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Abstract: Considering the wide applicability of two-parameter distributions in the frequency
analysis of extreme events, this article presents new elements regarding the use of thirteen two-
parameter probability distributions, using three parameter estimation methods. All the necessary
elements for the application of these distributions are presented using the method of ordinary
moments (MOM), the method of linear moments (L-moments) and the method of high order linear
moments (LH-moments). Only these three methods are analyzed, because they are usually applied
in the analysis regarding the regionalization of extreme events. As a case study, the frequency
analysis of the maximum annual flows on the Siret River, Lungoci station, Romania, was made. For
the recommended methods (L- and LH-moments), from the thirteen analyzed distributions, the log-
normal distribution had the best results, with the theoretical values L-coefficient of variation and L-
kurtosis (0.297, 0.192, 0.323, 0.185, 0.336, and 0.185) best approximating the corresponding values of
the recorded data (0.339, 0.185, 0.233, 0.199, 0.198, and 0.205).

Keywords: parameter estimation; probability distribution; relative errors; gamma; log-normal;
Gumbel; Pearson V; Rayleigh; logistic; log-logistic; exponential

1. Introduction

Frequency analysis represents a direct method of determining extreme events in
hydrology that may be expected to occur for a given period.

The analysis involves the use of probability distributions to estimate the quantiles
related to rare events with certain return periods, corresponding to small exceeding
probabilities, where, in most cases, there are no recorded data.

In general, the analysis uses distributions of at least three parameters, in order to
calibrate the high-order moments as much as possible. However, there are also situations
in which the use of two-parameter probability distributions is preferred, such as the
determination of maximum flow, maximum precipitation, and maximum volumes, or to
use probability distribution functions such as synthetic unit hydrograph (SUH).

Considering that many researchers still use two-parameter distributions in
performing frequency analyzes of extreme events in hydrology, the article aims to provide
guidelines for a proper use of these types of statistical distributions. It also presents new
elements and relations for a significant number of distributions with applicability in
frequency analysis, which presents certain advantages compared to the usual two-
parameter distributions in hydrology (such as Gumbel, log-logistic, exponential), as well
as greater flexibility with the possibility of modeling the different forms of heavy tail
curves, an advantage mainly due to the fact that these distributions are characterized by
various values of higher order moments (coefficient of variation, skewness, kurtosis),
aspects that do not characterize distributions such as Gumbel, log-logistic, or exponential.

Thus, this manuscript presents some of the most used two-parameter distributions,
i.e.,, Gumbel (G), gamma (I'2), log-normal (LN2), logistic (L2), log-logistic (LL2), Weibull
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(W2), Fréchet (F2), the shifted exponential (E2), and generalized exponential (GE), but also
some less analyzed distributions, with applicability in these types of analyses, i.e.,
Rayleigh (R2), Pearson V (PV2), chi (CH2), and inverse chi (ICH2) distributions. The
limited applicability by researchers of these last distributions is due to the complexity of
the equations needed to estimate the parameters, as well as the lack of closed forms of the
inverse function. It should be mentioned from the beginning that the manuscript does not
exclude the possibility of using other distributions and methods in the frequency analysis
of extreme events in hydrology, but only expands the possibility for researchers to use a
larger number of distributions, this aspect being only beneficial to a corresponding holistic
analysis from a statistical and hydrological point of view.

Why is the presentation of these distributions important? It is important because,
considering the still widespread use of two-parameter distributions in FFA, based on the
diagrams and variation relations of L-skewness and L-kurtosis, a pre-selection of
distributions that can be successfully applied using the L- and LH-moments method can
be used, respecting the performance criteria specific to these methods. Thus, the analysis
is simplified and greatly reduces the calculation time, being able to replace the use of
distributions with a larger number of parameters. For this purpose, the case study
includes a four-parameter distribution, namely, the Burr distribution, which calibrates
exactly all the linear moments, being thus characterized, from a statistical point of view,
by a high degree of confidence, but for which the estimation of the parameters requires
difficult calculations requiring the solution of a system of four non-linear equations.

The proposed distributions covers a wide variety of extreme events analyzed in
hydrology: the Gumbel distribution is wusually wused to obtain the
intensity—duration—frequency curves of rainfall intensity [1-6], to determine the
maximum flows [7-11], and to determine the minimum flows [12-15,15]; the gamma
distribution is often used for SUH design [16-21], as well as for the analysis of maximum
flows [22-24]; the log-logistic distribution is applied to determine the maximum
precipitation [25-28] and to determine the maximum flows [25,29,30]; HUSSAIN [28]
applied the Fréchet distribution to determine the maximum precipitation; Ahilan et al.
[31,32] analyzed the Fréchet distribution to determine the maximum flow rates; Bhunya
et al. [19-21] used the two-parameter Weibull distribution for SUH design.

In the case of distributions W2, F2, PV2, using the MOM and the L-moments method,
the new contributions were presented in previous materials [33].

In this article, only the new elements regarding these thirteen distributions and their
applicability are presented, such as the relations for parameter estimation using the first
and second order LH-moments. Moreover, new elements are presented regarding the
parameter estimation with MOM and L-moments, for the distributions Rayleigh, chi, and
inverse chi, and also improved estimation relations, compared to existing approximate
relations in the literature, for the gamma distribution being introduced for the first time
in FFA. All these new elements are centralized in Table 1.

Table 1. New elements of the distributions presented in the manuscript.

New Elements Distribution

Exact relationships for estimating parameters for LH-moments

G, I'2,LN2,L2,L1L2,W2,F2,
E2,EG,R2,PV2,CH2, ICH2

Approximate relations for estimating parameters for LH-moments I'2,LN2, PV2,CH2, ICH2

Approximate relations for estimating parameters for L-moments LN2,CH2, ICH2

Diagrams and relationships of 7,,—-7,,

G, I'2,LN2,L2,LL2,W2,F2,
E2,EG,R2,PV2,CH2, ICH2

Diagrams and relationships of 7, -7,

G, I'2,LN2,L2,LL2,W2,F2,
E2,EG,R2,PV2,CH2, ICH2
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Considering the diverse use of two-parameter distributions in frequency analysis in
hydrology, the main purpose of the article is the presentation of exact and approximate
parameter estimation relationships for these probability distributions, as well as the
presentation of the relationships and diagrams necessary to choose the best distribution
using the L-moments method and the LH-moments method. For these methods and
distributions, the necessary relationships for parameter estimation and rigorous criteria
for selecting the best model have not been presented so far, with this being the first time
they appeared in science.

In general, the main disadvantage of using these two-parameter distributions is the
fact that, regardless of the parameter estimation method, they cannot calibrate the higher-
order moments (skewness, C, ; kurtosis, C, ; L-skewness, z,; L-kurtosis, 7,; LH-skewness,

7, ; LH-kurtosis, 7,, ). This aspect makes it extremely difficult to choose the best

distribution. Another disadvantage is the fact that many two-parameter distributions have
constant values of these statistical indicators, such as Gumbel, exponential shifted,
normal, uniform, Weibull, Fréchet, etc. [22,34]. This disadvantage is greatly reduced in the
case of 2, LN2, CH2, and ICH2 distributions, where the higher order statistical indicators
(C,, C,, 1,1, Ty, Ty,) have distinct values depending on the second order statistical

indicator (C,, 7,, 7,, ). Thus, the presentation of the variation diagrams of these

statistical indicators, using the L- and LH-moments methods, represents another element
of novelty constituting the main criterion for selecting the best distribution. Using these
two parameter estimation methods, the criterion for selecting the best distribution is for
the difference to be as low as possible, between the theoretical values of the L-, LH-
skewness and L-, LH-kurtosis indicators from those corresponding to the analyzed data
set, especially in the case of small (n < 25) and medium (n < 50) series of observed data,
preferably L-, LH-kurtosis, because, in general, it gives the heavy tail tendency [34]. In the
case of large data sets (n > 80), additional criteria can be applied, namely the use of
indicators and performance tests (relative mean error, relative absolute error,
Kolmogorov-Smirnov, Anderson-Darling, etc.).

In the case of parameter estimation with MOM, although it is possible to create
theoretical diagrams of skewness and kurtosis variation depending on the coefficient of
variation (C,), the big disadvantage is the fact that the method is much less stable and

robust to the variability of the length of the recorded data sets, with the skewness and
kurtosis requiring important corrections, an aspect that very often cannot be fulfilled.
Therefore, in the case of this method, for short and medium data sets, the selection
criterion of the best distribution is not a rigorous one, involving subjective aspects that
should not be found in such an analysis.

Another important element of the frequency analysis is the need to present the
relative errors depending on the variability of the length of the observed data, knowing
that this variability implies uncertainties on three levels, namely, in the estimation of
statistical indicators, in the estimation of distribution parameters, and in the estimation of
quantiles [25].

The manuscript presents as a case study the determination of the maximum flows on
the Siret river, Romania, but the main purpose is to present the mathematical foundation
of these distributions and parameter estimation methods, presenting for the first time
explicit relations (exact and approximate) of parameter estimation using these methods.
A comparative analysis is made regarding the advantages and disadvantages of the
different parameter estimation methods. Rigorous criteria for choosing the best
distribution and methods are provided.

Considering that the vast majority of the distributions presented (using these
methods) are not included in dedicated programs, it is imperative to present the equations
necessary for the use of these distributions, for the verification and reproduction of the
analysis, but most importantly for facilitating the use of these distributions by researchers.



Water 2023, 15, 3435

4 of 38

These represent aspects of particular importance in a research that must be transparent
and objective.

Only these parameter estimation methods are analyzed because they are used in the
processes of regionalization of extreme events. Statistical regionalization is usually carried
out by identifying homogeneous regions (HRs), where some theoretical moments are
assumed as constant, while others can be expressed as functions of specific geomorphic
covariates [35]. HRs are often identified by adopting: (1) geographical or administrative
criteria; (2) cluster analysis [36-39]; or (3) artificial intelligence techniques [40]. Moreover,
approaches that do not define fixed-boundary regions [41-44] are receiving increasing
attention [45-47].

Taking into account that the existing regulations in Romania [48] also recommend
the use of two-parameter distributions in determining the maximum flow rates, it is
important that their application is performed appropriately and with mathematical rigor.

This research is part of a much larger and more complex research in the development
of normative proposals regarding the frequency analysis of extreme events, by identifying
methods and probability distributions characterized by mathematical and hydrological
rigor.

The manuscript brings new contributions regarding the frequency analysis of
maximum flows using two-parameter distributions, such as parameter estimation
relations for MOM, L-, and LH-moments methods, rigorous criteria regarding the choice
of the best distribution, and diagrams and relationships of z,,-7,, and 7,,-7,,.

2. Methods

The methods for estimating the parameters of these probability distributions are the
ordinary method of moments, the linear method of moments, and the high-order linear
method of moments.

They are only analyzed because these methods can be used in the regionalization
analysis of extreme events in hydrology, because they are based on statistical indicators
that can be determined regionally [22,34,49].

In the case of other parameter estimation methods, such as the maximum likelihood
method, the least squares method, the Bayesian method, etc., these are methods that can
only be used at-site.

Among the three methods analyzed in this manuscript, the recommended methods
are the L-moments method and the LH-moments method, because they are less subject to
bias, more robust, and present objective criteria for selecting the best distributions
[22,34,50,51]. The MOM method is presented comparatively, but it has the big
disadvantage that there are no rigorous criteria for choosing the best fit distribution, the
method involving corrections on high-order moments, which implies real difficulties,
even in the case of using distributions with high numbers of parameters [34,49].

2.1. Density, Cumulative, and Inverse Functions
In this section, the density functions, f (x), the cumulative functions, F (x), and the
inverse functions x(p) of the analyzed distributions are presented [22,23,25,34,52,53].

Table 2 shows all those elements.
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Table 2. The density, cumulative, and quantile functions.

Distr. f(x) F(x) x(p)
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EG 0{-,B~exp(—ﬂ’-x)~(1—exp(—,5-x))£H 1—(1—exp(—ﬂ~x))a _

ln(l—(l—p)l/a)
B

All predefined functions presented are explained in previous materials [33] and in
the nomenclature section.

2.2. Relation between Parameters and Constraints for the Analyzed Methods

In this section, only the new elements added to the thirteen analyzed distributions
are presented, regarding the parameter estimation. For the LH-moments method, all
relationships are new. Only the relationships related to the first level LH-moments are
presented. The relationships corresponding to the second level LH-moments are
presented in Appendix A.

In general, the LH-moments can be applied to linear moments up to the fourth order
[54], but in this paper only the moments of the first and second level are analyzed, because
they can represent an alternative to the frequency analysis of extreme events using partial
series (POT or AES), both having the same purpose, namely, giving a lower importance
to small extreme values from the series of annual maximum values.

2.2.1. Pearson V Distribution (PV2)

The relationships for the exact and approximate estimation of the PV2 distribution
parameters, using MOM and L-moments, were presented in previous materials [33].

For the first level LH-moments, parameter o can be approximated with the
following exponential function with a logarithmic argument:

—0.195764259 - 0.602519004 - In (7,,, ) + 0.265760491 - In (7H2 )2 -0.181236058 - In(7,, )3 -

o =exp A s 6 )
0.107621427 - In(z,,,)" —0.021733995 - In(z,,,)’ —0.001583458 - In(7,,,)
With the parameter & known, the parameter f can be estimated with the following
relation:
— LHZ
773 @
P
1
where 0.02<7,,<0.74 and z, =_[ ! '(3'1)2 —2«p)»dp. It can be seen that
s ggamma (1- p, )
the integral depends only on the parameter ¢, thus, it can be approximated with the
following exponential function:
4.006344935-19.001171748 - In (@) +34.640412788 - In ()’ —39.574938217 - In (&)’ +
z, =exp| 27.104109622 - In (a)* —11.522196396 - In ()" +3.065729135 - In (a)’ — 3)

0.496675021-In ()" +0.044798625 - In ()" —0.001724824 - In (&)’

where L, and L,, represent the first two LH-moments, and 7, =L,,/L,, represents
the LH-variation coefficient [54].

2.2.2. Chi Distribution (CH2)

Considering that the relations for estimating the parameters of this two-parameter
distribution have not been presented before, this section presents the exact and
approximate relations for estimating them using all three estimation methods.

The exact estimation of the parameters with the L-moments and LH-moments
method is performed numerically (definite integrals) based on the equations using the
quantile function.
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To estimate the parameters with MOM, it is necessary to solve the following system
of equations:

B

o’ = 5 '[F(aﬂ)—m]

I(a) I(a)

where ;, and ¢’ represent the arithmetic mean and variance.

Parameter & can be obtained approximately using an exponential function
depending on the coefficient of variation (C, = o/u ):

~1.2221652 -1.886837 -In(C, ) - 0.0271379 - In(C, )’ -
o =ex s . (5)
0.0385796-In(C,)" —0.0080586-In(C,)
With the parameter @ determined, the parameter is calculated /3 :
_ uT(a)
h= [(a+0.5) ©

For L-moments, the parameter can be obtained approximately depending on the L-
coefficient of variation (7, = L, /L, ):

if 0<7,< y , the shape parameter can be approximated with the following
exponential function:
~2.972723891-3.6081753 - In (7, ) —1.879944747 -In(z,)’ -
o = exp| 1.096490388 - In(7,)’ —0.3626745555-In (7, )" —0.069438343 - In(7,)’ — @)
0.007196922 -In(7,)" —0.000313213-In(z, )’

if %< 7, < y , the shape parameter can be approximated with the following
exponential function:
—4.24194574-10.886376231-In(7,) - 21.971935392 - In(7,)’ —
o = exp| 34.774992688 - In (z,)’ —36.272624035-In (z,)" —23.873100359-In(z,)’ - ®)
8.957180337 - In(7,)" —1.459518252In(z,)’

if % <7, <1, the shape parameter can be approximated with the following
exponential function:
~6.490134219—84.13554179-In(z,) —1.153158744-10° - In (7, )’ -
9.763699636-10° -In(7, )’ —4.838779161-10* -In (7, )" —

o =exp . ; X . 9
1.374319066-10° - In(z,)’ —2.068687935-10° -In(7, )’ —
1.277680577-10° -In(z,)’
With the parameter & determined, the parameter B is calculated:
_ Ll 'F(O!)
p= I(a+0.5) (10)

where L,L, represent the first two L-moments and 7,=L,/L represents the L-

coefficient of variation [34].
For the first level LH-moments, the equations are the following:
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if 0.02<7,, <0.5, the shape parameter can be approximated with an exponential

function with 8 terms:
~5.667676526 —3.6081753-In (7,,,) —1.879944747 -In(z,,,)’ -

o =exp| 1.096490388 - 1n(7,,,)" —0.3626745555-In(z,,,)" —0.069438343-In(7,,,) - 11)
0.007196922-1n(7,,, )’ —0.000313213-1In(7,, )’

if 0.5<7,, <0.74, the shape parameter can be approximated with an exponential

function with 8 terms:
—4.24194574-10.886376231-1In(7,,,) - 21.971935392-In(z,, )’ -
o =exp| 34.774992688 - In(7,,,)’ —36.272624035-In(7,,,)" —23.873100359-In(7,,,) - (12)
8.957180337-In(7,,,)’ —1.459518252-1n(z,,,)’

Results:

(13)

where z = j-\/m -(3-p*-2-p)-dp , which can be approximated with an
exponential 0function with 10 terms:
~1.933631628+0.020354918 - In (er) — 0.027536043 - In (@)’ +0.014232706 - In ()’ —
z, = exp| 0.003552312-In(e)* +0.000124361-In (er)’ +0.000123909 - In ()’ — (14)
0.000017192-In (@)’ —0.00000111-In ()" +0.000000237 - In ()’

2.2.3. Inverse Chi Distribution (ICH2)

To estimate the parameters with MOM, it is necessary to solve the following system
of equations:

B T(a-05)
- T(a)

s w1 T(a-05)
o= p { ot ]

(15)

Parameter & can be obtained approximately with the following exponential
function with 5 terms depending on the logarithmic coefficient of variation:

0.2538376 —0.428637-In(C, ) +0.3400719-1n(C, )" —
o =¢ex 5 . (16)
0.0951694-1n(C,)’ —0.033676-1n(C,)
_ uT(a)
ﬁ_F(a—O.S) (17)

For L-moments, parameter & can be obtained approximately depending on 7,,
with the following exponential function consisting of 9 terms:

~0.69269368 —0.535190037 - In (7, ) + 0.383453481-In (7, )’ +
@ =exp| 0.337710406 - In(7,)’ +0.407177655-In(7,)' +0.2171827-In(z,) + | (18)
0.058101361-1n(z,)" +0.007821482-In (7, ) +0.000424533-1n(z, )’
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L 'F(a)

P = a0

(19)
For the first level LH-moments, the shape parameter can be determined using an
exponential function with 7 terms:
~0.91188-0.79759-1In(7,,,) - 0.20818-In(7,, )’ —0.30866-In(z,,,)’ -

o = exp . s . (20)
0.08729In(7,,) —0.00961-In(z,,)" —0.00031-In(z,,)

(21)

‘ 1
2 \Jagamma (1- p,c)
the help of an exponential function with 10 terms:

where 0.02<7,,<0.97 and z =

,(3,p2 —2-p)-dp , simplified with

—0.642123322 —2.263448749 - In () —1.693819864 - In ()’ +3.392952984 - In ()’ +
z, = exp| 3.86327181-In (@)’ —2.396851775-In(e)’ +0.854675895 In (a)" — 22)
0.17572018 - In(ez)" +0.019392009 - In ()" —0.000890345 - In (r)’

2.2.4. Gamma Distribution (I'2)

The parameters with MOM are determined based on the equations presented in
[22,23]. Considering that the inverse function does not have a close form, it can be
calculated using Chow’s relation and the Cornish-Fisher and Kite frequency factors [22].

For the L-moments method, the shape parameter can be approximately calculated
using the relation presented by Hosking [34].

For the first level LH-moments, the shape parameter can be approximated as follows:

if 0.02<7,, <0.43, the approximation uses an exponential function with 5 terms:

—3.4295269 —3.7810921 - In (rH2 ) —0.7643316-1In (T,“ )2 -
o = exp s . (23)
0.153685-In(7,,) —0.0118952In(7,,)

if 0.43 <7,, <0.748, a rational function is used:

o 155:39338707 925.04784348  7,,, +128.95834064-7,,," ~311.95905751-7,,,’

24
14+306.3932765 - 7,,, +3225.71813545 -7, 24)

z (25)

— LHZ
73
2
1
where z, =quamma(p,a)~(3~p2 ~2-p)-dp , which can be simplified with a rational
0

function:

o= 0.07361199+0.34457536 -« + 0.01972341- o’
' 1404179418 o +0.00447198 - &> —0.00000941- &* +0.00000002 - o*

(26)

2.2.5. Log-Normal Distribution (LN2)

The parameters with MOM are determined based on the equations presented in
[22,23,55]. For the L-moments method, the scale parameter can be approximately
calculated with the following new polynomial relation:

B =-0.000003987+1.772769888 - 7, — 0.005822845 - 7, + 0.495992329 - 7, (27)
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2
_2In(L)-5 (28)
2
For first level LH-moments, the approximate relations of the scale parameter are:
if 0.05<17,, <0.4, a polynomial relation of 5 terms is used:

[ =0.00067+2.34222 - 7,,, +0.64602 - 7,,,> —0.32407 -7,,,> +2.31353-7,,°  (29)

if 0.4<7,,<0.75, the approximation to be made with the help of an exponential

relation of 7 terms:

19.24671+179.31339-In(z,,, )+ 737.52767 -In(7,,,)* +1617.68628 - In(7,,,)’ +
=ex 30
1969.92205 - In(7,,,)* +1259.84152-1In(7,,,)’ +330.39711-In (7, )’ 0)
3
y=tn(L,:)=in(3 | -in(z) oy

1
where z :J'exp(ﬁ~qnorm(p,0,1))‘(3~pz -2-p)-dp , which can be simplified with the
0

following exponential function:
-0.46239+2.14161-In(B) +0.86572-In ()’ +0.49542-In (B)’ +
2, = exp ; 32)
1 0.33547-1n ()’ +0.18291-1n ()’ +0.03961-In ()’ (

2.2.6. Gumbel (G)

The parameters with MOM and L-moments are determined based on the equations
presented in [22,23,55-57].
For first level LH-moments, the relationships are as follows:

2. L
B = H2
nf 2 (33)
31 (3]
7/:LH1—IH~(1H(2)+}/€) (34)

where y, =0.577216 represents the Euler constant.

2.2.7. Logistic (L2)

The parameters with MOM and L-moments are determined based on the equations
presented in [22,23,57].

For first level LH-moments, the relationships are as follows:

4-L,,
B == (35)

y=1~Ly -B (36)

2.2.8. Log-Logistic (LL2)

The parameters with MOM and L-moments are determined based on the equations
presented in [57,58].

In the case of MOM estimation, the shape parameter can be approximated according
to the coefficient of variation, with the following new exponential relationship:
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0.991509448 —0.451053838 - In (C, ) +0.24993265-In (C, )’ —
o =exp| 0.015811724-1n(C,)’ —0.044145737-1n(C, )" +0.002189842-In(C, )’ +
0.013142242-1n(C, )" +0.004928488 - In (C, )’ +0.00059614-In(C, )’

v

e

For first level LH-moments, the relationships are as follows:

3
4-7,,

Ly, o -sin(ﬂ-)
o
f=

(a+1)-7

o

2.2.9. Exponential Shifted Distribution (E2)

(37)

(38)

(39)

(40)

The parameters with MOM and L-moments are determined based on the equations

presented in [58].
For first level LH-moments, the relationships are as follows:
B=2-Ly,
3
v=Ly=5p

2.2.10. Rayleigh Distribution (R2)

The parameters with MOM are determined with the following expressions:

The equations, for the estimation with L-moments, are the following:

TEH-5)

L,

For first level LH-moments, the relationships are as follows:
7-(V3:(3-342)-9:42+15)
- 8L,
Jr-(V2-4)+4-L,, 2
4.2

o=

2.2.11. Weibull Distribution (W2)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

The parameters with MOM and L-moments are determined based on the equations

presented in [22,23,33,55,57,58].
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For first level LH-moments, the relationships are as follows:

L, =ﬂ.r(l)[2;‘ —1) (49)

o o
L. =B r(lj 3 3.0 43
=T (50)

The shape parameter can be approximated with the following relations:
if 0.05<7,, <0.4, an exponential function of 5 terms is used:

~1.87935-2.24293-1In(z,,,) - 0.64272-In(z,,, ) —
o =exp R s (51)
0.16076-1In(z,, ) —0.01578-In(z,,)
if 0.4 <7,, <0.75, an exponential function of 5 terms is used:
~7.47335-35.10975-1In(z,,,) - 74.001-In(z,,, )" —
o =exp R . (52)
72.81107 In(z,, ) —26.74966-In(z,,,)

With the known shape parameter, the scale parameter is determined with the following
relation:

'B= 1 -1 -t
r().[3-a_3.2-a+3j (53)

2.2.12. Fréchet Distribution (F2)

The parameters with MOM and L-moments are determined based on the equations
presented in [22,23,33,55,57,58].
For first level LH-moments, the relationships are as follows:

_p.g.0¢ 1=
L, =2-f-2 r(1 a] (54)

1+i 1
s [N_Wj
T
Ly, = ) : 1 T
F(]-sin(j
o 14

The shape parameter can be approximated with the following exponential relation (
0.05<7,,<0.8):

(55)

[-0.23079 ~0.78119-In(z,, ) +0.07627-In(z,,)’ +]
o = €X

. . (56)
0.01317-In(z,,)’ +0.00093-In(z,,)
L, 2 r[lj -sin (”j
[24 [24
p P 57)
7r~(3“ —3~2aj

2.2.13. Generalized Exponential Distribution (EG)

The parameters with MOM and L-moments are determined based on the equations
presented in [33,52].

For first level LH-moments, the shape parameter can be approximated with the
following relations:
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if 0.08 <7,, <0.4, the approximation relation is an exponential function with 5
terms:
~3.36152-3.33159-1In(z,,) - 0.22-In (7, ) +

o = eXp 5 . (58)
0.1803-1n(7,,) +0.13721-In(z,,,)

if 0.4 <7,, <0.85, the approximation function is an exponential one with 7 terms:

~165.69446 —1617.24291-1n(7,,,) — 6635.57899 - In(7,,, )’ -

o = exp| 14347.59129 -In(z,,,)’ —17169.66632-In(z,,)" —10776.72606 - In(7,,,)’ — (59)
2772.68671-In(z,,)"
3-z

’6:2-LH1

(60)

1

where, z = j]—ln[l - pa].(3 pr-2. p) -dp , simplified using the following exponential
0
function with 7 terms:

~1.10489+0.19405 - In (@) — 0.07667 - In ()’ +0.01297 - In (@)’ —
z, =eX (61)

p
0.00022-In ()" = 0.00018-In (e +0.00001-In ()’

The frequency analysis of the maximum flows is carried out according to the stages
shown in Figure 1.
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FLOOD FREQUENCY ANALYSIS

)

OBSERVED DATA

(Annual Maxima Method)

!
PROCESSING OF - Homogeneity check (von Newman);
OBSERVED DATA - Outliers check (Grubbs, Pilon).
FREQUENCY ANALYSIS
- Logarithmic decimal plotting scale;

- Empirical probability (Hazen: P=(i-05)/n;
- Two-Parameter Probability Distributions.

v

PARAMETER ESTIMATION
METHOD

- MOM;
- L-moments;
- LH-moments.

I

The quantile values for
the annual exceedance
probabilities, P,

v

Selecting the best fit model
- Applying the selection criteria specific to
the methods:
T+T1 diagram and values;
Tus=Tus diagram and values.
- Supplementary performance metrics:
relative absolute error (RAE);
relative mean error (RME).

Figure 1. Stages in the development of flood frequency analysis.

The data used represent the series of maximum flows characteristic of each year of
analysis, thus, ensuring the independence of the data. Additionally, the verification was
carried out using the Cunnane criterion and the USWRC 1976.

Regarding the homogeneity of the data, this condition was checked with the von
Newman test, the data being homogeneous.

The analyzed series does not contain extreme values, the condition being checked
with the help of the Grubbs-Beck and Pilon tests. Additional data regarding the results of
these tests can be found in Section 4.1.

For the graphic representation of the observed data, the Hazen empirical probability
was used. The logarithmic decimal plotting scale was chosen because it represents a more
optimal method for highlighting the maximum flows related to the low annual
exceedance probabilities.

The selection criteria of the best distribution related to each method is made with
their specific criteria, with the mention that the L- and LH-moments methods are defined
by rigorous selection criteria.

3. Study Area and Data
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This study analyzes the Siret river, by performing a frequency analysis of the
maximum annual flows, using the methods and probability distributions presented.

The Siret River (cadastral code XII) is located in the north-eastern part of Romania,
being the left tributary of the Danube River.

The dependent Siret river system is 647 km long, originating from the territory of
Ukraine, from the woody Carpathians [59-61].

Of the total length, 559 km (middle and lower Siret) are on the territory of Romania.
It has the largest hydrographic basin on the territory of Romania, namely, 42,890 km?,
representing approximately 18.1% of the country’s surface.

The river has an average slope of 1.7%o, a sinuosity coefficient of 1.86, an average
altitude of 515 m, and a forestation coefficient of 0.37 [61]. Figure 2 shows the
hydrographic basin of the Siret river [60].

N

J ROMANIA

Siret Watershed

Lungoci station

Elevation
[masL]

-
[ 100-300
[ 1300-500
I 500 - 1000
I 1000- 2510

Scale
) 375 75 150 300

s s = Y km

Figure 2. Location of the hydrographic basin of the Siret River, Romania.

The maximum flows characteristic of this river are the result of snow melting
superimposed with the fall of precipitation, usually occurring in the spring-summer
months [62].

The river has a modified regime, with various retention works that influence the
maximum annual values. In the Siret hydrographic watershed there are more than 100
multi-use reservoirs, and their contribution to flood mitigation is relatively low, because
mitigation volumes are reduced compared to flood volumes, which have a peak flow
greater than the flow with a 10% exceedance probability.

Table 3 shows the chronological series of the maximum annual flows recorded at the
Lungoci hydrometric station, in the period 1970-2008, according to the Romanian
Normative NP 129 [48]. The recorded series has a length of 39 maximum flows
characteristic of each year. The maximum flow rates of the analyzed series vary between
275 m3/s and 4650 m3/s.
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Table 3. The annual maximum series for Siret River, Romania.

Year 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980
Flow [m3/s] 3186 1966 1842 1535 1260 1860 630 889 1320 1280 989
1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991
2040 901 1420 2460 1400 334 275 2620 1370 275 3270
1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002
2045 1020 604 1120 1612 1040 1380 830 447 435 2200
2003 2004 2005 2006 2007 2008
796 727 4650 1375 785 2068

Figure 3 shows the observed data, on the Siret River, Romania, for the entire analysis
period.

5500%
4950 H Observed Data
4400+
3850
33001
2750
22001
1650+
1100

550+

Annual Maximum Flow [m?*/s]

il

Il [

UL ‘M

1970 1974 1978 1981 1985 1989 1993 1997 2000 2004 2008
Time [yr]

o O

Figure 3. The graph of data recorded at the hydrometric station on the Siret River.

From a statistical point of view, the three parameter estimation methods require the
determination of some characteristic statistical indicators, such as the arithmetic mean (

), mean square deviation (0), the coefficient of variation (C,), the skewness (C,), the
kurtosis (C, ), L- and LH- coefficient of variation (7,, 7,,, ), L- and LH-skewness (7, 7,,;),
and the L- and LH-kurtosis (7,, 7,,, ). The values of these indicators, related to the
analyzed data set, are presented in Table 4.

Table 4. The statistical indicators for the Siret River (1970-2008), Romania.

Central Moments and Indicators

MOM
’Ll o Cv C\' Ck
[m%/s]  [m¥s] [l [-] (]
1443 915 0.634 1.413 5.872

Siret River, L-moments

Lungoci Station, L L, L, L, (A T, A
Romania [m3/s] [m¥s] [m%s] [m¥/s] (-] [-] [-]
1443 490 112 90.6 0.339 0.228 0.185
LH-moments (first level)

LH] LHZ LH3 LH4 THZ TH} TH4

[m¥s] [m3s] [m¥s] [m¥s] [] [-] [-]
1932 451 135 899 0233 0299  0.199
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LH-moments (second level)
L L

L L

Hl1 H4 THZ TH} TH4

[m%s] [m¥s] [mdfs] [m%s]  [] [-] [-]
2233 442 148 907 0198 0334  0.205

H2 H3

The values of C, =0.634 and 7, =0.339 confirm a low variation in maximum annual
flows. The value of C, =1.413, which often requires certain corrections, confirms the fact

that the skewness is to the right. In the case of the LH-moments methods, substantial
changes in the indicators can be observed due to the attribution, in the analysis, of a lower
importance to the lower extreme values.

4. Results and Discussions

The purpose of the analysis is to verify the performances of the described methods
and distributions, in order to forecast the values of the quantiles corresponding to
extremely rare events.

4.1. Verification of Independence, Stationarity, and Homogeneity

In a first stage, the criteria regarding the independence, stationarity, and
homogeneity of the analyzed data were checked.

The independence of the data is ensured by the selection criterion, the data
representing the maximum value corresponding to each year. However, there is the
possibility that two maximum values characterize different years, but still come from the
same flood, especially if the flood is multimodal. Thus, data independence was verified
with the Cunnane criterion and the USWRC 1976 criterion [63,64].

The analyzed data are homogeneous, the value of the von Newman test [65] being
greater than 2, namely, 2.026.

Regarding the stationarity, it was checked with t-test [66], for 5% level of significance.
The calculated value of the test is 0.277. The critical value of the test is 2.03. It should be
mentioned that climate change leads to a possible loss of this stationarity.

4.2. Quantile Estimation

Taking into account that two-parameter distributions still have an extended
applicability in these types of analyses, for the case study of the Siret river, different two-
parameter distributions from different families, with different particularities, are applied.

The obtained results differ depending on the characteristics of the distributions and
on the estimation methods of the parameters, but also on the influence of the variability
of the lengths of the data sets recorded in the estimation of the statistical indicators,
parameters, and estimated quantiles.

Compared to other parameter estimation methods, these three analyzed methods are
based on the determination of some statistical indicators related to each method,
representing a real advantage in the regionalization process.

Figure 4a—d graphically presents the comparison of the results obtained for the Siret
river. The empirical probability used for the graphic representation of the recorded values
is the Hazen probability [22,55], based on the considerations presented in Section 4.3. The
decimal logarithmic scale on the horizontal axis was used, because we wanted to highlight
the heavy tail (the domain of rare events).
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Figure 4. Graphic presentation of the maximum annual flows recorded in the period 1970-2008
adjustments to probability distributions for Siret River, Romania.

Following the presented results, it can be observed that the quantile values differ
substantially depending on the distribution and the parameter estimation method. Some
distributions are characterized by a heavy tail overestimating the values (Fréchet
distribution), while other distributions underestimate the values (Rayleigh distribution).

The analysis was made especially for the estimation of the quantiles related to the
range of exceedance probabilities between 0.01-1%. The analysis of the resulting values
must always be performed separately depending on the estimation method. For all three
parameter estimation methods, the extreme curves (upper and lower) are those defined
by the Fréchet and Rayleigh distributions.

In the case of MOM, the maximum values obtained (p = 0.01%) are 20,886 m?/s for the
Fréchet distribution and 5687 m3/s for the Rayleigh distribution. For L-moments methods,
the values of the amounts of the two distributions are 45,446 m3/s, and 5494 m3/s. In the
case of the two methods of LH-moments, the values of the quantiles of the distributions
are 28,814 m3/s and 5859 m3/s for the first level of LH-moments, and 23,709 m3/s and 6156
m3/s for the second level LH-moments.

Analyzing the data obtained with first and second level LH-moments, one can
observe the effect of separating the maximum flow rates, assigning greater importance to
the values that actually represent floods.

4.3. Performance Criterion
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Considering the varied range of results obtained, a crucial stage in such frequency
analyzes is the choice of the best probability distribution.

In general, for the selection of the best distribution, certain statistical tests are applied
(Kolmogorov-Smirnov, Anderson-Darling, chi-square test, Lilliefors test, Cramér-von
Mises, Shapiro-Wilk, etc.) [65] or performance indicators (relative mean error, mean
absolute error, Kling—Gupta, Nash-Sutcliffe, root mean square error, etc.) [23,34,65,66],
but these are relevant only when the data series are long enough (considered to be n > 80).

In the case of MOM estimation (as in the case of the maximum likelihood method),
the big disadvantage of this method is that in the case of small and medium data sets there
are no rigorous selection criteria, and in general the analysis is characterized by a high
degree of subjectivity, involving only a graphic visual choice [67].

Regarding the L- and LH-methods, they currently have more rigorous selection
criteria. The selection of the best distribution is made exclusively on the basis of the
calibration of the statistical indicators of the data series, which are less sensitive to the
variability of data lengths [22,34,64]. The selection criterion is the calibration of indicators
of order three (L-skewness) and four (L-kurtosis), and the methods assume the calibration
of all these ratios of linear moments [33,68,69].

In the case of two-parameter distributions, they properly calibrate only the L-
coefficient of variation (the ratio between the moment of second order and the first
moment of order). Regarding moments of order three and four, many two-parameter
distributions have these constant values (Gumbel, normal, exponential shifted, etc.),
which presents a big disadvantage. Thus, this article presents distributions that have the
advantage of the fact that these indicators do not have constant values, but show a
variation depending on the L-coefficient of variation. It is also presents, as the main
criterion for selecting the best distribution, the relationships and variation graphs of the
L-coefficient of variation and L-skewness and the L-coefficient of variation and L-kurtosis,
thus, substantially facilitating the rigor of the selection (Appendices B and C). It is
mentioned that the choice of the best distribution is performed using the fourth-order
linear moment criterion.

The importance of presenting these criteria in the selection of the best two-parameter
distribution using L- and LH-moments estimation is the fact that, mathematically, the vast
majority of two- and three-parameter probability distributions are defined by the same
variation curves of L-skewness—L-kurtosis (Appendix F shows as example, the log-normal
distribution of two and three parameters).

Thus, Table 5 presents the values of the theoretical statistical indicators of the
distributions obtained based on the analyzed series, as well as the values of two
performance indicators (relative mean error and mean absolute error).

The statistical and theoretical values of the indicators L and LH and the coefficient of
variation are not presented, because all the analyzed distributions calibrate this indicator
accordingly.

Considering the relatively short length of the analyzed series (1 =39), it is not possible
to establish a performance criterion using the resulting values of the two performance
indicators.

Table 5. Performance criterion for probability distributions adjustment ranking.

Methods
LH-Moments LH-Moments
. L-M
Distr. MOM oments (First Level) (Second Level)

RME RAE RME RAE 7 (A RME RAE 7 Tys RME RAE 7 Tya

Pv2 0047 0.162 0.034 0.132 0.385 0.263 0.047 0.155 0.382 0.233 0.054 0.178 0.384 0.225
CH2 0.026 0.104 0.022 0.083 0.143 0.101 0.031 0.130 0.199 0.105 0.041 0.178 0.227 0.110
ICH2 0.065 0228 0.045 0179 0453 0323 0.063 0.211 0426 0.272 0.073 0.241 0418 0.255
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I2 0.013 0.058 0.013 0.058 0.209 0.137 0.014 0.062 0.257 0.140 0.017 0.075 0.280 0.144
LN2 0.025 0.085 0.019 0.077 0.297 0.192 0.025 0.085 0.323 0.185 0.027 0.093 0.336 0.185
G 0.030 0.079 0.028 0.074 0.170 0.150 0.041 0.114 0.243 0.147 0.053 0.162 0.272 0.149
L2 0.108 0254 0100 0.238 0.000 0.167 0.178 0.085 0.148 0.139 0.229 0.085 0.208 0.137
LL2 0.038 0146 0.022 0.086 0.339 0.263 0.031 0.114 0379 0251 0.038 0.140 0.394 0.246
E2 0.045 0143 0.036 0.132 0.333 0.167 0.054 0.157 0333 0.167 0.038 0.175 0.333 0.167
R2 0.043 0.140 0.033 0.108 0.114 0.105 0.063 0.207 0.175 0.105 0.097 0.324 0.205 0.109
W2 0.021 0084 0019 0.072 0.162 0.111 0.023 0.099 0.222 0.119 0.029 0.129 0.253 0.127
F2 0078 0275 0.049 0193 0471 0340 0.072 0243 0450 0.293 0.087 0287 0441 0.275
EG 0013 0059 0013 0.060 0231 0.151 0.013 0.060 0.275 0.152 0.013 0.063 0.295 0.155

Where the relative mean error (RME) and the relative absolute error (RAE) have the
following expressions:

(62)

(63)

in which n,x;,x(p) represent the sample size, the observed value, and the estimated

value for a given probability.

From the point of view of the obtained results, the LN2 distribution has the best
results, with the values of the L-kurtosis indicators (0.192 for the L-moments method,
0.185 for the first level LH-moments method, and 0.185 for the second level LH-moments
method) being the closest to those of the analyzed series. The graphic confirmation can be
found in Figures A1-A4 from Appendixes B-E.

For MOM, as previously mentioned, it is difficult to choose the best distribution
based on statistical tests and performance indicators, especially in the case of short and
medium data sets. Based on the graphical analysis of the obtained results, for the Siret
river, the best two-parameter distribution, using MOM, is also selected using the LN2
distribution.

A correct use of two-parameter distributions (using the L- and LH-moments method)
can replace a more laborious analysis that requires the use of at least four-parameter
distributions for the calibration of all linear moments characteristic of the L and LH-
moments methods. Thus, Figure 5 compares the results of the LN2 distribution (the best
model result) with those obtained with the four-parameter Burr distribution that fulfills
all four conditions imposed by the method of linear moments.
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Figure 5. Graphic representation of LN2 and Burr distribution curves.

It can be easily observed that the two curves are very close, the resulting values being
characterized by very small differences. For the flow with the probability of exceeding or
being equal to 0.01%, the values generated by the two distributions are 11,972 m?/s for
LN2, and 11,128 m?/s for the Burr distribution, representing a relative error of 7.6%, more
than acceptable for the forecast of these very rare events.

4.4. The Influence of the Variability of the Length of the Recorded Series

Any analysis is characterized by certain errors. In the case of the frequency analysis,
it is mandatory to present the relative errors specific to the distribution chosen as the best
model. Thus, regardless of the parameter estimation methods, it is necessary to present
the relative errors in the estimation of statistical indicators, parameters, and quantiles, the
latter being the most important. Thus, for exemplification, three cases are presented, for
the three distributions chosen as the best models, for the three methods.

Thus, taking into account the results obtained, both for MOM and L-moments, the
recorded values are assumed to come from an LN2 distribution.

Starting from the theoretical values of the statistical indicators (characteristic of a
large number of values, 1000 <7 <5000), the relative errors corresponding to some samples
of 80, 50, 25, and 39 values are determined as in the case of the Siret river.

In the case of MOM, two usual values of the coefficient of variation are chosen,
namely, 1 and 2, and 0.634, corresponding to that of the analyzed data.

In the analysis with L-moments, the values of the L-coefficient of variation ( 7,) were

chosen 0.3, 0.5, 0.75, and 0.339 related to the analyzed series. In both methods, for
simplification, the arithmetic mean (4, L, ) is chosen as 1. The theoretical values of the L-

skewness indicators ( 7;) and L-kurtosis (7,) is determined, depending on the L-coefficient

of variation (7,), with the following new relationships:

7, =-0.0002591+0.8729448 -7, —0.0501133 - 77 +0.2295347 - 7; —0.1775573 -7, —0.0274784 - 7; (64)

7, =0.1225154-0.0050638 - 7, + 0.645454 - 77 — 0.2319042 - 7 + 0.5976604 - 7; —0.4065955 - 7, (65)

The values of the statistical indicators, the estimated parameters, and the resulting
amounts, characteristic of the sampling, are presented in Tables 6-8.



Water 2023, 15, 3435

22 of 38

Table 6. The relative errors using MOM.

C =1 Relative Errors [%]

Elements 1000 80L B (ns)o 25 80 Lengstoh = 25
u 1 0994 0991 0985 06 09 15
o} 1 0933 0914 0878 67 86 122
C 4 3.61 3.51 331 975 1225  17.25
C 41 328 3081 2736 20 2485 3327
B 0833 0791 0779 0756 504 648 924
y 0347 -0319 0313 0301 878  10.86 1528
Oy 15.6 13.8 133 123 119 152 213
Orr, 9.27 8.38 8.13 765 958 123 123
Ors 6.04 5.58 5.44 519 764 984  9.84
0., 491 458 448 430 669 864 124

C, =2

u 1 0969 0957 0933 3.1 43 67
, 2 1602 1532 1417 199 234 583
o} 14 8.92 8.2 673 323 4156 5191
o} 947 2875 2314 1406  69.64 7556  85.15
B 1269 1128 1099 1049 1111 134  17.34
y 0805 -0.667 -0.648  -0.62 2069 2423 29.84
Opors 50.1 34.0 312 266 321 377 321
O, 226 16.7 15.6 138 258 307 307
Ors 11.7 9.4 8.9 8.0 202 244 244
0., 8.6 7.1 6.8 6.2 174 211 278

Table 7. The relative errors using L-moments.

7,=0.3 Relative Errors [%]
Elements 1000 soLength (1:3)0 25 80 Leng;g 5 25
L 1 0999 0999 0999 0.1 01 01
7, 0.3 0.3 0.3 0.3 0 0 0
3 02618 0263 02638 02659 046 076 155
z, 01767 01775 01782 01803 045 085  2.04




Water 2023, 15, 3435

23 of 38

B 0.545 0.544 0.544 0.544 0.18 0.18 0.18
-0.148 -0.149 -0.149 -0.150 0.67 0.67 1.33
Qo 6.54 6.52 6.53 6.54 0.18 0.15 0.08
(O 4.64 4.63 4.64 4.64 0.17 0.13 0.02
O s, 3.51 3.50 3.50 3.51 0.14 0.11 0
O, 3.06 3.06 3.06 3.06 0.13 0.1 0
7,=0.5
L 1 0.989 0.985 0.975 1.1 1.5 2.5
2} 0.5 0.495 0.494 0.493 1 1.2 0.7
T 0.4404 0.4359 0.4349 0.4337 1.03 1.25 1.52
(A 0.277 0.274 0.2717 0.2714 1.08 1.91 2.02
B 0.947 0.935 0.934 0.933 1.27 1.37 1.48
-0.448  -0.448 -0452  -0.460 0 0.89 2.68
Qo104 21.6 20.7 20.5 20.3 4.23 5.94 6.18
O 11.9 11.5 11.4 11.3 3.52 4.18 5.35
O 5o, 7.32 7.11 7.06 6.98 294 3.54 4.67
O, 5.78 5.63 5.59 5.53 2.66 3.23 4.36

Table 8. The relative errors using MOM and L-moments for Siret River.

Elements 1000 Length (n)39 Relative Errors [%]
C, =0.634 (MOM)

H 1442 1440 0.14
C, 0.634 0.603 4.89
C, 2.157 2.027 6.03
C, 12.27 11.1 9.54
B 0.581 0.557 4.13
Y 7.105 7117 0.17
Ovor 10579 9776 7.59
O 7340 6889 6.14
Oys0 5443 5173 4.96
O, 4708 4502 4.38

7, =0.339 (L-moments)
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L 1442 1438 0.28
7, 0.339 0.339 0
7, 0.2964 0.2976 0.41
z, 0.192 0.1934 0.73
B 0.62 0.619 0.16
Y 7.082 7.08 0.03
Ooors 11923 11859 0.54
O 8075 8037 0.47
o5, 5871 5846 0.43
O, 5030 5010 0.4

Considering that in the frequency analysis the main element is the estimation of the
quantiles, according to the exceedance probabilities of interest (0.01, 0.1, 0.5, 1%), the
errors corresponding to the analyzed series have values of 7.59, 614, 4.96, and 438% using
MOM, and 0.54, 0.47, 0.43, and 0.4% using L-moments. It can be seen that the L-moments
method is much more stable and robust to the variability of the data series lengths. This
method also shows stability regarding the existence of outliers [34].

4.5. Confidence Interval

Considering all these uncertainties regarding the estimation of the quantile values, it
is necessary to determine and graphically represent the confidence interval of the inverse
function.

It will be represented only for the distribution chosen as the best model for the flow
series of the Siret river, namely, the LN2 distribution.

For MOM, the confidence interval is determined based on the relationships presented
in the literature [22] specific to this method, as well as the use of Chow’s relationship on a
Gaussian assumption [22,55,64,68,69], being an element accessible to everyone, an
important aspect in the development of a standard regarding maximum flows. For the L-
moments and LH-moments method, the confidence interval is determined based on
Chow’s relationship but using the frequency factor with the parameters estimated with
these two methods, for a significance level of 10%. Figure 6 shows the confidence intervals
for the chosen model (LN2) and for all the methods used.

15000% 15000%
N B Observed data B Observed data
N — LN2:MOM N — LN2:L-moments
120001 D — = LN2:C.1 upper - Chow 12000 N N — = LN2:C.| upper - Chow
NLN R — - LN2:C.1 lower - Chow N — - LN2:C.I lower - Chow
N CUIN — = LN2:C.| upper - standar error N
@ 90004~ NS — - LN2:C.| lower - standar error 7 9000{
E \ S E
g 2
& 60001~ ~ o 6000
3000 3000
0 0
0.01% 0.1% 1% 10% 100% 0.01% 0.1% 1% 10% 100%
Exceedence probability [%] Exceedence probability [%]

(a) MOM (b) L-moments
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Flow [m?s]

15000 15000
B Observed data B Observed data
— LN2:LH1-moments — LN2:LH2-moments
120001\ — = LN2:C.1 upper - Chow 120001~ — = LN2:C.I upper - Chow
— - LN2:C.I lower - Chow NS — = LN2:C.I lower - Chow
9000 n@ 9000
£
2
o
6000 i 6000
3000 3000
0 . : ; 0
0.01% 0.1% 1% 10% 100% 0.01% 0.1% 1% 10% 100%
Exceedence probability [%] Exceedence probability [%]

(c) LH1-moments (first level)

(d) LH2-moments (second level)

Figure 6. Confidence interval for the LN2 distribution, using MOM, L-, and LH-moments.

There are other methods for determining the confidence interval, such as the
standard bootstrap technique or parametric Monte Carlo simulations, but which require
a more complex analysis, inaccessible to everyone and still characterized by certain
limitations [70-72].

5. Conclusions

The article presents a significant number of two-parameter distributions, from
different families. New relationships are presented regarding the estimation of their
parameters with three methods often used in frequency analysis. The need for research is
the high applicability of two-parameter distributions in frequency analysis of extreme
events [73-75]. This is also emphasized by the lack of inclusion of these distributions, for
these methods, in programs dedicated to these types of analyses.

An exhaustive analysis regarding the choice of the best model, characteristic of each
method, is also presented, as well as a comprehensive analysis regarding the
determination of the relative errors, influenced by the variability of the lengths of the data
sets. Establishing the priority criterion for the selection of the best distribution is the L-
coefficient of variation and L-kurtosis, because it gives the heavy tail tendency in a more
pronounced way than the criterion of the L-coefficient of variation and L-skewness. This
avoids the choice of two-parameter distributions that underestimate the values of rare
events (low excess probabilities).

For the Siret River, following the analysis and results obtained for the registered data,
the LN2 distribution gives the best results, with the important observation that the choice
in the case of MOM always involves, in the case of short and medium data sets, some
subjective aspects, as there are no sufficiently rigorous criteria. For the recommended
methods (L- and LH-moments), from the thirteen analyzed distributions, the log-normal
distribution had the best results, with the theoretical values of the L-coefficient of
variation and L-kurtosis best approximating the corresponding values of the recorded
data.

Taking into account all the elements presented and the analysis performed, especially
the comparative analysis with the four-parameter Burr distribution, it can be concluded
that the best method for using two-parameter distributions in FFA is the method of linear
moments, because there are more rigorous criteria of choosing the best model.

All this information related to frequency analysis, using these methods and two-
parameter distributions, will help researchers to perform a well-founded and rigorous
analysis. In general, the methods and criteria are also valid in the case of frequency
analysis using distributions of three or more parameters.
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6. Future Directions

All this research is part of a holistic research carried out at the Faculty of
Hydrotechnics regarding the identification of probability distributions and optimal
estimation methods for the proposal to develop some regulations regarding the
regionalization analysis of extreme events specific to Romania, because the existing
regulation NP129/2011 [48] is not applied and has Soviet approaches, which are outdated
and has some non-technical interpretations such as the interval of uncertainty [76].

All these new elements presented in the manuscript will be included in dedicated,
open-source programs, facilitating the application of these methods, in FFA.
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Nomenclature

MOM The method of ordinary moments
L-moments  The method of linear moments
LH-moments The method of higher order linear moments

LHC ,7,, LH-skewness
LHC,, 1y, coefficient of LH variation

LHC,,7,, LH-kurtosis

2 Expected value; arithmetic mean

o Standard deviation

o Variance

C, Coefficient of variation

C, Coefficient of skewness; skewness

C, Coefficient of kurtosis; kurtosis

L,L,L, Linear moments

7,,LC, Coefficient of variation based on the L-moments method
7,,LC, Coefficient of skewness based on the L-moments method
7,,LC, Coefficient of kurtosis based on the L-moments method
SUH Synthetic unit hydrograph

FFA Flood frequency analysis

Distr. Distributions

AMS Annual maximum series

AES Annual exceedance series

POT Peaks over threshold
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RME Relative mean error

RAE Relative absolute error

n Observed values length

I'(«) jt""l -e' -dt , returns the value of the Euler gamma function of «

0

I(ax) J‘t””l -e"' -dt, returns the value of the incomplete gamma function of x with

parameter «

Returns the cumulative probability distribution for value x, for gamma

distribution

Returns the inverse cumulative probability distribution for probability p,

for gamma distribution

plnorm(x,4, ) R'etu'rns t'he cumulative probability distribution for value x, for log-normal
distribution

Returns the inverse cumulative probability distribution for probability p,

pgamma(x, o)

ggamma(p, o)

norm( p, A,
7 (p 'B) for normal distribution

Appendix A. The Equations Needed to Estimate the Parameters of the Distributions
Analyzed with the Second Level LH-Moments Method

Pearson V distribution (PV2)
For the second level LH-moments:

~0.322137543 - 0.753677296 - In(7,,,)-0.005581162 -In(7,,, )" = 0.314587273-In(7,,,)’ -
o =exp ; (Al)
0.135495572-1In(7,,,)" —0.023636627 -In(7,,,)" —0.00152291-1In(z,,, )’

and

B= (A2)

1
where 0.03<7,,, <0.681 and z, = | !
o ggamma(1—p,a)

'(8'p3 —6op2)-dp, simplified by the

next function:
5078971799 —21.657063938 - In (er) +39.492561999 - In ()" — 43.912848095 - In (a)’ +
z, = exp| 28.991431416-In(er)' —11.806618326 - In ()’ +2.99430367 - In ()" — (A3)
0.460203826 - In () +0.039186628 - In (er)" —0.001416795-In (&)’

where L,,,L,, represent the first two second level LH-moments.

Chi distribution (CH2)
For the second level LH-moments:
i 0.05<7,,<0.4

[—7.9247 ~12.73027-In(z,,)—-11.8716-In(7,,)" —6.94401-In (7, )’ —J
o =¢X

*l222771.1n (,,)' =0.37316-In(z,,)’ —0.02564-In(z,,)’ ()
if 04<r7,,<0.7
~950.84604 —8508.01721-1In(7,,, ) —31659.80526 - In (7,,, )’ — 62342.72804 - In(z,,,)’ —
“e [68435.48284 ‘In(z,,)" —39696.47017 -In(z,,)’ —9506.02996-In(z,, )" ] (A9)
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LHZ

p=

1

where z =

o —

~1.628502712-0.010179787 - In (@) — 0.010795581- In ()’ +0.009666018 - In (&)’ —
z, = exp| 0.004812426 - In ()" +0.000539448 - In (@)’ +0.000358597 - In (ex)" —
0.000033302-In (&) —0.000016635-In (e)* —0.000001142 - In ()’

Inverse Chi distribution (ICH2)
For the second level LH-moments:

~0.97574 - 0.60808-In(7,,, )+ 0.27275-In(7,,, )’ +0.18146-In (7, )’ +

& =exp 4 5 6
0.13466-In(7,,,)" +0.03816-1In(z,,,)’ +0.00371-1In(z,,)

1

1
where 0.05<7,,<0.7 and z, =_[
0 \/qgamma (l—p,a)

H2 —

~0.025416789 —2.718478582 - In (er) +0.587001427 - In ()" — 0.417282634 - In (ex)" +
z, = exp| 3.722010438 - In ()" —7.026180591-In (&)’ +5.921187035 - In ()" —
2.590978061-In (a)’ +0.575883189 -In ()" —0.051499618-In (o)’

Gamma distribution (I'2)
For the second level LH-moments:
T 0.05<7,,<04

~5.13282 - 6.26209-In(z,,,) - 2.86724-In(7,,,)’ =1.09617-In (7, )’ -
o =exp
0.2236-In(z,,)"' —0.01877-In(7,,)’

i 04<7,,<0.65

~147.93307 —1008.43409 - In (7,,, ) — 2822.8645 - In (7, )’ —3960.77538 - In(7,,, )’ —
o =¢eX
2767.68747 -In(z,,)" —769.15436-In(7,, )’

ﬂzLHZ

Z
1
where z = 'fqgamma(p,a) -(8-p*—6-p*)-dp, simplified by:
0

~0.692911758+0.425763172 - In (z) = 0.017975547 - In (e)” +0.012397345 - In (@)’ —
z, =exp| 0.002101674-In ()" —0.000250474 - In ()’ +0.000127409 - In ()" —
0.000005032 - In ()" = 0.000002473 - In ()" +0.000000229 - In (ez)’

Log-normal distribution (LN2)
For the second level LH-moments (0.05 < 7, < 0.65 ):

5 5.92107+23.36153-In(z,, ) +45.19408 - In(z,,,)’ +49.67953-In(z,,)’ +
=exp
31.58914-1In(z,,)" +11.58488-In(z,,) +2.27163-In(7,,)" +0.18421-In(7,, )’

ggamma(p, o) - (8 -p’—6-p’ ) -dp , simplified by the next function:

(A6)

(A7)

(A8)

(A9)

v(8~p3 —6~p2)-dp , simplified by:

(A10)

(Al1)

(A12)

(A13)

(Al4)

(A15)
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3
y=In(L, )—ln(zj—ln(zz) (A16)
1
where z, = J'exp(ﬂ -qnorm(p,0,1))-(8- p* =6- p*)-dp , simplified by:
0

[0.01476+2.31041 ‘In(B)+0.91823-In(B)’ +0.48935-In(B)’ +
z, =ex

p 4 : 6 (A17)
0.31104-In ()" +0.17398-In ()’ +0.04013-1n ()
Gumbel distribution (G)
For second level LH-moments, the relations are as follows:
—L
B= H2
2In (zj (A18)
4
y=Ly=B-(In(3)+7,) (A19)
where y, =0.577216, representing the Euler constant.
Logistic distribution (L)
For second level LH-moments, the relations are as follows:
3.-L
p= —2” 2 (A20)
y=L, —-p (A21)
Log-logistic distribution (LL)
For second level LH-moments, the relations are as follows:
o = 2
T (A22)
2-L, o -sin[ﬂ-j
B= o (A23)
(2'052 +3-a+1)'7z
Exponential shifted distribution (E)
For second level LH-moments, the relations are as follows:
p=2-1,, (A24)
11
7=LH1_Z'ﬂ (A25)
Rayleigh distribution (RY)
For second level LH-moments, the relations are as follows:
(V3 (4-12:42)-6-42+31)
A= (A26)
4-L,
i-\/(4—12-\/§)-«5—6-\/§+31 +9-42-2-43-18
T
oa=—12 (A27)

L6m~\/(4—12-\5)-\/§—6-\/5+31

Weibull distribution (W2)
For second level LH-moments, the relations are as follows:

Ly, :ﬁ.r(lj~(3; 3. +3J (A28)
o

o
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2. 1 ],l 1 _2
LH2=7ﬂ-1"(;j-(3 a—3-za—2a+1j (A29)

The shape parameter can be approximated with the following relation:
i 0.05<7,,<04

[—2.30938 ~2.53311-1In(z,,,) - 0.81955-In(z,,, )’ —J
o = €X

p , A (A30)
0.21004-1n(z,,) —0.02098 In(z,, )
if 04<7,,<0.65
~13.23553-60.7107 - In(7,,, ) —118.4221-In(7,, )’ -
o = ex % ( H2) ) ( HZ) (A31)
106.33337-1In(z,,,)’ —35.91146-1n(z,,,)
L, o
7= AR A32
1"(){23 a_3.2 a_9 a+2j ( )
o
Fréchet distribution (F2)
For second level LH-moments, the relations are as follows:
l,l 1
L, =33 -r(l—;j (A33)
1 1
2ﬂﬂ;(4tl _3(1J
Ly, = (A34)

0+

The shape parameter can be approximated with the following relation (
0.05<7,,<0095):

p . ) (A35)
0.01221-1In(z,,)’ +0.00095-In(7,,,)

(2]

— (A36)
z.ﬁ.(u_gaj

Generalized exponential distribution (EG)

For second level LH-moments, the shape parameter can be approximated with the
following relation:

i 0.08<7,,<04

[—0.34315 ~0.82163-In(z,,)+0.06565-In(7,,, )’ +J
o =¢X

(A37)

~4.61975-4.62283-1n(7,,,)—1.11241-1In(z,, )’ -
o =exp , .
0.09222-1n(z,, )’ +0.099891n(z,,)

i 04<7,,<0.66

~601.41241-5260.1068 - In(7,,,) —19217.09548 - In(7,,,)’ —
a = exp| 37246.21497 -In(z,,,)’ —40312.781-In(7,,,)" —23087.60818-1n(z,,) - (A38)
5465.03143-In (7, )’
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where z, = IO] —1n [1

z, = exp{

1

H2

_paJ.(g.lf —6~p2)~dp, simplified by:

Appendix B. The Variation of the L-Coefficient of Variation and
L-Skewness Indicators

1
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0.9 Gen. Exp.
— Gumbel
0.81 = Fref:het
Weibull
o7l — Log-normal
_ —— Gamma
4 s Logistic
&}
=L 061 Log-logistic
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Figure A1. The variation of the L-coefficient of variation and L-skewness indicators.

Siret River (0.339,0.228)

0.3 0.4

0.5 0.6 0.7

L—coef.of variation [LCv]

0.8 0.9

(A39)

~0.69464+0.14362 - In () — 0.06422 - In ()’ +0.01315-In (&)’ —
0.00049 - In (@)" = 0.00021-In (@)’ +0.00002 - In ()’

(A40)

Figure A1 shows the variation diagram of L-coefficient of variation and that of L-
skewness, for the distributions of two analyzed parameters.

The coefficients of the polynomial relations of the curves are presented in Table Al.

Table A1. The coefficients of the polynomial relations L-coef. of variation —L-skewness.

.,(5)=a+b-t,+c- L +d - L+e T+ G+g T +hT,

Distri. a b c d e F g h
PV2 -0.0001917 1.1529202 0.0294715 -0.2631688  0.0726675 0.0082297 - -
CH2 0.0004323 0.2807334 -0.0430794 1.8541968  -1.7156534  0.6229576 - -
ICH2 -0.0002993 1.4436764 0.1135055 -1.9275226  2.1920275  -0.8234554 - -

2 -0.0391816 1.4110631 -3.7802846 5.5291654  —-2.1095786 - - -
LN2 -0.0002591 0.8729448 -0.0501133 0.2295347  -0.1775573  -0.0274784 - -
G 0.17 - - - - - - -
L2 0 - - - - - - -
LL2 -0.0006562 1.0079457 -0.0329979  0.0623802 -0.055145 0.0185172 - -
E2 0.333 - - - - - - -
W2  -0.1703052 0.9398552  0.018723  0.4181828  -0.5281551 0.316262 - -
F2 0.1699209  0.9282028 -0.1346628  0.059188 -0.0323458  0.0097365 - -
EG  0.1718596 -0.0186894 -0.5142945 6.6116454 -15.2797982 189061827 -11.9625983  3.086354
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Appendix C. The Variation of the L-Coefficient of Variation and L-Kurtosis Indicators

Figure A2 shows the variation diagram of the L-coefficient of variation and that of
the L-kurtosis, for the two-parameter distributions analyzed.

1

—— Exp. Shifted
0.9 Gen. Exp. 4
— Gumbel /
0.81| - -- Frechet
Weibull
0.7 — Log-normal
) —— Gamma
i | P Logistic
RO} — Log-logistic
0.5 2
§ —— Pearson V y 4" V4
E‘ 044 =" CHI /7’
I 4
/,/

0.3

0.2

e

== -

Siret River (0.339,0.185)
0 01 02 03 04 05 06 07 08 09 1

L—coef.of variation [LCv]

0.1

Figure A2. The variation of the L-coefficient of variation and L-kurtosis indicators.
The coefficients of the polynomial relations of the curves are presented in Table A2.

Table A2. The coefficients of the polynomial relations L-coef. of variation —L-kurtosis.

7,(,)=a+b-1,+c- T +d T, +e T+ [T, +g T +h-1T]

Distri. a b c D e f g h
PV2  0.121657 0.0071769 1.2560619  0.0771191  -0.7944921 0.3328855 - -
CH2 0.1213293 0.0404724 -0.477597 04377973  -0.0125957  0.8787673 - -
ICH2 0.1240545 -0.0820187 3.1385337 -4.3958185  3.1511425  -0.9360638 - -

r2 0.111265 0.6051105 -8.7842189 54.0170023 -158.5178178 236.7611686 -172.8904655 49.7065434
LN2 0.1225154 -0.0050638 0.645454  -0.2319042  0.5976604  -0.4065955 - -
G 0.15 - - - - - - -
L2 0.167 - - - - - - -
LL2 0.1661175 0.0030562 0.8327474 -0.0194309  0.0337421 -0.0164053 - -
E2 0.167 - - - - - - -
W2  0.1483271 -0.2980059 0.0732036  2.1491468  -2.7095195 1.6098771 - -
F2  0.1502186 0.3664572  0.6287946 —0.1909754  0.0527471 -0.0072194 - -

EG 0.1497942 0.0160813 -0.1661789 0.8261955  -2.9101087  6.2913235 -5.449721 2.2420203
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Appendix D. The Variation of the LH1-Coefficient of Variation and
LH1-Kurtosis Indicators

LH1-kurtosis [LH1CK]

Figure A3 shows the variation diagram of LH-coefficient of variation and that of LH-
kurtosis level 1, for the distributions of two analyzed parameters.

1
—— Exp. Shifted
0.9 Gen. Exp.
—— Gumbel
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0.7{| — Log-normal
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0.3
0.2
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0.1 {— =T s ann e i e = ©
0

Siret River (0.233,0.199)
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05 06

07 08 09

LH1—coef.of variation [LH1Cv]

1

Figure A3. The variation of the LH1-coefficient of variation and LH1-kurtosis indicators.

The coefficients of the polynomial relations of the curves are presented in Table A3.

Table A3. The coefficients of the polynomial relations LH1-coef. of variation—LH1-kurtosis.

Tu(%p) =a+b 7, +c: Tptd G, te T +f Ty te T, +he T,

Distri. a b c d e f g h
PV2 0.1004997 0.292656  1.0008339  2.0588671  -7.7323389  12.1937321 -10.6476016  3.9436365
CH2 0.1010727 0.0922381 -0.5050765 1.1759753 -6.6011686  28.3506375 -36.2598981  17.0000729
ICH2 0.1022551 0.3034118 2.5332548 -2.6261401 —4.418888 14.6204376  -14.5656434  5.3004996
I2 0.1004253 0.1903975 —0.8069067  6.0228661  —-18.8551149  31.3886981  -21.5847741 6.3951538
LN2 0.0988166 0.3076349 -0.9595792 11.0149111  -38.709332  76.4660396  -77.9330237  32.6604631
G 0.147 - - - - - - -
L2 0.139 - - - - - - -
LL2 0.1388953 0.2775671  0.8667413  —0.0149542 0.047448 -0.0829821 0.0752559 -0.0276298
E2 1/6 - - - - - - -
W2  0.0844016 0.3029746 -5.5886575 48.1205437 -188.6420239 405.4808188 -443.9531166 194.2511079
F2 0.146923  0.4817256 0.6511338  -0.136756 0.096521 -0.0887558  0.0489938  -0.0119077
EG -0.0366576 5.3965209 -61.4345945 353.7629361 -1121.4563457 1985.0062856 -1826.9074675 682.8051867
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Appendix E. The Variation of the LH2-Coefficient of Variation and
LH2-Kurtosis Indicators

Figure A4 shows the variation diagram of LH-coefficient of variation and that of LH-

kurtos
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A4. The variation of the LH2-coefficient of variation and LH2-kurtosis indicators.

The coefficients of the polynomial relations of the curves are presented in Table A4.

Table A4. The coefficients of the polynomial relations LH2-coef. of variation—LH2-kurtosis.

Tu(%p) =a+b 7, +c: Tptd G, te T +f Ty te T, +he T,

Distri. a b c d e f 8 h
PV2  0.1019966 0.3458635 1.6934638 -2.0716386 3.9406792 ~7.7061967 7.940556 -3.1142546
CH2 0.1788641 -2.4675698 32.9743564 -221.3367071 816.6808185 -1673.2210574 1809.2068515 -799.5794934
ICH2 0.10269  0.405204 3.1244053 -8.8334769 144272457  -12.2679676  4.1467925 0.1336807
2 0.0224198 2.655331 -30.3474827 192.6112105 - 677.4308143 1339.6273577 -1380.3785736 580.9917308
LN2 0.1215363 -0.5897867 14.258069 -102.3363839 411.1762845 -889.5213195 977.47264 —425.6337204
G 0.149 - - - - - - -
L2 0.137 - - - - - - -
LL2 0.1375002 0.393745 0.7875544 -0.0002881  0.0007848 -0.0010697 0.0006184 - 0.0000684
E2 1/6 - - - - - - -
W2  0.0313158 1.6564735 -19.6694972 134.0362792 -484.408682 988.4336673 -1058.0966681 462.9493577
F2  0.1493018 0.519344 0.6106182  -0.0654596 0.0023034 0.0418728 -0.056094 0.0245651
EG 0.0686757 2.4784372 -29.9302087 184.6220035 -626.7790598 1197.7383131 -1190.6470888 482.7517552

Appendix F. A Comparative Analysis of the Log-Normal Distribution

The log-normal distributions of two and three parameters (LN2, LN3) have the same
variation curve, but for each data set analyzed they are defined by different points on this

curve.

This is due to the fact that these higher order indicators are characterized only by

the scale parameter. The difference lies in the fact that for the two-parameter distribution,
it only calibrates the L-coefficient of variation (the generated L-skewness and L-kurtosis
values being the theoretical ones of the distribution), while the three-parameter
distribution calibrates including the L-skewness (the L-kurtosis value being the theoretical
one of the distribution). Both statistical indicators are considered in module, defined
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between 0-1, and always have distinct values. The same phenomenon also happens in the
case of other distributions, such as gamma and Pearson III (gamma of three parameters),
Weibull of two and three parameters, log-logistic of two and three parameters, etc.

Figure A5 shows these differences between LN2 and LN3, based on the analyzed data
series of the Siret River.

s
0.8
0.7
0.6
0.51
0.4
0.3
0.2
0.1 LN2 (0.297,0.192)

0

L—kurtosis [LCk]

LN3 (0.228, 0.163)

0 01 02 03 04 05 06 07 08 09 1

L—skewness [LCs]

Figure A5. Variation diagram of the theoretical indicators for the log-normal distribution.

For the LN83 distribution, the value 0.228 is the calibrated L-skewness (it is that of the
analyzed data), and the value 0.163 represents the theoretical L-kurtosis value of the
distribution.

In the case of the LN2 distribution, the values 0.297 and 0.192 are the theoretical
values of the distribution, obtained according to the L-variation coefficient calibrated on
the data series.
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