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Abstract

The initial part of this study fills a notable research gap by investigating the substantial
impact of numerical diffusion errors from different schemes on sloshing tank models. Mul-
tiple numerical models were developed: first- and higher-order upwind schemes equipped
with precise wall treatment using ghost nodes, MacCormack and central methods that are
explicit second-order finite difference methods, and Preissmann and staggered methods em-
ployed in full-implicit and semi-implicit modes. Furthermore, the separation of variables
technique was proposed for simulating sloshing tanks and deriving an analytical equation
for the tank’s natural period. An analytical solution to the perturbation was employed to
examine the numerical diffusion of the schemes. Subsequently, two sloshing tests, resonant
and near-resonant excitations, were employed to determine the numerical diffusion and
calibrate the physical diffusion coefficients, respectively. Finally, an efficient and accurate
numerical scheme was applied to a linear shallow water model including physical diffusion
and coupled with a single degree of freedom (SDOF), to simulate tuned liquid dampers
(TLDs). It shows that the efficiency of TLD is associated with a compact domain around
resonance excitation. Contrary to SDOF alone, when SDOF interacts with TLD the impact
of structural damping on reducing the response is minimal in resonance excitation.

Keywords: numerical diffusion; shallow water model; sloshing; tuned liquid damper;
frequency ratio; damping ratio

1. Introduction

Liquid storage tanks have grown significantly over the past few decades and are
considered a vital component of industrial infrastructure. These structures are widely
used for the storage of a variety of materials, such as oil and gas, liquefied natural gas,
chemical fluids, waste in various forms, nuclear materials, and water supply facilities.
Under seismic excitation, storage tanks experience fluid movement known as sloshing
waves, which generates pressure within the tanks. While sloshing waves can potentially
threaten the stability of tanks, they offer significant benefits when employed in tuned liquid
dampers (TLDs).

TLDs are sloshing tanks mounted on the roof of structures to reduce vibrations when
they undergo lateral dynamic movement. Typically, the natural frequency of a sloshing
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tank is tuned to match the natural frequency of the structure [1-5]. This alignment results
in an amplified response of the sloshing tank, which in turn influences the behavior
of the structure. Experimental and numerical studies have shown that when seismic
loading closely approaches the structural frequency, known as near-resonance excitation,
the sloshing waves significantly reduce the structural vibration [2,3]. This indicates that the
tuned liquid damper (TLD) performs optimally under near-resonance excitation, whereas it
represents the worst-case scenario for the stability of the structure in the absence of a TLD.
Certainly, researchers have explored various aspects of tuned liquid dampers (TLDs) in
their studies. For example, in [6] research was conducted into the impact of wave breaking
on TLD modeling. The influence of screens and depth ratio on the performance of TLDs
was separately investigated in [7,8]. In [9,10], numerical investigations were conducted to
examine how the sloped bottom changes the damping effect of TLDs. The primary parts of
the TLDs are sloshing tanks and researchers have made significant efforts to model them
by applying certain simplifying assumptions. So, the first section of this research focuses
on the numerical molding of sloshing tanks.

Former methods rely on the analytical approach in [11], which divides the fluid
in moving tanks into convective and impulsive parts. Although this method has many
applications in engineering because of its simplicity, it should be acknowledged that this
method provides a quite rudimentary approximation of fluid sloshing.

Later, potential flow theory [12-14] was applied to sloshing tanks to provide a more
accurate picture of fluid movement. However, most of these models assume linear and
small-amplitude waves.

Other researchers have employed more advanced methods, such as volume of fluid
(VOF) [15-17] and smoothed particle hydrodynamics (SPH) [18,19] to model sloshing tanks.
Although these models are capable of generating more accurate and detailed results, they
suffer from high computational costs and noisy solutions [20].

Shallow water models are hyperbolic equations based on depth-averaged Euler equa-
tions [21] that can be used for modeling sloshing tanks. The literature review indicates that
a few studies used shallow water models for sloshing tank simulations [22], and most of
them were applied to simulate sloshing tanks in TLDs [2,3,6,23]. Each of these models has
merits and disadvantages. Shallow water models that benefit from low-cost calculations
and decent accuracy, appear to be an appropriate tool for modeling TLDs.

Although some studies have focused on the application of shallow water models
to sloshing tanks, there is a gap in how the temporal and spatial discretization schemes
using numerical models influence the accuracy of the modeling of sloshing tanks. One
of the primary objectives of this study is to evaluate the performance of various schemes
utilized in simulation of sloshing tanks, and to propose efficient and accurate numerical
methods for such applications. The focus of this study will be on linear shallow water
equations, which is an extremely fast system with a low computational cost. Such a low-
cost numerical solution is particularly useful for tank optimization purposes where many
simulations are demanded. First, upwind schemes [24,25], that approximate the advection
term with respect to the flow direction, were investigated. The simplest upwind scheme is
the first-order scheme, which can be enhanced by higher-order upwind methods, such as
x schemes, that rely on more data points for flux approximation. In addition, a solution
is proposed in this study to model wall boundaries with less numerical diffusion error.
Subsequently, the MacCormack method and the central scheme, which are second-order
explicit finite-difference schemes, were studied. MacCormack, a type of finite difference
scheme introduced in [26], was first used as a solution to compressible Navier-Stokes
equations. Then, it was applied in [27] and subsequently developed in [28] for water
hammer analysis. Furthermore, refs. [29,30] utilized this method for unsteady free-surface
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flows. For implicit and semi-implicit methods, two efficient second-order schemes were
discussed: (i) Preissmann [31] and (ii) Staggered methods [21]. In open-channel hydraulics,
the Preissmann scheme [32] has been extensively employed [33,34]. It was stated in [35] that
the scheme is flexible and appropriate for hyperbolic equations. The Preissmann scheme
has also been applied to simulate flood wave propagation and unsteady flows in channel
networks [36,37]. It has also been used to solve the Hairsine—Rose erosion equations [38].
This scheme solves both the continuity and momentum equations at the control volume of
each node. Although the early use of staggered implicit and semi-implicit schemes was
relevant to viscous compressible flows [39], a scheme for shallow-water equations was later
proposed in [40]. A staggered method, unlike the Preissman scheme, provides a continuity
control volume at one node and a momentum control volume at a subsequent node. This
results in the velocity grid being non-overlapping downstream of the wave height grid.
Furthermore, a separation of variables approach was proposed in this study to model the
sloshing process. Different disciplines have used this technique to solve partial differential
equations, such as the dynamics of continuous systems [41] and wave modeling [42]. This
technique relies on the assumption that the solution to the partial differential equation can
be separated into the product of several functions. Each function depends only on a single
independent variable. In current research, the separation variable technique was not only
applied to model sloshing tanks but was also utilized within linear shallow water equations
to derive an analytical expression for the natural period of the tank. When comparing this
expression with another commonly used and reliable formula found in the literature, it
revealed a range of water depth to tank length ratios that yield accurate results for the
natural period of the tank.

To verify the accuracy and evaluate numerical diffusion error associated with the
above-mentioned schemes in the present research, an analytical solution to a perturba-
tion test and experimental data associated with resonant sloshing were employed. After
verification, more accurate numerical schemes with reduced numerical diffusion errors
were identified. Following that, a method benefits from a cost-effective computation and
negligible numerical diffusion errors was incorporated with a physical diffusion term,
whose coefficient was calibrated with experimental data. In the next step, this developed
model was coupled with a dynamic equation of a single degree of freedom to model
the TLDs. Subsequently, the influence of two parameters, (1) frequency ratio (excitation
force frequency/natural TLD frequency) and (2) damping ratio (damping constant/ critical
damping constant [41]) on TLD performance were investigated.

The remainder of this paper is organized as follows. Section 2 outlines the method-
ology, including the governing equations. Additionally, it elaborates on the process of
coupling these equations to create a TLD model. Section 3 describes several numerical
methods for solving the governing equations, and most of the equations are presented in
Appendix A. Section 4 addresses four test cases where the impact of numerical methods is
compared to analytical solutions or experimental data. In addition, a parametric study of
TLD is performed in this part. The concluding remarks complete the study in Section 5.

2. Methodology

The linear shallow water equations for a one-dimensional rectangular tank with length
L and averaged depth H (see Figure 1) subjected to acceleration a, can be written as follows:
ou _oF
>
=~ 42" —R 1
or " ox @
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Figure 1. Rectangular tank parameters.

In this equation a is variable vector, and ? is flux vector as well as E is source vector.
Also, u is the depth-averaged velocity, g is the gravitational acceleration, and 7 is the wave
height relative to averaged depth. In the source term, a, refers to the tank acceleration
and D is the coefficient of physical diffusion. Also, « is the contribution coefficient of
physical diffusion. Sections 4.1 and 4.2 focus on the numerical diffusion associated with the
above-mentioned numerical schemes in the case of both initial perturbation and sloshing,
respectively. As a result, to identify numerical diffusion error, physical diffusion was
not contributed so « = 0. However, following that, in Section 4.3, physical diffusion is
incorporated into the model to capture more accurate and realistic solution, i.e., # = 1.
Note that for a stagnant tank the vector R is zero.

Two wall boundary conditions were applied: zero velocity and zero wave height gradient.

A non-conservative form of Equation (1) utilized in upwind schemes is expressed in

Equation (2).
—
ou a =
—+A—=R
ot T ox @
with
= 0 H - 0
u=|" A= = Pu
u g0 ax +aD55

Section 4.4 combines the shallow water model defined by Equation (1) with the
dynamic equation of a single degree of freedom (SDOF) system to create a model for a
Tuned Liquid Damper (TLD). This portion of the study utilizes a single degree of freedom
(SDOF) characterized by dynamic attributes like mass (m), stiffness (k), and damping
coefficient (c), situated beneath the sloshing tank as illustrated in Figure 2.

Water tank <

ground «

Figure 2. Schematic of an SDOF equipped with sloshing water tank.
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The dynamic response of an SDOF is obtained from Equation (3), in which u(t) is
the displacement, 15(t) is the velocity, and () refers to the acceleration of the SDOF. In
addition, F(t) is seismic force excitation and G(t) denotes the water tank sloshing force.
Here, the finite difference model is applied to discretize dynamic Equation (3) [43].

mitg(t) + cus(t) + kus(t) = F(t) + G(t) (3)

To couple the system of Equations (1) and (3), the acceleration of sloshing tank, a, in
Equation (1), is set equal to the acceleration of the SDOF, i in Equation (3). In addition,
besides the seismic excitation force, F(t), the SDOF is influenced by sloshing force, G().
The sloshing force is determined from the difference in hydrostatic force on the tank walls
at x = 0 and x = L in the shallow-water model. This coupled model involves an iterative
procedure in each time step to reach convergence for sloshing force. Figure 3 illustrates
the flowchart of the developed numerical model for coupling an SDOF to a sloshing tank.
Under the shallow water modeling (SWM) module, all of the discussed numerical schemes
can be implemented, including upwind methods, the MacCormack method, semi-implicit
methods, and separation of variables.

time '

1

Assuming G(1'™"),

Solving SDOF
Sforit=tit

ux‘

Solving SWM G,

G i+] IZG itl
o ("), =G,

i=i+l

Figure 3. Flowchart used in the present model to couple SDOF dynamic with sloshing tank.

3. Numerical Methods
3.1. Upwind Schemes

A numerical solution to the system of partial differential Equation (1) necessitates both
a spatial and a temporal discretization described subsequently.

3.1.1. Temporal Discretization

Four methods for discretizing temporal terms aa—Lt[ were examined: 1—first-order Euler;
2—midpoint; 3—third order Total Variation Diminishing (TVD); and 4—fourth order
Runge-Kutta methods. The third and fourth schemes yielded approximately the same and
more accurate results. Here, the third scheme (TVD), Equation (A1), proposed in [44], was
used because of its lower computational cost than the fourth-order Runge-Kutta.
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3.1.2. Spatial Discretization
With respect to the control volume of node j shown in Figure 4, the term %—1; can be
determined using Equation (4).

OF  Fipo—Fiap

ox Ax @)

There are a variety of approaches for obtaining F;, 1,2 and F; 1,5 at the control surface,
which is called flux approximation.

X
—_—
Control surface

A

i-1/2 i+1/2
= O & O =
i-2 i-1 ‘_l_’ i+1 i+2

Controf volume of node i

Figure 4. Schematic of control volume of node i.

To evaluate the flux at the interface in upwind schemes, matrix |A| should be de-
termined. This matrix relies upon the eigenvalues and eigenvectors of matrix A in
the nonconservative form of the shallow water Equation (2). Appendix A provides
Equations (A2) and (A3) for calculating matrix |A|.

First-Order Upwind

According to the first-order upwind scheme, the flux is calculated using Equation (A4)
in Appendix A. This scheme approximates the flux using two nodes near the control surface,
with a high contribution from an upstream node. The first-order upwind scheme is stable
but leads to a high level of numerical diffusion.

Higher-Order Upwind

In this method, which includes a family of schemes known as the ¥ method, the
numerical flux is calculated using the relations (A5), (A6) and (A7) in Appendix A. In this
study, the choice of « is 1/3, which is equivalent to third-order upwind. In addition, a slope
limiter, S, was employed to reduce oscillations [24]. In this scheme, the flux approximation
at each control surface was determined from the values of the two nearest upstream and
downstream nodes.

To remedy the lack of neighborhood nodes near the boundary (nodes 2 and n — 1in
Figure 5), two strategies can be implemented. The first approach uses a first-order upwind
scheme for nodes 2 and N — 1. In the second solution, ghost nodes (nodes 0 and n + 1
in Figure 5) are provided outside the domain near the boundary nodes (1 and N), whose
specifications are derived from a zero-gradient condition.

To m 7, m My M 1.
Uy 4 U, 4 Uy-1 Uy Uy
[ @ O © © & @] O O O @
Ghost node 1 2 j N-1 N . Ghost node
s und.ary Number nodes: Bounda ry

Figure 5. Schematic of main and ghost nodes in flow domain in higher-order method.
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3.2. MacCormack Method

This scheme is a predictor-corrector method in which backward differences are em-
ployed in the predictor step, and forward differences are used in the corrector step [28].
In the second alternative, forward and backward differences can be applied to predictors
and correctors, respectively. Equation (A8) in Appendix A illustrates the application of this
scheme to the discretization of a non-conservative shallow water Equation (2).

3.3. Central Difference in Time and Space

In this method for discretization in space and time, the central difference and midpoint
are utilized, respectively, to reach second-order approaches. When this scheme is utilized for
the non-conservative shallow water Equation (2), Equation (A9) is provided in Appendix A.

3.4. Implicit and Semi-Implicit Method

The main difference between implicit and explicit schemes for Equation (1), the pure
advection equation, is that implicit schemes evaluate the term g—i at time n + 1, which is
unknown. Therefore, this approach yields coupled equations.

3.4.1. Preissmann Method

This scheme proposes the second-order approximation presented in Equation (A10) to
discretize the temporal and spatial derivatives [31]. Expression (A11) is developed when
this scheme is employed to discretize the shallow water equation. Both the fully implicit
and semi-implicit schemes can be obtained using this numerical method.

Considering the velocity and wave height as unknown parameters, 2N unknowns
exist for N nodes in the flow domain (see Figure 6). This scheme establishes 2N — 2
equations using discretized equations. Regarding two extra zero velocity equations at the
wall boundaries, a matrix equation (Equation (5)) is derived in which A is the coefficient
matrix, X is the unknown vector, and B is the known vector updated in each time step. A is
a band matrix with four non-zero elements in each row.

[Alanson * X} ania = {Blanwa (G))

As an illustration, this matrix equation for N = 4 is shown in Equation (A12)
in Appendix A.

m 7, 1 Ty My
Unknown: u, u, u, g u,
® @ @ @ @ & @ @ @ &
Number nodes: 1 2 j N-1 N
v Boun'dary
Boundary

Figure 6. Schematic of nodes and unknowns in Preissmann method.

3.4.2. Staggered Method

The main difference between this scheme and the Priessmann method is that the
unknown parameters u and 7 are not stored on the same node in this scheme (see Figure 7).
The staggered scheme employs two different control volumes for the continuity (mass
cell) and momentum (momentum cell) equations. A benefit of this method is that the flux
values are derived directly from the variables stored on the surface of the control volume.
Therefore, flux approximation methods are not required. This method defines the time
and space derivative operations based on Equation (A13) in Appendix A. In Appendix A,
expression (A14) demonstrates how Equation (1) can be discretized using this scheme.
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1 U m u, 1, U, n; u; M My Uy Ny
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Number nodes:1 2
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Boundary
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Figure 7. Schematic of nodes and unknowns in staggered method.

Consider 2N — 1 nodes in the flow domain, as shown in Figure 7. In this case,
the number of unknowns is 2N — 1. Meanwhile, the number of equations based on
expression (Al14) in Appendix A is equal to 2N — 3. Introducing zero velocity as the wall
boundary condition results in the same number of unknowns and equations. Hence, matrix
Equation (6) is developed, in which A is the coefficient matrix, X is the unknown vector,
and B is the known vector. Although the coefficient matrix was constant, the known vector
was updated at each time step.

[A](szl)*(szl) * {X}(ZNfl)*l = {B}(ZNfl)*l (6)

Equation (A15) in Appendix A shows the matrix equation for N = 4. Matrix A is a band
matrix with three nonzero elements; therefore, this method requires fewer computations
than the Preissmann method.

3.5. Separation of Variables Scheme

In this step, a technique known as the separation of variables method is proposed and
will be applied to obtain a solution to the sloshing problem. In this method, it is assumed
that unknown variables, velocity and wave height here, depending on space and time can
be expressed as the product of a function of spatial coordinates and a function of time
(Equation (7)). The assumed space function should satisfy the boundary condition of zero
velocities at x = 0 and x = L as well as the zero-wave height gradient at x = 0 and x = L. If
n, which is known as the number of mode shapes, is greater, a more precise solution is

provided.
niTx

1= Y, cos(0) w=Y b, (1)sin(") 7)

Replacing these variables in Equation (2), Equation (8) is derived.

Y a,(t) cos(@) + HY by (t) = n—cos(—) =0

Y b (t) * sin(%) —gZan(t)T sin(T) =Y M, sin(%) *a (8)
o= 2. [0
" nrm

Because Equation (8) should be satisfied for each x, the following expression is derived
for each mode, n.

bn(t) —gan(t)"F = —My xa 9
M, = —-2x% [(7171)7;1}

Consequently, with the aid of the separation of variables method, partial differential
equations are transformed into ordinary differential equations.

Prior to delving into the numerical modeling, the separation of variables method is
manipulated to derive an analytical expression for the natural period of tanks, which holds
a significant role in sloshing dynamics. This analytical approach establishes a parameter
range for % within which the linear shallow water equations provide accurate predictions
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for the natural period of tanks. For this purpose, let us examine a stationary tank subjected
to a standing wave as an initial perturbation. Using the separation of variables method,
the wave height and velocity can be determined based on Equation (10) [45]. This solution
satisfies the boundary conditions of zero velocity and zero wave height gradient at the
walls located at x =0 and x = L.

nritx

N
n= Y ancos( T ) cos(wyt)
nfjl (10)
. NTIX,
u= 1Y, bysin(——)sin(wyt)
n=1 L

The proposed analytical solution for the wave height and velocity in Equation (10) for
n =11is converted to Equation (11).

(11)

By replacing u and 1, which satisfy the boundary condition, in the linear shallow water
equation for a stagnant tank (Equation (1) with vector R = 0), the following expressions can
be established:

—weos(B)sin(wt) HEcos(2)sin(wt) || © | | ° W
— g7 sin(%*) cos(wt) wsin(%*) cos(wt) b B 0

The left matrix should be singular to obtain a nontrivial solution. With the determinant
of the left matrix, the coefficient matrix, equal to zero, Equation (13) can be derived.

H
w:%@%f:% (13)

On the other hand, in the literature, many researchers have used the analytical
Equation (14) to determine the natural frequency of the water tank.

f= % x \/(”L"g) x tanh(nZH) (14)

The analytical natural frequency for n = 1 is converted to the following expression

1 g mH
f= 7 % \/(L) xtanh(T) (15)

With the assumption of tanh(“H) = (ZH) in Equation (15), the following expression
is developed for the natural frequency of the tank:

Vit

f= T (16)

Consequently, when tanh(%) approaches %, the analytical formula provides the
same results as the linear shallow water equations (see Equations (13) and (16)). The Tylor
series for tanh(x) is developed in Equation (17), revealing that it can be approximated by x
with a second-order truncation error for small values of x.

tanh(x) = x + O(x?) (17)
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In Figure 8 diagrams of both y = x and y = tanh(x) are presented. From this
graph, it can be deduced that tanh(x) = x is a good approximation up to about x ~ 0.7.
Consequently, for 7€ <= 0.7 or £ <= 0.23, linear shallow-water equations provide an
approximately accurate natural period, which is crucial for the design of sloshing tanks.

y=x —@—y=tanh(x)

Figure 8. y = tanh(x) diagrams.

4. Test Cases and Results
4.1. Perturbation Test

This test pertains to a stationary tank subjected to a standing wave as the initial
condition. In this scenario, as mentioned earlier, the analytical solution is provided by
Equation (10) [45].

For the case where n = 1, the analytical solution was employed as the initial condition
(t = 0) in the shallow water model, as depicted in Equation (18). This initial condition
corresponds to a half-cosine wave height, as illustrated in Figure 9.

1 = acos(5¥)

u=20 (18)

002 T T T T T T T

00151k .

0011 .

0.005F B

etalm)
i

-0.005F .

-0.01F =

-0.015F .

00z I I I I 1 I I
0 01 02 03 04 05 06 07 08

x(m)

Figure 9. A half-cosine wave imposed in the model as an initial condition.
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According to the analytical solution for n = 1, Equation (11), and initial condition, the
numerical model should generate expression (19) for the free surface at x = L.

7 = —acos(wt) (19)

In this scenario, where physical diffusion is absent in the shallow water equation, the
difference between the numerical model outcomes and the analytical solution is attributed
to numerical diffusion errors. The numerical diffusion resulting from the truncation error
caused smaller waves in the numerical model. Due to the accumulated error at each time
step, this difference grows over time.

As shown in Figure 10a, the amplitude of the initial perturbation decreased signifi-
cantly over time predicted by first-order upwind. Thus, the first-order upwind method is
associated with high numerical diffusion errors, and the results are inaccurate.

2

1 o
n(em) gt

3 4

i) L 1 1 ! i 1 L L L

0 2 4 B 8 0 122 14 1B 18 20
t (sec)

(a): First-order upwind method

1} 2 4 B g 10 12 14 18 18 20
t(sec)

(b): Higher-order upwind method (c): Higher-order upwind method equipped with ghost nodes

2
1k
niem) o n(em) o}

] -1

- 0 2 4 [ 8 10 12 14 16 18 20
t(sec)

(d): Central method (e): McCormack method
2 : C R e e 2

) L 1 L 1 L L |

o 2 4 B 8 10 12 14 18 18 20

t(sec)

n(em) o ‘ niem) gl 4

(f): Full-implicit Preissmann method (g): Semi-implicit Preissmann method

[N

1k

- 1 fur

2 | | I L L L | I L -2 L L \ L . | L
0 2 4 6 8 10 12 14 16 18 20
t(sec) t(sec)

(h): Full-implicit Staggered method (i): Semi-implicit Staggered method

Figure 10. Different numerical schemes result for wave height at the wall in the perturbation test.
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Figure 10b,c show the results of higher-order upwind scheme, indicating low numeri-
cal diffusion compared to Figure 10a. As mentioned previously, two alternatives can be
employed for the treatment of the wall boundary condition in this scheme. Figure 10b
presents the results when the first-order upwind is applied to two nodes near the boundary
nodes, and Figure 10c is associated with the application of ghost nodes, as discussed in
Section Higher Order upwind. Evidently, the use of ghost particles results in less numerical
diffusion and a higher level of accuracy.

Figure 10d,e reflect the results of the central method and MacCormack scheme, re-
spectively. Although both schemes are explicit and second-order in time and space dis-
cretization, MacCormack’s method produces accurate and stable results with negligible
numerical diffusion errors. A central method solution, on the other hand, is subject to
numerical diffusion and instability. In addition to high accuracy, the MacCormack scheme
has lower computational costs than the central method.

The Preissmann method could provide two alternative results: 1—fully implicit;
2—semi-implicit. Figure 10f indicates that the fully implicit method, which is first-order
accurate, is accompanied by more numerical diffusion. Conversely, the semi-implicit
scheme depicted in Figure 10g, which boasts second-order accuracy, produces highly
accurate outcomes while maintaining minimal numerical diffusion errors. Although the
semi-implicit method necessitates the solution of matrix equations in each time step, leading
to elevated computational expenses, its precision and stability are notably significant.

Figure 10h,i reveal that the staggered method, similar to the Preissmann method, is
associated with high-level accuracy for the semi-implicit scheme, whereas it suffers from
numerical diffusion error for the fully implicit scheme.

4.2. Sloshing Test

This test was applied to a rectangular tank with a length of L = 0.8 m and an initial water
depth of H = 0.1 (see Figure 1), which was subjected to resonant harmonic excitation. The
natural frequency of the tank is f = 0.603Hz, with respect to Equation (15). Equation (20)
provides the displacement of the excitation, x, with respect to time, f. In this equation
a =0.05cm is the amplitude of the excitation, and f is the frequency of the excitation
taken to be the same as the natural frequency of the tank to generate resonant harmonic
excitation [46].

x = asin(27ft) (20)

The results of the upwind schemes for this test are presented and compared with the
experimental data in Figure 11a,b. The use of first-order upwind causes the prediction of
considerably smaller sloshing waves resulting from numerical diffusion, while higher-order
upwind provides accurate results.

Figure 11c,d reveal the results of both the Central Methods and MacCormack, accompa-
nied by experimental data. Although both schemes benefit from second-order accuracy, the
MacCormack method has a slightly lower computational cost and provides slightly more
accurate results. The free-surface profile predicted by MacCormack is smooth, whereas the
central method estimates the free surface with a stepped and rough shape (see Figure 12).
Hence, as discussed in the previous test, the central scheme tended to be unstable.

In this stage, two implicit schemes (Preissmann and Staggered) were applied to the res-
onant harmonic excitation. Both schemes experienced slightly smaller sloshing waves when
they were adjusted to the full implicit methods (Figure 11e,f). This underestimated predic-
tion of wave height is largely due to the numerical diffusion associated with these schemes,
as in previous test. However, for the semi-implicit scheme, as shown in Figure 11g,h, both
models overestimated the wave height. Because numerical models are devoid of physical
diffusion, which is inherent to the nature of the flow, they predict higher wave sloshing.
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Figure 11. Different numerical schemes result for wave height at the wall in the resonance sloshing.
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Figure 12. Free surface predicted by numerical models.

The last part of this simulation is dedicated to the numerical solution of the system of
ordinary Equation (9) that arises from the separation of variable methods. The present study
employed the midpoint method to solve the system of ordinary differential equations. The
results indicate that the solution converges at n = 9 and does not change as n increases. The
numerical results obtained from this method in the resonance excitation test are compared
with the experimental data in Figure 11i. Evidently, this numerical scheme can yield
accurate results.

4.3. Physical Diffusion

This verification test used rectangular water tanks with geometric specifications
L =0.966 m and H = 0.119 m. Therefore, with respect to Equation (15), the natural fre-
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(a): Semi-implicit method without physical diffusion

(c): Semi-implicit method with physical diffusion

quency is f = 0.545 Hz. The tank experiences a harmonic near-resonance excitation obtained
from formula (21), in which a = 0.259 cm f = 0.594 Hz and ¢, the phase angle, is equal to
4 degrees [16].

x = axsin(2f xt+ ¢) (21)

The semi-implicit numerical scheme predicts a higher sloshing wave in Figure 13a
due to the lack of physical diffusion. A fully implicit scheme, because of the numerical
diffusion error, provides a smaller wave and shows better agreement with the experimental
data Figure 13b. To enhance the accuracy of the model, the physical diffusion term Dg%‘
was introduced into the momentum equation of a linear shallow water system (1), « = 1. D
is the physical diffusion coefficient.

numerical results
experimental data

T 1 30
numerical results
experimental data

L
5

'
10

s I L I L
15 2‘0 2% 3!0 3‘5 0 5 10 15 20 25 30 35 40
t(sec) t{sec)

=

(b): Fully implicit method

numerical results
experimental data

=
numerical results 30
experimental data

13 20 o 0 89 0 40 5 10 15 20 25 30 35 20
t(s60)

(d): First-order upwind method
Figure 13. Numerical schemes result for wave height at the wall in the physical diffusion test.

The equation was solved using numerical schemes with negligible numerical diffusion
errors, such as the Preissmann semi-implicit and MacCormack methods. The diffusion coef-
ficient was derived by calibrating the numerical model with experimental data. Figure 13c
illustrates the outcome of using a precise scheme when the physical diffusion term is in-
cluded in the flow equations. With all the assumptions of the linear shallow water equation,
this numerical model can predict the trend, period, and peak of sloshing waves in good
agreement with the experimental data. On the other hand, the first-order upwind provides
a considerably smaller wave high with an approximately uniform pattern, showing a
significant deviation from the experimental data Figure 13d.

In addition to the acceptable accuracy of shallow water models when using negligible
numerical diffusion schemes, their computational cost is extremely low compared with
advanced models such as VOF and SPH. Hence, the model is well suited to the simulation
of fluid-structure interactions, which are computationally intensive. In the final step of the
present research, a tuned liquid damper (TLD), an example of fluid-structure interaction,
was simulated using the proposed model.
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4.4. Tuned Liquid Damper Test

In this test, a Single Degree of Freedom (SDOF) system is connected to a sloshing tank,
referred to as a Tuned Liquid Damper (TLD), utilizing the partitioned method as elucidated
in the Section 2. The coupled system undergoes harmonic excitation force. The dynamic
properties of the SDOF and water tank dimensions used in this test are presented in Table 1 [47].
The natural frequency of the SDOF derived from Equation (22) [43] is fs = 0.67 Hz, which is
equal to the natural frequency of the water tank determined from Equation (15).

1 [k
fo=s\l @2)
Table 1. Dynamic properties of the structure and dimension of the water tank.
Structure Water Tank
Stiffness Daming Coefficient Length Water depth
Mass (kg) (KN/m) (KN. s/m) (m) (m)
282 4997.5 4.75 0.46 0.04

Sinusoidal excitation at the same frequency as the SDOF was applied to the structure.
Therefore, in this test, the SDOF experienced a harmonic resonance excitation. The numerical
response of the SDOF system with and without the TLD is shown in Figure 14a and compared
with the experimental results in Figure 14b. In this simulation, the MacCormack method,
which takes advantage of less numerical diffusion and computational cost, was used to solve
the shallow water equations provided by physical diffusion. Despite the limitations and
assumptions of shallow water models and the complexity of TLD simulations, the model
equipped with an accurate numerical scheme could generate reasonably accurate results.

8 T T T T

6 Numrical model with TLD
Numrical model without TLD

us (cm)

0 10 20 30 40 50 60

t(sec)
(@)

8 Numrical model with TLD T

6 Numrical model without TLD B

== == Experimental model without TLD

4 | |= = *Experimental model with TLD | N 4

2 Y ¥ .

0 J

us (cm)

0 10 20 30 40 50 60
t(sec)

(b)

Figure 14. System response with and without TLD: (a) numerical response; (b) comparison of
numerical and experimental responses.



Water 2025, 17,2703

16 of 23

4.4.1. The Influence of Frequency Ratio on the Response of the TLD

In this section, the focus is on conducting a parametric study of a Tuned Liquid
Damper (TLD) using two key parameters: frequency ratio and damping ratio. The TLD and
SDOF systems being studied are described in Table 1. To carry out the study, a harmonic
sinusoidal excitation force described in Equation (23) is applied to the SDOF. The force
amplitude, Ay, is tuned to achieve a 1 cm displacement under resonance excitation in the
absence of TLD.

F(t) = Ag sin(27tft) (23)

The frequency of the excitation force, f, is adjusted in such a manner that the frequency
ratio (B), defined as the excitation force frequency divided by the natural frequency of the
SDOF system, falls within the range of 0.9 to 1.1. The simulation results are presented in
Figure 15, where the vertical axis represents the amplitude of the SDOF displacement when
it reaches a steady-state response. The figure reveals that the TLD has a considerable impact
on the response of the SDOF within a narrow range around a frequency ratio of one, referred
to as the impact range in this context. In this case study, the impact range is approximately
between 0.97 and 1.05. The effect of the SDOF response diminishes significantly as the
frequency ratio moves away from one within this impact range. Additionally, it should
be noted that the impact range is not entirely symmetric and exhibits a slightly greater
extension for frequency ratios greater than one.

The influence of frequency ratio on the
response of the TLD

=
=
=2
=
w
p=
w
)
< (
-
Q.
v
Q

FREQUENCY RATIO

without TLD —@— with TLD

Figure 15. Displacement of the SDOF versus frequency ratios.

4.4.2. The Influence of Damping on the Response of TLD

This section focuses on examining the effect of structural damping on Tuned Liquid
Damper performance. The investigation specifically considers resonance excitation, which
yields optimal performance of TLDs regarding the impact range discussed in the previous
section. The TLD system described in Table 1 is subjected to various damping ratios.
Damping ratio, {, is determined from Equation (24). In this equation c. is critical damping
and equals to 47rmf.

Cc
(= (24)

Although critical damping is constant for all simulations, the model utilizes a distinct
damping coefficient, c, in each simulation. The damping coefficient varies to generate
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damping ratios ranging from 0.1% to 1%. For each damping ratio, the SDOF displacement
in steady state condition was derived within simulation.

Based on the results presented in Figure 16, it can be observed that in resonance excita-
tion the damping ratio has a significant impact on the Single Degree of Freedom (SDOF)
system in the absence of TLD. The data points exhibit a strong correlation, indicated by a
high regression coefficient, and can be fitted with a curve described by the us & sy =~ %
On the other hand, the influence of the damping on the response of the SDOF provided
with TLD is not considerable. In this test, as the damping ratio increases, the steady state
displacement of the SDOF in resonance excitation reduces with a small slope equal to 0.76.
This reduction is insignificant compared to the decrease observed in the SDOF response
when the sloshing tank is not present.

The influence of the damping on the
response of the structure
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Figure 16. Displacement of the SDOF versus damping ratios.

5. Discussion

This study addressed the impact of numerical modeling on sloshing tank simulations,
filling a significant gap in the literature. The results demonstrated that sloshing predictions
are highly sensitive to the choice of numerical scheme. By deliberately omitting physical
diffusion from the linear shallow water equation, it was possible to isolate the role of nu-
merical diffusion. The first-order upwind scheme displayed considerable dissipation, while
higher-order upwind schemes produced more accurate wave predictions compared with
analytical and experimental benchmarks. Additional improvements were achieved by em-
ploying ghost nodes at the wall boundaries, which reduced spurious damping. Although
both the McCormack and central schemes are formally second-order accurate, the McCor-
mack method provided smoother free-surface profiles and more stable results. Among
implicit approaches, semi-implicit formulations such as the Preissmann and Staggered
methods showed significantly lower numerical diffusion errors than fully implicit schemes,
further confirming the critical influence of discretization techniques on model accuracy. The
separation of variables approach, when applied to the linear shallow water equations, also
proved highly effective in simulating sloshing tanks. In addition, its application to stagnant
tanks undergoing standing waves enabled the derivation of an analytical expression for the
natural period, and the study introduced a reliable range of depth-to-length ratios where
linear shallow water theory yields accurate predictions.



Water 2025, 17,2703

18 of 23

Building on these findings, the model was extended to include physical diffusion
terms calibrated against experimental data. The McCormack scheme, which balances
accuracy and efficiency, was then coupled with the dynamics of a Single Degree of Freedom
(SDOF) system to develop a Tuned Liquid Damper (TLD) model. This coupled system,
solved using a partitioned iterative method, proved capable of producing accurate and
rational predictions despite the inherent simplifications of shallow water theory. Finally, a
parametric study was performed to evaluate the influence of frequency ratio and damping
ratio on TLD performance. The results revealed that TLDs achieve optimal efficiency
when the excitation frequency closely matches the natural frequency of the tank, with
performance decreasing rapidly as the ratio departs from unity. Moreover, the steady-state
response of the SDOF system under resonance excitation demonstrated that while damping
is essential in the absence of a TLD, its role becomes negligible once the TLD is introduced,
since the sloshing mechanism itself dominates the vibration reduction.

6. Conclusions

This study systematically evaluated several numerical schemes for sloshing tank
simulations, highlighting the importance of numerical diffusion errors.

Higher-order upwind schemes, the McCormack method, and semi-implicit approaches
demonstrated superior accuracy and stability compared to lower-order or fully implicit schemes.

The separation of variables technique provided accurate sloshing predictions and
yielded a reliable analytical expression for the natural period of tanks within a specific
depth-to-length ratio range.

A coupled shallow water-SDOF model was developed and validated, offering a
cost-effective yet accurate framework for simulating TLDs.

Parametric analysis showed that TLDs are most effective when the frequency ratio is
near unity, while damping ratio has little additional influence once a TLD is installed.
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Appendix A
Total Variation Diminishing (TVD) temporal integration schemes:
aum)
1
U]( ) = U]-—i— 8t] X At )
2) _3 1.0 1, o4

a(u;®
;D = Ju+ U@ + 3 25 < at

The subscripts indicate the node number, and the superscripts denote the time step
in this equation. The unknown parameters at time step n + 1 can be derived from the
parameters at time 7 which are known.
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Appendix A.1 Evaluation of Matrix |A|

Matrix A in Equation (1) has two real eigenvalues with the corresponding eigenvalues
and eigenvectors presented in Equation (A2).

am = +/gH a=—/gH
S 1 ] S [ 1
e1 = €y =

+/ % -

The matrix |A| required for flux approximation in upwind schemes is obtained from
Equation (A3) (Mohammadian and Roux 2008) [24]

] (A2)

T

|A] = P|D|P! (A3)

where

ID| =

a;l O - =
| 1| P:[ell (32]
0 |azl

Appendix A.2 First-Order Upwind

— —L —R —L —R
Fit12=05(F; 1+ F; ) —05A|(Uj, — Uj) (A4)
Appendix A.3 Higher-Order Upwind
N L —R —L —R
Fiy1/2=05(F 112+ Fi11/2) —05[A[(Uj1/2 — Ujya/2) (A5)
where R and L represent the evaluations of the right and left sides of the interfaces, respec-
tively, with
—L —L R —R
Fiy1/20=F(Uj1172) Fljr12=F(Uj11/2) (A6)

The interface values in the ¥ method are calculated as (Mohammadian and Roux
2008) [24]:

—L — 1 — — — —
Ujr10=Uj+ (1 —xxs)(Uj = Uj1) + (1 +xx5) (Ui — Uj)) (A7)
—R — 1 — — — —
Ujr1/2 = Ujpr — 3 (L= x5 8) (Ujpa — Ujr1) + (L 4+ & x5) (Ujr — Uj))
Appendix A.4 MacCormack Method
ai =U'—-Ax (u"n;g’n”) X At+ R x At
U; = ur — A x (L2liy o At + RxAt (A8)
Ut = 4 x (U + )
Appendix A.5 Central Method
u{”:Uf—Ax(%m)xAt/2+RxAt/2 (A9
UMt = Ul — A x (3 07) x At+ R x At
Appendix A.6 Preissmann Method
oy _ g Uy gy
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In Equation (A10), « = 1 and & = 0.5 correspond to the implicit and semi-implicit

methods, respectively.

n+1
1|\n -
2

n n+1 n
77] + ]+1At j+1 + H Nar

At

n+l_.n

n

n+1__
Uiy —%in

1Y i
2[ ar T

At

oo

—Uu;

u7]+(17

j+1

’7;'1+1_77‘
o+ (1—a)

n+1

n+1

Ax

M 1y
Ax

u'l  —ul
+1
j j } -0

(Al1)

The matrix equation obtained from the Preissmann scheme for N = 4 is given by

Equation (A12): In this matrix, dx and dt are space and time steps, respectively. The second

and last rows are zero-velocity conditions at the walls, and LL refers to a large number.

[Alg.s * {X}s:1 = [Blssa (A12)
1/(2At) —aH/Ax | 1/(Q2At) aH/Ax 0 0 0 0
0 LL 0 0 0 0 0 0
—ag/Ax 1/(2At) ug/Ax 1/(2A¢) 0 0 0 0
g = 0 0 1/(2A4) —aH/Ax | 1/(2A0) aH/Ax 0 0
0 0 —ag/Ax 1/(2A¢) ng/Ax 1/(2A¢) 0 0
0 0 0 0 1/(2A¢) —aH/Ax | 1/Q2A1) «H/Ax
0 0 0 0 —ag/Ax 1/(2At) ng/Ax 1/(2At)
0 0 0 0 0 0 0 LL
m
uy
72
{X}gx1 = ©
3
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Appendix A.7 Staggered Method
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