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Abstract

Significant fluctuations in reservoir water levels occur seasonally during the flood period,
adversely affecting the stability of bank slopes. In this paper, a modified mechanical model
for the flexural toppling of anti-dip rock slopes under water level fluctuations is established,
and an actual deflection equation for rock slabs is derived. The critical length for the
flexural toppling failure of rock slabs is calculated, which can be used to evaluate slope
stability. Multiple linear regression analysis reveals the relative degree of the influence
of each parameter (such as rock slab thickness, rock layer dip angle, water level height,
etc.) on the critical length. The results indicate that rock slab thickness plays a controlling
role in slope stability. The failure mechanisms of the slope under the influence of water
level fluctuations are revealed through fluid–solid coupling numerical simulations. The
results indicate that the rise in water level reduces the strength of the rock mass in the
submerged zone and generates significant water pressure on the rock mass at the slope toe,
leading to its cracking. A rapid drop in water level generates seepage forces detrimental
to slope stability and carries away fractured rock particles at the slope toe, ultimately
causing slope failure. Finally, the reliability and applicability of the proposed method are
validated through numerical simulations, case studies, and comparisons with existing
analytical solutions.

Keywords: flexural toppling; deflection equation; energy conservation; critical length;
fluid–solid coupling; numerical simulation

1. Introduction
A rock slope characterized by layers whose strike is nearly parallel to the slope surface

but with an opposing dip direction is known as an anti-dip slope [1]. Toppling failure
is regarded as one of the significant types of slope failure [2] and frequently occurs in
anti-dip layered rock slopes [3]. The concept of toppling was initially introduced by
Ashby [4]. Subsequently, Goodman and Bray [5] classified toppling failure modes and
identified three distinct patterns of primary toppling deformation, i.e., flexural toppling,
block toppling, and block-flexural toppling. Toppling failures are commonly observed
in engineering activities, e.g., hydropower development, mining, and road construction,
which significantly influence these projects [6]. As a result, numerous studies have been
carried out to reveal the failure mechanism of toppling and to evaluate their stability.
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Physical model testing provides an effective method for exploring the flexural toppling
failure mechanisms. Commonly used test methods include base friction experiments [4,6],
shaking table experiments [7,8], and centrifuge model tests [9,10]. However, it is challeng-
ing to accurately replicate the mechanical properties of discontinuous materials during
the model construction phase, and these experiments often require considerable time
and resources [11]. Therefore, scholars usually employ numerical simulation methods to
supplement relevant research.

Numerical simulation is also a common approach for studying toppling failure.
Among these methods, the Finite Element Method (FEM) offers significant advantages in
representing the internal stress distribution of toppled slopes. Adhikary and Dyskin [12] as
well as Sarfaraz and Amini [13] employed this method to investigate the failure mechanism
of toppling deformation. The Discrete Element Method (DEM) is effective in reproducing
the failure patterns during the slope toppling process. Cui et al. [14] and You et al. [15]
applied DEM to investigate the deformation mechanisms and modes of toppling slopes. In
addition, the Discontinuous Deformation Analysis (DDA) method also exhibits significant
advantages in the simulation of the toppling instability process [16].

Compared to physical model testing and numerical simulations, analytical methods
require the least resources and are easier to parameterize. Two representative approaches
have been proposed for calculating the stability of toppling. One method is the analytical
method for block toppling, which was developed based on the limit equilibrium theory [5].
Another method, proposed by Aydan and Kawamoto [17], is based on the cantilever beam
theory and is suitable for evaluating the flexural toppling stability. Building on the theory of
Aydan and Kawamoto, researchers have further developed numerous calculation methods
for flexural toppling stability [18].

Considering the differences in bending resistance across various rock layers, Amini
et al. [19] and Wang et al. [20] proposed new stability evaluation methods based on the
deformation coordination of the rock layers. Furthermore, Majdi and Amini [21] proposed
an evaluation criterion to assess the flexural toppling stability of rock masses with geo-
structural defects. Zhang et al. [22] classified toppling slopes into zones and developed
an analytical method to calculate both the stability factor of slopes and the extent of each
zone. Wang et al. [23] obtained the local failure probability of toppling slopes through
iterative calculations. Sarfaraz [24] defined Sarma’s method and subsequently developed
an analytical solution to assess the stability of flexural toppling based on it. Li et al. [25]
presented a stability evaluation method for flexural toppling that combines the principle
of energy conservation with catastrophe theory. Zheng et al. [26] explored the effect of
seismic inertial forces on flexural toppling stability. Jin et al. [27] quantitatively assessed
slope stability by calculating the critical length of the flexural toppling rock slab.

In recent years, with the construction of large-scale hydropower stations in China, the
stability of reservoir bank slopes has attracted increasing attention. Water level fluctuations
are considered one of the main triggering factors for the instability of reservoir bank
slopes, and extensive research has been conducted in the academic community on this
issue. In terms of experimental research, Zhu et al. [28] have indicated that the strength
of water-saturated rock samples is reduced through laboratory experiments. In addition,
many scholars have conducted wet–dry cycle experiments, suggesting that the tensile
strength [29], compressive strength [30], deformation modulus [31], and shear strength [32]
of rocks gradually decrease with the increase in the number of cycles. Teng et al. [33]
investigated the softening effect of water injection on the sandstone roof using experimental
and numerical simulation methods. At the same time, some scholars have explored the
impact of reservoir water level fluctuations on slope stability through case studies. Cai
et al. [34] and Jin et al. [35] suggested that reservoir impoundment leads to a reduction in
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the strength of slope rock masses, thereby exacerbating slope deformation. Pan et al. [36]
and Shan et al. [37] proposed that fluctuations in reservoir water levels alter the internal
stress state of the slope, thereby weakening the stability of the slope.

Additionally, certain progress has been made in the analytical methods for evaluating
the stability of anti-dip slopes under reservoir water level fluctuation conditions. Roy and
Maheshwari [38] established a probabilistic analysis method for calculating block toppling
stability that considers pore water pressure. Bowa and Gong [39] derived an analytical
solution for the calculation of slide head toppling stability in jointed rock slopes under the
action of groundwater. Zhou et al. [40] developed a method for evaluating slope stability
that accounts for the dynamic action of groundwater. Lin et al. [41] considered the strength
softening of the geotechnical body and the water pressure between rock columns under the
action of reservoir water, and they proposed a stability evaluation model for anti-dip slopes.
Chaudhary et al. [42] explored the influence of three different hydraulic distribution forms
on the block toppling stability of slopes and developed corresponding stability calculation
formulas for each hydraulic distribution form.

It is worth noting that scholars primarily use trigonometric functions to approximate
the deflection curves of rock slabs when establishing analytical methods to evaluate the
stability of layered rock slopes [25,43,44]. Currently, no scholars have calculated the stability
of anti-dip slopes on reservoir banks by solving the actual deflection equation of rock layers
subjected to water level fluctuations. If the true deflection equation of rock layers can be
derived, it would help improve the accuracy of slope stability calculations.

In this paper, an actual deflection equation of rock slabs under the influence of water
level fluctuations is derived. Based on this deflection equation, the critical length of rock
slabs is calculated to assess their failure potential. The relative degree of the influence
of each parameter on the critical length is revealed through multiple linear regression
analysis, thereby providing a theoretical basis for the optimized design of engineering
support measures. The failure evolution process of the slope under conditions of water
level fluctuations is investigated through a coupled simulation of the Discrete Element
Method (DEM) and the finite volume method partial differential equation solver (Fipy).
Finally, the reliability and applicability of the proposed method are validated through case
studies, numerical simulations, and comparisons with existing analytical solutions. The
novelty of this paper lies in the dynamic coupling of hydraulic–mechanical interactions,
specifically in formulating time-dependent water pressure effects (hydrostatic and transient
seepage forces) with the flexural toppling deformation of layered rock masses.

2. Theoretical Analyses
2.1. Mechanical Model

Reservoir bank slope stability is often affected by fluctuations in water levels. During
the process of reservoir impoundment, water infiltration into the bank slope requires
considerable time because of the rock’s low permeability. The submerged zone generates
water pressure that is perpendicular to the rock layers and directed inward toward the
slope (Figure 1b), which helps preserve the slope stability. However, water within the slope
cannot be discharged promptly when the water level drops rapidly. Owing to the retention
of water in the original submerged area, water pressure is generated perpendicular to
the rock layers and directed outward from the slope (Figure 1c), which reduces the slope
stability. The theoretical derivation in this paper primarily discusses the case of a rapid
water level drop. For the case of rising water levels, it is sufficient to assign a negative
value to the water pressure and analyze it using the same methodology.
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Figure 1. Mechanical model: (a) mechanical model of the flexural toppling slope; (b) situation of a
sudden rise in water levels; (c) situation of a sudden decrease in water levels.

The flexural toppling deformations under the influence of water level fluctuations
are highly complex, and some reasonable assumptions should be employed to simplify
the analysis. The mechanical model of the toppling slope is shown in Figure 1a. The
fundamental assumptions are as follows: (1) Due to the fact that both the length and
width of the flexural toppling rock slab are significantly greater than its thickness, flexural
toppling can be regarded as a plane strain problem. (2) Rock slabs that undergo flexural
toppling deformation are regarded as interacting cantilever beams [25,40]. (3) The basal
plane of the slope (The fixed end of the cantilever beam) is perpendicular to the rock layers
and originates at the toe [17,25]. (4) The maximum shear stress on the bedding plane is
constrained by the Mohr-Coulomb criterion.

2.2. Deflection Equation

Jin et al. [27] derived the deflection equation for the rock slab under natural conditions.
Based on this, the present study further extends the research by considering the effect of
reservoir water fluctuations on the flexural toppling of the rock slab and deriving a new
deflection equation that accounts for these fluctuations. The mechanical model of the rock
slab, shown in Figure 2a, is used to derive the deflection equation. A unit width of 1 m was
used in the study of the rock slab. The mechanical analysis of rock slabs above and below
the water level is shown in Figures 2b and 2c, respectively.

In nature, the self-weight of a slope is a primary factor contributing to its deformation.
The stress state of the rock mass within the slope is related to its burial depth. The burial
depth from the upper and lower boundaries of the x-section of the rock slab to the slope
surface is represented by the vertical distance, as shown in Figures 1a and 3.
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Figure 2. Mechanical analysis: (a) mechanical model of the rock slab; (b) mechanical analysis of the
rock slab above the water level; and (c) mechanical analysis of the rock slab below the water level.

 

Figure 3. Geological geometric model of anti-dip slope.
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According to the geometric analysis of Figure 3, the vertical distance from the slope
surface to the x-section of the rock slab is divided into four parts, namely d1, d2, d3, and d4.
The length of each part can be represented as

d1 = t
2 cos θ

d2 = (L − x) sin θ

d3 = (L − x) cos θ tan α

d4 = t
2 sin θ tan α

(1)

Then, the vertical distance from the slope surface to the x-section of the rock slab can
be represented as{

du(x) = d2 + d3 − d1 + d4 = (L−x) sin(α+θ)
cos α − t

2 cos θ + t
2 sin θ tan α

dd(x) = d2 + d3 + d1 − d4 = (L−x) sin(α+θ)
cos α + t

2 cos θ − t
2 sin θ tan α

. (2)

where du(x) and dd(x) are the vertical distances from the slope surface to upper boundary
and lower boundary of the rock slab, respectively, t is the single-layer rock slab thickness, θ

is rock layer dip angle, L is the total length of the rock slab, and α is the slope angle.
The vertical stress acting on the boundaries of the rock slab can be expressed as{

dσvu = ρgdu(x)dx
dσvd = ρgdd(x)dx

(3)

where dσvu and dσvd are the vertical stress acting on the upper boundary and lower
boundary of the rock slab, respectively, ρ is the rock mass density, and g is the acceleration
of gravity.

The coefficient of lateral pressure is given by

K =
µ

1 − µ
(4)

where µ represents the rock Poisson’s ratio.
The horizontal stresses acting on the boundaries of the rock slab are expressed as{

dσhu = Kdσvu

dσhd = Kdσvd
(5)

where dσhu and dσhd are the horizontal stress acting on the upper boundary and lower
boundary of the rock slab, respectively.

According to the above analysis, Mohr’s circle method in material mechanics can be
applied to calculate the normal stress and shear stress acting on the boundaries of the rock
slab. The stress acting on the upper boundary of the rock slab is{

dσu = dσvu+dσhu
2 + dσvu−dσhu

2 cos 2θ

dτu = dσvu−dσhu
2 sin 2θ

(6)

where dσu is the normal stress and dτu is the shear stress.
The stress acting on the lower boundary of the rock slab is{

dσd = dσvd+dσhd
2 + dσvd−dσhd

2 cos 2θ

dτd = dσvd−dσhd
2 sin 2θ

(7)

where dσd is the normal stress and dτd is the shear stress.
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During the deformation process of the slope, the rock slabs undergo dislocation, and
the frictional resistance at the boundaries of the rock slab will prevent its toppling. This
frictional resistance can be expressed as{

d fu = (σu tan φ + c)dx
d fd = (σd tan φ + c)dx

(8)

where df u and df d are the frictional resistance acting on the upper boundary and lower
boundary of the rock slab, respectively, φ is the bedding plane friction angle, and c is the
bedding plane cohesion.

The self-weight is
dG = ρgtdx (9)

The water pressure acting on the upper boundary of the rock slab below the water
level is

dw = (Lw − x)γw sin θdx (10)

where Lw is the rock slab’s length below the water level, and γw is the volumetric weight
of water.

The additional bending moment, generated by the combined effects of the self-weight,
the normal stress and frictional resistance on the rock slab boundaries, and the water
pressure, will induce deformation in the rock layer.

The bending moment induced by the self-weight is

MG =
∫ L

x
ρgt cos θ(L − x)dx (11)

The bending moment induced by the normal stress is

Mn =
∫ L

x
(σu − σd)(L − x)dx (12)

The bending moment induced by the frictional resistance is

M f =
∫ L

x
( fu + fd)

t
2

dx (13)

Below the water level, the bending moment induced by the water pressure is

Mw =
∫ LW

x
w(Lw − x)dx (14)

In summary, the total bending moment at the x-section of the rock slab below the
water level is

Md = MG + Mw + Mn − M f (15)

The total bending moment at the x-section of the rock slab above the water level is

Mu = MG + Mn − M f (16)

According to the principles of the mechanics of materials, the ratio of the bending
moment to the stiffness is equal to the second derivative of the deflection equation, as
shown in Equation (17).

d2y
dx2 =

M
EI

(17)
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By substituting the total flexural moment equations for the rock slab below the water
level and for the rock slab above the water level into Equation (17), the second-order
differential equation of the rock slab can be obtained.

The differential equation of the rock slab below the water level is

d2y
dx2 =

1
EI

{∫ L

x

[
ρgt cos θ(L − x) + (σu − σd)(L − x)− t

2
( fu + fd)

]
dx +

∫ Lw

x
w(Lw − x)dx

}
(18)

The differential equation of the rock slab above the water level is

d2y
dx2 =

1
EI

∫ L

x

[
ρgt cos θ(L − x) + (σu − σd)(L − x)− t

2
( fu + fd)

]
dx (19)

By solving the differential equation (Equation (18)), the deflection equation of the rock
slab below the water level can be obtained, as shown in Equation (20).

yd(x) = C1 + C2x +
1

240EI

(
α1x2 + α2x3 + α3x4 + α4x5

)
(20)

where

α1 = 10
{

4 sin θLw
3γw + 3t sin θL2γ[(1 + K) tan α − (K − 1) sec α sin(α + 2θ)]−

12tcL + 3tL2γ(K cos 2θ − cos 2θ − K − 1) sec α sin(α + θ) tan φ
}

.
(21)

α2 = 20
{

2tc − 2 sin θLw
2γw − tLγ sin θ[(K + 1) tan α − (K − 1) sec α sin(α + 2θ)]+

tLγ(1 + K − K cos 2θ + cos 2θ) sec α sin(α + θ) tan φ}
(22)

α3 = 5[4 sin θLwγw − tγ sin θ(K − 1) sec α sin(α + 2θ) + tγ sin θ(K + 1) tan α+

tγ(K cos 2θ − cos 2θ − K − 1) sec α sin(α + θ) tan φ].
(23)

α4 = −4γw sin θ (24)

where C1 and C2 are undetermined coefficients.
By solving the differential equation (Equation (19)), the deflection equation of the rock

slab above the water level can be obtained, as shown in Equation (25).

yu(x) = C3 + C4x +
1

96EI

(
β1x2 + β2x3 + β3x4

)
(25)

where

β1 = 12tL[(1 + K)Lγ sin θ tan α − 4c − Lγ sec α(K − 1) sin θ sin(α + 2θ)+

Lγ sec α(K cos 2θ − cos 2θ − 1 − K) sin(α + θ) tan φ].
(26)

β2 = 8t[2c − (1 + K)Lγ sin θ tan α + Lγ sec α(K − 1) sin θ sin(α + 2θ)+

Lγ sec α(1 + K − K cos 2θ + cos 2θ) sin(α + θ) tan φ].
(27)

β3 = 2tγ sec α[(1 + K) sin α sin θ − (K − 1) sin θ sin(α + 2θ)+

(K cos 2θ − cos 2θ − 1 − K) sin(α + θ) tan(φ)].
(28)

where C3 and C4 are undetermined coefficients.
According to the assumed conditions, the rock slab undergoing flexural toppling

deformation is regarded as a cantilever beam. Therefore, at the fixed end of the cantilever
beam, both the deflection and the deflection angle must be zero. Therefore, the deflection
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equation below the water level should satisfy the following boundary conditions when x
equals zero: {

yd(0) = 0
y′d(0) = 0

(29)

By substituting the boundary condition Equation (29) into the deflection equation,
Equation (20), below the water level, it can be concluded that C1 = 0 and C2 = 0.

The deflection equation must be continuous at the water level interface. Therefore, the
deflection equation above the water level should satisfy the following boundary conditions
when x = Lw. {

yu(Lw) = yd(Lw) = ς

y′u(Lw) = y′d(Lw) = υ
(30)

where ς is the deflection value at section Lw, and υ is the deflection angle at section Lw.
By substituting the boundary condition Equation (30) into the deflection equation,

Equation (25), above the water level, it can be concluded that

C3 =
1

48EI

{
8
[
tcLw

2(2Lw − 3L) + 6EI(ς − Lwυ)
]
+

(
6L2 − 8LLw + 3Lw

2
)

tLw
2ζ
}

(31)

C4 =
1

12EI

[
6tcLw(2L − Lw) + 12EIυ −

(
3L2 − 3LLw + L2

w

)
tLwζ

]
(32)

where
ζ = γ{sec α[(K cos 2θ − cos 2θ − 1 − K) sin(α + θ) tan φ−
(K − 1) sin θ sin(α + 2θ)] + (1 + K) sin θ tan α}.

(33)

On the basis of the above analysis, the complete deflection equation for flexural
toppling deformation under water pressure is a piecewise function, as shown below.

y(x) =

{
yd(x) (x ≤ Lw)

yu(x) (x > Lw)
(34)

2.3. Critical Length

Owing to variations in the deflection equation and stress conditions of the rock slab
above and below the water level, it is essential to consider two separate cases when
calculating the critical length of a flexural toppling rock slab. One scenario is when the
water level is sufficiently high, resulting in the critical length Lcr being less than the rock
slab’s length below the water level Lw. In this case, it can be determined that the rock
slab will fail, and only the portion below the water level needs to be analyzed. The other
scenario is when the water level is relatively low, resulting in the critical length Lcr being
greater than the rock slab’s length below the water level Lw. In this case, an analysis of the
complete rock slab is required.

(1) Below the water Level
According to the principle of energy conservation, the strain energy of the rock slab is

equal to the sum of the work done by the external forces. During the deformation process
of the rock slab, the strain energy produced by shear or axial compression is minimal and
is typically negligible [25,27].

The bending strain energy of the rock slab below the water level can be expressed as

Vd =
∫ x

0

M2
d

2EI
dx (35)
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When the rock slab is curved, the displacement along the x-axis at any point below
the water level is

∆dx =
∫ x

0

1
2
(
y′d(x)

)2dx (36)

The work performed by the self-weight in the x-direction is

WdGx =
∫ x

0
ρgt sin θ∆dxdx (37)

The work performed by the self-weight in the y-direction is

WdGy =
∫ x

0
ρgt cos θyd(x)dx (38)

The displacement at the boundaries of the rock slab below the water level is approxi-
mately equal to

∆dy =
t
2

y′d(x) (39)

The work performed by the frictional resistance is

Wdf = −
∫ x

0
( fu + fd)∆dydx (40)

The work performed by the normal stress is

Wdn =
∫ x

0
(σu − σd)yd(x)dx (41)

For the rock slab below the water level, the work performed by the water pressure is

Ww =
∫ x

0
wyd(x)dx (42)

The total work performed by external forces can be expressed as

Wd = WdGx + WdGy + Wd f + Wdn + Ww (43)

The potential energy equation of the rock slab is as follows:

∏
d
(x) =

∫ x

0

[
M2

d
2EI

− ρgt sin θ∆dx − ρgt cos θyd(x) + ( fu + fd)∆dy − (σu − σd)yd(x)− wyd

]
dx (44)

When the potential energy equation equals zero, the rock slab reaches the limit equi-
librium state, from which the critical length for flexural toppling failure can be calculated.

∏
d
(Ldr) = 0 (45)

The critical length for flexural toppling can be obtained by solving Equation (45).
According to the calculation results, if Ldr < Lw, it indicates that the slab will undergo
flexural toppling failure. If the equation has no solution or if Ldr > Lw, the stability of the
slab cannot be determined, and an analysis of the complete rock slab is required.

(2) Analysis and calculation of the complete rock slab
The bending strain energy of the complete rock slab is

Vi =
1
2

∫ Lw

0

M2
d

EI
dx +

1
2

∫ x

Lw

M2
u

EI
dx (46)
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When the rock slab is slightly curved, the displacement along the x-axis at any point
above the water level is

∆ux =
∫ x

0

1
2
(
y′u(x)

)2dx (47)

The work performed by the self-weight along the x-direction for the complete rock
slab is

WiGx =
∫ Lw

0
ρgt sin θ∆dxdx +

∫ x

Lw
ρgt sin θ∆uxdx (48)

The work performed by the self-weight along the y-direction for the complete rock
slab is

WiGy =
∫ Lw

0
ρgt cos θyd(x)dx +

∫ x

Lw
ρgt cos θyu(x)dx (49)

The displacement at the boundaries of the rock slab above the water level is approxi-
mately equal to

∆uy =
t
2

y′u(x) (50)

For the complete rock slab, the work performed by the frictional resistance is

Wi f = −
[∫ Lw

0
( fu + fd)∆dydx +

∫ x

Lw
( fu + fd)∆uydx

]
(51)

For the complete rock slab, the work performed by the normal stress is

Win =
∫ Lw

0
(σu − σd)yd(x)dx +

∫ x

Lw
(σu − σd)yu(x)dx (52)

For the complete rock slab, the work performed by the water pressure is

Wiw =
∫ Lw

0
wyd(x)dx (53)

The potential energy equation of the complete rock slab is as follows:

∏
i
(x) = Vi − WiGx − WiGy + Wi f − Win − Wiw (54)

When the potential energy equation equals zero, the critical length for flexural toppling
failure can be calculated.

∏
i
(L cr) = 0 (55)

The critical length for flexural toppling (Lcr) can be obtained by solving Equation (55).
When Lcr < L, the rock slab is unstable; otherwise, it is in a stable state.

The flowchart of the computational process for the analytical method proposed in this
paper is shown in Figure 4.
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Figure 4. The flowchart for the analytical method proposed in this paper.

3. Parameter Analysis
3.1. Qualitative Discussion

The above analysis reveals that the critical length for the flexural toppling failure is
affected by multiple parameters associated with the slope. The influence of each parameter
on slope stability was revealed through the method of controlling variables. The results are
shown in Figure 5. The variation trends between the parameters and the critical length are
as follows:
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Figure 5. Influence of the various factors on the critical length: (a) bedding plane cohesion;
(b) bedding plane friction angle; (c) slope angle; (d) rock layer dip angle; (e) rock slab thickness
(f) rock elastic modulus.

(1) The critical length increases with the bedding plane friction angle and cohesion,
and the rate of increase accelerates.

(2) The critical length gradually decreases with increasing slope angle and rock layer
dip angle, and the rate of decrease diminishes.

(3) The critical length increases rapidly, but at a decreasing rate, as the rock slab
thickness and the rock elastic modulus increase.
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To clarify the impact of water level fluctuations on the critical length, a sensitivity
analysis of the water level height was conducted using the method of controlling variables.
The results are shown in Figure 6. The figure shows that the reductions in critical length
are 0.79 m, 3.21 m, 6.86 m, and 8.00 m for each 10 m increase in the rock slab’s length below
the water level. This indicates that the critical length decreases as the water level height
increases, and the rate of change increases gradually.

 
Figure 6. Influence of water level height on the critical length.

3.2. Quantitative Discussion

To quantitatively evaluate the influence of each parameter, the multiple regression
analysis method was used to construct mathematical models that relate multiple indepen-
dent variables to the critical length. The extents of each parameter’s influence on the critical
length were evaluated through the magnitude of the regression coefficients.

The relationship between the influencing factors and the critical length can be repre-
sented by the following multiple linear regression model.

Lcr
n = β0 + β1cn + β2 φn + β3αn + β4θn + β5tn + β6En + β7Lwn + εn (56)

where Lcr
n is the critical length; cn, φn, αn, θn, tn, En and Lwn are the bedding plane cohesion,

the bedding plane friction angle, the slope angle, the rock layer dip angle, the rock slab
thickness, the rock elastic modulus, and the rock slab’s length below the water level,
respectively; β1, β2, β3, β4, β5, β6 and β7 are the regression coefficients, which represent the
weight of each parameter’s influence on the critical length; β0 is the intercept; and εn is the
error term, which represents the unexplained random variable.

The regression coefficients were calculated using the least squares method. The
formula is as follows:

β =
(

XTX
)−1

XTY (57)

where

X =


1 c1 φ1 α1 θ1 t1 E1 Lw1

1 c2 φ2 α2 θ2 t2 E2 Lw2

· · · · · ·
1 cn φn αn θn tn En Lwn

 (58)

Y =
(

Lcr
1 Lcr

2 · · · Lcr
n
)T

(59)

β = (β0 β1 β2 β3 β4 β5 β6 β7)
T (60)
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where β is the vector containing all the regression coefficients (including the intercept), X is
the data matrix containing all the independent variables (including the intercept term 1), Y
is the vector of dependent variables (critical length Lcr).

By substituting Equations (58) and (59) into Equation (57), the regression coefficient
can be solved as

β =



87.7221
0.0272
0.6466

−0.0780
−0.6558
18.3950
0.2221

−0.4838


(61)

According to the analysis of the regression coefficient matrix (Equation (61)), the
bedding plane cohesion, the bedding plane friction angle, the rock slab thickness, and
the rock elastic modulus are positively correlated with the critical length, whereas the
slope angle, the rock layer dip angle, and the rock slab’s length below the water level
are negatively correlated with the critical length. These findings are consistent with the
conclusions of the previous qualitative analysis. Through a comparative analysis of the
regression coefficients, the degree of influence of each parameter on the critical length can
be clarified. The order of their importance is as follows: t > θ > φ > Lw > E > α > c.

The above study indicates that the influence of water pressure on slope stability is
significant. When evaluating the stability of reservoir bank slopes, water pressure should
be considered a crucial factor that cannot be overlooked. It is worth noting that the rock slab
thickness has the most significant impact on slope stability. When the rock slab thickness
increases by 1 m, the critical length will increase by 18.395 m. This result provides important
insights for the treatment of flexural toppling deformation in anti-dip slopes. In practice, by
effectively connecting multiple rock layers into an integrated whole using techniques such
as rock bolts, the stability of the slope can be greatly enhanced. Additionally, optimizing
slope gradient design and employing techniques such as shotcrete and grouting to fill
bedding planes and enhance their bond strength are all effective measures to improve
slope stability.

4. Numerical Simulation
4.1. Numerical Simulation Method

The failure evolution process of the slope under conditions of gradual water level rise
followed by an instantaneous drop is investigated through the coupled simulation of the
DEM and FiPy. The principle of the coupled simulation is as follows: In FiPy, the governing
equations are established based on Darcy’s law and the continuity equation to solve for the
spatial distribution of water head and its evolution over time. The Van Genuchten model is
used to describe the unsaturated characteristics of the medium, calculate key hydrological
parameters (such as saturation, water content, seepage force, etc.), and dynamically assign
these values to DEM for coupling. Subsequently, iterations are performed in DEM to obtain
the mechanical response of the particles under the current hydraulic conditions, and the
results are fed back to FiPy to update the hydraulic parameters. This cyclical process
enables real-time bidirectional coupling simulation of the water migration process and
particle motion driven by hydraulic forces, thereby simulating the evolution of anti-dip
rock slopes under the influence of reservoir water fluctuations.
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4.2. Numerical Model

Firstly, a slope particle model of 120 m × 140 m is constructed. The rock slab thickness
is 1.0 m, the slope angle is 70◦, and the rock layer dip angle is 65◦. In this model, the
rock mass is set as a Linear Parallel Bond Model, and the bedding planes are set as a
Linear Model. The interior of the model is filled with particles ranging in diameter from
0.2 m to 0.32 m, with a porosity of 0.1. Subsequently, a finite volume seepage network
corresponding to the particle model is constructed. The final numerical model obtained
by coupling the two is shown in Figure 7. During the computation process, the normal
displacements at the bottom boundary and the left and right boundaries of the model are
constrained by the base plate and side walls, respectively. In addition, to simulate water
level fluctuations, the left and bottom boundaries are set as impermeable boundaries, while
the right slope surface is set as a variable hydraulic head boundary.

 
Figure 7. Numerical model of an anti-dip layered rock slope.

4.3. Parameter Calibration

In numerical simulations of the DEM, the microscopic parameters of the particles
are used to characterize the deformation characteristics and mechanical behavior of the
research object. Therefore, properly configuring the microscopic parameters of the particles
is key to ensuring the accuracy and reliability of the simulation results. To this end, a large
number of numerical uniaxial compression tests were conducted. Through the method of
trial and error, parameter values consistent with the actual mechanical properties of the
rock mass were obtained. The results are shown in Figure 8a. The parameters of the rock
are detailed in Table 1.
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Figure 8. Results of parameter calibration: (a) uniaxial compression test; and (b) shear test.

Table 1. Calculation parameters of the rock mass in the numerical simulation.

Parametric Classification Parameter Value

Linear Parallel Bond Model (Microscopic parameters)

Bond modulus (Pa) 1.05 × 1010

Normal-to-shear stiffness ratio (-) 1.53
Friction coefficient (-) 0.5

Normal critical damping ratio (-) 0.2
Density (kg/m3) 2600
Damping (Ns/m) 0.7
contact gap (m) 1 × 10−5

Tensile strength (Pa) 6.5 × 106

Cohesion (Pa) 1.4 × 107

Friction angle (◦) 45

Rock mass
(Macroscopic parameters)

Modulus of deformation (GPa) 19.595
Poisson (-) 0.1814

A numerical shear test was designed, and experiments were conducted under
four distinct normal stress conditions to obtain the mechanical parameters of the bedding
plane. Figure 8b shows the test results. The bedding plane friction angle and cohesion were
determined through linear fitting of the peak strengths from the four sets of experiments,
as shown in Figure 8b. The relevant parameters are listed in Table 2.

Table 2. Calculation parameters of the bedding plane in the numerical simulation.

Parametric Classification Parameter Value

Linear Model
(Microscopic parameters)

Normal stiffness (N/m) 1 × 108

Shear stiffness (N/m) 1 × 108

Normal critical damping ratio (-) 0.5

Bedding plane
(macroscopic parameters)

Cohesion (Pa) 401,211
Friction angle (◦) 36.37

4.4. Simulated Results

The total duration of the water level fluctuation simulation is 225 h. At hour 45, the
water level begins to rise from the slope toe (0 m) and reaches 78 m after 35 h. Subsequently,
the water level is maintained at 78 m for 80 h. At hour 160, the water level plummets to
26 m and remains at this level until the end of the simulation. During the simulation
process, the mechanical strength of the rock mass is automatically and iteratively reduced
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as its degree of saturation increases. The time history of the water level fluctuations is
shown in Figure 9.

 
Figure 9. Water-level fluctuation history and displacement monitoring results.

Eleven monitoring points (M1–M11) are set in the slope numerical model, with their
locations shown in Figure 7. The displacement monitoring results of each monitoring point
are shown in Figure 9. As shown in Figure 9, deformation first occurs at monitoring points
M2 to M11 at 12.5th hour, with the deformation increasing as the points approach the slope
shoulder. By the 30th hour, the rock mass at M1 also showed initial displacement. After
the 45th hour, influenced by the reservoir water, the deformation rate at each monitoring
point slightly increased, but the overall deformation was relatively small. At the 134th hour,
the deformation of the rock mass at M1 significantly intensified, and it ultimately failed at
the 154th hour. At this point, the deformation at monitoring points M2 to M11 began to
accelerate. Particularly, at the 160th hour, following the instantaneous drop in water level,
the deformation rate at various points on the slope increased significantly, and the slope
began to fail.

The displacement contour of the flexural toppling and the simulation results of the
permeation forces under the fluctuation of water level are shown in Figures 10 and 11,
respectively. In the early stages of the simulation, the most significant toppling deformation
occurred at the slope shoulder, and localized collapse and block detachment were observed
on the slope surface (Figure 10a). During the rise of the water level, seepage forces directed
towards the interior of the slope were generated (Figure 11a), while the rock mass strength
was reduced as its immersion time increased (Figure 12). The rise in reservoir water level
can also cause the rock mass in the submerged area to be affected by buoyant forces, thereby
reducing the effective stress of the rock mass in that region, weakening the slope’s resistance
to sliding, and triggering slope deformation (Figure 10b). The toppling of the upper rock
mass and the high water level applied significant stress to the rock mass at the slope toe
(Figure 13), which, combined with the reduction in strength, led to its cracking and failure
(Figure 10c). After the instantaneous drop in the water level, a permeation force directed
outward from the slope was generated (Figure 11c), which carried away particles of the
fractured rock mass at the slope toe. This weakened the supporting capacity of the rock
mass at the slope toe, further aggravating the slope deformation (Figure 10d,e), ultimately
leading to slope instability (Figure 10f).
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Figure 10. Displacement contours of numerical simulation at different times: (a) at hour 45, the water
level begins to rise; (b) at hour 80, the water level rises to 78 m; (c) at hour 140; (d) at hour 160, the
water level suddenly drops to 26 m; (e) at hour 180; and (f) at hour 225, end of the calculation.

 

Figure 11. Simulation results of the permeation forces: (a) at hour 80; (b) at hour 140; (c) at hour 160.

 

Figure 12. Deterioration of rock mass strength: (a) at hour 80; (b) at hour 140; (c) at hour 160.
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Figure 13. Simulation results of pressure head in the slope: (a) at hour 80; (b) at hour 140; (c) at hour
160.

5. Validation
5.1. Simulation Result Validation

In the numerical model, the stability of each rock slab can be calculated using the
approach provided in this paper. In this study, a rock slab at the highest water level was
selected as a representative (Figure 7), and its stability was calculated using the mechanical
parameters obtained from numerical uniaxial compression and shear tests. The calcu-
lated critical length of this rock slab is 39.25 m, which is shorter than its actual length of
43.59 m, suggesting that the rock slab will be unstable. The calculation results are consis-
tent with the numerical simulation results, validating the effectiveness of the proposed
analytical method.

5.2. Laohuzui Slope
5.2.1. Engineering Settings

A large slope with a total volume of approximately 6 × 106 m3 was discovered at the
inlet of the flood discharging tunnel on the right bank of the Laohuzui Hydropower Station
project, as shown in Figure 14. The slope exhibits a characteristic of being narrower at the
upper part and wider at the lower part in the plane (Figure 14a), which plays a significant
controlling role in the tunnel inlet construction.

Prior to excavation, the natural slope was in a stable condition, exhibiting no signs of
deformation or cracking, except for ancient unloading cracks that formed in the shallow
surface of the slope during its long-term evolution. After excavation, significant cracking
and intensified deformations were observed above the excavation line at the rear edge of
the slope, at an elevation of approximately 3320 m to 3360 m. The maximum crack width
reached 1.2 m (Figure 14b). Typical flexural toppling phenomena were discovered through
field investigation at the top of the diversion tunnel (Figure 14c) and the exterior of the
inlet of the flood discharging tunnel (Figure 14d).

Through the analysis of geological survey data and field investigations, it was found
that the lithology of the slope is sandy slate with a thinly layered structure, and it is
relatively soft, exhibiting poor bending strength. The strength parameters of the rock
mass, as obtained from both indoor and outdoor tests, are shown in Table 3. The overall
strike of the slope is NW 305◦~315◦, with the dip direction toward the NE. The strike of
the normal rock layers is NW 280◦~290◦, with a dip direction toward the SW and a dip
angle of 75◦~80◦. It can be observed that the slope’s strike is generally consistent with the
strike of the rock layers, while the dip directions are opposite. The inlet slope of the flood
discharging tunnel is an anti-dip layered rock slope, which possesses the fundamental
conditions for the formation of flexural toppling deformation. The dip angles of the rock
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layers change significantly at different slope depths. In the vicinity of the surface, the dip
angles range from 10◦ to 30◦ and gradually increase to 30◦ to 50◦ at greater depths, with
the deepest layers typically having dip angles of approximately 75◦ to 80◦. The variation
characteristics of the dip angles at different depths indicate that the inlet slope of the
flood discharging tunnel is a typical flexural toppling deformation body with a bending–
cracking mechanism.

 

Figure 14. The characteristics of the Laohuzui slope. (a) Overview of the Laohuzui landslide;
(b) crack at the rear edge of the slope; (c) flexural toppling phenomenon at the top of diversion tunnel
entrance; and (d) flexural toppling phenomenon outside the inlet of the flood discharging tunnel.

Table 3. Calculation parameters of the Laohuzui slope.

Parameter Symbol Unit Value

Rock elastic modulus E GPa 17.0
Bedding plane friction angle φ ◦ 38.0

Rock slab thickness t m 0.5
Rock density ρ kg/m3 2750.0

Rock layer dip angle θ ◦ 75.0
Bedding plane cohesion c MPa 0.06

Actual length of the rock slab L m 60.2
Poisson’s ratio µ / 0.25

Tensile strength of rock σt MPa 7.4
Friction angle of the rock φ’ ◦ 52.0

Cohesion of the rock c’ MPa 2.33

According to the survey results of the adits and boreholes, combined with the site
investigation, a geological profile of the inlet slope of the flood discharge tunnel on the
right bank of the Laohuzui Hydropower Station, after excavation, was drawn, as shown in
Figure 15.
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Figure 15. Profile I-I of the slope after excavation.

5.2.2. Calculation Results

A rock slab located at the site of fissure formation behind the excavation surface was
selected as the study object, and its stability was evaluated using the approach provided in
this study. The relevant calculation parameters of the slope, obtained through field surveys
and tests, are listed in Table 3.

The calculation results indicate that the critical length is 54.12 m, which is shorter than
its actual length. This indicates that there is a possibility of instability in the slope, which
aligns with the actual conditions.

5.2.3. Comparison Validation

Wang et al. [20] proposed a method to determine the safety factor of rock layers by
calculating the ratio of the rock strength to the magnitude of internal forces acting on the
rock. This method simultaneously considers the tensile strength and shear strength of
the rock material. The safety factor of the rock slab is equal to the minimum value of the
calculated safety factor. The calculation formula is as follows. The specific definitions and
explanations of each parameter in the following equations can be found in the paper of
Wang et al. [20].

Fstj =
σtj

6M∗j

b2
j

− γjhj sin α
(62)

Fssj =
bjcj + γjhj sin α tan φj

Q∗
j

(63)

Fs = min(Fstj, Fssj) (64)
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Using the same principles, the stability of the Laohuzui slope is calculated by consid-
ering the tensile strength and shear strength of the rock mass. The calculation parameters
are given in Table 3. The calculated safety factor of the target rock slab is 0.127, and the rock
slab is in an unstable state. It can be seen that when the same parameters are applied to
analyze the stability of the Laohuzui slope, the results from both methods are consistent,
and these results align with the field survey findings, further validating the accuracy of the
method presented in this paper.

6. Discussion and Conclusions
(1) Considering the adverse effects of reservoir water fluctuations on the stability of

anti-dip layered rock slopes, a modified mechanical model for the flexural toppling of these
slopes under water level fluctuations is established, and an actual deflection equation for
the rock slabs is derived. Based on this deflection equation, the critical length of rock slabs
is calculated to assess their failure potential, providing a theoretical foundation for the
stability evaluation of reservoir bank slopes.

(2) The relative degree of the influence of each parameter on the critical length is
revealed through multiple linear regression analysis, effectively highlighting the control-
ling factors that play a key role in the stability of anti-dip slopes. The results indicate
that the critical length is most sensitive to changes in rock layer thickness. The use of
techniques such as bolts to effectively connect multiple rock layers into an integrated mass
can significantly enhance slope stability. Additionally, the impact of water pressure on
slope stability is significant and should not be overlooked in the evaluation of reservoir
bank slope stability.

(3) A numerical simulation method for unsaturated bidirectional fluid–solid coupling
is developed by combining the DEM with Fipy. The failure evolution process of an anti-dip
slope under conditions of gradual water level rise followed by an instantaneous drop is
investigated. The results indicate that the rise in water level reduces the strength of the rock
mass in the submerged zone and generates significant water pressure on the rock mass at
the slope toe, which in turn leads to its cracking. A rapid drop in water level generates
seepage forces detrimental to slope stability and carries away the fractured rock particles
at the slope toe, further exacerbating the deformation of the slope, ultimately leading to
slope failure.

(4) The reliability and universality of the proposed method are validated through
numerical simulations, case studies, and comparisons with existing analytical solutions.

The analytical method proposed in this paper can effectively assess the stability of
anti-dip slopes on reservoir banks under the influence of water level fluctuations, but it
also has certain limitations. Specifically, this method does not consider the influence of
structural planes, such as joints and fissures, commonly present in the rock mass, and
overlooks the anisotropic characteristics of the anti-dip layered rock masses, which may
lead to an underestimation of the actual deformation risks of the slope. Future research
could obtain the stress distribution of the slope body through finite element analysis and
incorporate it into the calculation model. Additionally, the influence of structural planes
on slope stability could be analyzed using fracture mechanics theory to further improve
the method, enhance its computational accuracy, and expand its range of applicability.
Furthermore, a systematic analysis of the mechanical behavior and response characteristics
of the rock mass under periodic water level fluctuations (with small amplitude and a
period of 1–3 days) could be conducted, providing a more comprehensive and realistic
representation of the failure evolution process of anti-dip slopes on reservoir banks under
the influence of reservoir water fluctuations.
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