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Abstract: Extreme rainfall is a common triggering factor of landslide disasters, for infiltration and 

pore water pressure propagation can reduce suction stress and shear strength at the slip surface. 

The subsurface hydrological model is an essential component in the early-warning system of rain-

fall-triggered landslides, whereas soil moisture and pore water pressure simulated by the Darcy–

Richards equation could be significantly affected by uncertainties in soil hydraulic parameters. This 

study conducted an inverse analysis of in situ measured soil moisture in an earthquake-induced 

landslide deposit, and the soil hydraulic parameters were optimized with the Differential Evolution 

Markov chain Monte Carlo method (DE-MC). The DE-MC approach was initially validated with a 

synthetic numerical experiment to demonstrate its effectiveness in finding the true soil hydraulic 

parameters. Besides, the soil water characteristic curve (SWCC) and hydraulic conductivity function 

(HCF) described with optimized soil hydraulic parameter sets had similar shapes despite the fact 

that soil hydraulic parameters may be different. Such equifinality phenomenon in inversely esti-

mated soil hydraulic parameters, however, did not affect the performance of simulated soil mois-

ture dynamics in the synthetic numerical experiment. The application of DE-MC to a real case study 

of a landslide deposit also indicated satisfying model performance in terms of accurate match be-

tween the in situ measured soil moisture content and ensemble of simulations. In conclusion, based 

on the satisfying performance of simulated soil moisture and the posterior probability density func-

tion (PDF) of parameter sets, the DE-MC approach can significantly reduce uncertainties in speci-

fied prior soil hydraulic parameters. This study suggested the integration of the DE-MC approach 

with the Darcy–Richards equation for an accurate quantification of unsaturated soil hydrology, 

which can be an essential modeling strategy to support the early-warning of rainfall-triggered land-

slides. 
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1. Introduction 

Landslide deposit usually has coarse soil texture containing a high fraction of sand 

and gravel, which creates a loose structure [1–3]. Therefore, the landslide deposit is often 

featured with high permeability and low shear strength, in which the slope instability can 

be triggered by an extreme rainfall [4,5]. A rainfall-triggered landslide may cause destruc-

tive economic and social losses [6–8]. Therefore, the landslide early-warning system is vi-

tal to a region that has a higher probability of a rainfall-triggered landslide [9,10]. 

The landslide early-warning system often employs a hydro-mechanical model cou-

pling soil mechanics with the critical hydrological conditions of instable states under 

heavy rainfall [11–13]. Specifically, subsurface hydrology models provide simulations of 

soil moisture content and pore water pressure for soil mechanics analysis. Modeling un-

saturated soil hydrology strongly relies on parameterization of soil hydraulic properties, 

including the soil water characteristic curve (SWCC) and unsaturated hydraulic conduc-

tivity function (HCF) [14,15]. SWCC describes the relationship between soil moisture con-

tent and pore water pressure, and this water storage behavior is affected by soil texture, 

pore structure, etc. [16–18]. Meanwhile, HCF describes the capability of soil water 

transport under different saturation conditions. Natural soil commonly shows complex 

heterogeneous behavior caused by spatially varied soil hydraulic properties. Therefore, 

various SWCC and HCF methods were proposed to meet different needs for describing 

soil hydraulic properties, e.g., Brooks–Corey model, van Genuchten model, Campbell 

model, Gardner–Russo model, etc. [19,20]. The remaining question is how to correctly pa-

rameterize the current SWCC and HCF models for appropriate descriptions of hydraulic 

properties for natural soils. 

Existing experimental approaches for quantifying soil hydraulic properties are often 

time-consuming and expensive, and some even require conducting under laboratory con-

ditions. The inverse modeling approach can alternatively obtain the soil hydraulic param-

eter by integrating the parameter optimization algorithm with the vadose zone model 

[17,21,22]. In unsaturated soil hydrology, the model performance of soil moisture content 

can be evaluated by defining an objective function to assess the likelihood of simulations 

in comparison with the measurement. The parameter sets can be selected by parameter 

optimization methods, e.g., the genetic algorithm [23], Particle Swarm Optimization 

method [24], and Shuffled Complex Evolution algorithm [25], etc. Mostly, the optimiza-

tion algorithm is deterministic, i.e., the output of the parameter set brings the best-fitted 

simulation according to a single-objective function. 

In fact, two different parameter sets can make the objective function of the model 

achieve nearly an equivalent magnitude of accuracies, known as “equifinality phenome-

non”, which makes the selection of the optimum parameters for the model remain highly 

uncertain. Conventional parameter optimization algorithms neglect the equifinality phe-

nomenon, and the obtained best-fitted parameter set may not provide sufficient infor-

mation on posterior parameter values. Beven and Freer [26] proposed the generalized 

likelihood uncertainty estimation (GLUE) method for evaluating the uncertainty of model 

parameters, which analyzed the statistical characteristics of the posterior probability dis-

tribution of the parameter sets with an equal acceptance [27–29]. However, in the GLUE 

method, the posterior probability distribution of the inferred parameters may not have 

significant statistical characteristics [21–23]. 

The Markov chain Monte Carlo (MCMC) method, as a formal Bayesian method, is 

widely used to obtain a posterior probabilistic distribution of the inversely estimated pa-

rameter [30–32]. In particular, the MCMC method, based on the adaptive difference evo-

lution algorithm [33], can effectively explore the parameter space toward the higher prob-

ability density region, which has become a commonly-used approach to analyze uncer-

tainties of parameterization in hydrological models. In the MCMC approach, a Markov 

chain is established to completely explore the parameter space [30]. After a continuous 

updating of the sample of the parameter set, the parameters may be expected to converge 

to the higher probability density region [30,34]. The differential evolution Markov chain 
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(DE-MC) adopts multiple Markov chains for a more efficiency updating of parameter sets, 

which may be more suitable for parallel computation [35,36]. The MCMC method has 

been widely used in meteorology, geology, physics, and other fields. For example, Smith 

and Marshall [37] proposed three MCMC methods for hydrological models and compared 

the simulation results between three methods. Carsel et al. [38] used the MCMC approach 

to characterize input parameters for the pesticide root zone model, which then simulated 

the leaching potential of pesticides. Methodologically, the DE-MC has its advantages in 

terms of simplicity, speed of calculation, and convergence. However, the integration of 

the MCMC algorithm for the soil hydraulic parameter in the van Genuchten model is not 

sufficiently explored, which hampers the application of the MCMC method to the early 

warning system of rainfall-triggered landslides. 

This study focused on validation and implementation of the DE-MC algorithm for 

optimizing the soil hydraulic parameters for both the synthetic numerical experiment and 

real case study. Firstly, we conducted a synthetic numerical experiment to compare the 

effectiveness of DE-MC and MCMC in finding the pre-defined true soil hydraulic param-

eters in the van Genuchten model. Then, the validated DE-MC was further implemented 

to simulate the measurement of soil moisture content in a landslide deposit in Yindongzi 

gully, Dujiangyan Country, Chengdu City, Sichuan Province, China. The effectiveness of 

DE-MC was evaluated based on the performance of simulated soil moisture and the pos-

terior probability density function (PDF) of parameter sets. 

2. Materials and Methods 

The method adopted in this study was illustrated in terms of the descriptions of the 

mathematical model and parameter optimization strategies. The mathematical model de-

scribed in Section 2.1 adopted the Richards equation as a governing equation to simulate 

soil moisture dynamics, and the soil hydraulic properties were described with the van 

Genuchten model. Section 2.2 provided detailed formulation of DE-MC, and explained 

the rules of iteration for the multiple chains to obtain the posterior parameters. The 

following content described how the above-mentioned method was implemented in both 

the synthetic and real case experiment. Section 2.3 introduces the basic information and 

instrumentation of the typical landslide deposit in our study area, including 

geomorphological, hydrological, and meteorological conditions. In Section 2.4, we briefly 

introduce how the mathematical model (Section 2.1) was numerically solved, and how the 

DE-MC (with 80 and 20 Markov chains) and MCMC (with only 1 Markov chain) were 

used in the inverse modeling. Besides, in this section, the prior ranges of soil hydraulic 

parameters for inverse modeling in both the synthetic and real case experiment are also 

provided. 

2.1. Unsaturated Soil Hydrology in Hydro-Mechanical Model 

A modified Richards’ equation was used to simulate unsaturated flow at the vertical 

direction in a slope [2]: 

𝐶
𝜕ℎ

𝜕𝑡
=

𝜕

𝜕𝑧
[𝐾(

1

𝑐𝑜𝑠2𝛽

𝜕ℎ

𝜕𝑧
+ 1)] (1) 

where 𝑡[T] is time; 𝑧[L] is depth positive upward; ℎ[L] is pore water pressure; 𝐶[L−1] is 

soil water capacity defined as 𝑑𝜃/𝑑ℎ; and 𝐾[LT−1] is unsaturated hydraulic conductivity 

function; and 𝛽 (deg) is slope angle. 

The soil water retention curve proposed by van Genuchten [39] is adopted as a non-

linear function to describe the relation between water content and pore water pressure: 

𝜃(ℎ) = {
𝜃𝑟 +

𝜃𝑠 − 𝜃𝑟

[1 + |𝛼ℎ|𝑛]𝑚
     , ℎ ≤ 0

𝜃𝑠                                   , ℎ > 0

 (2) 
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𝐾(𝑆𝑒) = {
𝐾𝑠𝑆𝑒

𝑙[1 − (1 − 𝑆𝑒
1/𝑚)𝑚]2 , ℎ ≤ 0

𝐾𝑠                                            , ℎ > 0
 (3) 

where: 

𝑆𝑒(ℎ) =
𝜃(ℎ) − 𝜃𝑟

𝜃𝑠 − 𝜃𝑟

 (4) 

where 𝜃[L3 ∙ L−3] is volumetric water content; 𝜃𝑟[L3 ∙ L−3] is residual water content; and 

𝜃𝑠[L3 ∙ L−3] is saturated water content. 𝛼 [L−1], 𝑚[−], and 𝑛[−] are shape parameters; 𝐾𝑠[L ∙

T−1] is saturated hydraulic conductivity; and 𝑙[−] is an empirical parameter (generally is 

0.5). The parameter m is commonly approximated to 1－1/n, 𝑆𝑒[L3 ∙ L−3] is effective satu-

ration. 

2.2. Differential Evolution Markov Chain (DE-MC) 

The soil hydraulic properties described with the van Genuchten equation included 

five parameters of 𝜃𝑟 , 𝜃𝑠, 𝛼, 𝑛, 𝐾𝑠 . The unknown parameters composed a vector of x =

(𝜃𝑟 , 𝜃𝑠, 𝛼, 𝑛, 𝐾𝑠). The parameter sets were calibrated using the DE-MC method. In DE-MC, 

the observations were merged with the prior parameter knowledge to define the joint 

posterior probability density function (PDF) of dimensionality 𝑑. Here, 𝑁 different Mar-

kov chains were running simultaneously with proposals in parallel in DE-MC. 𝑋 denotes 

an 𝑁 × 𝑑 matrix, with each chain in row. Then, multivariate 𝑋𝑝 was generated on the fly 

from the collection of chains, X = {x 𝑡−1
1 , …, xt-1

N } using differential evolution: 

𝑋𝑝
𝑖 = 𝛾𝑑(𝑋𝑎 − 𝑋𝑏) + 𝜁𝑑 , 𝑎 ≠ 𝑏 ≠ 𝑖 (5) 

where 𝛾 denotes jump rate, 𝑎 and 𝑏 are integer values drawn without replacement from 

{1, …, 𝑖 − 1, 𝑖 + 1, ⋯ , 𝑁}, and 𝜉~𝑛𝑑(0, 𝑐∗) is drawn from a normal distribution with small 

standard deviation, i.e., 𝑐∗ = 10−6. By accepting each proposal with Metropolis probabil-

ity: 

𝑝𝑎𝑐𝑐(𝑋𝑖 → 𝑋𝑝
𝑖 ) = {

min (
𝑝(𝑋𝑝

𝑖 )

𝑝(𝑋𝑖)
, 1)         , 𝑝(𝑋𝑖) > 0

 1                                , 𝑝(𝑋𝑖) = 0

 (6) 

Here, the Markov chains are obtained, the stationary or limiting distribution of which 

is the posterior distribution. If 𝑝𝑎𝑐𝑐(𝑋𝑖 → 𝑋𝑝
𝑖 ) is larger than some uniform label drawn from 

μ (0,1), then the candidate point is accepted and the 𝑖th chain moves to the new position, 

that is x𝑖 = x𝑖
𝑝
, otherwise x𝑡

𝑖 = x𝑡−1
𝑖 . 

The states x1 ⋯ x𝑁 of the individual chains are independent at any generation after 

DE-MC has become independent of its initial value. If the initial population is drawn from 

the prior distribution, then DE-MC can finally transfer these sample into the posterior 

population. 

This study used the Nash–Sutcliffe efficiency coefficient (NSE) as an objective func-

tion and soil moisture content 𝜃 as a variable to determine whether the transfer happens: 

NSE(𝜃) = 1 −
∑ (𝜃true − 𝜃sim)𝑁

𝑖=1
2

∑ (𝜃true − �̅�)𝑁
𝑖=1

2  (7) 

where 𝜃true[L3 ∙ L−3] and 𝜃sim[L3 ∙ L−3] represent true and simulated soil moisture content; 

and �̅�[L3 ∙ L−3] is mean soil moisture content. 

2.3. Study Area 

The study area is formed with landslide deposits and located in the Yindongzi gully, 

Baisha River catchment, Dujiangyan County, Sichuan Province, China (longitude 

103′22.75 E; latitude 31′9″36.15 N). The study area sits in the subtropical humid monsoon 

climate zone with a mean annual temperature of 16.7 °C. The Yindongzi gully has 
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significant seasonal characteristics with district dry and rainy seasons. The mean annual 

precipitation exceeds 1200 mm, and over 70% rainfall occurred in the rainy season from 

May to September. 

One landslide deposit in the Yindongzi valley was initially triggered by the Wen-

chuan earthquake (MS. 8.0) on 12 May 2008, after which the deposit was composed with 

weathered granite, andesitic, and sand, but the fine particles were rare in the deposit. The 

loose structure of the landslide deposit was easily eroded by rill erosion at the free surface, 

which occurred after rainfall and souring flows in the hollow of gullies at the edge of the 

landslide. Soil moisture sensors (Decagon, Pullman, US) were installed at 50 cm depth 

(Figure 1) for 12 different locations, and a tipping-bucket rain gauge was installed to col-

lect the actual rainfall data. The soil moisture data measured at other locations were fea-

tured with similar patterns in previous studies. 

 

Figure 1. Location of the in situ monitoring site of the landslide in Yindongzi valley, Dujiangyan 

Country, Sichuan Province, China. 

2.4. Modeling Strategies 

The Darcy–Richards model was numerically solved by an author-developed script 

under the Python 3.8 programming environment, in which the algorithms used the im-

plicit finite difference method and Picard iteration technique in each time step. During 

simulation, the tolerable error of water content was set to 0.0001, and the time step was 

dynamic in the range of 0.02~10 min, ensuring the numerical accuracy and computational 

efficiency. Methodologically, the DE-MC algorithm was integrated with the Darcy–Rich-

ards equation to optimize the soil hydraulic parameters. 

The parameters 𝜃𝑟, 𝜃𝑠, 𝛼, 𝑛, 𝐾𝑠 in the van Genuchten equation were regarded as var-

iables for random sampling in parameter space. Table 1 showed the prior ranges of these 

soil hydraulic parameters specified for both the synthetic and real case numerical experi-

ment. Firstly, we conducted a synthetic numerical experiment to validate the effectiveness 

of the DE-MC approach in finding the pre-defined true soil hydraulic parameters in the 

van Genuchten model. The DE-MC algorithm was set at 80 and 20 Markov chains, respec-

tively, and we additionally provided the traditional approach of MCMC that only used 

one chain. The number of iterations was 500, and finally 40,000, 10,000, and 500 samples 

of parameter sets can be respectively obtained when using the three approaches. The soil 

hydraulic parameters optimized with MCMC only provided one parameter set at the last 

iteration step, and DE-MC provided multiple choices that composed the posterior PDF of 

each parameter. As validated in the synthetic experiment, 20 chains were specified for the 

real case numerical experiment, which was sufficient to ensure the effectiveness in finding 

appropriate soil hydraulic parameters. 
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The real case numerical study was conducted to implement the proposed method to 

the measured soil moisture content of the Yindongzi gully from 1 August 2015 to 30 Au-

gust 2015. The measured data of daily precipitation and soil moisture (No. 12 sensor) in 

the Yindongzi gully were used for numerical analysis. The selected rainfall in August in 

the Yingdongzi valley was featured with high frequency and high intensity, and such 

rainfall condition commonly caused high soil moisture content and a high pore water 

pressure condition that could be more relevant to landslide-triggering. Moreover, the ob-

servations with a one-month duration contained multiple rain pulses, which was suffi-

cient to obtain robust inverse-estimations of soil hydraulic properties. 

Table 1. Prior ranges of soil hydraulic parameters. 

Parameter 
Synthetic Experiment Real Case Simulation 

Prior Parameter Ranges True  Prior Parameter Ranges 

𝜃𝑟 (m3 m−3)  0.015~0.025 0.020 0.015~0.025 

𝜃𝑠 (m3 m−3) 0.380~0.500 0.417 0.350~0.50 

𝛼 (m−1) 13.0~14.5 13.8 13.0~14.5 

𝑛 (−) 1.000~2.00 1.592 1.000~2.500 

𝐾𝑠 (m day-1) 4.50~5.50 5.04 4.50~5.50 

3. Results 

For both synthetic numerical experiment (Section 3.1) and a real case numerical study 

(Section 3.2), the numerical results were organized as follows: (1) the convergency of each 

chain (i.e., NSE vs. iteration steps); (2) prior and posterior PDF of each soil hydraulic pa-

rameter; (3) ensemble of SWCC and HCF described with prior and posterior parameter; 

and (4) ensemble of simulated soil moisture dynamics in comparison with true value or 

measurement. For synthetic experiment, the DE-MC (with 80 and 20 Markov chains) and 

MCMC (with only 1 Markov chain) were used in inverse modeling, whereas for the real 

case simulation, only the DE-MC with 20 chains was used. 

3.1. Synthetic Experiment 

Figure 2 shows the NSE versus the number of iterations (generations). The initial NSE 

of parameter samples generated by DE-MC and MCMC had much wider ranges than the 

0.0~1.0, whereas such NSE range quickly converged after a few steps of iterations. The 

parameter sets of both DE-MC and MCMC converged after around 500 iterations, as can 

be seen that the NSE values of parameter sets selected by DE-MC were larger than 0.7. In 

the last iteration step, 95% of the chains reached NSE values of 0.9 after the model param-

eters were optimized by the DE-MC algorithm. Especially, NSE of MCMC was 0.937 and 

indicated a satisfying model performance. 

 

Figure 2. NSE of each iteration step in synthetic experiment: (a) DE-MC 20 chains; (b) DE-MC 80 

chains; (c) MCMC 1 chain. 
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For validating the effectiveness of DE-MC and MCMC algorithms in optimizing the 

soil hydraulic parameters, the prior and posterior PDF of each soil hydraulic parameters 

were shown as approximations of boxplot, and the predefined true values were plotted 

as dash lines (Figure 3). Besides, mean values and standard deviations of prior and pos-

terior PDF of parameters were provided in Table 2. The values of prior parameters (round 

dots in the first boxplot in each sub figure) were generally consistent with the true param-

eters, meaning the initial soil hydraulic parameters at the first step were well-defined. The 

boxplot of posterior parameters was directly compared with the true values and prior PDF 

for an evolution of the effectiveness of MCMC and DE-MC in finding true soil hydraulic 

parameters. Besides, if the standard deviation of the posterior PDF reduced to less than 

half of the prior one, we regarded the magnitude of uncertainty as significantly reduced 

in the posterior parameters. 

The soil hydraulic parameters 𝜃𝑟 and 𝜃𝑠, respectively, represented the soil moisture 

content under residual condition and saturation condition. The mean values of inversely 

estimated 𝜃𝑟 by DE-MC and MCMC were highly consistent with the true value. Besides, 

the standard deviations of the prior and posterior PDF of 𝜃𝑟 were all equal to 0.003, indi-

cating relatively small value ranges. For example, the prior mean value of posterior 𝜃𝑟 

calculated by DE-MC 80 chains and MCMC was equal to 0.022, which was only slightly 

higher than the prior mean value of 0.020. The mean value of posterior 𝜃𝑟 calculated by 

DE-MC 20 chains was exactly equal to the prior. For saturated water content 𝜃𝑠, the mean 

values of DE-MC 20 chains and DE-MC 80 chains were 0.43 and 0.451, respectively, which 

were very closed to the true value of 0.44. However, the posterior 𝜃𝑠  estimated with 

MCMC with one chain was 0.389, which was underestimated in comparison with the true 

value. Moreover, it is worth to note that the standard deviation of posterior 𝜃𝑠 selected by 

DE-MC 20 chains and 80 chains was 0.020 and 0.022, respectively, which was much lower 

than prior. DE-MC can reduce uncertainties in prior 𝜃𝑠 and finally provided concentrated 

parameter estimations. 

The parameters of 𝛼 and 𝑛 expressed the shape of SWCC and HCF. The mean values 

of posterior 𝛼 calculated by DE-MC 20 chains and DE-MC 80 chains were 13.814 and 

14.189, respectively, which suggested consistent overestimation in comparison with the 

prior mean. On the contrary, the mean values of posterior 𝑛 calculated by DE-MC 20 

chains and DE-MC 80 chains were 1.604 and 1.645, respectively, which had consistent un-

derestimation in comparison with the prior mean. The coexistence of overestimation of 𝛼 

and underestimation of 𝑛 may be compensated in describing SWCC and HCF, and such 

compensation effect can bring the equifinality phenomenon. Moreover, the standard de-

viations of posterior 𝛼 selected by DE-MC 20 chains and 80 chains were 0.413 and 0.264, 

respectively, which were smaller than the prior. More significant changes can be found in 

the standard deviation of posterior 𝑛 after the parameter optimization. The standard de-

viation of prior 𝑛 was 0.437, whereas the posterior 𝑛 reduced to 0.056 with DE-MC 20 

chains and 0.048 with DE-MC 80 chains. It is well known that 𝑛 is a sensitive parameter 

that can significantly affect the described SWCC and HCF, the significantly reduced 

standard deviation after the parameter optimization using DE-MC, implying an effective 

reduction of uncertainties. The MCMC with one chain well predicted 𝑛 value but severely 

overestimated 𝛼 value, implying MCMC may also incorrectly predict other soil hydraulic 

parameters (e.g., 𝐾𝑠 and 𝜃𝑠, see Figure 3). 

The saturated hydraulic conductivity 𝐾𝑠 dictates the water transport behavior. The 

mean value of posterior 𝐾𝑠 selected by DE-MC 20 chains (5.082) and 80 chains (4.874) were 

generally consistent with the true value (5.00), whereas the standard deviations of the 

posterior 𝐾𝑠 were nearly unchanged. The selected 𝐾𝑠 with MCMC was much smaller than 

the true value. 
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Figure 3. Comparison of the prior and posterior PDF of the parameters with the true values (black 

dotted line denotes true value). 

Table 2. Mean values and standard deviations of the prior and posterior PDF of the parameters. 

Parameter 

Mean Value Standard Deviation 

Prior Posterior Prior Posterior 

 
DE-MC 

20 Chains 

DE-MC 

80 Chains 

MCMC 

1 Chain 
 

DE-MC 

20 Chains 

DE-MC 

80 Chains 

MCMC 

1 Chain 

𝜃𝑟 (m3 m−3) 0.020 0.020 0.022 0.022 0.003 0.003 0.003 - 

𝜃𝑠 (m3 m−3) 0.44 0.43 0.451 0.389 0.039 0.020 0.022 - 

𝛼 (m3 m−3) 13.75 13.814 14.189 14.41 0.476 0.413 0.264 - 

𝑛 (−) 1.75 1.604 1.645 1.587 0.437 0.056 0.048 - 

𝐾𝑠(m day−1) 5.00 5.082 4.874 4.546 0.293 0.349 0.304 - 

The ensembles of SWCC and HCF described with the prior and posterior soil hy-

draulic parameters were plotted in Figure 4, covering the low saturation condition (Θ = 

0.005) to near saturated condition (Θ = 0.995). In Figure 4, the ensemble of parameters se-

lected by MCMC and DE-MC 20 chains and 80 chains were plotted as uncertainty bands, 

and the true value of soil hydraulic parameters were plotted as solid red lines. For a di-

rectly comparison, the ranges of log 10(−ℎ) and log 10(𝐾) under three saturation condition 

(Θ= 0.2, 0.5, 0.8) were shown in Table 3. Normally, the effective saturation of natural soil 

ranges from 0.2 to 0.8. 

In Figure 4, the posterior ranges of SWCC and HCF generated by DE-MC with 20 

chains and 80 chains were much smaller in comparison with prior ranges, and the ensem-

bles of the posterior parameter were highly consistent with the true value. It can be con-

cluded that soil hydraulic parameters calibrated by the DE-MC algorithm reduced uncer-

tainties of the soil hydraulic properties, and meanwhile provided accurate prediction of 

the predefined true soil hydraulic properties. The ranges of log 10(−ℎ) and log 10(𝐾) un-

der three saturation conditions (Θ = 0.2, 0.5, 0.8) quantitively validated the effectiveness of 

DE-MC to correctly optimize the soil hydraulic parameters. At the low saturation condi-

tion (Θ= 0.2), the ranges of the log 10(−ℎ) of the ensemble parameters optimized with DE-

MC with 20 chains and 80 chains were 1.854~2.382 and 1.803~2.46, which were consistent 
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with the true value 2.039. Similarly, the ranges of log 10(𝐾) of the ensemble parameters 

optimized with the DE-MC with 20 chains and 80 chains were −5.110~−3.762 and 

−5.284~−3.723, which is also consistent with the true value of −4.268. For the other satura-

tion degree, it also showed that all methods narrowed the prior bound and encompassed 

the true value. The SWCC and HCF optimized with MCMC were also consistent with the 

true values as expected. The true values of soil hydraulic parameters were relatively 

coarse soil textures, thus the distribution of SWCC of all methods was located in the lower 

part of the prior, and HCF was in the upper of the prior. 

 

Figure 4. The SWCC and HCF of synthetic examples and true values. 

Table 3. The ranges of SWCC and HCF at specific saturated degrees. 

Saturated Degree True 
DE-MC 

20 Chains 

DE-MC 

80 Chains 
MCMC 

log 10(−ℎ) 

Θ = 0.2 2.039 1.854~2.382 1.803~2.461 2.039 

Θ = 0.5 1.324 1.251~1.482 1.210~1.524 1.324 

Θ = 0.8 0.808 0.783~0.871 0.756~0.895 0.808 

log 10(𝐾) 

Θ = 0.2 −4.268 −5.110~−3.762 −5.284~−3.723 −4.365 

Θ = 0.5 −1.884 −2.345~−1.593 −2.445~−1.576 −1.957 

Θ = 0.8 −0.531 −0.792~−0.357 −0.855~−0.349 −0.592 

Figure 5 showed both synthetic and simulated soil moisture dynamics in the syn-

thetic example. The true soil moisture dynamics were obtained based on the numerical 

simulation using the predefined true soil hydraulic parameter. Under the implemented 
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rainfall, soil moisture dynamics clearly showed three major stages. The first stage was 

from 1 to 14 August with relatively high intensity rainfall (peak intensity was around 83 

mm/h) implemented on 4 August, under which the soil moisture experienced a significant 

fluctuation from 0.088 to 0.283. During the second and third rainfall stages (14~23 August 

23~30 August), the highest intensities of peak rainfall were all lower than 27 mm/h, and 

the true soil moisture content was characterized with small variations between 

0.087~0.213. 

The simulated soil moisture dynamics with all the three different strategies can well 

agree the predefined true value. Among the DE-MC 20 chains, all the simulated soil mois-

ture content was consistent with the true soil moisture content. For DE-MC 80 chains, the 

ensembles of simulated soil moisture dynamics were also featured with satisfying agree-

ment with the true soil moisture dynamics, and there was only one parameter set showing 

a relatively larger difference in comparison with the true. For MCMC, the fluctuated soil 

moisture content was 0.083 to 0.272, and it was very close to the true soil moisture dy-

namic. 

Overall, three parameter optimization strategies integrated with the vadose zone for 

quantifications of soil moisture dynamics. However, the MCMC algorithm was unable to 

express the posterior PDF of soil hydraulic parameters. Considering the DE-MC 20 chains 

can already well express the uncertainty in inversely estimated soil hydraulic parameters, 

it was adopted for an inverse estimation of soil hydraulic parameter using the in-situ 

measurement in the landslide deposit. 

 

Figure 5. Ensemble of simulated soil moisture content (red lines) in comparison with true values 

(black round dots). 
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3.2. Real Case Simulation 

The DE-MC algorithm was implemented to a real case simulation with 20 chains and 

500 iteration steps. Figure 6 shows the evolution of the NSE values with the iteration steps. 

The NSE values of initial parameter sets were all smaller than 0.3, which indicated an 

unpredictable performance before parameter optimization. The NSE values converged af-

ter 250 iterations, and the parameter sets of all chains may bring satisfying performance 

as the NSE values were over 0.3. The iterative processes of NSE values clearly indicated 

that the soil hydraulic parameters calibrated with the DE-MC algorithm can significantly 

improve the model performance in comparison with the prior parameters. 

 

Figure 6. NSE of each iteration step with DE-MC 20 chains for real case study. 

The prior and posterior PDF of soil hydraulic parameters are shown as the boxplot 

in Figure 7. The comparison of mean values and standard deviation of the prior and pos-

terior soil hydraulic parameters are shown in Table 4. 

In Figure 7, the posterior residual water content 𝜃𝑟 converged to the upper part of 

prior range, whereas the posterior saturated water content 𝜃𝑠 converged to the lower part 

of prior range. In Table 4, mean value of 𝜃𝑟 increased from 0.021 in prior PDF to 0.023 in 

posterior PDF, and mean value of 𝜃𝑠 reduced from 0.437 in prior PDF to 0.391 in posterior 

PDF. The opposite convergence (increase of 𝜃𝑟 and decrease of 𝜃𝑠) expressed a smaller 

fraction of the pore space for transporting water. However, the standard deviations of the 

posterior PDF of estimated 𝜃𝑟 and 𝜃𝑠 were consistently reduced from 0.003 to 0.002 and 

0.035 to 0.016, indicating the DE-MC could narrow the range of prior parameters and pro-

vide more concentrated ranges of optimized soil hydraulic parameters. 

The mean and standard deviation of shape parameter 𝛼  did not have significant 

changes in the posterior PDF selected by DE-MC in comparison with the prior. The mean 

value of 𝛼 slightly reduced from 13.721 in the prior PDF to 13.576 in the posterior PDF, 

and standard deviation slightly increased from 0.434 to 0.451. On the contrary, the mean 

value of 𝑛  significantly increased from 1.913 in prior PDF to 2.209 in posterior PDF, 

whereas the standard deviation significantly reduced from 0.461 to 0.101 after parameter 

optimization. As a result, parameter n tightly converged to the value of 2.2, which was a 

relatively high value in its prior value range. Apparently, the DE-MC approach signifi-

cantly reduced uncertainties in estimating 𝑛. 

The posterior range of selected saturated hydraulic conductivity 𝐾𝑠 converged to the 

upper part of the prior range, which was constant with the mean value of 𝐾𝑠 that increased 

5.045 in the prior distribution to 5.296 of the posterior distribution. Besides, the standard 

deviation of 𝐾𝑠 reduced from 0.288 to 0.169. 

It can be concluded that, except for shape parameter 𝛼, the standard deviation of the 

posterior distribution of each parameter was smaller than the prior distribution, indicat-

ing the uncertainty of parameters was significantly reduced after the optimization with 

the DE-MC algorithm. 
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Figure 7. Comparison of the prior and posterior PDF of the parameters. 

Table 4. Mean values and standard deviations of the prior and posterior soil hydraulic parame-

ters. 

Parameter 
Mean Value Standard Deviation 

Prior Posterior Prior Posterior 

𝜃𝑟 (m3 m−3)  0.021 0.023 0.003 0.002 

𝜃𝑠 (m3 m−3) 0.437 0.391 0.035 0.016 

𝛼 (m−1) 13.721 13.576 0.434 0.451 

𝑛 (−) 1.913 2.209 0.461 0.101 

𝐾𝑠 (m day-1) 5.045 5.296 0.288 0.169 

The ensembles of SWCC and HCF described with posterior soil hydraulic parameters 

optimized with DE-MC 20 chains are plotted as orange bands in Figure 8, covering a low 

saturation condition (Θ = 0.005) to near saturated condition (Θ = 0.995), and the prior val-

ues are plotted as a blue band. The ranges of log 10(−ℎ) and log 10(𝐾) under three satura-

tion conditions (Θ= 0.2, 0.5, 0.8) are shown in Table 5. The soil in the study area had coarse 

texture, and the effective saturation mostly ranged between 0.2 and 0.5. 

In Figure 8, the ensemble of posterior SWCC is located in the lower part of the prior, 

meanwhile the posterior HCF is located in the upper part of the prior. This phenomenon 

can also be found in the posterior and prior value range of log 10(−ℎ)and log 10(𝐾) in Ta-

ble 5. For example, Θ= 0.2, the prior range of log 10(−ℎ) was from 1.296 to 7.211 and the 

posterior range reduced from 1.350~1.607, which indicated a relatively weaker water stor-

age capability of posterior parameters than the prior. Besides, under the low saturation 

condition, the posterior range of log 10(𝐾) was reduced from −3.216 to −2.509 in compari-

son with the prior range (−8.435 ~ −2.383). The value ranges of posterior parameters were 

consistently reduced in comparison with the prior, which indicated the DE-MC reduced 

the uncertainties in the soil hydraulic properties, and meanwhile described a relatively 

coarser soil texture in the posterior soil hydraulic parameters than the prior ranges. 
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Figure 8. SWCC and HCF of real case example. 

Table 5. The ranges of logarithmic transformed pore water pressure head and hydraulic conductiv-

ity in the ensemble prediction of SWCC and HCF at specific saturated degrees. 

Saturated Degree Prior 
DE-MC 

20 Chains 

log 10(−ℎ) 

Θ = 0.2 1.296~7.211 1.350~1.607 

Θ = 0.5 0.975~3.593 1.011~1.118 

Θ = 0.8 0.701~1.696 0.711~0.751 

log 10(𝐾) 

Θ = 0.2 −8.435~−2.383 −3.216~−2.509 

Θ = 0.5 −4.061~−0.802 −1.296~−0.888 

Θ = 0.8 −1.707~−0.093 −0.199~0.044 

The simulated and observed values of soil moisture content are plotted in Figure 9. 

It can be seen that the agreement between simulation and measurement may be varied at 

different stages. The rainfall was the same with the synthetic numerical experiment, and 

simulations can also be evaluated for three different stages: 1st~13th, 14th~22nd, 

23rd~30th according to the characteristics of rainfall. 

The defined initial condition of soil moisture was 0.1 to ensure a robust numerical 

simulation. However, the initial soil moisture was overestimated in comparison with the 

measurement. Besides, a consistent overestimation of peak values can also be found on 4 

August, the ensemble of prediction was in a range between 0.202~0.206, whereas the 

measured peak soil moisture only reached 0.121. However, the simulated soil moisture 

well agreed with the measurement from 6 August to 13 August, meaning the soil moisture 

dynamics during the drainage period was correctly simulated. 

During the second stage (14 and 23 August), the simulated soil moisture also well 

agreed with the measurement during the drainage period, whereas a slight overestima-

tion was in the estimated peak soil moisture. For example, on 16 August, the simulated 

peak soil moisture was 0.145, which was slightly larger than the true value (0.102). The 

agreement between simulation and measurement had a reverse pattern during the third 

stage: the measured peak soil moisture under the three rain pulses was well simulated, 

whereas the simulated soil moisture during the drainage period showed slightly under-

estimations. 

The difference between an ensemble of simulated soil moisture and measurement in 

the real case numerical experiment was larger than the synthetical numerical experiment. 

Larger errors in the real case study may be caused by multiple reasons, e.g., the errors in 

measured rainfall, neglection of evaporation, and the heterogeneous soil hydraulic prop-

erties in natural soils. The overall RMSEθ was from 0.025 to 0.026 within an acceptable 

range. The overall satisfying performance in the ensemble of simulated soil moisture 



Water 2022, 14, 3693 14 of 16 
 

 

dynamics indicated that the proposed DE-MC approach can also be implemented to real 

soil to ensure a reliable simulation of soil hydrological processes under transient rainfall. 

 

Figure 9. Comparison of calculated and measured soil moisture content values. 

4. Conclusions 

The DE-MC was integrated with the numerical scheme of the Darcy–Richards equa-

tion to automatically select soil hydraulic parameters for a better quantification of soil 

hydrological processes. The synthetic numerical experiment compared the performance 

of the effectiveness of DE-MC (with 20 chains and 80 chains) with MCMC (with 1 chain) 

in finding pre-defined true soil hydraulic parameters in the van Genuchten model. The 

MCMC approach with one chain was unable to obtain a posterior PDF of soil hydraulic 

parameters, but only provided one parameter set that provided a prediction of soil mois-

ture dynamics. The soil hydraulic parameters optimized with DE-MC provided multiple 

choices to correctly express predefined SWCC and HCF, and provided the posterior PDF 

of each parameter. 

In the synthetic numerical experiment, the soil hydraulic parameters optimized with 

DE-MC indicated a clear equifinality phenomenon, which referred to the different param-

eter sets performed equally well in modeling soil moisture dynamics. Moreover, the en-

semble of SWCC and HCF exactly converged to the predefined true value. Presumably, 

the compensation effect may exist in soil hydraulic parameters, e.g., an overestimation of 

n combined with an underestimation of 𝛼 may bring approximately the same SWCC and 

HCF. Considering the equifinality phenomenon did not affect the performance of simula-

tion soil moisture dynamics, the DE-MC can be effective in optimizing soil hydraulic pa-

rameters. 

The real case application of DE-MC with 20 chains to in situ measured soil moisture 

content in the landslide deposit indicated similar results. Through the comparison of the 

prior and posterior PDF of soil hydraulic parameters, the DE-MC can significantly reduce 

the uncertainty of soil hydraulic properties. The relationship of SWCC and HCF described 

with the ensemble of posterior soil hydraulic parameters converged. Overall, the imple-

mentation of the DE-MC algorithm to obtain the posterior parameters of the van 
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Genuchten model could effectively improve the simulation accuracy and reliability of the 

soil moisture content. It is recommended to integrate the DE-MC approach with the un-

saturated soil hydrological model to support various interdisciplinary studies that are rel-

evant to the soil moisture dynamics, e.g., early-warning of landslide disasters, contamina-

tion transport in landfills, agricultural water management, ecohydrology under climate 

change, etc. 
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