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Abstract: The qualitative behaviors of uncertainty relations in hydrodynamics are numerically studied
for fluids with low Reynolds numbers in 1 + 1 dimensional system. We first give a review for the
formulation of the generalized uncertainty relations in the stochastic variational method (SVM), following
the work by two of the present authors [Phys. Lett. A 382, 1472 (2018)]. In this approach, the origin of
the finite minimum value of uncertainty is attributed to the non-differentiable (virtual) trajectory of a
quantum particle and then both of the Kennard and Robertson-Schrédinger inequalities in quantum
mechanics are reproduced. The same non-differentiable trajectory is applied to the motion of fluid
elements in the Navier-Stokes-Fourier equation or the Navier-Stokes-Korteweg equation. By introducing
the standard deviations of position and momentum for fluid elements, the uncertainty relations in
hydrodynamics are derived. These are applicable even to the Gross-Pitaevskii equation and then the
field-theoretical uncertainty relation is reproduced. We further investigate numerically the derived
relations and find that the behaviors of the uncertainty relations for liquid and gas are qualitatively
different. This suggests that the uncertainty relations in hydrodynamics are used as a criterion to classify
liquid and gas in fluid.

Keywords: Navier-Stokes-Fourier equation; Navier-Stokes-Korteweg equation; uncertainty relations;
stochastic calculus; variational principle

1. Introduction

The expressions of fundamental laws of physics should be independent of the choice of coordinates.
This requirement is naturally satisfied when dynamics is formulated in the variational principle.
The variational approach is of wide application and describes the behaviors of particles and fields in
classical and quantum systems [1]. On the one hand, there exist several cases where this approach is
not directly applicable. A dissipative system like hydrodynamics is such an example. This fact indicates
that the standard formulation of the variational principle can be improved. As an attempt to describe
dissipative systems, Rayleigh’s dissipation function method is known [2]. This method is, however,
not considered as the improvement of the variational principle, because the dissipative term is introduced
by hand as a correction term to the equation obtained by the variational principle.

Note that virtual trajectories considered in the standard variation are implicitly assumed to be
smooth and non-differentiable trajectories are not considered. This limitation may be an obstacle to
study appropriate optimizations in variation and there are several attempts to relax it. This generalized
framework of the calculus of variations is called stochastic variational method (SVM). For example,
the Navier-Stokes-Fourier (NSF) equation is derived by applying SVM to the Lagrangian which leads to

Water 2020, 12, 3263; d0i:10.3390/w12113263 www.mdpi.com/journal /water


http://www.mdpi.com/journal/water
http://www.mdpi.com
https://orcid.org/0000-0003-0380-5974
http://dx.doi.org/10.3390/w12113263
http://www.mdpi.com/journal/water
https://www.mdpi.com/2073-4441/12/11/3263?type=check_update&version=2

Water 2020, 12, 3263 2 of 44

the Euler equation in the standard classical variational method [3-13]. Another important aspect is that
SVM enables us to describe classical and quantum behaviors in a unified way [14]. In fact, we can derive
the Schrodinger equation by applying SVM to the classical action of the Newton equation. In other words,
the quantization of a classical system can be interpreted as the stochastic optimization of a classical action.

Uncertainty relations are known to be an important property in quantum mechanics,
which characterizes the correlation between fluctuations of, for example, position and momentum
of a quantum particle. Using this property appropriately [15-19], we can investigate a fundamental
limitation for simultaneous measurements as was pointed out by Heisenberg [20]. Usually, this property is
understood through the non-commutativity of self-adjoint operators. If SVM is a natural framework of
quantum mechanics, the same property should be obtained from the stochasticity of a quantum particle
without introducing operators. Moreover such a study will enable us to define the uncertainty relations
in hydrodynamics. This generalized formulation is studied in Refs. [21,22] and the Kennard-type and
Robertson-Schrodinger-type inequalities are derived in hydrodynamics. Recently the Kennard inequality
of quantum mechanics was investigated in a different stochastic approach [23].

One might think that the uncertainty relations in hydrodynamics are hardly surprising because
those in quantum mechanics can be understood as the wave property of wave function. It is known that
there exists a relation between the fluctuations of position and wave number (k) when a wave packet is
decomposed into plane waves. This is however the relation for position and wave number and, to obtain
the relation associated with momentum, we have to assume the Einstein-de Broglie relation where the
momentum is defined by k. On the other hand, our uncertainty relations are defined for the canonical
momentum of fluid elements and are different from the relation for wave number. Indeed, the minimum
value of our relations is affected by viscosity but the corresponding quantity for wave number is irrelevant
to dynamics.

In this paper, some qualitative properties of the uncertainty relations in hydrodynamics are studied
through numerical simulations. We first give a review of SVM and the formulation of the uncertainty
relations, following Ref. [21]. In this approach, the origin of the finite minimum value of uncertainty in
quantum mechanics is attributed to the ambiguity of the definition of velocity in the non-differentiable
(virtual) trajectory of a quantum particle. After defining canonical momenta in the Hamiltonian
formulation of SVM, the uncertainty relations, both of the Kennard and Robertson-Schrodinger inequalities,
are reproduced. The same non-differentiable trajectory is applied to the motion of fluid elements in
hydrodynamics. By introducing the standard deviations of position and momentum for fluid elements,
the Kennard-type and Robertson-Schrodinger-type relations are derived for the fluid described by the
NSF equation. These relations are applicable to the trapped Bose gas described by the Gross-Pitaevskii
equation and then the field-theoretical uncertainty relation is reproduced. After the review, we investigate
numerically the derived relations by choosing two parameter sets: one is for gas and the other for liquid.
To study the qualitative behaviors, we consider fluids with low Reynolds numbers in 1 + 1 dimensional
systems. We then find that the behaviors of the uncertainty relations for liquid and gas are qualitatively
different. This suggests that the uncertainty relations in hydrodynamics are used as a criterion to classify
liquid and gas in fluid.

This paper is organized as follows. In Section 2, we reformulate the standard variational method
in classical particle systems from the point of view of a field theory. This reexpression of the standard
classical variation is used as the basis to develop SVM. Mathematical preparations for stochastic calculus
are summarized in Section 3 and SVM for single-particle systems is discussed in Section 4. In Section 5,
the Kennard and Robertson-Schrodinger inequalities in quantum mechanics are reproduced in SVM.
The procedure is generalized to continuum media and the uncertainty relations in hydrodynamics are
derived in Section 6. The numerical calculations of the derived relations are shown in Section 7. Section 8
is devoted to discussions and concluding remarks.
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2. Classical Variation and Optimal Control

We briefly summarize the standard variational method in classical mechanics from the perspective of
an optimal control for a velocity field.

Let us denote the trajectory of a particle r(R,t) = (r'(R,¢t),--- ,#P(R,t)), which is a function of the
time ¢ in a spatial D-dimensional system of Cartesian coordinates. The dependence on the initial position
r(R,t;) = R at an initial time ¢; is explicitly shown. The Lagrangian for this single-particle system is
defined through the kinetic term K and the potential term V as,

1\2/[ (dr(R, f)

2
L=K-V=2(=% ) ~V(x(R, 1)), 1)

where dr(R,t) = r(R,t +dt) — (R, t) and M is the particle mass.
For the later convenience, we rewrite this Lagrangian as a field-theoretical quantity. Note that the
particle probability distribution for this system is defined by
p(x,t) = (5(D)(x—r(R,t)), )

where we used Dirac’s delta function in D dimension. Using this, the above single-particle Lagrangian is
given by

L= /dep(x,t) F\Z/Iu2(x, H=V(x)|, ©)]

where u(x, t) is a smooth vector function and can be interpreted as the velocity field. These Lagrangians
are equivalent by using the identification

dr(R,t) = u(r(R,t),t)dt. 4)

We consider the time evolution of the particle during the period from an initial time ¢; to a final time
tr. For given u(x, t) and r(R, t), we can calculate the action defined by

1] = /:f dt [1\2’[ (dr(dlt't))Z _V(x(R, 1))

The trajectory r(R, ) satisfies Equation (4) and we determine the form of u(x, t) by employing the
Hamilton principle. The infinitesimal variation of trajectories is given by

©)

r(R,t) — (R, t) = r(R,t) + 5f(x(R, t),t), (6)

where the infinitesimal smooth function satisfies the boundary conditions 6f(x, t;) = 6f(x, tf) = 0. Then the
variation of the action leads to

i) = /t‘tf dt [-M(3; + u(x(R, 1), 1) - V)u(e(R, ), 1) — VV(£(R, 1))] - 5£(x(R, 1), 1) . @)

1

In this calculation, we used

_ AR iR g p ®)

u/(r/(R,t),t) —u(r(R,t),t) dt dt dt
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where d/dt = 0; + w - V. To satisfy éI[r] = 0 for an arbitrary function 5f(x, t), the velocity of the

particle should satisfy the well-known Newton equation,

d
MLv(t) = ~VV(r(R, 1), )

where the particle velocity is denoted by
v(t) =u(x(R,t),1). (10)

3. General Setup for Stochastic Variation

In the previous section, we implicitly assumed that the particle trajectory is smooth and hence the
virtual trajectory defined by Equation (6) is always differentiable. As was mentioned in the introduction,
there are several proposals to formulate the variation of non-differentiable trajectories [3-14,24—43]. In this
work we use the method proposed by Yasue [14] who introduced this idea to extend the formulation
of Nelson’s stochastic mechanics [44]. See also review papers [45,46]. As a review of selected topics of
stochastic approaches to hydrodynamics, see Ref. [47].

There are two important aspects in applying the variational principle to non-differentiable trajectories:
one is the introduction of two Brownian motions (see Equations (11) and (13)) and the other consists in the
generalizations of the time derivative (see Equations (15) and (16)).

3.1. Zigzag Trajectory and Two Brownian Motions

As was discussed in Section 2, a particle velocity u(r(R,t),t) is the tangential line of a particle
trajectory r(R, t) and satisfies Equation (4). Let us generalize this relation to formulate the variation of
stochastic variables.

A typical example of a zigzag trajectory is known in Brownian motion as is shown in Figure 1.
We assume the similar behavior to represent a zigzag trajectory in SVM. The simplest way to realize this
idea is to add a noise term of Brownian motion to Equation (4). The derived equation describes the forward
time evolution of the trajectory and called the forward stochastic differential equation (SDE),

di(R,t) = uy (B(R,t),t)dt + V2vdW(t) (dt > 0). (11)

The second term on the right-hand side represents the noise term of Brownian motion and hence the
origin of the zigzag motion. We used (™) to denote stochastic variables and dA(t) = A(t + dt) — A(t) for
an arbitrary stochastic quantity A(t). The time is discretized with the step dt, but we should take the limit
dt — 0 at the end of calculations. Here /W(t) describes the standard Wiener process which satisfies the
following correlation properties,

E[dW(t)] =0,

E[dVAVZ(t)dWJ(t’)] =dt 5t,t’ 51‘,]‘ (l] =X, y,Z) , (12
where E[ | denotes the ensemble average for the Wiener process and the right-hand side of the second
equation is given by Kronecker’s delta functions. The intensity of fluctuations is controlled by a
non-negative real constant v. For the detailed description of the Wiener process, see, for example, Ref. [48].
Note that uy (F(R, t), t) is stochastic because of the trajectory T(R, t), but u (x, t) is a smooth function.

The particle velocity (field) is, however, not completely characterized by u(x, f) alone. As is seen
in Figure 1, there are at least two different possibilities to characterize the particle velocities at the
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particle position ¥(R, t): one is lim (¥(R,t + dt) — ¥(R,t))/dt and the other lim (¥(R,t) —¥(R,t —
dt—0+ dt—0+

dt))/dt. These two quantities are equivalent in a smooth trajectory, but different in a zigzag trajectory.
This difference plays an important role in SVM.

r'(R,1—dr)
r'(R,t+d0)

g -Te.
//7/ e
! \
s
I
|

i
r(R,1)
Figure 1. An example of the typical trajectory of Brownian motion. The positions at t — d¢, t and t + dt are
denoted by (R, t — dt), (R, t) and 7' (R, t + dt), respectively.

The forward SDE is associated with the former definition, cltlirrol (F(R,t + dt) — ¥(R, ))/dt.
—0+

To accommodate the latter definition, we introduce the backward time evolution of the trajectory described
by the backward SDE,

df(R,t) = u_(F(R, ), £)dt + V2vdW(t) (dt <0), (13)
where another standard Wiener process @(t) satisfies
E[dW(t)] =0,
o (14)
E[dW (t)dW (¢')] = [dt| 6, 61 (ij = x,y,2).
These are the same as those in Equation (12) by replacing df with |dt|.

3.2. Mean Forward and Backward Derivatives

Because of the ambiguity of the velocity mentioned above, Nelson introduced two different time
derivatives in stochastic mechanics [44]; one is the mean forward derivative,

DL fER 1) = Jim & | TRATIDZIERD) 5 | (15)

and the other the mean backward derivative,

DER ) = im © 'f(?(R,tertc)li—f(?(R,t)) ’ft' - 6
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These expectation values are conditional averages, where P; (F;) indicates a set of trajectories fixing
T(R,t') for ' <t (#' > t). As a schematic figure for these definitions, see Figure 2. To define the probability,
we choose an appropriate (measurable) subset of trajectories which satisfies the o-algebra. Then P; and F;
represent an increasing and a decreasing family of sub-c-algebras, respectively.

|
LY
£
|_
t+dt .
t
" t-dt
P
dat>0

«— Space — — Space —

Figure 2. The ensembles of trajectories fixing P; and F; shown in the left and right panels, respectively.

To elucidate the above definitions, we consider the Markov process where the trajectory at ¢ + df is
determined from the position at t and independent of the hysteresis of the position r(R, ') (' < t) asis
described by the forward SDE. Then the condition denoted by P; is simplified so that only the position at ¢
is fixed and then the above definition of the mean forward derivative becomes

im 1 [£E R d0) = FER, )

D+f(ER 1) = dt—0+ dt

(R, t)} . 17)

To understand this, let us consider a class of the stochastic trajectories which passes a fixed position
T(R, t) at t. As is shown on the left panel of Figure 2, the position of the particle at ¢ + dt still fluctuates
and then we can consider the average for such a fluctuating position. Substituting the forward SDE into
the mean forward derivative, we easily find

dW(t)
dt

D.%(R,t) = lim E [u+(?(R,t),t)+\/27

dt—0+ ‘?(R/ t)] =u,(T(R,t),1). (18)

In the second equality, we used the first equation of Equation (12). In a similar fashion, the average
for the position T(t — dt) is considered for the backward SDE, as is shown in the right panel of Figure 2
and then the mean backward derivative (16) leads to

dwW(#)
dt

D_#(R,t) = lim E|u_((R,¢t),t) +V2v
dt—0—

‘?(R,t)] = u_(F(R,1),1). (19)
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These derivatives are related through the stochastic partial integration formula,

/ Y atE [F(0D4X(1) + X(OD_T(1)]
_ nggoni:E ()A((thq) B )A((t]))Y(tjﬂ);— Y(t)) " JI%iE (17(15]') _ ?(tjfl))w
- fe

Il
™
[
>
=
=)
=
=
|
<)
=
=)
=

(20)

tr—t;

where t; = t; + = t; + jdt.

3.3. Fokker-Planck Equation and Consistency Condition

The two SDE’s should describe the same stochastic process. To satisfy this requirement, the two
velocity fields u+ (x, t) cannot be independent.
To see this, we define the particle probability distribution

p(xt) = [ dPRpo(R)E [80) (x ~2(R, )], 1)

where pg(R) is the distribution of the initial position of the particle satisfying

/dDRpo(R) —1. (22)

As is well-known, the evolution equation of p(x, t) is obtained by using the SDE’s and Ito’s lemma [48]
which is a truncated Taylor series expansion for a function of stochastic variables. See Appendix A.
The derived equation is known as the Fokker-Planck equation. By using the forward SDE in the derivation,
this becomes

Bip(x,t) = —V - {uy (x, p(x, )} + vV 2p(x, ). 23)
Another Fokker-Planck equation from the backward SDE is given by
do(x,t) = =V - {u_(x,)o(x,t)} —vV>3p(x,t). (24)

The forward and backward SDE’s describe different aspects of the same stochastic trajectory and
hence the above two Fokker-Planck equations must be equivalent. Therefore the following condition
should be satisfied

Wi (0 8) = U (x, ) + 20V In p(x, £) + ———V x A(x,£), (25)

p(x t)

where A(x, t) is an arbitrary vector function. For the sake of simplicity, we set A(x,t) = 0 and then the
above equation is simplified as

ut(x,t) =u_(x,t) +2vVinp(x,t). (26)
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This is called the consistency condition. The possible role of the omitted function A(x,t) is not
yet understood.

We are often interested in the velocity field v(x, t) which is parallel to the current of the particle
probability distribution,

p(x, H)v(x, t) = p(x, t)us(x,t) —vVp(x, t) = p(x, H)u_(x,t) + vVp(x,1). (27)
By using the consistency condition, we find that v(x, t) is given by the average of u+(x, ),

us(x,t) +u_(x,1) .

v(x, t) = 7

(28)

Using this velocity field, the two Fokker-Planck equations are reduced to the simple equation
of continuity,

dip(x,t) = =V -J(x,1),

29
J(x,t) = p(x, t)v(x,t). (9)

The consistency condition is a key property to obtain the uncertainty relations in this formulation.
In fact, multiplying the condition by x, the expectation value is calculated as

/ dPxp(x,t) {xiuj, (x,t) — x"ui (x,t)} = 2vd;; . (30)

As is seen later, we set v = f1/(2M) to reproduce the Schrodinger equation in the SVM quantization.
Then this equation reminds us the expectation value of the canonical commutation rule. See also Ref. [49].

4. Stochastic Variational Method for Particle

We consider the stochastic variation for single-particle systems where the classical form of the
Lagrangian is given by Equation (1).

4.1. Stochastic Action and Its Variation

The corresponding Lagrangian for the stochastic variation is obtained by replacing r(R, t) with ¥(R, f).
Such a replacement is however not trivial for the kinetic term because there are now two possibilities to
replace the time derivative of smooth trajectories. In this work, we assume that the stochastic representation
of the kinetic term is given by the most general quadratic form of the two derivatives,

5 [ADFR 1)+ BODF(R,1)* + CDLFR,1) - (DF(R,0)] (31)

where A, B and C are real constants. We require that SVM reproduces the result of the classical variation
in the vanishing limit of the stochasticity. In this limit, both of D, ¥(R, t) and D_¥(R, t) coincide with the
standard time derivative of a smooth trajectory. Thus, to reproduce the result of the classical variation in
the limit, the three coefficients should satisfy

A+B+C=1. 32)
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Therefore the coefficients can be parametrized as [50],

M
?i'z(R,t) — % By Y Ai(DiE(R,t))* + B_(D:+E(R,t)) - (D_E(R,t))| , (33)
I=+
where
1
Ai = E :I: UCA ’
1 (34)
Bi = E + XB,

with a4 and ap being real constants. The right-hand side of Equation (33) coincides with the left-hand
side in the vanishing limit of v because the two time derivatives coincide with the time derivative of a
smooth trajectory.

In the classical variation, the form of a trajectory is entirely controlled for a given velocity. In SVM,
however, we cannot determine a trajectory without ambiguity even for a given velocity field due to the
stochasticity of the trajectory. Therefore we should consider the optimization of the averaged behavior of
an action. The action is eventually given by the expectation value,

= r ST T
Luolf] = [ dtE[Luo(E, D47 D7), (35)

1

where the stochastic Lagrangian is defined by

~ ~ & M = = D+?(Rl t) _ ~
Lsto (T, D4T,D_T) = 5 (D4+7(R,t),D_T(R, t)) M ( D #(R,1) > V(E(R, 1)), (36)
with
[ AyBy 1B
M = ( 15 AE, ) . (37)

For the variation of the stochastic trajectory, instead of Equation (6), we consider
T(R,t) — 7 (R, t) =T(R,t) + 5£(¥(R, 1), t). (38)

The infinitesimal smooth function §f(x, t) satisfies the same properties defined in Section 2, 6f(x, t;) =
0f(x,tf) = 0. Note that the fluctuation of 6f(¥(R, t),t) comes from that of (R, t).

The important feature of the stochastic variation comes from the kinetic term which has the time
derivatives. For example, the stochastic variation of a part of the kinetic term is calculated as

/ _tf dtE[(DLF(R,1)* — (DLE(R, 1)?]

, ,
- 2 /t dtE[us (B(R, 1), 1) - D4 SE(E(R, 1), £)]
— /t _tf dtE [D_uy (E(R, 1), 1) - 6E(E(R, 1), )]

— /t vtf dtE [(at Fu_(BR,E),1) -V —vV2)u, (F(R, 1), 1) - SE(F(R, t),t)} . (39)
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From the second to the third line, we used the stochastic partial integration formula (20). In the last
line, Ito’s lemma is utilized.

On the other hand, the variation of the terms independent of time derivatives is the same as that in
the corresponding classical variation. Summarizing these results, the variation of the stochastic action is
calculated as

SI[F] = /t 'tf dtE [I5(E(R, 1), 1) - SFE(R, 1), 1)] , (40)
where
I(s(x, f)
= _MB, {A+(at Fu_ (1) -V —uV2)us (xf) + A (3 + uy (x, 1) - V 4+ rV2)u_(x, t)}
—M% [@+u (1) ¥ —v7)u (1) + @ +ui(x1) - V4092 (x, 1)}
-VV(x). (41)

The classical variational approach suggests that the vanishing variation of the action 5I[f] = 0 is
satisfied for any choice of 6f(¥(R, t),t) and find I;(¥(R,t),t) = 0. However, we can control only the
averaged behavior as was discussed above. Note that Equation (40) is reexpressed as

/dDRpo(R)M[ﬂ - /t_tf dt/dep(x,t) Li(x,t) - 0f(x,t) = 0, 42)

where we multiply the arbitrary distribution of the initial position po(R) to introduce p(x, t) defined by
Equation (21). Thus the stochastic Hamilton principle requires not I;(¥(R, t),t) = 0 but I;(x, ) = 0,

(8t+u_(x,t)-V—vV2, 8t+u+(x,t)-V+1/V2> M ( E+E’;3 ) = —%VV(X). (43)

This equation reproduces the Newton equation in the vanishing limit of fluctuations, v — 0. See also
Equation (7). That is, SVM is the natural generalization of the classical variational method.
It is worth mentioning that the above result of the stochastic variation is formally represented by

0Lsto 0Lsto 9Lsto
5o " P-am  or L(R,t)_x

=0. (44)
This is the stochastic Euler-Lagrange equation. For the special case where (x4, ap) = (0,1/2),
the stochastic Euler-Lagrange equation coincides with the equation obtained by Nelson in Ref. [44].

4.2. Schrodinger Equation

As one of the SVM applications, we consider the quantization based on SVM [14]. For this, we choose
(ap,ap) = (0,1/2) which gives M = diag(1/2,1/2). Then Equation (43) is simplified as

(@1 +v(x, ) VW00 1) =~ V(V(x) + Vol 1), (45)
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where the second term on the right-hand side is known as the gradient of the quantum potential defined by

Vo(x, t) = —2Mv2p 1 2(x, 1)V /p(x, 1) . (46)

To obtain this expression, we used the averaged velocity (28) and the consistency condition (26) to
eliminate u+ (x, t). The evolution of p(x, t) is given by the equation of continuity (29). That is, the SVM
optimization for the single-particle Lagrangian leads to the coupled equations of Equation (29) and
Equation (45).

The coupled equations can be represented in a familiar form. Let us introduce a scalar function 6(x, t),
which corresponds to the velocity potential, as

v(x, t) =2vVO(x,t). 47)

This procedure is applicable when the motion is irrotational. Then the equation obtained by the
stochastic variation (43) is reexpressed as

20(x, 1) + v(V6(x, )2 = —ﬁV(x) Fuo12(x, V2 o(x 1) 48)

We further introduce a complex function defined by
Y(x,t) = \/p(x, 1)el? >, (49)
which automatically satisfies
¥ (x ) = p(xt). (50)

The equation for ¥ (x, t) is easily found from the evolution equations for p(x,t) and 6(x, ),

0¥ (x, 1) = —VV2+ﬁV(x) ¥(x,t). (51)

This is the Schrodinger equation by choosing

h

VT oM

(52)
and then ¥ (x, t) is identified with the wave function. In fact, Equation (45) is known as the hydrodynamical
representation of the Schrodinger equation which was firstly proposed by Madelung [51] and has been
studied exclusively by Bohm and his collaborators [52-54]. See also the Euler equation of the ideal fluid
shown by Equation (111) for comparison. From this quantum hydrodynamical perspective, quantum
effects described by the Schrodinger equation are induced by the quantum potential Vi (x, t).

The Bernoulli equation is known to characterize a conservation law of the ideal fluid. Applying
the Bernoulli equation to quantum hydrodynamics (45), the time-independent Schrodinger equation is
obtained. See Appendix B.

From the perspective of SVM, the quantization of classical systems is interpreted as the variation of
the action with more microscopic precision. Suppose that a microscopically non-differentiable trajectory
appears smooth in a coarse-grained scale. When we are interested in macroscopic behaviors where the
non-differentiability is negligibly small, the classical variation is applicable to an action and the Newton
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equation is obtained. On the other hand, in the observation with microscopic scales, SVM should be
applied and the Schrodinger equation is obtained.

In Ref. [55], Nelson discussed that the particle introduced for the variation in SVM seems to permit
the instantaneous transmission of signals between two distant systems. Indeed, it is known that the
diffusion type-equation like Equations (23) and (24) exhibits a superluminal propagation. See, for example,
Ref. [56] and references therein. We would like, however, to emphasize that the particle considered for the
variation is not necessarily a real object, but rather a mathematical notion to help the formulation of the
stochastic variation. This view is more apparent in the application to fluids where the motion of the fluid
element is considered.

In quantum mechanics, the wave function is required to be a continuous single-valued function.
The corresponding property is however not considered in quantum hydrodynamics. As a matter of fact,
the quantum potential becomes singular at the nodes of wave functions and hence we need additional
condition to connect the solutions for the left and right sides of the singularity. The standard procedure is
to use the Bohr-Sommerfeld type condition for a loop path of the quantum fluid. See Ref. [22,53,57,58]
for details. It is worth mentioning that quantum hydrodynamics has an advantage to discuss quantum
behaviors in generalized coordinates [22].

4.3. Stochastic Noether Theorem

From the definition of the probability distribution, the expectation value of the position of the particle
is represented by

/dexip(x,t) = /de‘-]E’*(x,t)xi‘I’(x,t). (53)

It is very easy to see that this is consistent with the quantum-mechanical representation. For the case
of the momentum, we have to consider the average of the expectation values of the two velocity fields,

M/de u+(x,t)—;u,(x,t)p(x,t) = /deMv(x,t)p(x,t)

= /de‘P*(x,t)(fihV)‘P(x,t). (54)

This coincides with the quantum-mechanical representation. Consequently, we have to consider the
fluctuations for the two velocities fields separately to define the standard deviation of momentum as is
discussed in Section 5.2.

It is interesting to notice that the above representation of the momentum can be obtained from the
stochastic Noether theorem [59]. Let us consider the spatial translation of the stochastic trajectory,

(R, t) — T(R,t) =F(R,t) + £(F(R, t),1), (55)

where &(x, t) is an infinitesimal smooth vector function.
As an example, we consider the system described by the following stochastic Lagrangian,

N s o M N
Loto (£, D4 %, D7) = - Y (DiE(t))?. (56)
I=+
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here we set (a4, ap) = (0,1/2) and V(x) = 0 in the stochastic Lagrangian (36). The change of the stochastic
action associated with the spatial translation is

ty L oL L
TR _ sto . sto . sto_
1[7] - I[3] /ti thL)(D+?) Diet 553 D+ e]

o tf d aLsifo aLsto

= )y Yt L)(Dm IR ]
t

— % / ! dt%E[D+?(R,t)~s+D_?(R,t)-s]. (57)
ti

here we used that u (x, t) satisfy the stochastic Euler-Lagrange Equation (44), and

d_ -~ T PPN
I (XY] =E[YD; X+ XD_Y], (58)
which is obtained from the stochastic partial integration formula (20).

Suppose that the stochastic action is invariant in the homogeneous translation, € — const. Then the

above equation leads to

P LB (R, 0),0) +u (#(R,1),1] =0, (59)

which is equivalently reexpressed as

d
@ /deMv(x,t)p(x,t) =0. (60)
This represents the conservation of the momentum expectation value used in Equation (54).

5. Uncertainty Relations for Particles in SVM

Normally the uncertainty relations in quantum mechanics are attributed to the non-commutativity
of operators. In this section, the same uncertainty relations are shown to be obtained from the
non-differentiability of the stochastic trajectory. See also the discussion for the uncertainty principle
in the original paper by Heisenberg [20]. The discussion developed in this section is based on Ref. [21].

5.1. Stochastic Hamiltonian Formalism

In Section 4.3, we found that the first order expectation value of the momentum operator in quantum
mechanics can be represented by the averaged expectation value of u+ (x, t). To discuss the uncertainty
relations, we should further define the hydrodynamical representation of the fluctuation of momentum.
For this purpose, we consider the Hamiltonian formulation of SVM.

The stochastic Hamiltonian is defined through the Legendre transformation of the velocity,

p+(R,t)-Di¥(R,t) + p-(R,t)-D_T(R, )

Hsto (T, P+, P-) = 5 — L(¥, D41, D_T). (61)

here D+ r(R, t) should be replaced with p (R, t) and p— (R, t) using

9Lsto
(D7)

p+(Rt) =2 (62)
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The additional factor 1/2 in Equation (61) is introduced for a convention to reproduce the classical
result in the vanishing limit of #z (or equivalently v) [21].
Using the stochastic Lagrangian (36), the above two momenta are calculated as

BrR O\ g (0 FRALD
( 5 (R1) ) =2MM ( R, 1) > . (63)

When the parameter set to reproduce quantum mechanics (x4, ap) = (0,1/2) is utilized, these are
simplified as
P+ (R, ) = Mux (¥(R, ), ). (64)

Substituting these into the stochastic Hamiltonian (61), we find

SN S = [ P+(RE) <
Hito(T, P+, P-) = g7 (P+(R, 1), p—(R, 1)) M ( 5 (R1) + V(TR 1)), (65)
where
M= : AB. 7 (66)
C4A.ABL B2\ -5 AlB, )7

To have the inverse, the parameters AL and By (or equivalently a4 and ap) should satisfy
the condition,

2
det(M) ¢o—>A+A,Bi—% £0. (67)

Asin analytical mechanics, the variational principle can be formulated with the stochastic Hamiltonian
and then the stochastic action is defined by

SO b p+(Rt) -Di¥(Rt) +p— (R #) -D_T(R, ¢ SN
pep) = s {m( ) DERY LB RHDIRY _py o o)
(68)
We consider the variations of the three quantities,
(R, t) — T (R, t) = (R, t) + 6f:(F(R, 1), P+ (R, 1), p- (R, ), 1), ©9)
P+(R ) — PL(R, ) = Px(R ) + 0fp. (F(R, 1), P+ (R, ), P (R, 1), 8).

where the infinitesimal smooth functions satisfy 0f,(x,y, z,t;) = 0fa(x,y,z,t f) =0 (a=r,px). Then the
results of the stochastic variation are summarized by

DiT(R,t) =2 P
+
~ ~ 70
D p.(Rt)+D,;p_(R, ) 4 9Hsto _0 )
2 Jr T(R,t)=x

One can easily confirm that the first line of the equations coincides with Equation (62). These are
the stochastic generalization of the canonical equation. Note that, to substitute ¥(R, t) = x in the second
equation, p+ (R, t) are expressed in terms of u (¥(R, t), t) by using Equation (62). Then the stochastic
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canonical equations are equivalent to the stochastic Euler-Lagrange equation. As is discussed in Section 5.3,
these results can be expressed by introducing a generalized Poisson bracket.

The parameters a4 and ap affect only the definitions of the two momenta when the stochastic
Hamiltonian does not have a cross term of ¥(R, t) and p+ (R, t). In the second equation of the stochastic
canonical Equation (70), the two momenta always contribute on an equal footing, because 0Hs;, /0T =
0V /dr. This property is used to define the standard deviation of momentum later.

A different Hamiltonian formulation is developed in Ref. [60], where the symmetrized Lagrangian
for D is considered. Then only one conjugate momentum associated with v(x, t) is introduced while our
formulation needs two momenta p+ (R, t). These two momenta play a crucial role in the construction of
the uncertainty relations in hydrodynamics.

The expectation value of the stochastic Hamiltonian gives that of the Hamiltonian operator in quantum
mechanics. From the definition of the stochastic Hamiltonian, we define the following function

Hsto(xl t) = Hsto ? ﬁ

P-)
3 B2 B?
2det Z AB. A A Bi + == |uf(x,t)+B_ |3ALA_B% + o | ur D u(xh)

+V(x). 71)

For the parameter (x4, ap,v) = (0,1/2,1/(2M)) which reproduces quantum mechanics, this is
reduced to

Hsto(x, t) = % {ui(x, t) 4+ u? (x, t)} +V(x). (72)

In this case, it is easily confirmed that the expectation value coincides with that of the
Hamiltonian operator,

2
/dep(x, E)Hsto(x, ) = /de‘I’*(x,t) l—;\/IVZ—FV(x) Y(x,t). (73)

For a general set of parameters, the relation between the stochastic Hamiltonian and the energy of
the corresponding system is not yet known. It is worth mentioning that the canonical equations are not
expressed by the standard Poisson bracket in SVM and thus the role of Hamiltonian is changed. See the
discussion in Section 5.3.

The quantity corresponding to the Hamiltonian operator is obtained from the Bernoulli equation in
quantum hydrodynamics. See Appendix B.

5.2. Inequalities in SVM and Quantum-Mechanical Uncertainty Relations

To study uncertainty relations, we have to define the standard deviations of position and momentum.
For the sake of later convenience, we define the following expectation value,

[F)= [ dPRpo(RIELF(ER,1),0)] = [ dPxpl(x)f(x1), 74)

where f(x,t) is an arbitrary function and the definition of p(x, t) is given by Equation (21).
Using this definition, the standard deviation of position is defined by

xl

(U(2)>1/2 = \/[(67)2], (75)
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where 6f = f(#(R,t),t) — [f |. On the one hand, the corresponding definition of momentum is not trivial
because now we have two momenta p+(R,t). As we noticed, the momenta always contribute on an
equal footing in the stochastic canonical Equations (70). Therefore we define the standard deviation of
momentum by the average of the two contributions,

()" = % AT 76

To calculate this expectation value, we should remember that the above momenta are functions
of ¥(R,t). It is easily shown that this definition coincides with the quantum-mechanical one [21].

See Appendix C.
The product of the above two deviations is reexpressed as
2) (2 2 = = 2) (2 2) (2
‘7,(61‘)‘7;]') = U,(Ci) { [(M’{n)zJ + [(5P{1)2J } = Uii)a;ir\) + ‘7)(61')‘7;&) , (77)
where
~ P+(R, ) +p-(R, ¢
Pm(R,t):P+( )zp ( )’
78)
- P+(R 1) —p-(R ) (
From the consistency condition given by Equation (26), these are reexpressed as
Pn(R, ) = M{V(E(R, 1), 1)) +2vas B, VInp(E(R, 1), 1)} .

Pa(R,t) =M {2vagVinp(¥(R,t),t) + 204 BLv(E(R, 1), 1)} .

The terms proportional to VInp(¥(R,t),t) contribute to a finite minimum value of the
uncertainty relations.

Applying the Cauchy-Schwarz inequality E[A2]E[B2] > |E[AB]|?, the first and second terms on the
right-hand side of Equation (77) satisfy
2@ > ] |67 67 | ‘2 = M2 ’—21/06 B, ;i + [o7 67 | ‘2

- Pm AD+0jj ’

Xt

(80)
2) (2 oo | ]2 i |2
aii)al(]{i) > |[o7" 57, | ] = M2 |—2vagsjj + 204 B [0 69|,
respectively. In this derivation we used
Wﬂn ] = —2MvasBi ;i +M / dPxp(x, t)x'v/ (x, 1),
4 (81)

(7P, ] = —2Muvagd;; +2May B+ /dep(x,t)xivf(x, t).
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Substituting these results into Equation (77), the inequality satisfied for position and momentum is
given by [21]

2

402 B2 — v(B. — B )2 . 4vo B2

A Ve (fvea B V(z = 2 b+ (1+ 403 B2) ( [o7 69| - —— 2755 ) |
p 1+ 402 B2 1+4ay B3

(82)

This is the most general representation of the uncertainty relation for single-particle systems in SVM.
This reproduces the standard uncertainty relations in quantum mechanics. Choosing (a4, ap,v) =
(0,1/2,1/(2M)), the above inequality is reduced to

1/2 1/2 7\ 2 T
(o)) = (2 v o)

2 . .
- ¢ (3) -+ (Reld(xty = Gatp)) (o = (P2 (#3)

In the second line, ( ) means the quantum mechanical expectation value with a wave function.
The position and the momentum operators in Cartesian coordinates are denoted by xép and p{;p,
respectively. This inequality is known as the Robertson-Schrodinger inequality in quantum mechanics.
When the second term inside the square root on the right-hand side is ignored, this inequality coincides
with the Kennard inequality,

(2) 1/2 (2) 1/2 h
()" )2 =
In addition, one can easily confirm in the Robertson-Schrédinger inequality that the second term

inside the square root vanishes for the coherent state.
For the case of the Kennard inequality, the right-hand side of Equation (82) is simplified as

|det(M (85)

1/2 1/2 |4 (B4 — B_)|
(a§g>) (0—1(712)) > My %m 5ij = m

Therefore, the minimum uncertainty never vanishes for a finite v because det(M) # 0. That is, a finite
minimum uncertainty for position and momentum is not inherent in quantum mechanics but universal in
stochastic dynamics formulated in SVM.

The Cauchy-Schwarz inequality is a special case of the Holder inequality,

(egAF) " (enB) """ = E1AB)) > [E(AB]), (56)

where the positive real a and b satisfy 1 < a,b and 1/a +1/b = 1. The Cauchy-Schwarz inequality is
reproduced for a = b = 2. Using this, we can study a different inequality satisfied for quantum mechanics.
Let us introduce

ox) = [1o7)"],
) _ [167% P+ [lepl|® ! (87)
P 2
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The product of this quantities satisfies the same uncertainty relation as before,

( (a))l/a (U(w)l/b
x! P

. M (4va3 B3 —v(By+ —B-))?
- 1+ 4a% B2

2
4wcABz+ )

2 2

(88)
The consistency condition (26) is the origin of the finite minimum uncertainty in SVM as was shown
in the above derivation. In fact, the consistency condition has a close relation to the canonical commutation

rule in the standard formulation of quantum mechanics. Using the definitions of the two momenta (63),
the consistency condition is reexpressed as

B(?iﬁf— P.)+aaBy (7P +7P, )J = 4Mvdet(M)é" . (89)

For the parameter set to reproduce the Schrodinger equation, (x4, ap,v) = (0,1/2,1/(2M)), this is
simplified as
ﬁiﬁ’; —?iﬁQJ — 1o | (90)

This reminds us the canonical commutation rule although the imaginary unit (i) does not appear in
the above equation. The role of the imaginary unit and a more detailed discussion will be developed in a
forthcoming paper.

5.3. Generalized Bracket

The canonical equations in analytical mechanics can be expressed with the Poisson bracket.
The analogous representation seems to be possible in SVM by introducing the generalized bracket,

9X,9Y, | 9X,9Y. X9V 9%, an) o1

D
X1, XYy, Yo} = — e e —
B Xl Y- Z(aﬁa or op_  opl or  op',

This bracket is invariant for the simultaneous exchange between (X1, Yy, py) and (Xp, Y-, p—).

We further suppose that the matrix M does not have off-diagonal components (thatis, xg = 1/2) and
hence the stochastic Hamiltonian does not have a cross term of p+ (R, t) and p— (R, f). Then the stochastic
Hamiltonian can be decomposed into the two parts as

Hto (%, P4, P-) = HY (@ p4) + HO (5,p-). 92)
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This decomposition has an ambiguity for adding a constant but this is irrelevant in the following
discussion. Then the stochastic canonical Equations (70) are formally expressed using the above bracket as

D.7 4+D_ 1 , :
7+7’ + 0 = *DJF?\{ = {?er|H(+>/H(_)}r

2 2
D.0+D_7 1 ;o
— 5 =,D7 = {0,7|H™"), H)}, (93)
D,p. +D_p Y _
ST (P P H, HO)) = 0.
T(R,t)=x

It is however noted that the applicability of the generalized bracket is not confirmed for a general
function, like (¥ (R, t),p’, (R, t),p"_(R,1)).

Another generalization of the Poisson bracket was introduced by Nambu in classical mechanics where
the generalized bracket depends on three variables [61]. His approach however will be difficult to apply to
our case because of the two different time derivatives in SVM.

6. Uncertainty Relations for Continuum Media

We have discussed the quantization of single-particle systems in SVM, showing that quantization
corresponds to the stochastic variation of a classical action. The applicability is however not limited to
quantization. Viscous hydrodynamics can be formulated in SVM.

6.1. Brief Summary of Variational Approach to Ideal Fluid

We consider the ideal fluid as a continuum medium which is described by the mass distribution
n(x,t) and the velocity field v(x, t). The ideal-fluid action is

Ijo, v, A] = /t_tf dt / dPx L(x, 1), (94)

where the Lagrangian density is defined by

L(xt) = ”(’; D2, 1) — e(n(x, 1) + Alx, HPm(x£) + 7 - {n(x, )v(x,H)}]. (95)
The internal energy density ¢ is assumed to be a function only of n(x, t). The mass distribution is
normalized by

My — /den(x,t), (96)

where Mr is the total mass of the fluid. The first and the second terms on the right-hand side of Equation (95)
correspond to the kinetic and potential terms, respectively. The third term represents the constraint of the
mass conservation with the Lagrangian multiplier A(x, t).

There is, however, another view to describe fluids. Fluids can be represented by the ensemble of fluid
elements which are virtual particles with fixed masses, as is shown in Figure 3. The size of a fluid element
is infinitesimal compared to the macroscopic scale of observation, but sufficiently large so that constituent
particles in each element are thermally equilibrated. This is known as the assumption of the local thermal
equilibrium and a fundamental requirement in hydrodynamics.
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Figure 3. The behavior of fluid can be understood as the ensemble of fluid elements.

The trajectory of the fluid element is denoted by r(R, t) where R is the initial position of fluid elements,
r(R, t;) = R. Then the mass distribution is expressed as

n(xt) = / dPR 1p(R)5P) (x — r(R, 1)), 97)
where 7 (R) is the initial mass distribution satisfying
My = / dPR g (R) . (98)

From the above definition of n(x,t), the equation of continuity for the fluid mass is
automatically satisfied,

omn(x, t) = =V -{n(x, t)v(x,t)}, (99)
where we used the identification
dr(dlt’t) = v(r(R,1),1). (100)

The action for the ideal fluid in terms of fluid elements is reexpressed as

t r 2 e(n r
1] :/t_fdt/dDRnO(R) ;(d (dI:’t)> —](r)w . (101)
To obtain this, note that
J(r)n(x(R,t),t) = no(R), (102)

where the Jacobian is defined by

J(r) = det (ar(;;’t)> . (103)
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We find that the variable of variation in this action (101) is given only by r(R, t), while (p, v, A) are
chosen as the variables in Equation (94). This is because the mass distribution and the velocity field are
expressed using r(R, t) and its time derivative, and the mass conservation is automatically satisfied in
Equation (97).

We can implement the variation as for single-particle systems. The variation of the trajectory of fluid
elements is given by

r(R,t) — (R, t) = ¢(R,t) + 5f(x(R, t),t), (104)

where the infinitesimal smooth function 6f(x, t) satisfies the same boundary condition introduced before,
0f(x,t;) = 6f(x, tf) = 0. The variation of the potential term of the action is calculated as

/ D e(no(R)/](r))
6 [ dt [ d"Rng(R
;s / I’lo( )](I‘) Tlo(R)
_ [ D d g(n)\ (no(R)
- /t,- dt/d RnO(R)<dn )5
_ (" D no(R)
- /t,- dt/d R [ iR o PR ), )| OE((R ), ) (105)
where the adiabatic (isentropic) pressure is thermodynamically defined as
d €
dE = —PdV — P = ——— (E) : (106)
From the second to the third line, we used
no(R) n(r(R,t),t) & S (r(R,t),t)
) =— Ajj————"—. 107
) W T (107)
The cofactor of the Jacobian is defined by
9J(r)
= - - 1
1 9(ori JOR)) (108)
which satisfies
i Wi _,
/= ORI
b 3 (109)
= TR i
The variation of the action eventually leads to
O1[x]
t
= [, dt [ dPRuo(R) [ $v(r(R,£), 1) + gy VP(n(x(R, ), 1))] - £ (x(R, ), 1) (110)

= J/at [dPxn(x) [@ +v(xt) - VIV(xH) + 5t VP(n(x 1) | - f(x, 1),
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From the Hamilton principle, the velocity field should be given by the solution of the
following equation,

1

@ +v(x ) VIviot) = = oy

VP(n(x,t)). (111)

This is the Euler equation for the ideal fluid. The same argument is applicable to derive the relativistic
Euler equation interacting with electromagnetic fields [62].

To show the equivalence between the two actions (94) and (101), we need to assume that the trajectories
of different fluid elements do not cross. Such a condition will, however, not be satisfied in the case
of turbulence.

6.2. Derivation of Compressible NSF Equation in SVM

In the derivation of the Euler equation, we consider the variation only of the smooth trajectory of
the fluid element. Now we generalize it and take into account the variation of the non-differentiable
trajectory following the discussion in the previous section [9,21,43]. In many studies the NSF equation
for the incompressible fluid is derived in the different formulations of the stochastic calculus of
variations [3-8,10,11,30]. The applications to the compressible fluid are developed exclusively using
the framework presented in this paper [9,21,43].

The application of SVM to a continuum medium is straightforward. The zigzag trajectory of fluid
elements is characterized by the forward and backward SDE’s which are defined by

di(R,t) = uy (£(R,t), t)dt + V2vdW(t) (dt > 0),

112
di(R,t) = u_(¥(R, 1), t)dt + V2vdW(t) (dt < 0), (12

respectively. The standard Wiener processes are the same as those in the single-particle systems.
The definition of the mass distribution is modified by introducing the ensemble average for the
Wiener processes,

nx,t) = [ dPRmg(R)ESP) (x ~ x(R,1))], (113)
and then the corresponding consistency condition is expressed with the mass distribution as
ug(x,t) =u_(x,t) +2vVinn(x,t). (114)

Using the consistency condition, the equation for the mass distribution is shown to be given by the
equation of continuity,

omn(x, t) = =V -{n(x, t)v(x,t)}, (115)

where the fluid velocity is given by the average of u(x,t) as is defined in Equation (28).
The stochastic action corresponding to Equation (101) is defined by

t
ol = [ at [ PR "V (L, 50,50 7)), (116)
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where the stochastic Lagrangian is given by
Lsto (¥, D41, D_T)

— M %(Dﬁ(n,t),[)_?(n,t)w ( gﬁgg ) - ](?)W . (117)

The matrix M is defined in Equation (37). For the consistency of the dimension of the Lagrangian,
we introduced a mass parameter M. It should be emphasized that the internal energy density € can be a
function not only of the mass distribution but also, for example, of the entropy density. This is different from
the case of the ideal fluid where the entropy for each fluid element is conserved. In the following calculation,
however, we assume that the contribution from the entropy density to the variation is negligibly small
and thus the entropy dependence in the internal energy density is omitted. This simplification, however,
affects the definition of the second coefficient of viscosity. See the discussion below Equation (121).

Applying the procedure developed in the previous section to Equation (117), the stochastic Hamilton
principle leads to

T T2 _ 2 up(xt) | _ 1
(at—i-u,(x,t) V —vV% 0 +ui(x,t) - V+vV )M ( w (xb) ) = n(X,t)VP(n(x,t)).
(118)
Representing the left-hand side using the fluid velocity v(R, t), we find
' D 3 i‘
n(x,t) (0 +v(x,t) - V)o'(x,t) — 'Ziaj{nE”(x,t) + KHé(X,t)} = —0;{P(n(x,t)) —20(x, 1)},
]:
(119)

where

%(aivj(x,t) + iji(x,t)) - %G(X,t)(si]',
0(x,t) =V -v(xt), (120)

and the coefficients are defined by

K= 20(31/2,

7 =2xa(1+42ag)vn(x,t), (121)
_n

(=5

Note that D is the number of the spatial dimension defined above Equation (1). The shear viscosity
term and the bulk viscosity term are represented by #E"(x,t) and {0(x, t), respectively. This equation
is reduced to the Navier-Stokes-Fourier (NSF) equation when the Hlé term is dropped by setting x = 0
(e = 0). Note however that the finite contribution of the so-called second coefficient of viscosity is not
reproduced in the above derivation and thus the bulk viscosity  is simply proportional to the shear
viscosity 7 as is shown in the last equation of Equation (121). To reproduce this second coefficient,



Water 2020, 12, 3263 24 of 44

we should consider, for example, the variation of the entropy dependence in the pressure, as is discussed
in Ref. [9]. In the following discussion, however, we ignore this effect.
The last term on the left-hand side, Hlé (x,t), corresponds to the quantum potential, because

VA 1 oo
S D 2D {n(x, )Vo;Inn(x 1)} . (122)

In contrast with quantum hydrodynamics (45), however, the above term is induced by thermal
fluctuations, not by quantum fluctuations.

The emergence of the Hg(x, t) term reminds us the possible modification of the NSF equation
proposed by Brenner [63-73]. Normally, the fluid velocity is defined so as to be parallel to the mass flow.
Brenner pointed out that the velocity of a tracer particle of fluids is not necessarily parallel to such a velocity
and the existence of these two velocities should be taken into account in the formulation of hydrodynamics.
Then, by applying the linear irreversible thermodynamics, the difference of the two velocities is found
to be characterized by the gradient of n(x, t) as is given by our consistency condition (26) and a new
effect corresponding to the Hg term appears in the modified hydrodynamics. See also the Table 1 in
Ref. [64]. This theory is called bivelocity hydrodynamics but the introduction of such a modification is
still controversial. Similarly, in relativistic hydrodynamics, two different fluid velocities are introduced
for the energy flow (Landau-Lifshitz velocity) and a conserved charge flow (Eckart velocity) [74]. In fact,
the structure analogous to bivelocity hydrodynamics naturally appears as the next-to-leading order
relativistic corrections to the NSF equation [72]. Let us denote the Landau-Lifshitz velocity and the Eckart
velocity by ur (x,t) and ug(x, t), respectively. Using Equation (37) of Ref. [72] and Fick’s law of diffusion,
we find that these two velocities satisfy

ur(x, t) —ug(x,t) « Vinn(x,t). (123)

This relation is analogous of the consistency condition (114). In addition, if we require the positivity
of the kinetic term of the stochastic Lagrangian, we cannot set x = 0 and thus the contribution of the
I_Ilé(x, t) term should be maintained. See Appendix D.

Korteweg considered hydrodynamics of liquid-vapor fluids near phase transitions and proposed to
add the term similar to our Hg (x,t) to the NSF equation [75]. This additional term is associated with the
capillary action induced by surface effects at the boundary of the two fluids. This equation is called the
Nevier-Stokes-Korteweg equation. For appropriately chosen parameters, our Equation (119) coincides
with the Nevier-Stokes-Korteweg equation. This is studied in many works, see, for example [76] and
references therein.

As mentioned in the last paragraph of Section 6.1, we need to assume no intersection of the trajectories
of different fluid elements to show the equivalence of the field-type action (94) and the particle-type action
(101). Once the fluctuations of the trajectories are introduced, however, this will not be satisfied and
thus we cannot find the corresponding field-type action from Equation (116). The applications of SVM to
field-theoretical systems have not yet been studied sufficiently except for the Klein-Gordon field [77] and
thus it is still an open question whether the NSF equation is obtained from the field-type action (95) by
introducing zigzag fields.

In the dynamical hierarchy of non-equilibrium statistical physics, hydrodynamics is obtained by
coarse-graining applied to mesoscopic dynamics such as the kinetic theory. In Refs. [78,79], the stochasticity
is induced from non-local collision effects in a quantum kinetic theory. This scenario supports the derivation
of viscous hydrodynamics in the stochastic variation.



Water 2020, 12, 3263 25 of 44

6.3. Uncertainty Relations in Fluid

In the discussion of the uncertainty relations in quantum mechanics, we consider the position and the
momentum of a quantum particle. For the uncertainty relations in hydrodynamics, we consider those of
fluid elements. Suppose that each fluid element has a fixed common mass M which is much smaller than
the total mass of the fluid, M << M7 to justify the local thermal equilibrium. Then the total number of
fluid elements is given by

MT D
Nogs = 31 = [ dPxpef (x,1), (124)
where we introduced the distribution of fluid elements,
0 (x, 1) = Ln(x,b). (125)
4 M 4

The choice of M and hence the definition of p®/f(x, t) depends on our definition of fluid elements.
As is seen soon later, however, the minimum value of uncertainty is independent of the ambiguity
of the definition.

Then the standard deviation of the positions of fluid elements will be defined by

(e®) = 1wy, (126)

xi

The definition of 4 is the same as that given below Equation (75), 5H =7 (R, 1) — (?’J , where, however,
the definition of the average | | is replaced by

71 = [ aPRef (REFER,0) = [dxp% (x, ) (x,1). (127)

Here we used the initial distribution of fluid elements pgf f (x) = pf(x, ;).
The standard deviation of the momentum of fluid elements is defined in the same way as Equation (76)
using Equation (127),

1/2 S \2 Si\2
()" \/ (6P 2] + [0 2] 289
P 2
where the two momenta are

p+(t) ) _ AyBiuy (r(R ), 1) + 1B u_(x(R, ), 1)
( ﬁ+ ) _2M< %Ef:ll(i(R,t),t) —I—AiB+u,(r(R,t),t) ) . (129)

X

=)

g
I

—2MrvasBd;; + /de n(x, t)x'vl (x,t),
. o (130)
Wﬁ{ﬂ = —ZMTWB(Z]'+2B+0¢A/den(x,t)xlv](x, t),

where the total mass of the fluid Mt comes from Equation (124).
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The uncertainty relation in hydrodynamics is eventually given by

1/2 1/2 2 )2 2 M 24 2
()7 () 7 = MT\/MJU—F <1+§2> (MTW 57) — wfsij> ,

(131)
where we introduced the kinematic viscosity

E= % — 2uAB,v. (132)
This is the Robertson-Schrédinger-type inequality in hydrodynamics. The right-hand side is
represented by the parameters in hydrodynamics showing that the magnitude of the minimum value
is characterized by viscosity, which is known to be associated with thermal fluctuations through the
fluctuation-dissipation theorem.
The second term inside the square root on the right-hand side depends on the behaviors of fluids
but is always positive. Therefore, by dropping this, the above inequality is simplified and we obtain the
Kennard-type inequality in hydrodynamics,

N2 [ 2)\1/2 &2 —x| . 4Mgv B
(axi ) (ap,) > My \/m(sz]_ 1+(g/y)2\det(/\/l)|(5,], (133)
where
)
det(M) = = 4V§ £0. (134)

It should be emphasized that the minimum value of uncertainty is independent of the definition of
fluid elements. This depends on the total mass of the fluid Mt and thus becomes larger as the volume of
fluids increases.

In the above definition of ¢,;, we measure the position from the following expectation value,

7] = / dPx p°ff (x, D) (135)

On the one hand, the center of mass of fluids is defined by

1

Ta0 o T (1) 7], (136)

and then we can define the standard deviation of the position measured from the center of mass by

(=) = Faowprren () )

Using this definition, the Kennard-type inequality is reexpressed as

(zfj))m (a@)l/ s 41\/[7V|det(/\/l)|(5ij. (138)

4 VI+(E/v)?
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Here M is replaced with M and thus this minimum value depends on the choice of the definition of
the fluid element. This mass cannot be smaller than the mass of the constituent particle of a simple fluid,
mes. Thus, replacing M by m;, the Kennard-type inequality should satisfy

(2) 1/2 (2) 1/2 dmgv -
(B0 @00 2 e ol %)

To estimate the right-hand side, we consider water at room temperature, where the mass of the
molecule is ~3 x 10726 kg and ¢ ~ 107° m?/s. The stochastic intensity v may be identified with a diffusion
coefficient in fluid which is normally much smaller than ¢, say, v ~ 10~ m?/s. Then the minimum value
for water becomes

dmcsv -32 2 n
e |det(M)| ~ mes¢ ~ 3 x 10777 [kgm*/s| ~ 600 x 5 (140)

For water vapor, we choose ¢ ~ 0.3 x 107® m?2/sand v ~ 10% m2/s and then the minimum
value becomes

4mesv h
———|det(M)| ~ 60 x —. 141
s ldet(M)] ~ 60 % 5 (141

In these calculations, we set ¥ = 0 to consider the NSF equation. These values are larger than
that of quantum mechanics by two or three order of magnitude but will be much smaller than the
typical coarse-grained scales of hydrodynamics. To observe the minimum value of uncertainty, we need
to measure the mass distribution and the velocity field with precision. In such a precision, however,
the hydrodynamical description normally looses its validity because the hydrodynamical approach is
applicable only to macroscopic variables observed in a coarse-grained scale.

We have emphasized that the fluid element should be chosen so as to satisfy the local thermal
equilibrium. Mathematically, this condition affects only the definition of the potential term of the
Lagrangian. On the one hand, the uncertainty relations in our formulation are derived from the consistency
condition (26) and the definitions of momenta (62), and thus independent of the property of the potential
term. Therefore, our relations are applicable to continuum media where the local thermal equilibrium is
not satisfied.

6.4. Uncertainty Relations in Quantum Field Theory and SVM

The uncertainty relations in hydrodynamics should be compared to those in quantum many-body
systems. For example, the Gross-Pitaevskii equation describes a coarse-grained quantum dynamics of,
for example, the Bose-Einstein condensate in the trapped Bose gas. This equation is normally derived by
applying the mean-field approximation to the bosonic Schrodinger-field equation. Let us consider the
uncertainty relation for such a field-theoretical system.

The bosonic Schrodinger-field operator satisfies the canonical commutation rule,

[p(x, 1), ¢ (x, )] = 6P (x—x). (142)
Using these field operators, the field-theoretical position and momentum operators are defined by
i _ dD 1 i
Xop = / x¢'(x, £)x'¢(x,t), (143)

phy = /dDXfl’*(xff)(*ihaj)fP(X/f), (144)
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respectively. One can easily confirm that these operators satisfy

oy ] = g, =
where the number operator is defined by
Nop = / dPx ¢t (x, )p(x, 1) (146)
Then the Kennard inequality for this many-body system is calculated as
h
Uxiapf > §<N0}7>5ij/ (147)

where ( ) denotes the standard expectation value with a Fock state vector in quantum field theory.
This reproduces the result in quantum mechanics choosing (N,,) = 1. Then the above standard deviations
are defined by

oA = \/<(A0p - <A0p>)2> , (148)

where A, is an operator.

This uncertainty relation is reproduced in SVM [21]. As is discussed in Ref. [21] and summarized in
Appendix E, the Gross-Pitaevskii equation is obtained by applying the SVM quantization to the classical
Lagrangian of the ideal fluid (101). To obtain the corresponding uncertainty relation from Equation (133),
weset (ay,ap,v) = (0,1/2,1/(2M)),

()" (e2) > sy (149)

xl
Note that M is the mass of the constituent particle of the Bose-Einstein condensate and N = M7 /M =
(Nop) is the number of particles. This coincides with the result from quantum field theory, (147).
7. Numerical Examples and Uncertainty Relations for Liquid and Gas

To investigate the behavior of the uncertainty relations in hydrodynamics, we consider the time
evolution of the fluid described by the NSF equation in 1 + 1 dimensional system. As the initial condition,
we choose the static fluid (v(x,0) = 0) with the Gaussian mass distribution

,‘(2 X
Mr a2z _ M0 a2
7
V27X V271

where x( is a parameter characterizing the spatial distribution. Because we are interested in the behavior
of the NSF equation, we set ap = 0 (or equivalently x = 0) in the following numerical calculations.

n(x,0) =

(150)

7.1. Time Evolution of the NSF Equation in 1 + 1 Dimension

The adimensional representation of the NSF equation has a unique parameter, the Reynolds number
(Re), defined by
X0%o X0%o

Re=—n=—n, 151
4 Ui (151
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where v is a typical scale of the fluid velocity.
Then the NSF equation in the adimensional form is represented by

1 n
(07 +Qaq)y = _an (B_ Rieaqg) ’

where adimensional quantities are introduced as

X
q X
v
QZil
00
0, t
T:t—oz—,
xo to
n
ﬂzir
no
P=P—.
novy

We further consider the pressure in the adiabatic (isentropic) process of the ideal gas,

P=Cn®3.

For the sake of simplicity, we set the coefficient C = 1.
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(152)

(153)

(154)

The numerical algorithm to solve the NSF equation is smoothed particle hydrodynamics (SPH).
For the brief summary of SPH, see Appendix F. The mass distribution and the velocity field of the fluid are
calculated and shown on the left and right panels of Figure 4, respectively. The Reynolds number Re = 10
is set. The initial values, which are given by the static Gaussian distribution mentioned above, are shown

by dashed lines. Five solid lines represent the results for T = 1,2, 3,4 and 5, respectively
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02f i
i L
01}
210 10

10

Figure 4. The time evolutions of the mass distribution and the velocity field are shown on the left and right

panels, respectively. The Reynolds number Re = 10 is set. The initial values are shown by dashed lines.

Five solid lines represent the results for T = 1,2, 3,4 and 5, respectively.
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Brownian motions of fluid elements are calculated from the forward SDE (11) by substituting n(x, t)
and v(x, t) of the NSF equation. It should be noted that the fluctuations of the trajectories depend on
another parameter & 4 which does not appear explicitly in the NSF equation. In Figure 5, we show the
trajectories of the fluid elements for two different values of a 4 fixing Re = 10. The left panel is the result
for a4 = 0.1 and the right panel for 4 = 10. The forward SDE (11) is numerically solved using the
Euler-Maruyama method [80] with dt = 0.005. Six different initial positions of the fluid elements are
utilized to show the stochastic trajectories; q(0) = —3.45, —0.84, —0.25,0.25,0.84 and 3.45. For the sake of
comparison, the streamlines of the fluid are shown by the dotted lines. One can see that the fluctuation of
the trajectory is enhanced for the smaller value of x 4 because the intensity of the thermal noise v can be
expressed as

XQ0
=20
20 4Re

(155)

The fluctuation of the trajectory for a 4 = 0.1 is larger than that for a4 = 10. Note however that the
velocity fields are defined through the conditional expectation values (18) and (19) and hence it is not easy
to recognize the fluctuations of the velocity fields u+ (x, f) from the inclinations of the stochastic trajectories.

12 12

Figure 5. The trajectories of Brownian motions of fluid elements for Re = 10. The left and right panels
represent the results for a4 = 0.1 and 10, respectively. Six different initial positions are chosen by
q(0) = —3.45,—0.84, —0.25,0.25,0.84 and 3.45. For the sake of comparison, the streamlines of the fluid are
shown by the dotted lines.

7.2. Uncertainty Relations for Gaussian Initial Condition

The adimensional representation of the standard deviation of position is given by

i M i 2 M
of0) = [Pana o) (¢~ §f [danag) = ool (156)
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It should be noted that the two masses, M and Mr, appear because the definition of p°//(q, T) depends
on the choice of the mass of the fluid element. For the corresponding quantity for momentum, we define

2
) _MT/ D 2 __ 1 o
gpi (T) - Mz d qﬂ(qr T)dp,(q, T) MMTU%UPZ . (157)

Here an adimensional function is introduced by

fan=3 T [(w;m,r))z - (3 [ ®rntanatian) ] , (158)
with
( @' (q,7) ) _ M ( A (x, 1) + Jul (x,1) ) (159)
@' (q,7) Mrog \ sulp (xt) + A_ul (x,t) )~

These @', (q, T) are adimensional representations of the momentum functions p. (x, t) which are
obtained from Equation (129) as

p+(xt) \ AiByuy(x,,t)+ 3B u_(x1)
< ) > _ZM( %B,u+(x,t)+A72B+u,(x,t) ) ’ (160)

with ag = 0.
Then the Kennard-type uncertainty relation in terms of the adimensional quantities is expressed as

YNNG VNI Y B S
(gxi (T)) (gpf (T)> ~ Re 4(1+1x34)5”' (161)

(2) (2)

x! p!

Thus our simulations do not have ambiguity associated with the choice of the mass of the fluid element.
Using the Gaussian initial distribution defined by Equation (150), the initial value of the product is

estimated exactly as

For the symmetric initial condition considered here, ¢’ (7) and ¢’ (7) are independent of M.

@) /2 -2tz L1 o

The initial value is always larger than the minimum value for any real a 4.

As was discussed in Section 6.2, the parameter « 4 is given by the ratio of the kinematic viscosity ¢
and the diffusion coefficient v: « 4 >> 1 for liquid and a4 << 1 for gas in water. Thus we investigate the
uncertainty relations for two different values, x4 = 10 and a4 = 0.1, and, for the sake of convenience,
we call the former the liquid case and the latter the gas case, respectively. We consider fluids with low
Reynolds numbers. For the simulation with a larger Re, a very small space-time grid should be used.
To see the qualitative behavior of the product (gy(cz) ()Y 2(gg,Z) (7))1/? as a function of Re and a 4, however,
the simulations with low Reynolds numbers are still useful.

The time evolution of the product (QJ(CZ) ()Y 2(g§,2) (7))1/2 for the liquid case (x4 = 10) is shown on
the right panel of Figure 6. A zoom for the early stage of evolution is shown in the left panel in logarithmic
scale. Six solid lines represent the results for Re = 1, 2, 3, 5, 10 and 20. For the sake of comparison,
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the dotted line denotes the result for the ideal fluid, which is calculated by setting (x4, ap,v) = (0,0,0)
in the definition of the standard deviations and substituting the numerical result of the Euler equation.
The inclination of the solid line is enhanced as Re is increased. All solid lines are monotonically increasing
functions and always stay above the result of the ideal fluid. Because of Equation (162), then, it is easy to
see that these lines are always larger than the theoretically predicted minimum values. Except for the early
stage of the time evolution, the line for smaller Re is closer to the ideal-fluid line.

10
1 J
8 -
o N \G,‘—
d S o
é-. 0.1 @’: .

24

001 " L 1 1 | 1 | 1 ‘\ _h-—p-//-r"r-_:_‘l-__: 1 1
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Figure 6. The time evolutions of the product (gﬁf) (1))V/2 (g;,z)(r))l/z for the liquid case (x4 = 10) are
shown on the right panel. A zoom for the early stage of evolution is shown in the left panel in logarithmic
scale. Six solid lines represent the results for Re = 1, 2, 3, 5, 10 and 20. For the sake of comparison,
the graphs for the ideal fluid are shown by dotted lines. The inclination of the solid line is enhanced as Re

is increased. All solid lines are always larger than the theoretically predicted minimum values.

The behavior of the product (g§3) ()" Z(Q;Z)(T))l/ 2 for the gas case (x4 = 0.1) is qualitatively

different as is shown on the right panel of Figure 7. A zoom for the early stage of evolution is shown
in the left panel in logarithmic scale. Six solid curves represent the results for Re =1, 2, 3, 5, 10 and 20.
The graphs for the ideal fluid are shown by dotted lines. Minima at the solid curves move up and to
the right as Re decreases. Because of the initial condition (162), all curves start from the larger values
than those for the ideal fluid. The solid lines behave as decreasing functions in the early stage and,
afterward, become increasing functions which stay below the result of the ideal fluid. Although it is not
explicitly shown, these local minima of the solid lines are always larger than the theoretically predicted
minimum values.

In these figures, the solid line for a larger Re stays above the one for a smaller Re in the late stage of
the time evolution. It is because both of the spreading of the mass of the fluid and the evolution of the
velocity field are decelerated as Re decreases due to the enhancement of the effect of viscosity.

In these simulations, we find that the product for the liquid case (x4 = 10) is always larger than that
of the gas case (x4 = 0.1). This can be understood from the definition of the fluid momenta. As is seen
from Equation (160), two momenta are given by the linear combination of the two contributions: one is the
fluid velocity v(x, t) and the other V Inn(x, t). In our simulations, these are given by

_ 00y
p+(x,t) = M{(l—l—zxA)v(x,t) * 5Re Bxlnn(x,t)} ,

p—(x,t) =M {(1 —ap)o(x, t) + ’;O—Ifeoax lnn(x,t)} .

(163)
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Figure 7. The time evolutions of the product (@@ (t)V Z(Q;Z) (1))/2 for the gas case (x4 = 0.1) are shown
on the left panel. A zoom for the early stage of evolution is shown in the left panel in logarithmic scale.
Six solid curves represent the results for Re =1, 2, 3, 5, 10 and 20. For the sake of comparison, the graphs
for the ideal fluid are shown by dotted lines. Minima at the solid curves move up and to the right as Re
decreases. All solid curves are always larger than the theoretically predicted minimum values.

We focus on the behavior at x > 0 in our Gaussian initial condition. Then as is seen from the left
panel of Figure 4, the contribution of 0 Inn(x, t) is negative but that of v(x, t) is positive. Thus a part of
the contributions from the two terms is canceled for any real a4 > 0in p (x,t). The same discussion
is applied to p_(x,t) when 0 < a4 < 1, but such a cancellation does not occur for a4 > 1. Therefore
the standard deviation of momentum for liquid (x4 = 10) is always larger than that of gas (x4 = 0.1).
The same argument is applicable to the behavior at x < 0. This may suggest that the qualitatively different
behavior in the uncertainty relation may be used to classify liquid and gas in fluids.

The force induced by viscosity is velocity-dependent. As is well known in gauge theories,
a velocity-dependent force can affect the definition of momentum. In the two momenta (163), the viscous
correction terms are given by fav(x,t). Because of these terms, the fluctuation of momentum
[(p+(x, )%+ (p—(x,t))?] is an increasing function of a4, that is, ¢/v. This means that, comparing
two particles of the same velocity, the particle moving in a more viscous environment has a greater
fluctuation of momentum. Therefore the standard deviation of momentum for liquid is normally larger
than that for gas.

To see the behavior of the fluid at the boundary of the liquid and gas cases, the products fora 4 =1
are shown on the right panel of Figure 8. A zoom for the early stage of evolution is shown in the left panel
in logarithmic scale. Six solid curves represent the results for Re = 1, 2, 3, 5, 10 and 20. The graphs for the
ideal fluid are shown by dotted lines. Minima at the solid curves move up and to the right as Re decreases.
Differently from the previous calculations, the asymptotic behavior depends on Re: the solid curves for
Re > 5 stay above the dotted line but those for Re < 2 stay below. The solid line for Re = 3 and the dotted
line are almost coincide.

Suppose that the dotted line for the ideal fluid gives a dividing ridge of liquid and gas. For the
previous simulations for liquid and gas, the solid lines never intersect the dotted line in the late stage of
the time evolution. The intersects in the early stage are affected by the choice of initial conditions and we
focus only on the asymptotic behaviors of the uncertainty relation. Then the classification of liquid and
gas does not depend on the values of Re in the results for 4 = 0.1 and 10. The fluid of a4 = 1 changes
its behavior depending on Re. There is a critical value Re* near Re = 3. For the fluid with Re > Re*,
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the asymptotic behavior of the product is larger than the ideal one and thus is classified as liquid. On the
one hand, the fluid with Re < Re* is classified as gas.

0.01

Figure 8. The time evolutions of the product (QSCZ) (1))1/? (g,(l,z) (7))1/? for the fluid at the boundary between
liquid and gas (x4 = 1) are shown on the right panel. A zoom for the early stage of evolution is shown in
the left panel in logarithmic scale. Six solid curves represent the results for Re = 1, 2, 3, 5, 10 and 20. For the
sake of comparison, the graphs for the ideal fluid are shown by dotted lines. Minima at the solid curves
move up and to the right as Re decreases. The solid line for Re = 3 and the dotted line are almost coincide.
The solid curves for Re > 5 stay above the dotted line.

8. Discussions and Concluding Remarks

We showed that the quantum-mechanical uncertainty relations can be reformulated in the
stochastic variational method. In this approach, the finite minimum value of the uncertainty of
position and momentum is attributed to the non-differentiable (virtual) trajectory of a quantum
particle, and both of the Kennard and Robertson-Schrédinger inequalities in quantum mechanics are
reproduced [21]. The similar non-differentiable trajectory is considered for the trajectory of fluid elements
in hydrodynamics. By applying the same procedure to the position and the momentum of fluid elements,
the Kennard-type and Robertson-Schrodinger-type uncertainty relations are obtained for fluids described
by the Navier-Stokes-Fourier equation or the Navier-Stokes-Korteweg equation [21]. These relations are
applicable to the trapped Bose gas described by the Gross-Pitaevskii equation and then the field-theoretical
uncertainty relation is reproduced.

The derived Kennard-type inequality was numerically investigated with the initial condition of the
static Gaussian mass distribution. We consider two different cases: one is { > v and the other ¢ < v,
where ¢ is the kinematic viscosity and v is identified with the diffusion coefficient. The former case will
correspond to liquid and the latter to gas. We found that the products of the standard deviations for liquid
are always larger than that for the ideal fluid while those for gas are always smaller. These numerical
results suggest that the difference of liquid and gas is characterized through the behavior of the product of
the standard deviations. The fluid with a larger uncertainty than that of the ideal fluid behaves as liquid,
while the one with a smaller uncertainty behaves as gas. For a given 4 = ¢ /v, a critical Reynolds number
Re* may be defined. The fluid for Re > Re* behaves as liquid while that for Re < Re* is gas. For the cases
of x4y = 0.1 and 10, Re* will be co and 0, respectively. A finite number of Re* will be observed for the fluid
for a5 close to 1.
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To establish this conjecture, we have to investigate the behaviors in more general initial conditions,
equation of states and higher spatial dimensional systems. Moreover, our definition of the standard
deviation depends on the choice of fluid elements when initial conditions are asymmetric. This does
not stand in the way of finding the generalized relations in hydrodynamics, but, to improve the above
classification, it is worth considering another definition which is independent of the choice of fluid elements
for any initial condition.

There are still many properties of the uncertainty relations which should be studied. The minimum
uncertainty state in hydrodynamics is one of examples. In quantum mechanics, the coherent (squeezed)
state is known as the minimum uncertainty state but the corresponding state in hydrodynamics is not
known [81].

In turbulence, viscosity induces the conversion of the kinetic energy into the internal energy of
fluids. This energy transport is considered to be important to understand turbulence. The fluctuation
of the momenta of a fluid element would characterize the energy distribution and thus the study of the
uncertainty relations might cast new light on the nature of turbulence.

We have considered the standard deviations of position and momentum which are averaged over all
fluid elements. However, the uncertainty for a single fluid element will be important in other applications.
For example, the particle production from an excited vacuum is studied in relativistic heavy-ion
collisions. In principle, the dynamics of these particles is described by quantum chromodynamics
(QCD), but the non-equilibrium behavior of QCD is very difficult to describe. Thus, as an effective
approach, the excited vacuum is approximately replaced by a classical continuum medium which is
described by relativistic hydrodynamics. This effective model describes the distributions of the produced
particles successfully [74]. In extracting the information of particles from the classical fluid, we assume
a hadronization mechanism where the particles are produced by thermal radiation from each fluid
element which is thermally equilibrated. In this mechanism, the motion of the fluid element is simply
assumed to coincide with the streamline of the relativistic fluid, but it is unlikely for viscous fluids
as was shown in Figure 5. The uncertainty for a single fluid element will be used to compensate this
discrepancy. Moreover the uncertainty relations are associated with microscopic behaviors which are
coarse-grained in hydrodynamics and hence may provide more detailed information of the statistical
distribution of quarks and gluons which are the constituent particles of the relativistic fluid beyond the
standard hydrodynamical analysis.

We have so far considered fluids described in Cartesian coordinates. The uncertainty relations in
generalized coordinates is known to be difficult. For example, the uncertainty relation for angle has
a famous paradox in quantum mechanics [82]. Let us consider a 2-dimensional system described in
polar coordinates. Then the conjugate momentum associated with the angular variable is given by the
angular momentum. If one defines an angle operator 6, such that its commutation rule with the angular
momentum operator L, is canonical, [60,,, Lop] = ifi, then the obtained Kennard inequality reads

NS

0901 > =, (164)
where 0y and ¢y, are defined by Equation (148) with the Hilbert vector . This is however unacceptable
because 0y should be infinite for the eigenstate of L but the maximum value of oy is finite due to the
bounded domain of the spectrum, 0 < 6§ < 27t.

This discrepancy is usually attributed to the difficulty of the introduction of a multiplicative angle
operator satisfying the standard canonical commutation rule. See a review paper [82] and the recent
papers [83-87] for survey and discussion. On the one hand, the procedure developed in this paper need
not to introduce the operator representations of position and momentum and thus we can avoid the
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difficulty associated with the definition of operators. In Ref. [22], the uncertainty relation in generalized
coordinates is obtained. For a contravariant position vector 4' and a covariant momentum vector p; in a
D-dimensional system, the corresponding Kennard inequality is given by

(@) () 2

where we used Einstein’s notation of the summation, and | and F;:k are the Jacobian and the Christoffel
symbol, respectively. One can confirm that the paradox for the angular uncertainty relation does not exist

2
o~ [dPad;{Jp (¢ ~E[@])} + [ JaPap (¢~ E[G])TE| . (165)

in this inequality. Moreover, SVM is applicable to quantum systems in curved geometry [42]. The above
uncertainty relation is applicable to curved geometries and hence its generalization to hydrodynamics
may be useful to investigate the properties of, for example, highly dense quark-hadron matter in binary
neutron star mergers which are described in general relativistic hydrodynamics [88,89].
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Appendix A. Ito’s Lemma

Let us consider an arbitrary smooth function f(x, t). Then the change of this function on a stochastic
particle, which is described by the forward SDE (11), is given by Ito’s lemma,

df (¥R, t),t) =dt (o +ur(F(R,t),t) - V+vV?) f(E(R,t),t)
+V2UVF(ER, ), ) - dW(E) +o(dt). (A1)
This corresponds to the lower series truncation of the Taylor expansion in the stochastic calculus.
Note that the Wiener process has a dimension d/W(t) ~ V/dt, and the above result has a part of the

contribution of the second order in d¥(R, f).
The same argument is applied when the stochastic particle is described by the backward SDE (13) ,

df (¥R, t),t) =dt (o +u_(F(R,t),t) -V —vV?) f(E(R,t),t)
V2OV FER, ), 1) - dW(t) + o(dt). (A2)
Appendix B. Bernoulli Equation in Quantum Hydrodynamics

Interestingly, the energy eigenvalue problem in the Schrodinger equation corresponds to the Bernoulli
equation in quantum hydrodynamics. We find that Equation (45) can be reexpressed as

% a2 (x,t) = —v(x,£) - VBer(x,£), (A3)
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where the Bernoulli function is defined by

v2(x,t) n Vix) 12 V2,/p(x,t) '

R I o)

(A4)

For the stationary solution, the left-hand side of the above equation vanishes. On the one hand,
v(x,t) - V represents the differential along the flow of the probability distribution. Thus the Bernoulli
function is constant along a streamline of the “quantum fluid”,

V2 X X 2 X

where E is a constant. Note that the equation of continuity for the probability distribution (29) becomes

V- {p(x)v(x)} = 0. (A6)

Using the definitions of the phase (47) and the wave function (49), the above two equations lead to
(—2Mv2v2 + V(x)) ¥(x) = E¥(x). (A7)
One can easily see that this is the time-independent Schrodinger equation by choosing v = 11/ (2M).

Appendix C. Relation to Quantum Mechanical Standard Deviation

We will show that Equation (76) is equivalent to that in quantum mechanics. See also the discussion in
Ref. [90]. First we find the second order correlation of the momentum operator in quantum mechanics as

(p3p) = (=ihV) = (*(VIny/p(x,1))* + (V6(x, 1)), (A8)

where () represents the expectation value with the wave function with the decomposition (49). On the
one hand, Equation (26) is re-expressed with this decomposition of the wave function as M(u4 (x, t) —
u_(x,t)) = hVInp(x,t). Note that the current of the probability distribution is equivalent to that of the
Fokker-Planck equation. Therefore the mean velocity is expressed as Mv(x,t) = VO(x, t).

Using these relations, we can show

[(May)? + (Ma-)?
2

= (o). (A9)
and
M | = (pop)- (A10)
Summarizing these results, we find

(P2,) — (pop)? = [(Mu)?] ; ([Ma ])? " [(Mu-_)?] ; ([Ma_ ])? ‘ (A11)

The right-hand side of the above result is equivalent to Equation (76).
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Appendix D. The Positivity of the Kinetic Term of the Lagrangian

To obtain the NSF equation, we chose a4 > 0 and ap = 0, leading to
Tr(M) > 0and det(M) <0, (A12)

where M is defined by Equation (37). On the one hand, from the well-known second-order algebra,
the necessary and sufficient condition for the positive-semidefinite kinetic term in the Lagrangian is given
by

Tr(M) > 0and det(M) >0, (A13)

and it demands

E < Vr. (Al4)

Therefore, to have a finite viscosity requiring the positive kinetic term, « should not vanish but
this is not the case of the standard NSF equation. Note, however, that it is not clear whether such a
requirement is mandatory, because the above positivity is irrelevant to the positivity of the fluid energy
which is defined by

1
/ Px Ln(x,t)vz(x,t) te(n(x )|, (A15)
and positive independently of the value of .

Appendix E. Gross-Pitaevskii Equation

As we discussed, the quantization of a classical system can be regarded as the stochastic optimization
of the corresponding classical action. Then it is interesting to investigate the quantization of the ideal fluid
where (a4,a5,v) = (0,1/2,7/(2M)). We further set

e(n(x 1)) = % ”Z&Zt) , (A16)

where U is the coupling constant of the two-body interaction. Substituting these into Equation (118) and
introducing the wave function for the continuum medium as

Y(x, t) = %ei“*'f) (A17)
we find
. - 2
iho/¥(x,t) = —mv + Up|F(x, t)[7]| ¥(x,1). (A18)

This equation is known as the Gross-Pitaevskii equation. In this derivation, we need not to assume
the local thermal equilibrium and thus SVM is applicable directly to the trajectory of a constituent particle,
instead of the fluid element. Then M is given by the mass of the constituent particle.

One may wonder about the difference between & and the second term on the right-hand side of
Equation (A18). This is due to the difference between the left-hand sides of Equations (43) and (118),

L
n(x, t)

V) VP(n(xt). (A19)
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If the spatial dependence of n(x, t) is small, we approximately find

1 o P(n(xt))
e VP(n(x,t)) ~ vT,t)' (A20)

Note that the similar procedure is well-known in the derivation of the Bernoulli equation of classical
fluids. Then the above Gross-Pitaevskii equation is replaced with

h2

ihatT(X, t) = |— m

V24 %|‘Y(x,t)|2 Y(x,t). (A21)

Here the potential term is the same as Equation (A16). The above discussion will be related to the
different behavior of the stochastic Hamiltonian in Section 5.1 and the Bernoulli equation in Appendix B.

It is worth mentioning that the application of SVM to the derivation of the Gross-Pitaevskii equation
in a many-particle system is studied in Ref. [91].

Appendix F. Smoothed Particle Hydrodynamics

We briefly summarize Smoothed Particle Hydrodynamics (SPH), which is a numerical calculation
method to solve hydrodynamics [92,93]. To implement a numerical simulation, we have to reexpress
the NSF equation. For example, a standard procedure is to replace the differential equation with the
corresponding difference equation by introducing spatial grids. In SPH, however, hydrodynamical
quantities are expressed by the ensemble of a finite number of quasi-particles and then hydrodynamics is
mapped into the motions of the particles. The introduced quasi-particle is called SPH particle.

The SPH particle has a finite volume with is characterized by a length parameter /. Therefore the
hydrodynamical behaviors which are smaller than this scale / are coarse-grained. Let us consider the SPH
representation of the mass distribution. To represent a fluid with Ngpy particles, each SPH particle should
have a mass x which is defined by

_ Mr
= Nspr

(A22)

where Mr is the total mass of the fluid.
Then the coarse-grained mass distribution is given by the sum of the contributions from all
SPH particles,

Nspy
nx )= Y W(x—r(t)ih), (A23)
i=1

where r;(t) denotes the trajectory of the i-th SPH particle and the smoothing function W(x;h)
satisfies the properties,

W(x;h) =0 (x| >h),

i .1\ — 5(D)
%1;% W(x;h) =6 (x), (A24)
/deW(x;h) =1.
This function characterizes the volume of the SPH particle and plays a role of a form factor. Thus the

microscopic oscillations of the mass distribution which are smaller than /1 are smoothed out in SPH.
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See also Figure Al. There are various candidates of the smoothing function. For example the quintic spline
function satisfies the above requirements,

(3—9)° —6(2—¢)°+15(1—¢g)° 0<g<1/3
oy (3—q)°-6(2—9)° 1/3<g<2/3
W(x;h) =N G0 23<q<1 (A25)
0 1<qg,

where ¢ = |x|/h and the normalization factor N is 1/(40h), 63/(4787h?) and 81/(3597th?) for one,
two and three dimensional systems, respectively. For the simulations in this paper, we choose h/x¢ = 0.24
and NspH = 4000.

W(x-r;;h)

Figure A1. The i-th SPH particle has an overlap with the j-th particle located in the region of [x; — x;| < h.

One can see that the time dependence of the mass distribution (A23) is represented through that of
the SPH-particle trajectory. As a matter of fact, the equation of the trajectory is determined from the NSF
equation. The SPH representation of the NSF equation in 1 + 1 dimension is given by

d?r; Nsph I I1;
— = - X ——— | 0y W(ri —1j;h), (A26)
dr? = (niz(ri) ni (1)) R
where
= P(n(r)) - 100 NiH dry _driy 5 W(r; —ri;h) (A27)
b ! n(r;) j:lX dt dr ) NP

One can see that the above equation does not have the nonlinear velocity term associated with v - Vv
in the NSF equation. This is because this term is absorbed into the material derivative d/dt of the above
equation. This is one of the advantages of the SPH scheme. Another advantage is that the equation of
continuity of the fluid mass is automatically satisfied by Equation (A23).
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