
reinterpreted as a constraint on

~ Wp

= , 12
BTN (12)

where h = Hj in units of 100 km/s/Mpc, wy = Q. h? for any component (x), and the tilde
denotes division by (1 + zg)3. This argument also applies to wy,. = wy, + W, the total matter
contribution at early times. To match the constraint on the angular scale of the acoustic
peaks, a slightly lower Hj is required for a hotter CMB [77]. Those authors showed that
with these changes, the primary CMB anisotropies are unaltered because the physics in the
early Universe and the comoving distance to recombination remain the same. This means
the CMB power spectrum is barely affected. There is a subtle effect on large angular scales,
which we return to in Section 4.1.

Since a core objective of the local void model is to avoid introducing new physics at
early times, we can follow standard techniques when comparing the void model to the
CMB. We do this using the compressed CMB likelihood [86], a widely used approximation
that preserves most of the information contained in the full CMB likelihood [50]. We
demonstrate the accuracy of this framework in Appendix C. Within this framework, the
CMB constraints are expressed in terms of the parameter vector (100 6., wy, wy, ), where

/ (13)

where 7 denotes the comoving sound horizon and x subscripts denote recombination. The
comoving distance to it is found using Equation (4) for H(z), while the sound horizon is
found using Equation (15).

We obtain our adopted CMB constraints on (100 6., Wy, Wy, ) from the chains in [12],
which combines Planck 2020 [10], SPT-3G [12], and ACT DR6 [11]. The observed values of
these parameters and their associated covariance matrix are expressed as follows:

Hops (100 6, @y, W )T = (1.04161, 0.02240, 0.14265),

53.8482 1.10723 —28.7005
Comp = 1077 x | 110723 9.20447 —17.6016 . (14)
—28.7005 —17.6016 843.132

These are slightly updated from the results stated in Appendix B of [53] because that
referenced an older version of SPT-3G Collaboration [12], but here, we use its final published
version in which the authors corrected a previous coding error.

A higher matter density necessarily implies a higher H(a) in the matter-dominated
era. To compensate for and preserve D.(a,), we must reduce H(a) at late times. This is
possible through a reduced dark energy density. We therefore expect a hotter CMB to
be associated with reduced Hy [77]. However, we find that the Hy shift is quite small
compared to uncertainties in the local cz’. A more serious issue is that the reduced Hy
reinforces the reduced rq (Section 2.6) to yield a smaller Hyryq product, which is tightly
constrained by BAO.
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2.6. CMB and BAO Sound Horizons

One of the most precisely constrained quantities in cosmology is 0., the ratio between
the comoving distance to recombination and the comoving sound horizon at that epoch.
We compute r, using the exact analytic result from [8]:

Lo 3 | VI+ R+ /Ri+ Req 15)
* 7 3\ QpHEReg 1+ /Req '

where * subscripts denote recombination; eq subscripts denote matter-radiation equality

(treating neutrinos as radiation; Equation (A6)); bc refers to the combination of baryons
and CDM; and R = 3pp,/ (4py) is related to the speed of sound, which depends on the ratio
between the baryon density (o) and the photon density (o,) (see Appendix B of [53]).

To solve Equation (15), we need to know R, and, thus, the recombination scale factor
(a4). We do not obtain this following the approach of [53], as it relies on an ancient fitting
formula, albeit rescaled to better line up with modern results. Instead, we run the Cosmic
Linear Anisotropy Solving System (CLASS; [87]) over a small grid of parameters centred
approximately where we expect the posterior inference to peak based on preliminary calcu-
lations. For reasons described in Section 2.5, we set up our grid in terms of the parameters
Wy, W, and zg. For each step in our grid, we record the recombination temperature (T}),
which should reduce the sensitivity to zg. We also record the decoupling temperature
(T4), which corresponds to the end of the ‘drag epoch” when photons have significant
momentum exchange with baryons. We use d subscripts to denote quantities evaluated at
this epoch, when the BAO r4 becomes fixed.

We obtain a, from T, using the following relation:

Tems

Ax = T ’ (16)
where Tcyp is found using Equation (11). There is an analogous relation between a4 and
T4, which is important for the BAO. We find r4 by applying Equation (15) using R4 instead
of R.. We note that this equation cannot be applied at any later stage in cosmic history

because it assumes tight coupling between photons and baryons.
Since T, and T4 do not change much across our parameter grid, we approximate these
temperatures as depending quadratically on the model parameters. Thus, we assume that

d"H,d

T, = T +d"g, + >

(17)

where Trf = 2970.24 K, d = © — O, is the difference between the model parameters and
the reference values at the grid centre, g, is the gradient of T, with respect to the considered
parameters, and H, is the Hessian. Ty is found using an analogous procedure. The grid we
use is centred on

@y 0.0225
Oni = | e | = [0.1450]. (18)
Zo 0.0100

ref

Using our CLASS grid, we find that

—3187.35 26518496 —7854.34 144.61
8., = 19400 |, Hy = | —7854.34 —491.81 —9.32|. (19)
—3.90 144.61 —9.32 23.46
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Across our parameter grid, the maximum absolute error in T is only 1.1 mK, while
the root mean square (rms) error is only 0.24 mK. Given that T, ~ 2970 K, our quadratic
approximation to Ty is more than sufficient for our purposes.

We obtain Ty similarly to Equation (17). Since we extract both T, and T4 from CLASS
when running it, ©,¢ remains the same as in Equation (18). The reference temperature is
now only Tcrlef = 2892.72 K, while the gradient and Hessian become

5926.80 —189596.68 —4765.72 108.90
gq=| 20329 |, Hy= | —4765.72 —624.69 —534]. (20)
237 108.90 ~534 1711

The maximum absolute error in Ty across our parameter grid is only 1.0 mK, while
the rms error is only 0.34 mK. This is, again, a negligibly small fraction of Ty ~ 2890 K.

We expect that Ty < T, because the recombination redshift is defined as the maximum
of the visibility function, which, roughly speaking, requires photons to be unaffected by
baryons. Since there are far fewer baryons than photons, this is relatively easy to obtain,
so it occurs earlier in cosmic history. However, decoupling requires baryons to no longer
be ‘dragged’ by photons. Since there are far more photons than baryons, the ionisation
fraction has to drop far lower to reach this stage. Therefore, baryon—photon decoupling
occurs later in cosmic history than recombination.

2.7. BBN

In the first few minutes after the Big Bang, the whole Universe was hot enough to fuse
hydrogen nuclei into deuterium and helium, along with trace amounts of metals [88-91]. The
precise details of BBN have a large impact on the final yields of non-trivial nuclei, making
their measured primordial abundances a sensitive probe of the baryon:photon ratio ().

Since BBN provides a tight constraint on #, studies that report a BBN constraint on
w}, must assume some value for the present photon temperature. This is presumably
Triras, Which, nowadays, is typically assumed without question. We therefore assume
that any reported BBN constraints on wy, are actually constraints on w},. Since the CMB
also constrains wy, (Section 2.5), a slightly hotter CMB would not affect the agreement in
standard theory between wy, inferred from BBN and that from the CMB anisotropies [90].

Applying the PRIMAT nuclear reaction code [92] to BBN, assuming a primordial
deuterium abundance of (D/H)p = (2.527 0.030) x 10~ [93] and a primordial helium
abundance of Y, = 0.2449 =+ 0.004 [94], the baryon density is w}, = 0.021915 =+ 0.000215 [95].
This result is based on the purely BBN section of their Table Bl with a fixed N, corre-
sponding to the effective number of neutrino species. For simplicity, we symmetrised their
very slightly asymmetric error bars while fixing their reported 1o lower and upper limits
on Wy,. We adopt this constraint on @}, by adding the corresponding x? contribution.

3. Analysis and Results

We conduct several analyses to understand the impact of zg. The most obvious is
to let zg be a free parameter, which we infer. Since we have a clear a priori expectation
that zg ~ 0.84% (Section 5.3.3 of [73]), we also run analyses where we fix zy to 0.84%.
Given the results of Stiskalek et al. [78] suggesting a smaller void, we also consider the
case of zy = 0.5%. ACDM behaviour is recovered by fixing zy = 0. We also extend our
main analysis by including SNe Ia from the recent Dark Energy Survey (DES) Dovekie
catalogue [96,97]. The prior ranges of the model parameters are summarised in Table 1.
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Table 1. The range for the uniform prior we adopt on each model parameter.

Parameter Prior Range
wy, (0.02, 0.025)
Whe (0,0.5)
Hy (km/s/Mpc) (50, 90)

20 (—0.1,0.1)

3.1. Nested Sampling of Model Parameters

We use the dynesty' nested sampling algorithm [98-102] to compute the posterior
probability and the Bayesian evidence (Z), given by

Z(M) = /p(e) P(D|6, M)ds, 1)

where 0 is the parameter vector, P(0) is the prior, and P(D|6, M) is the likelihood of data D
given model M with parameters of 6. We take 500 live points and use a stopping criterion
of AlnZ = 0.01, where the hat denotes that this is the approximate remaining Z, not
the true Z. We will see later that this tolerance is sufficient because the different models
considered herein have much larger differences in Z. We plot the 1¢ and 2¢ contours using
the GetDist package” [103]. Posterior convergence was confirmed by checking that the
number of effective samples was Nqg > 2000 for all analyses.

Our full nested sampling analyses consider the parameters wy,, wy,, Hy, and zg. We do
not infer Opy,; rather, we compute it by adding the baryon + CDM contribution to that of
the neutrinos which are non-relativistic at low redshift.

Wm = Wpe + Z Wy i . (22)
i=A,B

Late-time observables like BAO and CC are sensitive to ()r,, while early-Universe observ-
ables like the CMB are sensitive to (), as the neutrinos are still relativistic then.

Figure 2 shows the triangle plot resulting from our full analysis, with open black
contours showing our nominal redshift range and filled red contours showing our extended
redshift range. The previously published expectation that zg = 0.84% is shown as a dotted
line in panels involving zy. It is clear that the posterior inference on zj is consistent
with 0.84%, though it peaks at a very slightly negative zy. Using the extended redshift
range reduces the uncertainties, but interestingly, the inferred z rises slightly, so the mild
tension with the predicted 0.84% remains about the same. This is because the DESI DR2
measurement of Dy /rq at z = 0.295 lines up better with the void model, as we discuss later
(Section 3.2).

The degeneracies apparent in Figure 2 are to be expected from previous analyses.
For instance, we expect a negative correlation between (0, and 1 due to the shape of the
CMB power spectrum providing a tight constraint on wy, and the opposite impacts of (0,
and h on 0, [104,105]. As discussed in Section 2.5, we also expect a negative correlation
between zg and h because a hotter CMB implies a higher matter density and, thus, a higher
expansion rate at high redshift, which must be compensated for by a lower expansion rate
at low redshift to maintain the same comoving distance to recombination (see also [77]).
These degeneracies are, indeed, apparent from our results, explaining the induced positive
correlation between zy and Qyy,.
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Figure 2. Triangle plot showing the inferred parameters with data from z > 0.5 (open black contours)
or z > 0.29 (filled red contours). We show the 1¢ and 20 error ellipses in panels involving two
parameters. The dotted line shows the a priori prediction that zg = 0.84% (Section 5.3.3 of [73]).

The inferred model parameters are summarised in Table 2. The reported central value
is the mean across the dynesty chain, while the 1o confidence interval is taken to be the
range between percentiles 15.87 and 84.13. The first column shows results with free z,
while other columns show results with zj fixed to 0 (ACDM), 0.5%, or 0.84%. Fixing zg
reduces the uncertainties considerably, but it also slightly shifts the inferred values due to
the parameter degeneracies discussed above. The inferred z is slightly negative with our
nominal redshift range, but it is almost exactly 0 with our extended redshift range. In both
cases, the prediction of 0.84% [73] is just outside the 10 range.

Table 2. Inferred parameter values under different assumed zg scenarios for the nominal redshift
range (top) and extended redshift range (bottom).

Assumed Value of zg

Parameter Free zg 0 (ACDM) 0.005 0.0084

z > 0.5 dataset
wp 0.02211+3:00657 0.02239 + 0.00008 0.02273 % 0.00009 0.02295 + 0.00008
Om 0.296 +0.015 0.303 £ 0.003 0.313 £ 0.004 0.319 £ 0.004
Hy (km/s/Mpc) 68.42708 68.04 +0.26 67.59 £ 0.25 67.29752¢
20 —0.00410:9%8 - - -

z > 0.29 dataset
wy 0.02236 7900036 0.02239 = 0.00008 0.02272 £ 0.00009 0.02295 = 0.00009
Om 0.303 £+ 0.013 0.303 £ 0.003 0.313 £ 0.003 0.319 £ 0.004
Hy (km/s/Mpc) 68.11 £ 0.69 68.07 £0.23 67587034 67.25752¢
20 —0.001 = 0.007 - - -
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3.2. Reconstructed BAO Distance Scale

To gain further insight into the impact of zy on BAO predictions, we use our dynesty
chain to obtain the posterior predictive distribution (PPD) of Dy /r4 at each redshift in the
range of (0.1, 2.5). This allows us to obtain the mean value of Dy /r4q and its 10 confidence
interval, which we, again, approximate using percentiles 15.87-84.13. For the 20 confidence
interval, we use percentiles 2.275-97.725.

Since Dy /rq spans a large range in values over such a wide redshift range, it is
common to divide Dy /rq4 at each redshift by the value in some fiducial cosmology. For this,
we use the mean value of the PPD of Dy /r4 in the ACDM model (zg = 0). This approach is
similar to using the best-fitting ACDM model as our fiducial cosmology when calculating
iso, which is defined as Dy /rq divided by the fiducial value. However, our approach
involves obtaining Dy /14 from a fiducial framework (ACDM) instead of a fiducial model
(ACDM with best-fitting values of its parameters). We note that the fiducial Dy /74 has no
bearing on our statistical results, as it is used only for plotting purposes. We will see that
using a fiducial ACDM cosmology with parameters that best fit all considered high-redshift
datasets leads to important differences compared to considering just the CMB (Figure 1).

Figure 3 shows our reconstructed s, (z) using our analysis with free zg. The solid blue
line shows the mean of the PPD on Dy /r4 at each z, while the dark- and light-blue bands
show the 1o and 2c confidence intervals, respectively. The DESI data points are shown
in red. Since the ACDM model is used as the fiducial cosmology, the ACDM prediction
is, by definition, aijso = 1, which we highlight as a dotted grey line. This fits most of the
data points quite well, underscoring the lack of a clear BAO anomaly in ACDM when
considering only high-redshift datasets. Although a BAO anomaly is widely discussed
in the literature [50] and often attributed to evolution of the dark energy density in a
theoretically problematic manner [106], the anomaly is not apparent in the DESI data
space [53]. It is apparent in the commonly used (Hyrq, QOm) parameter space, an issue we
return to later (Section 3.3).

A crucial aspect of Figure 3 is the prediction of the best-fitting model where z is fixed
to various values. The predicted run of ajs, for the 0.5% case is shown using the solid green
curve, while the solid black curve shows results with z fixed to the previously expected
0.84% [73]. In both cases, the results are in good agreement with the reconstructed ais,(z)
when assuming a free zp. There is a slight mismatch with DESI DR2 at z = 0.7 and 0.9, but
this is also the case for ACDM. Raising zg to 0.5% or even 0.84% only slightly worsens the
tension here.

The minimum x? of each considered model is shown in Table 3. The parameters are
usually optimised to minimise x? with a fixed zo, but in the central column, z is also
varied, and its best-fitting value is indicated. Each row shows the contribution to the total
X2 from each considered observable, for which we give the number of degrees of freedom
(d.o.f.). All x? contributions and the total are clearly acceptable for ACDM, as might be
expected from Figure 3 and the low data-space BAO-CMB tension [53]. Unlike the Hubble
tension in which the CMB and local ¢z’ cannot be fit simultaneously, we can adequately
fit the CMB and BAO datasets in ACDM. However, the parameters required for this are
clearly not exactly the same as those that best fit the CMB. Indeed, fixing the parameters
to those in the Planck cosmology [10] leads to almost 3¢ tension with DESI DR2 [52]. This
shows the continued importance of improving CMB constraints to better assess the BAO
anomaly [12].
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Figure 3. Reconstructed ajso(z) = Dy /rq in units of its fiducial value at each redshift, which, here,
is the mean value from our ACDM nested sampling analysis using data at z > 0.5 (see the text).
The solid blue line shows the mean result using our free zy analysis with the same data, while the
shaded blue bands show the 10 and 20 uncertainties using Gaussian equivalent percentiles. The red
data points with uncertainties show DESI DR2 measurements [50]. The solid green line shows the
best-fitting model with zy = 0.5%, while the solid black line assumes the previously expected value
of zg = 0.84% [73].

Table 3. The x? contributions from each considered observable and the total for each assumed zg
scenario, shown here considering data in our nominal redshift range (top) and extended redshift
range (bottom). The numbers in brackets in the first column show how many d.o.f. each observable

contributes.
Observable Assumed Value of z
(d.o.f.) 0 (ACDM) —0.0044 (best) 0.005 0.0084
z > 0.5 dataset
BBN (1) 4.855 4919 4.782 4.733
CMB (3) 6.070 6.501 5.603 5.300
BAO (12) 15.307 14.612 16.669 17.950
CC (14) 11.561 11.514 11.625 11.675
Total (30) 37.793 37.547 38.680 39.659
z > 0.29 dataset
0 (ACDM) —5.4 x 10~* (best) 0.005 0.0084
BBN (1) 4.905 4921 4.764 4.668
CMB (3) 6.494 6.606 5.507 4.885
BAO (13) 14.989 14.854 16.791 18.611
CC (23) 13.417 13.418 13.429 13.458
Total (40) 39.805 39.799 40.492 41.623

As might be expected from the slightly negative inferred values of zy, fixing it to a
positive value of 0.5% or 0.84% slightly increases the total x2. Interestingly, this improves
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the agreement with the CMB, especially for our extended redshift range. However, this
is more than offset by increased x? from BAO. Even so, the differences in x? are rather
small, especially with BBN and CC. Changes to the total x? do not clearly favour any of the
considered z values over any other. This highlights that zg = 0.84% lies within present
uncertainties. We can envisage that a slightly different void model with zy = 0.5% might
also fit low-z constraints like the local cz’. This would be in even better agreement with the
high-redshift datasets considered here.

3.3. Quantifying the BAO Anomaly

To quantify whether the BAO data can be predicted by a model with parameters
constrained using the non-BAO datasets considered here, we follow the approach of [53].
Those authors defined two metrics known as the data-space and parameter-space tensions,
the former working directly in the DESI data space (12 or 13 d.o.f.) and the latter in the
(Horq, Qm) parameter space (2 d.o.f.), which is commonly used in BAO analyses because
these are the two main quantities which can easily be extracted. We avoid using non-
standard parameter spaces to quantify the tension faced by each model, since this can
create look-elsewhere effects associated with considering multiple possible metrics.

The data-space tension captures the extent to which the individual DESI measurements
can be predicted by a model that has been fitted to other data. Usually, only the CMB is
considered, but since there is little tension between it and CC [43] or BBN [91], we use all
non-BAQO datasets to constrain the parameters of each model when predicting the BAO
angular scale and redshift depth. Uncertainties in both the DESI observations and model
predictions must be considered when calculating the total 2, which is then converted into
a Gaussian equivalent tension for 12 or 13 d.o.f., depending on whether we are using our
nominal or extended redshift range, respectively. The parameter-space tension is calculated
similarly, but this has only 2 d.o.f. Following [53], we recommend that the maximum of
the data- and parameter-space (MDPS) tension be used to efficiently quantify the BAO
anomaly in any model, since both contain useful information and neither should be large
in the correct model. In the community, the focus is usually on the parameter-space tension,
which is the MDPS tension for ACDM.

The top part of Table 4 shows the BAO tension in data and parameter space for our
nominal redshift range. Given that models with zg = 0.5% or even 0.84% are barely
distinguishable from ACDM at the level of current observations, it is unsurprising that,
just as with ACDM, these non-standard zy > 0 scenarios have more tension in parameter
space than in data space. The MDPS tension for ACDM is 3.01¢. Fixing z to the previously
expected level of 0.84% [73] reduces the MDPS tension to 2.93¢. This slightly worsens the
data-space tension from 2.100 to 2.32c, which is quite small in both cases. There appears
to be an interesting tradeoff between the tension in data and parameter space. The local
void model appears able to navigate this subtlety in such a way that the MDPS tension is
reduced, thereby slightly alleviating the conventional measure of the BAO anomaly.

The reduced MDPS tension in the local void model is even more apparent in the
bottom part of Table 4, which shows the BAO tension for our extended redshift range.
In this case, ACDM faces a tension of 3.07¢, but this is reduced to 2.790 with zy = 0.84%.
Note that since z is fixed in both z; scenarios, the parameter uncertainties are almost
identical (Table 2). The reduced MDPS tension must then arise from assuming zg > 0
genuinely shifting the regions of (Hyrq, (m) parameter space preferred by the BAO and
non-BAO datasets considered here.
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Table 4. BAO tensions for our nominal redshift range (top) and extended redshift range (bottom),
showing the data-space and parameter-space x? and corresponding Gaussian equivalent tension for
each assumed zj scenario. The MDPS tension is highlighted in bold in each column.

Assumed z 0 —0.0044 0.005 0.0084
Nominal redshift range

Data-space x%> (12 d.o.f) 22.14 22.35 2291 24.03

Data-space tension 2.100 2120 2190 2320

Parameter-space x> 2d.o.f) 11.88 13.40 11.44 11.38

Parameter-space tension 3.01c 3.23¢ 2940 2930

Extended redshift range

Assumed z 0 —54x 1074 0.005 0.0084
Data-space x% (13 d.o.f) 22.31 22.22 23.18 24.56
Data-space tension 1.95¢ 1.94¢0 2.060 2220
Parameter-space x? (2 d.o.f.) 12.29 12.25 11.07 10.51
Parameter-space tension 3.070 3.060 2.88c 2.790

Our estimated MDPS tension of 3.07¢ for ACDM is higher than the 2.650 reported
by [53]. This is partly due to the removal of low-redshift data required by the zy ap-
proximation to the local void model. However, when assessing ACDM, we can in-
clude low-redshift CC measurements. We excluded them simply to ensure that the same
data is used when comparing different z; scenarios. For better assessment of the BAO
anomaly faced by ACDM, we extend the non-BAO dataset to include all 33 considered
CC measurements [81,83]. In this case, the data-space tension becomes 1.94¢, while the
parameter-space tension becomes 3.05¢. Both tensions are very slightly lower than for our
extended redshift range. The MDPS tension of 3.05¢ is higher than the previously reported
2.650 [53]. This could be due to a much more modern calculation of the recombination
temperature (Appendix A) and a more accurate treatment of neutrinos (Appendix B).

3.4. Bayesian Evidence

Since our analysis infers a very slightly negative zy while a local void requires a
positive value, the data considered here do not, by themselves, prefer the addition of z
as an extra model parameter. To quantify this, we compute the Bayesian evidence of each
model (Equation (21)). The results in Table 5 show that adding zp as a free parameter
reduces Z by around 2 natural units (nats). If zj is fixed to 0.5%, there is a loss of only
0.37 nats, which rises to 0.82 nats when fixing z, to the previously expected 0.84%. These
very small differences in Z indicate that the considered data are presently not discriminating
enough to tell whether zg = 0.84%, but this remains allowed.

Table 5. The natural logarithmic Bayesian evidence for different datasets and assumed z scenarios
(Equation (21)). Results are shown relative to the corresponding ACDM model, whose uncertainty of
0.16 is not included here.

Assumed Dataset Considered for Analysis

zo Value z > 0.5 (Nominal) z > 0.29
0 (ACDM) - -

Free —-1.99+£0.17 —2.324+0.17
0.005 —-0.37+£0.16 —0.20+0.16
0.0084 —0.82£0.16 —0.96 £0.16
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In both our analysis and that of [53], local cz’ measurements are not included because
ACDM cannot fit these simultaneously with the other datasets, making it unphysical to
calibrate the ACDM parameters using, e.g., both the CMB and the local cz’. However,
this approach should be followed in models that can solve the Hubble tension, since data
should obviously generally be included if at all possible. The local ¢z’ constraint is indirectly
included in our results through the choice of zyp = 0.84% [73]. In the future, we hope to
directly address local cz’ constraints using a more advanced void model with outflows,
which must be included to address the distance ladder.

3.5. Results Including DES-Dovekie SNe

We extend our main analysis by including likely SNe Ia from the DES-Dovekie cat-
alogue [96,97]. Even with our extended redshift range, the redshift floor of 0.29 is high
enough to exclude all external or legacy SNe in the catalogue, helping to ensure its homo-
geneity by involving only the DES photometric filter system. Since the SNe are not always
spectroscopically confirmed, we restrict our attention to only those SNe with a > 90%
probability of being Type Ia.

The predicted luminosity distance (D} ) is found as follows:

D1 (zupD, Zhel) = (1 + 2Zhet)De(2c), (23)

where the heliocentric redshift (zy,) is corrected for small-scale peculiar velocities to obtain
zpp, which is then used to estimate the cosmic redshift (z.) by applying Equation (3). As
with other datasets, we only consider SNe with sufficiently large zyp values for the zp
approximation to be accurate. We use the predicted D; to obtain a predicted distance
modulus, which we compare to the observed value using the published precision or
inverse covariance matrix. Since the DES catalogue lacks any absolute calibration, we add
a magnitude offset with a wide uniform prior to the published distance moduli, which
assume a particular arbitrary calibration. Since this offset is arbitrary, we marginalise over it.
We note that although the SNe Ia are uncalibrated, combining with other datasets assuming
the validity of ACDM at early times effectively does impose a calibration via the inverse
distance ladder.

Figure 4 shows the triangle plot from our nested sampling run with free zy. The param-
eters are summarised in Table 6. Including DES-Dovekie SNe la leads to tighter constraints,
especially with our extended redshift range. However, the central parameter values do not
change much, with the z posterior still peaking close to 0. This leads to just over 2¢ tension
with the previously predicted value of 0.84% [73]. The posterior likelihood of an even
higher zg is 1.20%, indicating that zg = 0.84% cannot be excluded at the 99% confidence
level, even if we use our extended redshift range and include DES-Dovekie SNe la. If we
do not include SNe, the likelihood that zg > 0.84% rises to P(zy > 0.0084) = 9.00% for our
extended redshift range, indicating that SNe disfavour the previously predicted zy. Inter-
estingly, this is not the case for our nominal redshift range, where including DES-Dovekie
SNe Ia raises P(zg > 0.84%) from 7.27% to 9.74%. This is because although SNe do tighten
the error bars, they also increase the inferred value of zy for the nominal redshift range,
while the opposite occurs for the extended redshift range. Given that the zy approximation
might be inaccurate for the extended redshift range (Section 2.1), a more detailed analysis
is required to assess whether SNe favour the local void scenario.
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Figure 4. Triangle plot shown similarly to Figure 2 including also DES-Dovekie SNe Ia. The posteriors
are now tighter than before, but the previously predicted zg = 0.84% is still allowed at just over 20.

Table 6. Inferred parameter values under different assumed zg scenarios for the nominal redshift
range (top) and extended redshift range (bottom), including DES-Dovekie SNe Ia in the analysis. This

leads to tighter constraints (c.f., Table 2).

Assumed Value of zg

Parameter Free zg 0 (ACDM) 0.005 0.0084

z > 0.5 dataset
Wy 0.02225£0.00054  0.02239 = 0.00009 0.02272 = 0.00008 0.02295 - 0.00009
Om 0.300°9013 0.304 4 0.004 0.313 4 0.004 0.319 4 0.004
Hy (km/s/Mpc) 68.211076 68.02197%8 67.57 £0.25 67.28+£0.25
20 —0.0022 +0.0081 - - -

z > 0.29 dataset
Wy 0.02236 £ 0.00027  0.02239 = 0.00009 0.02272 = 0.00008 0.02294 - 0.00009
Om 0.303 £ 0.008 0.303 £ 0.003 0313+ 0.003 0.320 £ 0.003
Hy (km/s/Mpc) 68.097048 68.05+£0.24 6753702 6718702
20 —0.0004 - 0.0039 - - -

3.6. Results Excluding the LRG2 BAO Measurement
The low measured Dy /rq at z = 0.7 slightly reduces the inferred zg (Figure 3). This

may explain why the best-fit zy < 0 with our nominal redshift range. The inferred zy is not
as negative with our extended redshift range, presumably due to the slightly low Dy /r4
measurement at z = 0.295 pushing up zy. We note that other Dy /rq measurements at
z ~ 0.7 are all higher than reported by DESI DR2, typically by around 2-3% (Figure 1).
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If the DESI DR2 measurement of Dy /rq at z = 0.7 is, indeed, revised upwards in the future
and ends up more in line with pre-DESI results, this would reduce the tension for both
ACDM and the zg = 0.84% model. It would also increase the inferred zg, which might then
be in better agreement with the predicted 0.84%.

Given the somewhat anomalous nature of the luminous red galaxy (LRG) 2 BAO mea-
surement from DESI DR2 at z = 0.7, we redo our free zg analysis without the BAO angular
scale and redshift depth measurements at this redshift. The zy inference is summarised
in Table 7 for our nominal and extended redshift without and with DES-Dovekie SNe la.
Although the results are consistent with zg = 0 in all cases, the inferred zy is slightly higher
as a result of excluding the LRG2 BAO measurement (c.f., Table 2)—as one might expect
from Figure 3. The preference for a higher z( is especially apparent if we neglect SNe
and use our extended redshift range. However, once SNe are included, the zy posterior
peak remains close to 0, even if we exclude LRG2. Removing this point has only a modest
impact on the results with SNe. Even so, it will still be important to revisit our analysis
once updated BAO measurements become available.

Table 7. The inferred value of zy in analysis variants excluding the LRG2 BAO measurement from
DESI DR2 at z = 0.7, motivated by previous measurements at a similar redshift being systematically
higher (Figure 1). Different rows show results without and with DES-Dovekie SNe Ia (Section 3.5).
Compared to results including the LRG2 BAO measurement (Tables 2 and 6), the inferred zg is slightly
higher, especially for our extended redshift range without SNe. However, zy remains consistent with
0in all cases, especially once SNe are included.

Dataset Considered for Analysis

z > 0.5 (Nominal) z>0.29
Without SNe —0.003 £ 0.011 0.004 = 0.007
With SNe —0.0004 150592 0.00101 90058

4. Discussion
4.1. Implications for the Local Void Scenario

Our results demonstrate that the latest z > 0.5 measurements provide a sub-percent
constraint on any fixed non-cosmological contribution to the redshift of distant sources.
In the local void scenario, it was expected that this contribution would be zy = 0.84%
(Section 5.3.3 of [73]). This remains plausible for both our nominal and extended redshift
ranges (bottom-right panel of Figure 2). Interestingly, the most likely z inferred by our
analysis increases slightly in the latter case, lining up better with the predicted 0.84%. This
shows that the spillover effects of a local void at high redshift remain consistent with the
latest observations. However, our results prefer the ACDM value of zy = 0, causing the
Bayesian evidence to disfavour the addition of zg as an extra model parameter (Table 5).

Our reconstructed ajso(z) shows that ACDM can adequately match the available BAO
observations, as shown by the horizontal line at unity passing through most of the DESI DR2
measurements in Figure 3. The fiducial cosmology used to normalise the predicted Dy /rq
differs slightly from the parameters that best fit the CMB, but the total x? is still quite
acceptable (Table 3). Fixing zj to 0.5% or 0.84% slightly increases the total x?, but this
remains well within acceptable bounds. Interestingly, the higher x? arises despite a better
fit to the CMB. This is because of a worse fit to DESI DR2, as shown in Figure 3.

The mild tension faced by both ACDM and the considered zy models is clearly largely
driven by the anomalously low Dy /rq measurement at z = 0.7, though the low measure-
ment at z = 0.9 also contributes somewhat. While there are few pre-DESI measurements
at z = 0.9 with which to compare, there are several measurements at z = 0.7 (Figure 1).
These measurements are generally about 2-3% higher than reported by DESI DR2. A recent
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reanalysis of DESI DR1 using a covariance matrix estimated from mock catalogues also
gives a result about 2% higher than if DESI DR2 results are linearly interpolated to the same
redshift [107]. This makes it likely that the DESI DR2 measurement at z = 0.7 will be revised
upwards by about this amount in future data releases, reducing the mild tension faced by
both ACDM and the void models. We note that the inferred zj is clearly dragged down by
the low DESI measurement at z = 0.7, since reducing z( to negative values provides a better
fit to this point (Figure 3). We therefore expect the posterior inference on zy to shift upwards
in the future, which might then line up even better with the prediction of the local void
scenario. We explore this possibility by inferring zp without the LRG2 BAO measurement
(Section 3.6). This does, indeed, increase the inferred zy, but including DES-Dovekie SNe Ia
reduces it to almost exactly 0.

Our results in Figure 3 show little visible sign of the controversial BAO anomaly, a
claimed internal inconsistency between high-redshift datasets in ACDM. However, this has
to be assessed following the usual scientific method of making predictions in advance of the
observations used to test a model - or at least by setting up the model without using those
observations. This procedure was discussed in detail in Section 5 of [53]. The corresponding
results in the zy model are presented in Section 3.3. With our nominal redshift range, ACDM
faces an MDPS tension of 3.01¢, which rises to 3.07c with our extended redshift range.
Focusing on the latter because it includes all 13 DESI DR2 BAO measurements, we find that
the local void model can reduce this tension down to 2.79¢ if zg = 0.84%. This is despite a
slight increase in data-space tension from 1.95¢ to 2.22¢, but this is not the MDPS tension
(Table 4). Our results imply that although the local void model slightly worsens the fit to the
data in terms of x? and ability to predict the DESI observations, it reduces the gap between
BAO and non-BAO datasets in the standard (Hyrgq, Qm) parameter space commonly used
for BAO problems. The reduced parameter-space tension cannot be explained by inflated
uncertainties because these are almost the same regardless of whether we fix zy = 0 or
0.84% (Table 2). The latter gives a lower MDPS tension, but BAO and non-BAO datasets
are inconsistent at the 99% confidence level in both scenarios. However, if we double
the probability of consistency to account for the look-elsewhere effect associated with
considering the maximum of two tension metrics, then the reduction in parameter-space
tension that arises from fixing zy = 0.84% instead of 0 is sufficient to reconcile BAO and
non-BAO datasets from z > 0.29 at the 99% confidence level. In short, despite the slightly
worse fit to the data if zgp = 0.84%, the residuals with respect to observations look less
systematic in standard ways of viewing BAO problems.

The local void model with zy = 0.84% performs quite well compared to the back-
ground solutions considered by [53]. Their Table 5 shows that each model with best-fitting
values of its parameters usually predicts a BAO contribution to x? exceeding 20, often by a
substantial margin. This is not ideal for 13 d.o.f. The only exceptions are the Phen models,
which assume a simple algebraic addition to the ACDM H(z) (see their Equation (31)). The
Phen, exp model achieves a BAO )(2 of 19.24, while the Phen, sech model achieves 18.31.
Our Table 3 shows that the best-fitting model with zy = 0.84% achieves a similar BAO x?
contribution of 18.61. This could be reduced further if the void parameters are optimised
including BAO datasets, since it is quite possible that a different model with a reduced zy
might still adequately fit the local ¢z’ and galaxy number counts. For instance, if zg = 0.5%,
the BAO contribution to x> drops to 16.79. Even without this, it is clear that the void model
provides an adequate fit for 13 d.o.f.

To perform a comparison in terms of the MDPS BAO tension, we need to mimic our
procedure of fixing zg to the best-fitting value based on non-BAO datasets. For this, we
rerun the BAO tension calculation in [53] for two of the Phen models, fixing their two
non-standard parameters to best-fitting values on the basis of all the non-BAO datasets
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they considered. The third Phen model in their study is not shown here because it cannot
solve the Hubble tension (the CMB contribution to x2 is 26.7 from 3 d.o.f.). The results for
the other two models are shown in Table 8. As with ACDM, the MDPS tension comes from
parameter space and is just under 2o for both Phen models. According to this measure, the
local void model with our extended redshift range and zg = 0.84% performs slightly worse,
since it faces an MDPS tension of 2.79¢, also from parameter space (bottom part of Table 4).
Moreover, the data-space tension is slightly higher in the void model compared to the Phen
models from [53]. These small differences make it difficult to tell which is better from an
observational perspective.

Table 8. BAO tensions for the Phen models considered by [53] which can solve the Hubble tension.
The MDPS tension is highlighted in bold in each column.

Phen Model [53]

BAO Tension Metric Exp Sech
Data space x2 (13 d.o.f.) 18.98 21.55
Data-space tension 1.540 1.860
Parameter space x> (2d.o.f) 5.00 6.03

Parameter-space tension 1.740 1.97¢

We suggest that the Phen models in [53] empirically capture how a local void dis-
torts the distance-redshift relation. While their models can, of course, be interpreted as
background solutions, this raises fine-tuning issues because the non-standard addition to
H(z) must decay rather rapidly with redshift, as captured by their z; parameter. Those
authors inferred that z; < 0.20 at high confidence (see their Table 3). This is far below the
redshift where dark energy changes the sign of 4, raising the question of why departures
from ACDM should arise only at such recent epochs. If this is the case, it would imply
rather unusual behaviour for the effective dark energy equation of state (see their Figure 4).
As argued by those authors, the low inferred z; is more naturally interpreted as capturing
the impact of a local void rather than a genuine adjustment to the background a(t).

While our goal here is to address the consistency of the local void model at high red-
shift, it is clear that its main impact would be at lower redshift, where a more detailed model
would be required [73]. This would be particularly important if the DESI BAO measure-
ments can be extended to lower redshift, where a larger deviation from ACDM is expected.
Indeed, a generic consequence of a low-redshift solution to the Hubble tension is that
Xiso ~ 0.92 at low redshift because inflating ¢z’ by 9% would correspondingly reduce the
distance to any given z [52]. Other tests of a local void are also possible at low redshift [76].
For instance, it is possible to reconstruct i(z) assuming ACDM at high redshift by allowing
a flexible evolution for the dark energy equation of state [108-110]. These results can be
cast in terms of how much deviation there is from the CMB-calibrated ACDM expectation
using the concept of Hy(z), the value of Hy that would be inferred from extrapolation of
data in a narrow redshift range centred on z down to z = 0, assuming ACDM [111,112].
The predicted Hy(z) curve in the void model [7] is in good agreement with the observa-
tional reconstruction [109]. More recent results indicate even better agreement [110,113].
Importantly, the tendency for the reconstructed Hy(z) to reach the community consensus
on the local ¢z’ as z — 0 occurs without applying local ¢z’ constraints [110]. Those authors
only used uncalibrated SNe Ia combined with BAO assuming a standard r4, which effec-
tively calibrates SNe Ia via the inverse distance ladder. Similar results can be obtained
by taking the opposite approach, using the local ¢z’ without assuming ACDM at high
redshift [114]. These results make it likely that the solution to the Hubble tension lies at
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low redshift, though the authors did not directly address whether this is through a local
void or a late-Universe background solution.

One unusual aspect of the CMB that cannot easily be understood through modified
a(t) is the preference for a much lower Hy and hotter CMB when the FIRAS prior is
dropped [77]. Their Figure 3 shows that if we fix (W, W, 0+ ), we can alter Ty without
impacting the primary CMB anisotropies, but there is a small secondary effect on the
power spectrum around a multipole moment of £ ~ 10. This is due to the integrated
Sachs-Wolfe (ISW) effect [115], which depends on the balance between matter and dark
energy densities at late times. Since this is the only discernible impact on the CMB power
spectrum if we move along the usual degeneracy between Hy and Tcyp corresponding
to fixed (Wy, Wy, 0% ), it seems likely that the inference of a hotter CMB is related to some
difficulty faced by ACDM with the growth of structure on large scales. We note that the
CMB temperature anomaly would be even larger than reported by Ivanov et al. [77] if they
had allowed O, > 1, since the posteriors on Hy and Tcyp were clearly truncated by this
prior, which lacks theoretical motivation (the cosmological constant could be negative).
The large deviation from conventional estimates of Hy and (), is not a sign that these
parameters could really be drastically different from ACDM but, instead, indicates that it
faces a problem with the CMB power spectrum in the temperature-sensitive part at ¢ ~ 10.
This may be related to the enhanced growth of structure on large scales required for a local
void to solve the Hubble tension. Since the details of the CMB power spectrum at these
low multipoles depend on as yet unknown details of structure formation on large scales,
our main analyses neglect the fact that altering Tcyp at fixed (@, Wy, 0% ) slightly alters
the predicted CMB power spectrum at low ¢ values. The information content here is, in
any case, far lower than in the primary CMB anisotropies, which are unaffected at fixed
(@p, Doe, 0) [77].

To obtain a more detailed prediction for the CMB power spectrum at low ¢ values,
we would require a deeper theory where KBC-like voids are common, yet the background
expansion history and early-Universe physics remain largely unchanged. Models that
increase the frequency of extreme voids would inevitably also increase the frequency of
extreme overdensities, perhaps explaining the properties of the El Gordo massive galaxy
cluster collision better than ACDM, which struggles to explain its high redshift, mass, and
collision velocity [116,117]. It has even been proposed that relaxing the assumption of
independence between modes on different wavelengths could jointly solve the Hubble
tension and the cosmic radio dipole anomaly, an unexpectedly large dipole amplitude in
radio-source number counts at cosmological distances [118-122]. Both tensions could be
assigned to < 20 cosmic variance if it is enhanced in this way [123].

4.2. Implications for Theories Other than a Local Void

The limits that we place on zg limit the scope for theories that enhance the growth of
structure too much, as that would make it unlikely for zj to be as small as our results imply
(c.f. [124]). Indeed, the main reason the Haslbauer et al. [73] model predicts zy at an almost
observable level is their use of MOND-inspired equations to enhance the gravitational field
of a given (under)density distribution on scales 2100 Mpc. Thus, the Haslbauer et al. [73]
model has both a larger and deeper underdensity than allowed in ACDM, as well as
stronger outward gravity, even for the same underdensity.

To illustrate this, we can consider the predicted zj if there is a standard relation
between the gravitational field and the density distribution sourcing it. Though we assume
that density variations exist only in the matter component, our derivation works similarly
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if the underdensity is, instead, in the dark energy distribution [125]. The gravitational field
(g) at a distance of r from a spherically symmetric fractional underdensity () is

4rtGrpd

3 (24)

where p is the cosmic average matter density. Assuming the void has a size of r, and
integrating Equation (24) once to obtain the central potential ($(), we can estimate that

_ (DO . 1 Ty 2
=20 = 4(m) O, (25)

where ry = ¢/ Hy, using the fact that p = 3H3OQm / (871G). Assuming that Hy = 70 km/s/Mpc
and QO = 0.3, our constraint that |zg| < 0.01 (Table 2) implies that

2
6] < 2.5<1Gpc> . (26)

Ty

This constraint is very weak for any structure that can be described as local or non-
cosmological, indicating that our limit on |zo| is not particularly helpful in standard gravity.
This is the case even if we assume the density variation actually lies in the dark energy,
since that would just replace O — 4, leaving our result qualitatively unchanged.

Our constraints on zg are far more relevant to modified theories of gravity in which
it is stronger than in standard theory on very large scales. The ultimate detection of z at
the O(1072) level would suggest that the effective G relevant to the growth of structure on
scales 2 100 Mpc is different from the G entering the Friedmann equation. In the context
of the local void model, our zy constraint places a limit on the void size because z x r2
(Equation (25)). Incorporating the techniques developed here into the Haslbauer et al. [73]
analysis would naturally rectify its tendency to drift towards very large r, values (see their
Appendix C).

We have assumed that any local structure would be contained within z < 0.3, enabling
us to use the zp approximation (Equation (3)). This would not be true in scenarios where
there is a very long wavelength perturbation imprinted by inflationary physics. In this case,
we could make the opposite approximation that any local potential hill would extend out
much farther than the most distant BAO data point at z = 2.3. In this case, the z term would
still affect the CMB and the r4 calculation, but it should not be considered when calculating
CC and BAO predictions. This is because there would be little potential difference between
us and any sources at z < 2.3. Our analysis would need to be redone with this revised
structure to test such models, though it is possible that stronger constraints can be obtained
from the kinematic Sunyaev—Zel’dovich (kSZ) effect [126]. kSZ constraints still allow a
void similar to the KBC void, but a much larger and deeper void is excluded [127,128]. A
similar argument would apply to a local overdensity, which would create a kSZ signal of
the opposite sign. Constraints from the kSZ effect probe peculiar velocities generated by a
potential gradient, while zy constraints directly probe potential differences through impacts
like a hotter predicted CMB and reduced r4, issues we have considered in some detail.

Although our focus has been on GR, there is also a kinematic contribution to the
redshift. This is generally expected to be small at the distances considered here, even
in the local void scenario [52]. However, it has been proposed that the cosmic radio
dipole anomaly is caused by substantial velocity between the quasar rest frame and the
CMB, which would create angular variation in number counts due to special relativistic
beaming effects [129,130]. This kinematic interpretation is by no means necessary, even if
the cosmic radio dipole anomaly is confirmed, since the dipole in number counts could be
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intrinsic [123,131]. In the kinematic interpretation, there would be an interesting interplay
with BAO observations because these generally cover only a small portion of the sky. A
coherent bulk flow on such large scales could then create an extra contribution to the
redshift, distorting the relation between redshift and the BAO observables. However, even
a bulk flow of 1000 km/s is still only 0.003 c, so the effect ought to be well below our
uncertainty on zg. This is especially true given that much of the impact of zg on our analysis
stems from the hotter predicted CMB, which would not arise in this scenario, given CMB
observations cover the whole sky. It is also unclear how a coherent bulk flow could arise
on the very large scales relevant to DESI DR2 BAO observations, though this should be
tested by checking for anisotropy in the BAO angular scale and redshift depth once deep
BAO surveys cover more of the sky.

5. Conclusions

There is now a considerable body of evidence that the local ¢z’ > HgMB (Section 1).
This Hubble tension might arise due to outflow from a local void (as reviewed in [76]). As
with all models to inflate the local cz’, there are inevitably spillover effects at high redshift.
We test the consistency of the local void model using the wealth of high-z data that has
recently become available, including BBN, CMB, CC, and especially BAO measurements
from DESI DR2 [50]. It was previously claimed that the local void model from [73] provides
a better fit than ACDM to BAO measurements over the last 20 years [52]. We assess this
claim in more detail by including several effects that those authors did not account for.

To simplify our analysis, we approximate a local void only affecting the redshift
through a fixed additional GR contribution of z(, keeping only the GR term in Equation (2).
Figure 1 shows that this is a good approximation at z > 0.5, where a local void would have
little physical effect. Its main impact on observations of such distant sources would be
through the GR contribution arising from photons being repelled by the outward gravity
of a local void. We therefore approximate a local void using the zp model (Equation (3)).
We argue in Section 2.1 that this may still be reasonably accurate down to z = 0.29,
permitting comparison with all 13 DESI DR2 BAO measurements and benefiting from
several additional CC measurements (Section 3).

Our main result is that zp = —0.004J_r8:888 with data from our nominal redshift range,
rising to zg = —0.001 4= 0.007 for our extended redshift range. In both cases, the results are
in good agreement with the prior expectation that zy = 0.0084 based on fitting of the local
¢z’ and galaxy number counts without considering BAO datasets (Section 5.3.3 of [73]). A
slightly better fit can be obtained in a different void model with zg = 0.005 if it still matches
the local constraints. This might arise due to a smaller void (as suggested by [78]). In either
case, the best-fitting models are in good agreement with DESI DR2 (Figure 3) and provide
an acceptable x? (Table 3).

It has been claimed that ACDM suffers from an internal tension between BAO and
other high-redshift datasets. This BAO anomaly arises when considering the ability of
ACDM to predict BAO data on the basis of non-BAO datasets [53]. Applying their ap-
proach to data from our extended redshift range so that all DESI DR2 measurements can
be addressed, we find that ACDM faces an MDPS tension of 3.07¢ from the standard
(Horgq, Qm) parameter space. In the local void model with zy = 0.84%, this decreases to
2.790, which now lies within the 99% credible region if the tail probability is doubled to
account for the look-elsewhere effect associated with considering the maximum of two
tension metrics. This is not the case for ACDM. The BAO anomaly is not apparent in
data space, where ACDM faces a tension of only 1.95¢ for our extended redshift range.
Interestingly, the void model actually increases this to 2.22¢, indicating that it navigates the
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subtle tradeoffs between data- and parameter-space tensions to reduce the MDPS tension,
which is conventionally used to quantify the BAO anomaly.

Fixing z( to the 0.84% level predicted by a model previously shown to fit local con-
straints quite well (Section 5.3.3 of [73]), we find an MDPS BAO tension of only 2.79¢
and acceptable )(2 contributions from BBN, CMB, BAO, and CC in the best-fitting model
(Table 3). Despite the non-standard prediction of a slightly hotter CMB and reduced 74,
fixing zg = 0.84% does not cause conflict with the high-redshift datasets considered here.
It is also possible that a different void model could acceptably fit local constraints with a
reduced zj of perhaps 0.5%, which would fit the data better but mildly increase the MDPS
tension to 2.880. We therefore conclude that the local void model remains consistent with
high-redshift datasets despite their high precision and, at best, modest deviations from the
best-fit ACDM model.

These results motivate a more thorough analysis of the void scenario beyond the
high-redshift approximation adopted here, since its primary impact occurs at low redshift,
where a more detailed model including outflows is required to assess its viability in light
of the Hubble tension. A valuable dataset in this context is the CF4 galaxy catalogue of
redshifts and redshift-independent distances [132]. This was used to show that any local
void in a background Planck cosmology should be smaller and perhaps deeper than claimed
by [73], but the local ¢z’ over the 100-600 Mpc range typically used to measure it can still be
as high as 73 km/s/Mpc within the 1o error bar for one of the three considered void density
profiles [78]. We are also exploring if the rapid return to the Planck cosmology predicted by
the local void scenario is consistent with DESI CC measurements at z < 0.2 [83].
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Appendix A. The Recombination and Decoupling Temperatures
in ACDM

Most solutions to the Hubble tension are at the background level, in which case zy = 0
and Tcymp = Trras. For the benefit of readers, here, we provide fitting formulae for the
recombination and decoupling temperatures as a function of (wy, wy, ), with our grid still
centred on (0.0225, 0.1450) as before. Though z is no longer a parameter, T, should still be
found using Equation (17), with Ty found analogously.

The reference recombination temperature is now Tief = 2970.29 K, while its gradient
and Hessian become

(A1)

_ [ —3188.92 _12656960.27 —7860.93
o 194.09 )" 7 | —7860.93 —488.36 |
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The reference decoupling temperature is now Téef = 2892.74 K, while its gradient and
Hessian become

5925.64 —189076.80 —4767.87

8a = 203.34 —4767.87 —626.49 |

These results are very similar to those used in our main analysis if we simply set
zo = 0, but fixing this when calculating our CLASS grid improves the accuracy slightly in
studies that assume homogeneity. This is evident in that the maximum (rms) error in T,
across our grid is now only 0.68 (0.23) mK, while the maximum (rms) error in Ty is only
0.80 (0.32) mK.

Appendix B. Evolution of the Neutrino Density

We assume a standard background cosmology similarly to [53], but we make a small
refinement to the handling of neutrinos in their Appendix B. Since the neutrino energy
density is defined relative to that in photons, we briefly recap the photon energy density.
Expressed as an equivalent mass density, this is

7T2k4 "
- T , A3
% 157305 CMB (A3)

where k is Boltzmann’s constant, /1 the reduced Planck constant, and Tcyp the temperature
of the CMB (Equation (11)). The photon number density (1) follows from standard
blackbody physics.

772 hc

3
ny = 27(3) (kTCMB> , (Ad)

where (3) = 1.202 is the Riemann zeta function with argument 3.
Neutrinos behave like photons at high redshift. The ultra-relativistic neutrino density
in species i is

Pvuri = P’vai/'y‘ (AS)

We designate the neutrino species as A, B, and C in descending order of rest mass. The ur
subscript indicates that the ratio of R, /., between the photon density and that in neutrino
species i is applicable only in the early Universe, when neutrinos were ultra-relativistic.
Using quantum statistics, we obtain

7/ AN\Y3 N
Ry, = 8<11) o, (A6)

where Ny = 3.044 is effectively the number of neutrino species around the time of
recombination [133-135].
In the non-relativistic regime, the neutrino density in species i is given by

v = MyiMy;, (A7)

where m,, ; is the neutrino mass of flavour i and 7, ; is the number density of such neutrinos,
which is given by

3 N. 0.68
My = 11%( ;ff ) . (A8)
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If the neutrinos were thermalised, the exponent here would be 3/4. We use a smaller
exponent of 0.68 to ensure that, in the non-relativistic limit, w, = ¥; m, ;c*/(93.14eV) [136].
The lower exponent arises because the energy from electron—positron annihilation mostly
goes into the high-energy tail of the neutrino energy distribution, which does not have
enough time to thermalise before neutrino decoupling.

Unlike photons, which are always relativistic, massive neutrinos of species i become
non-relativistic when the cosmic scale factor is

. 1
nri — .
< Pv,i >2 1
Ov,ur,i a=1

We use the following form for the transition between relativistic and non-relativistic

‘ 2
pyy = Prndla=y [y | (”) . (A10)
a Anr,i

This only applies to massive neutrinos, which consequently have a present neutrino density

(A9)

behaviour:

of py i > Py ur,i, what the neutrino density would have been if the neutrinos were massless.
For any massless species, the behaviour is identical to radiation:

o Ov,ur,i

pu; = Fetia=L (A1)

Najera et al. [53] assumed, for simplicity, that all the neutrino species have the
same mass, so 1, ; = (20,20,20) meV/c?. We replace this with the much more realistic
assumption that m, ; = (50,10,0) meV/c?, as indicated by terrestrial neutrino experiments
if neutrino rest masses are kept as low as possible, implying we need to use the normal
hierarchy or mass ordering. The neutrino mass sum therefore remains Y"1, = 60 meV/c?,
matching [53] and most other studies.

Equation (A10) can be generalised to

171/
1+< a ) : (A12)
(nr,i

Following [53], we assume that the transition of neutrinos from relativistic to non-relativistic

o Pv,ur,i|a:1
Pvi = o

has a sharpness of k, = 2. We can obtain a better fit to detailed calculations using Fermi-
Dirac statistics if we use k, = 1.83 (Equation (26) of [137]). However, we will see below that
this makes very little difference to the results. We therefore assume that k, = 2, which is
much cheaper computationally because it avoids the use of fractional powers.

Appendix C. Accuracy of the Compressed CMB Likelihood

An important improvement over [53] is that the recombination temperature is found
using a quadratic fit to CLASS results rather than based on an ancient fitting formula [8].
To better line up with modern results and include three decades of progress on the atomic
physics constants and other factors relevant to recombination, Néjera et al. [53] adapted the
formula slightly by changing a fixed factor of 1048 — 1045 in their Equation A10. In our
approach, such a ‘fix’ is not necessary, but it is still important to check the accuracy of our
approach in some way.

We infer Hy, w,, and wp. in ACDM using the compressed CMB likelihood
(Equation (14)). Since the preferred values and covariance matrix are obtained from the
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Notes

1
2

chains in [12] without using their reported Hy, we can compare this to our Hy inference.
The results are shown in Table Al for different assumed values of k, and the neutrino
masses, with Y m, = 60 meV/c? in all cases. The first column shows m, 4, the mass of the
most massive neutrino species. We assume this is the only massive neutrino, species A and
B are the only massive neutrinos, or that all three species are equally massive (as assumed
in [53]). Our nominal assumption is that m, 4 = 50 meV/ ¢ and my p =10 meV/ c2, with
species C being massless. Our results are barely affected by whether we choose k, = 1.83
or 2, so we choose the latter to reduce complexity.

Table A1. The inferred value of Hy with fixed ¥, = 60 meV/c? but different masses for the most
massive neutrino, as indicated in the first column. In the 50 meV/c? case, another species has a mass
of 10 meV /2, while the third species is massless. All neutrinos are equally massive in the 20 meV/ 2
case. The sharpness of the relativistic-to-non-relativistic transition is governed by the k, parameter
(Equation (A12)).

Max. m, Transition Sharpness
(meV/c?) k, = 1.83 ky =2
60 67.20" 03 67.18 + 0.39
0.41 0.41
50 67.18"03, 6719703
20 67.24 +0.39 67.2710%

The SPT-3G Collaboration SPT-3G Collaboration [12] implicitly assumed that species B
and C are massless, recovering Hy = 67.19 &= 0.38 km/s/Mpc in this case. Our compressed
CMB likelihood approach is able to recover this value and uncertainty to an accuracy of
0.01 km/s/Mpc, which is a negligibly small difference. This demonstrates the reliability
of our much simpler system of equations, which bypasses calls to CLASS in the likelihood
function and does not involve comparison with the full CMB power spectrum. Although
we assume that m, 4 = 50 meV/ c? and my p = 10meV/ c?, the results are barely affected by
instead assuming that only species A is massive while keeping ) m, fixed. However, there
is a noticeable difference if we assume that all three species are equally massive, despite
fixing ) m,. This means that although details of the relativistic-to-non-relativistic neutrino
transition are far less important for cosmology than ) m,, it is still important to assign the
vast majority of ) m, to just one species, as indicated by terrestrial neutrino experiments
if we make the usual assumption that neutrino masses should be kept as low as possible.
This assumption is called the normal mass ordering, which can be distinguished from the
inverted mass ordering with a few years of data from the recently constructed Jiangmen
Underground Neutrino Observatory (JUNO; [138]).

https:/ /dynesty.readthedocs.io/en/v2.1.5/, accessed on 26 July 2026.
https:/ / getdist.readthedocs.io/en/latest/, accessed on 26 July 2026.
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