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Abstract: This paper investigates the physical processes involved in the water filling and air expelling
process of a pipe with multiple air valves under water slow filling condition, and develops a fully
coupledwater–air two-phase stratified numerical model for simulating the process. In this model,
the Saint-Venant equations and the Vertical Average Navier–Stokes equations (VANS) are respectively
applied to describe the water and air in pipe, and the air valve model is introduced into the VANS
equations of air as the source term. The finite-volume method and implicit dual time-stepping
method (IDTS) with two-order accuracy are simultaneously used to solve this numerical model to
realize the full coupling between water and air movement. Then, the model is validated by using
the experimental data of the pressure evolution in pipe and the air velocity evolution of air valves,
which respectively characterize the water filling and air expelling process. The results show that the
model performs well in capturing the physical processes, and a reasonable agreement is obtained
between numerical and experimental results. This agreement demonstrates that the proposed model
in this paper offers a practical method for simulating water filling and air expelling process in a pipe
with multiple air valves under water slow filling condition.

Keywords: water slow filling; flow pattern; water–air interface; water–air two-phase stratified model;
air valve model

1. Introduction

In the water filling stage of a pipe, the initial air inside the pipe will start a deformation under the
influence of water filling the pipe. If the air is not expelled appropriately, it will accumulate in the pipe
and create overpressure affecting the pipe safety [1]. Installing air valves to expel air from the pipe is
an effective way to control overpressure. However, the process of water filling and air expelling in the
pipe highly depends on the air valve layout including the location and quantity [1,2].

Numerical models are important tools for simulating the evolution of water and air in pipe
system. Affected by the change of water-flow rate and pipe elevation, the water flow is unsteady
with free surface flows, pressurized flows and free-surface-pressurized flows occurred concurrently
or separately. Many Preissmann slot methods have been established for simulating these unsteady
water flows, which are also applicable to simulate unsteady water flow during pipe filling [3–7].
However, for simulating the air evolution and air expelling inside the pipe, the water–air two-phase
model is needed. Determining the water–air two-phase flow pattern is the basis to establish a suitable
two-phase model. Taitel et al. summarized six types flow patterns of water and air in horizontal
pipe or near-horizontal pipe [8], which includes stratified smooth flow, stratified wavy flow, bubble
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flow, slug flow, plug flow and annular flow. According to different flow patterns, the models used to
simulate the evolution of water and air in pipe can be divided into drift-flux model and two-phase
model [9]. The drift-flux model regards the air and water as a mixture and writes a single momentum
conservation equation for the mixture, and the two-phase velocities are expressed explicitly by the
algebraic formula through the mixture velocity [10]. The drift-flux model is originally proposed for
bubble flow and extended later to cover the entire range of flow patterns that may occur in water–air
two-phase flow in inclined pipe [11–14]. However, due to the inherent limitation of the drift-flux
model, this model is not suitable for the simulation of the flow patterns with distinct stratification such
as stratified smooth flow and stratified wavy flow in horizontal or near-horizontal pipe.

The two-phase model, including one-dimensional models and three-dimensional models,
are suitable for flow patterns with obvious stratification [15–18]. Because of the two-phase flow
in engineering applications in pipe system is computationally unapproachable in a three-dimensional
context [19], one-dimensional models are developed widely. In the one-dimensional two-phase model,
each phase is considered separately, thus the model consist of two separate sets of balance equations
and the interactions between the phases are modeled through additional terms in these equations.
A fully developed water–air two-phase flow model includes mass, momentum and energy equations
for water and air in pipe, respectively. However, many two-phase flow models reduce the number
of variables or governing equations based on the hypothesis for different specific problems, which
not only simplifies the model but also guarantees the applicability of the model. At present, the main
hypothesis is that water is an incompressible fluid, and its evolution in pipe is isothermal with the
steady friction factor, and for the air evolution, it is assumed as an adiabatic process or an isothermal
process [20–23].

Air valves in the delivery pipe allow air inside pipe to expel when the pipe becomes overpressurized.
By far, for simulating the air valve behavior, it is common to make an analogy between the air flow
through an air valve and isentropic flow in nozzles [24].Wang et al. modeled the air expelling by
making a pipe with only one air valve under rapid water filling and making a judgment about the
relative position of the flow front and the air valve [25]; such an approach is too complex to be applied
for pipes with multiple air valves. Miquel et al. established a model to simulate the air expelling of
a pipe with an air valve only at the end of the pipe under rapid water filling, and air valve is only
considered as the downstream boundary in the model [1]. Coronado-Hernández et al. developed a
mathematical model for a single pipe with an air valve and the model provides good accuracy under
rapid water filling [26].

All the models mentioned above are developed by assuming a vertical interface between the air
and water and are applied for pipe under rapid water filling condition, which are no longer applicable
to predict the behavior of air expelling of a pipe with multiple air valves under water slow filling
condition with sufficient accuracy. Therefore, it is necessary to study the characteristics of water filling
and air expelling process of a pipe with multiple air valves under water slow filling condition and
develop a fully coupled numerical model for simulating the process. This is the main purpose of
this study.

In this paper, a laboratory experimental system is established for observing the change of water–air
two phases flow pattern in pipe during water slow filling, then a water–air two-phase stratified model
is developed. The Saint-Venant equations based on the concept of the Preissmann slot and the Vertical
Average Navier–Stokes equations (VANS) are applied to describe the evolution of water flow and air
in pipe, respectively. Meanwhile, an improved air valve model based on the method proposed by
Wylie [24] is introduced into the VANS equations of air as the source term, combining the finite-volume
method and implicit dual time-stepping method (IDTS) with two-order accuracy for solving this
numerical model. A detailed discussion about water–air interface assumption and some explanations
for the numerical model are given further, based on the test results and published relevant literatures.
Finally, the experimental results are used for validation of this proposed numerical model.
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2. Materials and Methods

2.1. Experimental Setup

The laboratory experimental system consists of an upstream water supply tank, a surge shaft,
a test pipe, four air valves, a downstream water tank, and measurement facilities (see Figure 1). The test
pipe is made of plexiglas material with total length, inner diameter and Manning roughness coefficient
of 300 m, 240 mm and 0.0088, respectively, which is well fixed onto the ground through a number of
iron stands along the pipe.
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Figure 1. The pipe schematic layout of the experimental system.

There are four common air valves with inner diameter of 24 mm installed on the measuring point
and air inside the pipe can be expelled out by the air valves without limitation of air valve’s construction.
There are four pressure transducers installed at four measuring points. The pressure transducers are
installed at the bottom of the pipe to record the pressure changes inside the pipe. Meanwhile, four
wind speed transmitters are installed at the top of the air valves to record the air velocity though the
air valves. Both the measured data are collected by the acquisition system. The details of this system is
shown in Table 1.

Table 1. The parameters of the testing pipeline.

Air Valve Distance to the Inlet (m) Relative Elevation (mm) Pipe Length (m) Slope (%�)

0 156
60.578 −3.527

60.578 370

7.014 +49.985

67.592 24

4.200 0

71.792 24

1.990 −50.197

1# 73.782 113

60.640

+1.000
2# 134.422 53

22.210

3# 156.632 31

29.880

186.512 0

20.684 −4.877

4# 207.196 92

93.146 −0.202
300.342 116
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For testing, water is supplied from the upstream water tank to the pipe with a steady and
constant pressure head and discharged into the downstream water tank (with lower water level than
downstream pipe). The water flow rate in the pipe is controlled and adjusted at expected level of
14.47 m3/h by the surge shaft at the end of upstream pipe. During the test, high-speed cameras are
used to take high-resolution pictures of the flow patterns in the pipe.

2.2. Numerical Model

To develop the numerical model, it is assumed that the water is incompressible, whereas the
air is compressible. The mass exchange, heat transfer and temperature change between water and
air in pipe are neglected. Meanwhile, in order to calculate the unsteady mixed water flow in pipe,
the free surface flows, pressurized flows and free-surface-pressurized flows are uniformly expressed
by the conservative form of Saint-Venant equations with the concept of the Preissmann slot [27].
Thus, the water and air are described by Saint-Venant equations [Equations (1a) and (1b)] and VRNS
equations [Equations (2a) and (2b)], respectively.

∂Aw

∂t
+
∂Qw

∂x
= 0 (1a)

∂Qw

∂t
+
∂(Qwuw)

∂x
= −gAw

∂ζ
∂x
− g

n2Qw|uw|

R4/3
(1b)

∂ma

∂t
+
∂ma

∂x
= −Γ(xL)

.
m (2a)

∂(ma)

∂t
+
∂(maua)

∂x
= −Aw

∂P1

∂x
−Aa

∂P2

∂x
(2b)

where t is the temporal coordinate (s); x is the spatial coordinate along pipe (m); Aw is the cross-section
area of flow (m2); uw is the uniform velocity along the pipe cross-section of flow (m/s); Qw is the
discharge along the pipe cross-section of flow (m3/s), and Qw = Awuw; ma is the air mass flux along
the pipe cross-section (Kg/m), and ma = ρaAa, with ρa as the density of air phase in pipe (kg/m3)
and Aa as the cross-sectional area of air (m2); ua is the average velocity along the pipe cross-section of
air (m/s); ma is the air mass flow rate along the pipe cross-section (Kg/s), and ma = ρaAaua = maua;
ζ = zb + h is the water piezometric head or water free-surface elevation, with zb as the pipe bottom
elevation (m) and h as the water level in pipe (m); g is the gravitational acceleration, 9.8 m/s2; R is the
hydraulic radius (m), R has its own different expression for free surface flow and pressurized water
flow in pipe due to the concept of the Preissmann slot, andis calculated by using the expressions in
Liu’s paper [28]; n is the Manning roughness coefficient (s/m1/3); Γ(xL)

.
m is the air expelling mass flow

rate per unit length (Kg/(s·m)), and xL represents the air valve position. P1 is the pressure of the air in
the pipe when the water enters the pipe (Pa); P2 is the pressure of the air in the pipe because of its own
compressibility (Pa).

For any cross-section of the pipe, Aa and Aw subject to the condition as follows:

Aa + Aw = A (3)

where A is the cross-sectional area of pipe (m2).
The expression of Γ(xL) in Equation (2a) is as follows:

Γ(xL) =

{
1, if x = xl
0, if x , xl

(4)

where Γ(xL) = 1 representsan air valvehere, and Γ(xL) = 0 representsnoair valve.
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Based on the method proposed by Wylie [24], an improved form for calculating the source term
.

m
in Equation (2a) can be expressed in two cases as follows:

.
m =


CdAvP

L

√
7

R∗T

[(Patm

P

)1.4286
−

(Patm

P

)1.7143]
, Patm < P < 1.894Patm

CdAvP
L

0.6847
√

R∗T
, P > 1.894Patm

(5)

where, Cd is the air flow coefficient, Av is the air orificecross-sectional area (m2), R∗ is the universal
air constant, 8.314 J/(mol·K); T is the absolute kelvin temperature of the air in pipe (K); Patm is the
atmospheric pressure (Pa); L is the pipe length (m); P is the absolute pressure at inlet of air valve (Pa),
and expressed as follows:

P = P1 + P2 (6)

P1 in Equations (2b) and (6) is the pressure of the air in the pipe when the water is filling the
pipe, P1 two wayscan be defined based on the hydrodynamic or hydrostatic scheme [29]. In this paper,
we use the hydrostatic scheme and adopt the following expressions:

P1 = ρwgh (7)

where, ρw = water density, and its value is equal to 1000 kg/m3 due to treat water as incompressible.
P2 in Equations (2b) and (6) is the pressure of the air in the pipe because of its compressibility.

Both amount and volume of the air are changed when the air valves are installed, and the direct
indicator of the air compressibility is the air density in the pipe. According to the ideal gas law,
the expression of P2 is as follows:

P2 = ρaR∗∗T (8)

where, R∗∗ is also a universal air constant, 286.7.
In more detail, we also give the relationship between mass flow rate

.
m and air velocity va as follows:

va =
.

m/ρvAv (9)

where ρv is the density of the air in air valves; in this paper, ρv = ρatm, and ρatm is the air density
under atmospheric pressure. According to the Equation (9), we can obtain the calculated air velocity
uv by the numerical model.

2.3. Numerical Solutions

In numerical solutions, the vector form of Equations (1) and (2) are commonly used:

∂U
∂t

+
∂F
∂x

= SP + S f + Sout (10)

where U is dependent variable vector; F = uU is the advection flux, and u respectively represents uw

and ua for water and air; SP, S f and Sout are source terms pertaining to the pressure gradient term,
the friction term, and the air-expelling term, respectively. These terms are written as follows:
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U =


Aw

Qw

ma

ma

, F = uU =


Awuw

Qwuw

maua

maua

, SP =


0

−gAw∂ζ
∂x

−Aw
∂P1
∂x −Aa

∂P2
∂x

,

S f =


0

−g n2Qw |uw |

R4/3

0
0

, Sout =


0
0

−Γ(xL)
.

m
0


(11)

2.3.1. Two-Order Reconstruction of the Flow Variable

The variables of water and air in dependent variable vector U in two faces of the cell
interface (i + 1/2) are reconstructed spatially as follows:

Ui+1/2,L = Ui +
1
2

∆Ui, Ui+1/2,R = Ui −
1
2

∆Ui+1 (12)

where subscript L and R represent the left and right condition of cell interface (i + 1/2), respectively.
The values of ∆Ui and ∆Ui+1 in Equation (12) are calculated using the minmod limiter [30].

2.3.2. Spatial Discretization

The integral of Equation (10) in any cell i (see Figure 2) is given as follows:∫ i+1/2

i−1/2

∂U
∂t

dx +
∫ i+1/2

i−1/2

∂(uU)

∂x
dx =

∫ i+1/2

i−1/2
SPdx +

∫ i+1/2

i−1/2
S f dx +

∫ i+1/2

i−1/2
Soutdx (13)

where subscripts (i + 1/2) and (i − 1/2) represent the left and right interfaces of the spatial cell i,
respectively.
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According to the divergence theorem [30], the second term on the left side of Equation (13) is
expressed as follows: ∫ i+1/2

i−1/2

∂(uU)

∂x
dx = (uU)i+1/2 − (uU)i−1/2 (14)

where (uU)i+1/2,(uU)i−1/2 are the numerical fluxes at interfaces (i + 1/2) and (i − 1/2), respectively.
(uU)i+1/2 is defined as follows [31]:

(uU)i+1/2 =
1
2

c̃i+1/2Fi+1/2

(
Ui+1/2,L + Ui+1/2,R

)
−

1
2

c̃i+1/2
∣∣∣Fi+1/2

∣∣∣(Ui+1/2,R + Ui+1/2,L
)

(15)
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where c̃i+1/2 represents the gravitational wave velocity of free surface wateror the acoustic wave speed
of pressurized water for pressurized water or the acoustic wave speed of air in pipe at interface (i + 1/2)
(m/s). Fi+1/2 = ui+1/2/c̃i+1/2 is the Froude number for water or the Mach number for air at interface
(i + 1/2). The definitions of c̃i+1/2 and Fi+1/2 in Equation (15) are expressed as follows:

c̃i+1/2 =
1
2

(
c̃i+1/2,L + c̃i+1/2,R

)
Fi+1/2 = λi+1/2,L + λi+1/2,R (16)

where λi+1/2,L and λi+1/2,R are the splitting functions of the F at cell interfaces (i + 1/2) and are
expressed as follows:

λi+1/2,L =

 1
4

(
Fi+1/2,L + 1

)2
,
∣∣∣Fi+1/2,L

∣∣∣ ≤ 1
1
2

(
Fi+1/2,L +

∣∣∣Fi+1/2,L
∣∣∣), ∣∣∣Fi+1/2,L

∣∣∣ > 1

λi+1/2,R =

 −
1
4

(
Fi+1/2,R − 1

)2
,
∣∣∣Fi+1/2,R

∣∣∣ ≤ 1
1
2

(
Fi+1/2,R −

∣∣∣Fi+1/2,R
∣∣∣), ∣∣∣Fi+1/2,R

∣∣∣ > 1

(17)

Based on Equation (15), Fi+1/2,L and Fi+1/2,R in Equations (17) are expressed as follows:

Fi+1/2,L =
ui+1/2,L

c̃i+1/2,L
, Fi+1/2,R =

ui+1/2,R

c̃i+1/2,R
(18)

Equation (15) can also be rewritten as follows:

(uU)i+1/2 = 1
2 c̃i+1/2Fi+1/2

(
Ui+1 + Ui +

1
2 ∆Ui −

1
2 ∆Ui+1

)
−

1
2 c̃i+1/2

∣∣∣Fi+1/2
∣∣∣(Ui+1 −Ui −

1
2 ∆Ui+1 −

1
2 ∆Ui

) (19)

(uU)i−1/2 is expressed similarly, consequently Equation (14) is given as follows:

(uU)i+1/2 − (uU)i−1/2 = αiUi−1 + βiUi + γiUi+1 + ηi (20)

αi =
1
2

c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣) (21a)

βi =
1
2

[
c̃i+1/2

(
Fi+1/2 −

∣∣∣Fi+1/2
∣∣∣)− c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)] (21b)

γi =
1
2

c̃i+1/2

(
Fi+1/2 −

∣∣∣Fi+1/2
∣∣∣) (21c)

ηi = −
1
4 c̃i+1/2

(∣∣∣Fi+1/2
∣∣∣− Fi+1/2

)
∆Ui+1

+ 1
4

[
c̃i+1/2

(
Fi+1/2 +

∣∣∣Fi+1/2
∣∣∣)+ c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)]∆Ui

−
1
4 c̃i−1/2

(
Fi−1/2 +

∣∣∣Fi−1/2
∣∣∣)∆Ui−1

(21d)

Equation (21d) includes four components, namely ηwmass,i, ηwmomentum,i, ηamass,i and ηwmomentum,i
as follows:

ηwmass,i = −
1
4 c̃i+1/2

(∣∣∣Fi+1/2
∣∣∣− Fi+1/2

)
∆Aw,i+1

1
4

[
c̃i+1/2

(
Fi+1/2 +

∣∣∣Fi+1/2
∣∣∣)

+c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)]∆Aw,i

−
1
4 c̃i−1/2

(
Fi−1/2 +

∣∣∣Fi−1/2
∣∣∣)∆Aw,i−1

(22a)

ηwmomentum,i = −
1
4 c̃i+1/2

(∣∣∣Fi+1/2
∣∣∣− Fi+1/2

)
∆Qw,i+1

+ 1
4

[
c̃i+1/2

(
Fi+1/2 +

∣∣∣Fi+1/2
∣∣∣)+ c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)]∆Qw,i

−
1
4 c̃i−1/2

(
Fi−1/2 +

∣∣∣Fi−1/2
∣∣∣)∆Qw,i−1

(22b)
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ηamass,i = −
1
4 c̃i+1/2

(∣∣∣Fi+1/2
∣∣∣− Fi+1/2

)
∆ma,i+1

1
4

[
c̃i+1/2

(
Fi+1/2 +

∣∣∣Fi+1/2
∣∣∣)

+c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)]∆ma,i

−
1
4 c̃i−1/2

(
Fi−1/2 +

∣∣∣Fi−1/2
∣∣∣)∆ma,i−1

(22c)

ηwmomentum,i = −
1
4 c̃i+1/2

(∣∣∣Fi+1/2
∣∣∣− Fi+1/2

)
∆ma,i+1

+ 1
4

[
c̃i+1/2

(
Fi+1/2 +

∣∣∣Fi+1/2
∣∣∣)+ c̃i−1/2

(
Fi−1/2 −

∣∣∣Fi−1/2
∣∣∣)]∆ma,i

−
1
4 c̃i−1/2

(
Fi−1/2 +

∣∣∣Fi−1/2
∣∣∣)∆ma,i−1

(22d)

The central-difference scheme is implemented to discretize the pressure gradient term as follows:

SP,i =


0

−gAw,i
ζi+1/2−ζi−1/2
xi+1/2−xi−1/2

0

−Aw,i
P1,i+1/2−P1,i−1/2

xi+1/2−xi−1/2
−Aa,i

P2,i+1/2−P2,i−1/2
xi+1/2−xi−1/2

 =


0
−gAw,i

∆ζi
∆xi

0

−Aw,i
∆P1,i
∆xi
−Aa, i ∆P2,i

∆xi

 (23)

The friction term is directly calculated by using cell center values as follows:

S f ,i =


0

−g n2Qw,i|uw,i|

R4/3
i

0
0

 =


0 0

0 −g n2|uw,i|

R4/3
i

0 0
0 0

0 0
0 0

0 0
0 0




Aw,i
Aw,iuw,i
ρa,iAa,i
ρa,iAa,iua,i

 = fiUi (24)

The air-expelling term is calculated by using the discrete form of Equations (4) and (5) as follows:

Sout,i =

 −Γ(xi)
CdAvPi

∆xi

√
7

RT [
(

Patm
Pi

)1.4286
−

(
Patm

Pi

)1.714
], Patm < Pi < 1.894Patm

−Γ(xi)
CdAvPi

∆xi
0.6847
√

RT
, Pi > 1.894Patm

(25)

2.3.3. Time Discretization

Based on the IDTS method, a two-step backward difference scheme in time discretization is used
to achieve second-order accuracy, and getting the following expression [32,33],

Un+1,p+1
i −Un+1,p

i
∆τ +

3Un+1,p+1
i −4Un

i +Un−1
i

2∆t + 1
∆xi
αn+1,p

i Un+1,p+1
i−1

+ 1
∆xi
βn+1,p

i Un+1,p+1
i + 1

∆xi
γn+1,p

i Un+1,p+1
i+1

= Sn+1
P,i + fn+1,p

i Un+1,p+1
i + Sn+1,p+1

out,i −
1

∆xi
ηn+1,p

i

(26)

where the superscript n and n + 1 are the current and next physical time level (s), respectively;
the superscript p and p + 1 are the current and next pseudo time level, respectively; ∆t and ∆τ are the
physical time step and the pseudo-time step (s), respectively; Un

i and Un−1
i are the current and previous

time step, respectively, which are known quantities; and Un+1
i is theunknown solution of next time

step to be solved.
The process of iterative solving of Equation (26) is known as inner iteration. As the inner steady

problem converges of the first term on the left, the solution of Equation (26) advances from Un
i to Un+1

i .
All similar terms are combined in Equation (26), and the solving algebraic equations are obtained
as follows:

λαn+1,p
i Un+1,p+1

i−1 +
(
3 +ω+ λβn+1,p

i − 2∆tfn+1,p+1
i

)
Un+1,p+1

i + λγn+1,p
i Un+1,p+1

i+1

= 2∆tSn+1,p+1
P,i + 2∆tSn+1,p+1

out,i + 4Un
i −Un−1

i +ωUi
n+1,p

− ληn+1,p
i

(27)
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where λ = 2 ∆t
∆xi

; and ω = 2 ∆t
∆τ .

Equation (27) includes the components of water mass conservation [Equation (28a)], water
momentum conservation [Equation (28b)], air mass conservation [Equation (28c)] and air momentum
conservation [Equation (28d)]. Moreover, an effective Gauss–Seidel algorithm is used to solve Equation
(28) in the current study.

λαn+1,p
i An+1,p+1

w,i−1 +
(
3 +ω+ λβn+1,p

i

)
An+1,p+1

w,i + λγn+1,p
i An+1,p+1

w,i+1

= 4An
w,i −An−1

w,i +ωAn+1,p
w,i − λη

n+1,p
wmass,i

(28a)

λαn+1,p
i Qn+1,p+1

w,i−1 +

3 +ω+ λβn+1,p
i + 2∆tg

n2
∣∣∣∣un+1,p

w,i

∣∣∣∣
(R4/3)

n+1,p
i

Qn+1,p+1
w,i

+λγn+1,p
i Qn+1,p+1

w,i+1

= 4Qn
w,i −Qn−1

w,i +ωQn+1,p
w,i − 2∆tAn+1,p+1

w,i
∆ζn+1,p

i
∆xi − λη

n+1,p
wmomentum,i

(28b)

λαn+1,p
i mn+1,p+1

a,i−1 +(3 +ω+ λβn+1,p
i )mn+1,p+1

a,i + λγn+1,p
i (ρamAa)

n+1,p+1
a,i+1

= −2∆tΓx(xi)
.

mn+1,p+1
out,i + 4mn

a,i −mn−1
a,i +ωmn+1,p

a,i − λη
n+1,p
amass,i

(28c)

λαn+1,p
i mn+1,p+1

a,i−1 +(3 +ω+ λβn+1,p
i )mn+1,p+1

a,i + λγ
n+1,p
i mn+1,p+1

a,i+1

= −2∆tAn+1,p+1
w,i

∆Pn+1,p
1,i

∆xi
− 2∆tAn+1,p+1

a,i

∆Pn+1,p
2,i

∆xi
+ 4mn

a,i −mn−1
a,i

+ωmn+1,p
a,i − λη

n+1,p
wmomentum,i

(28d)

2.3.4. Initial and Boundary Conditions

For computing the unknown variables include Aw, Aa, uw, ua, Qw, ma and ma, both initial conditions
and boundary conditions are required by Equations (28) in order to advance the left boundary cell and
the right boundary cell to the next time level.

Based on the real experimental conditions and the requirements of the numerical model, the initial
conditions include the given values of the unknown variables. It should be noted that zero water
depth is the singularity of the bed friction term for water, thus, in the computational domain, Aw,initial
= 10−10 m2, should be imposed in the computational domain. The boundary conditions include the
left boundary conditions and the right boundary conditions. Corresponding to the pipe inner area,
these initial and boundary conditions values are shown in Table 2.

Table 2. Initial conditions and boundary conditions for the model.

Initial Condition Aw = 10−10 m2, uw = 0, Qw = 0, ρa = 1.29 kg/m3, ua = 0,
Aa = 0.0452 m2, ma = 0.0583 kg/m, ma = 0

Left boundary condition Qw = 0.00402 m3/s, ma = 0, ma = 0

Right boundary condition Qw = 0, ma = 0, ma = 0

2.3.5. Convergence and Stability Criteria

These variables for water (flow rate, water level, pressure, etc.) and air (mass, pressure, etc.) are
closely related to Aw and ρa, respectively. Therefore, when solved Equation (28), the convergence
criterion is adopted in the calculation process as follows:

max
i


∣∣∣∣An+1,p+1

w,i −An+1,p
w,i

∣∣∣∣
An+1,p

w,i

 < ε, max
i


∣∣∣∣ρn+1,p+1

a,i − ρ
n+1,p
a,i

∣∣∣∣
ρ

n+1,p
a,i

 < ε (29)

where ε is the prescribed error, and its value is equal to 10−5 in the following simulations.
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Although the foregoing numerical scheme is implicit, we still use the Courant–Friedrichs–Lewy
(CFL) criterion which usually used in explicit numerical scheme to govern its stability. The CFL value
is set to 1 for the validation to ensure stability.

3. Results and Discussion

3.1. Observed Flow Patterns Varying during Water Slow Filling

The water–air two-phase flow patterns in the pipe can be categorized into three classes based
on the visual observations and photography. In order to better express the characteristics of the flow
patterns, the diagrams of flow patterns are given according to the captured photos. According to Taitel
and Dukler [8], the three flow patterns, observed in our experiment, can be shown as follows (shown
in Figure 3):

Stratified smooth flow (shown in Figure 3a): This flow pattern occurs at the initial time of water
filling; the water flow advances slowly in the pipe at a given flow rate, and water level in the pipe is
low, and the two phases present an obviously smooth horizontal interface.

Stratified wave flow (shown in Figure 3b): As water continues to fill in pipe, affected by the
change of water flow state in the pipe, the water flow is not as slow and stable as it is at the beginning.
The water free surface is no longer stable and smooth, and a wave is formed on the water surface,
thus the stratified wavy flow is formed.

Plug flow (shown in Figure 3c): At the later stage of water filling, as the water lever in the pipe
increases, due to the difference pipe bottom elevation, free-surface-pressurized water flow appears;
that is, some parts of the flow are free surface (only a part of the cross-section of the pipe is filled),
and other parts are pressurized (the whole cross-section of the pipe is filled),which also separates the
air. Moreover, the air in the pipe is no longer a continuum. As a result, a plug flow is formed.

Generally, the main flow patterns occurred under water slow filling condition are the stratified
smooth flow, the stratified wavy flow and the plug flow. The common feature of these three flow
patterns is that there is a distinct stratification between water and air. Thus, establishing a water–air
two-phase stratified model is appropriate for simulating the evolution of water flow and air in pipe,
and a two-phase stratified flow model was attempted in the current study.
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Figure 3. Water–air two-phase flow patterns recorded by high-speed cameras and their schematic
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3.2. The Water–Air Interface

The water–air interface is determined jointly by the given flow rates, pipe parameters and physical
properties of water and air [34], and many water–air two-phase stratified flow models are established
by assuming the actual water–air interface as a simplified form [35]. In this section, a detailed
discussion about assumption of water–air interface is given, and some processes in the established
model are explained.

Generally, a pipe can be filled either with rapid or slow water filling. For rapid water filling,
Wang et al. proposed an elastic column model for rapidly filling in the empty pipe, assuming that there
is a vertical interface between the air and water [25]. This famous vertical interface assumption can be
shown in Figure 4. In fact, Liou et al. proposed a criterion that such avertical interface assumption can
be justified for pipe with relatively small diameter and rapid water flow velocity [36]. According to
the experimental observation, there is an obvious horizontal stratified interface between water and
air under water slow filling condition. Meanwhile, some other experimental and CFD model studies
indicated that the pipe cross section is not entirely filled during the filling process, and thus, the vertical
interface assumption does not match the real condition well and results in a decrease in the accuracy of
the numerical model [37–39]. Meanwhile, Sampaio proposed a stratified water–air two phase flow
model based on the assumption of smooth and horizontal water–air interface without considering the
interfacial waves (shown in Figure 5) [18]. However, according to their simulation results, the model
performed poorly along with increasing interface fluctuations. Therefore, assumptions of either vertical
water–air interface or smooth-horizontal water–air interface are not suitable for the pipe under water
slow filling in the current study. Furthermore, as indicted by Figueiredo et al. [40], when the interface
presents significant curvature effects, there will be a non-negligible pressure difference between phases
at any cross section, and the use of two pressures, one for each phase, may be necessary.

According to the observation (shown in Figure 3), the interface between water and air has obvious
non-horizontal characteristics under water slow filling condition, for this reason, in the established
model, the pressure gradient term for water and air have their respective expressions (see Equations (1b),
(2b) and (11)). An algorithmic strategy for the water–air interface is presented: For every iteration
calculation process, a judgment based on the Equation (3) is firstly made, according to this judgment,
the fraction of water and air at each pipe cross section can be obtained, then due to this judgment,
the iteration calculation process starts. This strategy is feasible under water slow filling condition.
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3.3. Numerical Validation 

The developed numerical model is validated based on the observed evolution of pressure in 
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3.3. Numerical Validation

The developed numerical model is validated based on the observed evolution of pressure in pipe
and air velocity of air valves. Table 3 shows the cells of measuring point with the space step ∆xi = 1 m
and the parameters of the air valve model.

Table 3. The cells with measuring point (∆xi = 1m, Cd = 0.65, T = 293 K).

Air Valve No. Cell Location of Air Valves (i) Air Valve Diameter dv (mm) Air Orifice Area Av (10−4m2)

1# 73 24 4.5216
2# 134 24 4.5216
3# 156 24 4.5216
4# 207 24 4.5216

3.3.1. The Pressure Evolution in Pipe during Water Slow Filling

Theex perimental and numerical results of pressure evolution of pipe bottom at the four measuring
points are shown in Figure 6. The developed model performed well in predicting the pressure evolution
in the pipe, and the pressure for each measuring point varied in three distinct stages, namely the
no-pressure, slowly increasing and rapidly increasing stage, which correspond to no water, free surface
flows and pressurized flows, respectively. The water reached each measuring point at different times
due to the varied distance to the upstream water tank, which resulted in the difference of pressure
evolution among the four measuring points. However, the three stages at each measuring point are
divided clearly.

It should be noted that the model performed well in predicting the pressure in the no-pressure
and rapidly-increasing stage, while underestimating the pressure slightly in the slowly increasing stage
for each measuring point. By inspecting the current model, the discrepancy may be due to the fact that
only the water is taken into account in calculating the pressure in pipe. In fact, the pressure evolution
in the pipe is affected by water and air when the two phases coexist in pipecrosssection. However, the
influence of air is not considered, and the calculated pressure in pipe is equal to the water free-surface
level h, so the numerical result is slightly smaller than the experimental data in the slowly increasing
stage. In the rapidly increasing stage, the pressure evolution at each measuring point is only related
to the water piezometric head, which resulted in good agreement between simulated pressure and
the observation. In general, the developed model in this paper can reasonably predict the pressure
evolution in the pipe.
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Figure 6. The observed pressure evolution versus simulated pressure evolution based on the numerical
models of four measuring points (the red, green and yellow double arrow lines indicate the no-pressure,
slowly increasing and rapidly increasing stage, respectively): (a) measuring point 1#; (b) measuring
point 2#; (c) measuring point 3#; (d) measuring point 4#.
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3.3.2. The Air Velocity Evolution of Air Valves

The observed and simulated air velocity evolution of each air valve are shown in Figure 7.
When water enters the pipe, the air moves in pipe and expels from the air valves due to the pressure
difference between inside and outside the pipe. The air velocity increases along with advance of water
in pipe for each air valve and then up to the maximum at the end, when the pipe cross section is about
to fill with water, finally droppingrapidly to zero in a very short moment. By comparing the observed
and simulated air velocity, the numerical model can capture the air expelling process well, especially
for the maximum air velocity. The maximum error between computed and measured maximum air
velocity at the valves is about 5%. The numerical model gives sufficient accuracy and reasonable
agreement with what is observed.
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Figure 7. The observed air velocity versus simulated air velocity based on the numerical models of
four measuring points (the redlines in each figure indicate the highest air velocity): (a) measuring point
1#; (b) measuring point 2#; (c) measuring point 3#; (d) measuring point 4#.

It is also noted that the deviation (e.g., the first ten minutes for the first air valves in Figure 7a)
is still shown between the observed data and the numerical result. This error may be due to the
compressibility and low inertia of the air; any external disturbance such as the upstream valve opening
may cause the air to move. However, the developed model is intrinsically one-dimensional, which
means all variables should be interpreted as being averages at the cross-sectional area of the pipe.
As a result, these disturbances cannot be captured by the model in current study, which leads to
the deviation. In general, the developed one-dimensional model is reasonable and applicable for
simulating the air velocity evolution of air valves.

4. Summary and Conclusions

The main purpose of this article is to study the water filling and air expelling process of a pipe with
multiple air valves under water slow filling condition and develop a fully coupled numerical model.

In the current study, a suitable two-pressure water–air two-phase stratified model is developed.
For the model, the Saint-Venant and VANS equations are respectively used to describe the water and
air in pipe, and the improved air valve model is incorporated in the VANS equations of air as the source
term. The finite volume method and implicit dual time-stepping method are used in combination
to solve the numerical model. Based on the observed varying water–air two-phase flow patterns in
pipe under water slow filling condition, a detailed discussion about water–air interface is also given.
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In the current study, we firstly point out the inapplicability of the famous water–air vertical interface
assumption and the smooth-horizontal water–air interface assumption and then present an algorithmic
strategy. Meanwhile, due to the interface between water and air having obvious non-horizontal
characteristics under water slow filling condition, the pressure gradient terms for water and air have
their respective expressions in our model. The model is validated by using the experimental data of
pressure evolution in pipe and air velocity evolution of air valves. The results show that although there
are differences between the simulated result and the experimental data, the established model can
reasonably simulate the pressure evolution of the pipe and the air expelling process, which is relatively
consistent with the measured results. Thus, the established two-pressure two-phase stratified flow
model is reasonable and applicable. This model will provide an effective method for the design of
the air valve installation of the pipe and the verification of whether the existing air valve installation
scheme is reasonable.

Finally, this model is developed for the water–air two phases flow patterns with distinct layering
under water slow filling condition. The further experimental and numerical investigations are required
for other flow patterns, and a more complete numerical model is expected to be established.
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