
Citation: Klimov, A.V.; Ospanbekov,

B.K.; Keller, A.V.; Shadrin, S.S.;

Makarova, D.A.; Furletov, Y.M.

Research into the Peculiarities of the

Individual Traction Drive Nonlinear

System Oscillatory Processes. World

Electr. Veh. J. 2023, 14, 316. https://

doi.org/10.3390/wevj14110316

Academic Editor: Joeri Van Mierlo

Received: 18 October 2023

Revised: 8 November 2023

Accepted: 14 November 2023

Published: 20 November 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Research into the Peculiarities of the Individual Traction Drive
Nonlinear System Oscillatory Processes
Alexander V. Klimov 1,2, Baurzhan K. Ospanbekov 1,2, Andrey V. Keller 1,3, Sergey S. Shadrin 1,3 ,
Daria A. Makarova 1,3 and Yury M. Furletov 1,*

1 Advanced Engineering School of Electric Transport, Moscow Polytechnic University,
Bolshaya Semyonovskaya Street, 38, 107023 Moscow, Russia; klimmanen@mail.ru (A.V.K.);
ospbk@mail.ru (B.K.O.); andreikeller@rambler.ru (A.V.K.); s.s.shadrin@mospolytech.ru (S.S.S.);
makarovadaria224hsk@yandex.com (D.A.M.)

2 LLC KAMAZ Innovation Center, Skolkovo Innovation Center, Western Administrative District,
Mozhaisky District Bolshoi Boulevard, 62, 121205 Moscow, Russia

3 Sociocenter, Tverskoy Boulevard, 13, Str. 1, 123104 Moscow, Russia
* Correspondence: y.m.furletov@mospolytech.ru; Tel.: +7-903-012-9857

Abstract: Auto-oscillations may occur in moving vehicles in the area where the tire interacts with the
support base. The parameters of such oscillations depend on the sliding velocity in the contact patch.
As they negatively affect the processes occurring in the electric drive and the mechanical transmission,
reducing their energy efficiency, such processes can cause failures in various elements. This paper
aims to conduct a theoretical study into the peculiarities of oscillatory processes in the nonlinear
system and an experimental study of the auto-oscillation modes of an individual traction drive. It
presents the theoretical basis used to analyze the peculiarities of oscillation processes, including their
onset and course, the results of simulation mathematical modeling and the experimental studies into
the oscillation phenomena in the movement of the vehicle towards the supporting base. The practical
value of this study lies in the possibility to use the results in the development of algorithms for the
exclusion of auto-oscillation phenomena in the development of vehicle control systems, as well as to
use the auto-oscillation processes onset and course analysis methodology to design the electric drive
of the driving wheels.

Keywords: mathematical model; auto-oscillations; traction electric drive; electric bus; wheel sliding;
friction; Bendixson criterion

1. Introduction

Electric vehicles, including large class passenger busses are increasingly being used in
transportation. These vehicles are equipped with a rechargeable electric energy storage
system (traction battery) and a traction electric drive of the driving wheels. Maximizing
the energy efficiency of these vehicles is matter of particular importance as consumers
are constantly and rigorously raising their requirements in this respect. This aspect also
includes the increased single-charge travel range for the rechargeable electric energy storage
system. The operators’ and consumers’ requests in terms of such a range are increasing.
Therefore, the developers’ first priority is a reduction in energy losses in powertrains, drives
and other auxiliary systems. Significant losses are observed in the traction electric drive of
the driving wheels. Therefore, the developers constantly face the problem of increasing the
driving range, both through using the components and systems with lower energy losses,
and control algorithms for the most efficient operation of the latter [1,2].

The biggest energy losses in the electric vehicle energy transmission and transfor-
mation chain occur in traction electric drive, the electromechanical converter and the
autonomous voltage inverter. The electromechanical converter is an electric motor that con-
verts electrical energy into mechanical energy, the kinetic energy of the rotor shaft rotation.
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A large share of losses in this chain is due to energy conversion losses in the electric motor.
Sustainable and efficient operation is influenced by the nature of the processes occurring
in the zone where the wheel contacts the supporting base. The contact interaction of two
bodies is, in a few cases, associated with auto-oscillation or relaxation oscillations, which
are oscillations of the parts of bodies relative to each other [3,4].

The most common types of auto-oscillations are oscillations caused by friction. The
study of processes occurring in the zone of interaction between an elastic tire and a solid
support base are of particular interest, since these processes directly affect the wheeled
vehicles safety [5–8]. The auto-oscillating mode emerging in the interaction zone can serve
as a useful diagnostic sign of the wheel starting to lose its grip with the support base. The
preventive recognition of this process onset is of particular interest, as it allows the active
safety systems (e.g., dynamic stabilization systems) to react at an early stage and to prevent
the loss of stability or minimize its consequences, at the very least [9–15].

In this paper, the auto-oscillation processes for electric vehicles are investigated.
This paper is organized as follows. In Section 2, theoretical studies of the auto-

oscillation process are given, the criterion for the occurrence of the auto-oscillatory mode is
considered, and mathematical models of the frictional interaction between an elastic wheel
and a solid support base are given. Also, in Section 2, the analysis of the occurrence of the
auto-oscillation mode for the traction and driven modes of rolling of the wheel on a solid
support base and for the wheel braking mode is given. Section 3 describes the conducted
study of the mode of occurrence of auto-oscillation in individual traction electric drive by
the simulation modeling method and determination of the frequency of auto-oscillation
in traction electric drive. The description and results of the experimental study of the
occurrence and modes of auto-oscillations in the individual traction electric drive of an
electric bus are given. In the final part, conclusions are drawn on the results of this study
and directions for further work are outlined.

The practical value of this study lies in the fact that it is possible to avoid the occurrence
of auto-oscillations on the drives of an electric vehicle at the algorithmic level in the motor
control system.

Theoretical research is carried out on the basis of fundamental provisions of the theory
of vehicle motion, theoretical mechanics, electrical engineering, the theory of mathematical
analysis, the theory of experiment, methods of computer modeling, the theory of automated
control, methods of synthesis of control systems and means of communication.

2. Methods and Materials
2.1. Criterion for the Occurrence of the Auto-Oscillating Mode

To identify the conditions for the emergence of the auto-oscillatory mode in a region
U ∈ R2, where the behavior of the object is described by a system of differential equations
with a nonlinear right-hand side{ .

y1 = f1(y1, y2, . . . , yn,)
.
y2 = f2(y1, y2, . . . , yn,)

(1)

let us use Bendixson’s criterion [14], according to which, for our conditions, if the expression:

Q =
2

∑
i=1

∂ fi
∂yi

(2)

does not change sign and does not turn identically to zero, in this region, system (1) cannot
have limit cycles and closed phase trajectories (i.e., oscillation modes cannot arise).

There are different cases of “hard” and “soft” auto-oscillation excitation. In the first
case, an oscillatory mode appears only with certain combinations of initial conditions. In
the second case, stable auto-oscillations arise under almost any initial motion conditions.
The sign of the expression [14] for system (1) with one degree of freedom can serve as
a criterion L for attributing the oscillating system to the first or the second case of the
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type of auto-oscillations (as will be shown below, at the occurrence of the auto-oscillatory
mode in the zone of interaction between the tire and the supporting base (hereinafter—in
the interaction zone), only one of the differential equations of system (1) has a non-zero
derivative of the right part).

L =
1

16
∂3 f
∂y3 +

1
16ω

∂2 f
∂y2 (3)

where ω > 0 is the frequency of steady-state auto-oscillations.
If L < 0 indicates the occurrence of the “soft” auto-oscillation mode, L > 0 stands for

the “hard” mode.

2.2. The Mathematical Model of Frictional Interaction of an Elastic Wheel with a Solid
Support Base

The theory of nonlinear differential equations is used to study the dynamics of friction
systems. Hence, the study of frictional oscillations in complex systems, especially those
with several degrees of freedom, is a complex and often unsolvable problem if the analytical
methods are used. Thus, it is reasonable to start the study of frictional oscillations in systems
with three degrees of freedom.

Figure 1 presents the calculation scheme of an elastic wheel interaction with a solid
support base.

World Electr. Veh. J. 2023, 14, 316 3 of 26 
 

There are different cases of “hard” and “soft” auto-oscillation excitation. In the first 

case, an oscillatory mode appears only with certain combinations of initial conditions. In 

the second case, stable auto-oscillations arise under almost any initial motion conditions. 

The sign of the expression [14] for system (1) with one degree of freedom can serve as a 

criterion L for attributing the oscillating system to the first or the second case of the type 

of auto-oscillations (as will be shown below, at the occurrence of the auto-oscillatory mode 

in the zone of interaction between the tire and the supporting base (hereinafter—in the 

interaction zone), only one of the differential equations of system (1) has a non-zero de-

rivative of the right part). 

𝐿 =
1

16

𝜕3𝑓

𝜕𝑦3
+

1

16𝜔

𝜕2𝑓

𝜕𝑦2
 (3) 

where 𝜔 > 0 is the frequency of steady-state auto-oscillations. 

If 𝐿 < 0 indicates the occurrence of the “soft” auto-oscillation mode, 𝐿 > 0 stands 

for the “hard” mode. 

2.2. The Mathematical Model of Frictional Interaction of an Elastic Wheel with a Solid Support 

Base 

The theory of nonlinear differential equations is used to study the dynamics of fric-

tion systems. Hence, the study of frictional oscillations in complex systems, especially 

those with several degrees of freedom, is a complex and often unsolvable problem if the 

analytical methods are used. Thus, it is reasonable to start the study of frictional oscilla-

tions in systems with three degrees of freedom. 

Figure 1 presents the calculation scheme of an elastic wheel interaction with a solid 

support base. 

 

Figure 1. Calculation scheme of interaction of an elastic wheel with a solid support base: 1—mass 
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Figure 1. Calculation scheme of interaction of an elastic wheel with a solid support base: 1—mass m1
of sprung parts of the car falling on the wheel; 2—mass m2 of the wheel; 3—rollers; 4—elastic element
characterizing the pliability of the tire in the longitudinal direction; 5—support base; 6—rotating
wheel; 7—traction motor; c—spring stiffness.

Let us consider two bodies, one of which 1 has mass M and represents the mass of the
sprung parts of the car, attributable to the wheel. The second body 2 of mass m plays the
role of a sliding wheel. Bodies 1 and 2 are connected with an elastic element 4 having the
stiffness c, which characterizes the pliability of the tire in the longitudinal direction. The
wheel 2 slips relative to the support base 5, whereby the friction force F(V2sk) depending
on the velocity V2sk of the wheel sliding relative to the support base acts on it. The body 1
can slip by means of rollers 3 relative to the body 2 without friction within the action of
the elastic force developed by a spring of stiffness c. The support base 5 is represented as a
non-stretchable and weightless belt. Impacted by the traction motor 7 the rotation of the
wheel 6 with angular velocity ωк causes the movement of the support base 5 with linear
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velocity ωкrк, i.e., the interaction of the wheel 6 and the tape of the support base 5 occurs
without relative sliding. Then, the velocity V2sk = V2−ωкrк, where V2 is the linear velocity
of body 2 in the stationary coordinate system.

In Figure 1 x1, x2—longitudinal displacements of masses 1 and 2, respectively;
F(V2sk)—friction force depending on the velocity V2sk of the wheel sliding relative to
the support base; ωк—angular speed of wheel rotation; rк—distance from the wheel center
to the support base; Mt—torque or braking moment developed by traction electric motor;
cm—angular “electromagnetic stiffness” of traction synchronous electric motor with per-
manent magnets, as cm is the reduced stiffness of all elements from the rotor shaft to the
wheel. As will be determined during the control process, Mk is the torque on the wheel.
Jm—moment of inertia of rotating parts of electric motor, reduced to the rotor.

The motion of bodies 1 and 2 is translational in character. Let us introduce the
coordinates for the displacement of the bodies. Consider that x1—displacement of body
1 in the stationary coordinate system, and x2—displacement of body 2 in the stationary
coordinate system. We will assume that at x1 = x2 = 0, the spring is undeformed and there
is no slippage of mass 2 relative to the supporting base 5, thus F(V2sk) = 0.

The developed calculation scheme of an elastic wheel interaction with a solid support
base allows studying the processes occurring in the interaction zone in different wheel
rolling modes, i.e., in the traction, driven, and braking modes.

2.3. The Mathematical Model of Elastic Wheel Friction against a Solid Support Base

The Coulomb dry friction model is the most common. It features the rest friction force
that exceeds the sliding friction force (Figure 2a). Such friction models have no derivatives
at zero sliding velocity, which causes the appearance of stagnation zones, and the loss of
unique solutions due to the variable structure of the right parts of the differential equations.
A model of interaction between tires and the supporting base, called the “magic formula”
of Pacejka [15] is often used to describe the wheeled machine dynamics—Figure 2b. From
a mathematical point of view, the use of such friction laws increases analytical study
complexity. Consequently, numerical methods are used to study the dynamics of the
systems with nonlinear friction [14].
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Figure 2. Dependence of friction force F on relative sliding velocity 𝑉2𝑠𝑘 for the Coulomb dry fric-
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Figure 2. Dependence of friction force F on relative sliding velocity V2sk for the Coulomb dry friction
model (a) and for Paseika’s “magic formula” (b).

Two different friction models are used in this problem: one for the case of partial
sliding in the interaction zone and another one for the case of complete sliding in the
interaction zone.

In the case of partial sliding, we will use a model similar to Pacejka’s “magic formula”,
but in a form that is more convenient for analytical study [16]. The friction force F in the
interaction zone is defined by the formula:

F(V2sk) = µ(s)Fz (4)

where µ—coefficient of adhesion; s—slip; Fz—vertical reaction in the interaction zone.
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The slip s is calculated:

− for the wheel rolling braking mode:

s =
V2 −ωкrк

V2
(5)

− for the wheel rolling traction and driven modes:

s =
V2 −ωкrк

ωкrк
(6)

The adhesion coefficient will be determined as follows [16]:

µ(s) = 2µpsp

(
s
s2

p
+ s2

)
(7)

where µp, sp are some positive constants. The numerical value of µp, sp is not so important.
As will be shown later when analyzing the system of differential equations, the sign of the
resulting expression is important.

For the case of complete sliding, we will use the Coulomb friction model (Figure 3),
which depends on the relative velocity V2sk as a polynomial of degree five [1], which, taking
into account the principle of Stribeck, has 3 friction zones: a zone of dry friction, a zone of
boundary friction V21 < V < V22 and a zone of viscous friction V22 < V.

F(V2sk) = kV2sk

(
1− g1V2

2sk + g2V4
2sk

)
(8)

where k, g1, g2 are some constant positive coefficients.
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Let us assume the following condition:

g1 =
V2

21 + V2
22

V2
21V2

22
. g2 =

1
5V2

21V2
22

, V22 > V21 > 0 (9)

Then, the function F(V2sk) in the region of positive values of the argument has a local
maximum at point V21 and a local minimum at point V22 and is decreasing on the interval
(V21, V22). Suppose that F(V2sk) > 0 when V2sk > 0. This condition will be satisfied if its
local minimum at point V22 exceeds zero, which will be true if the inequality condition
is fulfilled:

15V2
21V2

22 − 5
(

V2
21 + V2

22

)
V2

22 + 3V4
22 > 0→ 5V2

21 > V2
22 or g2

1 − 4g2 < 0 (10)
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In the following, we will assume that the function F(V2sk) meets the conditions
(9) and (10).

This friction model is used because it is the simplest approximation of the Coulomb
friction model when the rest friction force exceeds the sliding friction force. The use of
this friction model, as will be shown in the following, will allow an analytical study of
occurrence of auto-oscillation.

We shall investigate the peculiarities of the flow modes and conditions for the origin of
oscillation processes in an individual traction electric drive based on a synchronous motor
with permanent magnet by analyzing the nonlinear oscillations in the zone where an elastic
tire interacts with the solid support base irregularities, suggested in [17].

2.4. Analysis of the Occurrence of the Auto-Oscillation Mode for the Traction and Slave Modes of
Wheel Rolling on a Solid Support Base

For the calculation scheme shown in Figure 1, let us consider the traction and driven
wheel rolling modes.

At partial sliding of the wheel in the driving and driven modes, on the basis of the
theorems on conservation of the motion quantity and the motion quantity momentum,
let us write down the following differential equations (maintaining the generality, for
simplification of further analysis, we assume that the gear ratio of the wheel reducer is
equal to one): 

.
x1 = V1.

V1 = c
M (x1 − x2).

x2 = V2.
V2 = 1

m (F− cx1 + cx2).
ϕк = ωк

.
ωк = 1

Jк [cm(ϕm − ϕк)− Frк]
.
ϕm = ωm

.
ωm = 1

Jm
[−cm(ϕm − ϕк) + Mt]

(11)

where Jк, Jm—the moments of inertia of the wheel and the moment of inertia of the wheel
motor-reducer reduced to the rotor of the traction motor, respectively, relative to the axis of
their rotation, ϕm—traction motor rotor shaft rotation angle, and ϕк—wheel angle.

Friction force F is determined by Formula (4), the coefficient of adhesion µ(s)—by
Formula (7), slip s is calculated by Formula (6).

Let us consider the possibility of the occurrence of auto-oscillation in the considered
wheel rolling mode with the help of Bendixson’s criterion. For the translational displace-
ment of body 1 (Figure 1):

Q =
∂ f1

∂x1
+

∂ f2

∂V1
≡ 0 (12)

Identical equality to zero of the function Q means the possibility of the occurrence
of auto-oscillation of the body 1 translational displacement. The same conclusion can be
made regarding the rotation of the rotor of the traction synchronous electric motor with
permanent magnets.

We obtain Q > 0 as for the translational motion of body 2, and for the rotational
motion of the wheel, i.e., the function is sign-constant and in zero identically does not turn.
Consequently, we can conclude that in the traction and driven wheel rolling modes at its
partial sliding in the interaction zone, the autopoietic processes cannot arise.

At full sliding of the wheel in the driving and driven modes for the system of
Equation (11), the friction force F will be determined by Formulas (8)–(10). Then, for
the translational displacement of body 1 (Figure 1), we again obtain the expression (12) for
the function Q, which also means the possibility of the occurrence of body 1 translational
displacement auto-oscillation. Again, this conclusion can be extended to cover the traction
motor rotor rotation.
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For the translational displacement of body 2 (Figure 1):

∂ f1

∂x2
= 0;

∂ f2

∂V2
=

k
m

[
1− 3g1V2

2sk + 5g2V4
2sk

]
(13)

In order to decide if the Q function is variable, let us examine the roots of the equation.

5g2V4
2sk − 3g1V2

2sk + 1 = 0 (14)

Let us introduce the substitution of variables z = V2
2sk. Then, Equation (14) will take

the form:
5g2z2 − 3g1z + 1 = 0 (15)

Let us find the discriminant D of Equation (15).

D = 9g2
1 − 20g2 (16)

If D > 0, then Equation (15) will have two real roots and the function Q will be sign-
variable. If D = 0, then Equation (15) will have one real root, and the function Q will be
sign-variable. If D < 0, then Equation (15) will have no real roots, and the function Q will
be sign-constant.

Based on the expression (16), taking into account (9) and (10), one can conclude that:

D = (V21 −V22)
2 > 0 (17)

Consequently, the function Q is a sign-variable, which indicates the occurrence of
auto-oscillations for translational movement of the wheel center in the traction and driven
wheel rolling modes at its full sliding.

Let us investigate the occurrence of the auto-oscillation mode according to criterion (3)
for the translational displacement of the wheel center L < 0.

Thus, in the traction and driven modes, we have the occurrence of a “soft” mode of
auto-oscillation for the translational wheel center movement. In this case, the conditions for
the occurrence of the “soft” excitation of auto-oscillations arise in the vehicle motion, when
the sliding speed of the wheels falls into the region characterized by an increasing friction
force with a decreasing sliding speed, i.e., when V21 < V2 < V22 (Figure 3). Thereafter,
when the sliding velocity decreases, the auto-oscillations disappear.

For the rotational motion of the wheel:

∂ f1

∂ϕк
= 0;

∂ f2

∂ωк
= − kr2

к
Jк

[
1− 3g1V2

2sk + 5g2V4
2sk

]
(18)

Further calculations (14)–(17), and the conclusion about the occurrence of oscillations
for the rotational motion of the wheel in the traction and driven full-sliding wheel rolling
modes, fully correspond to the previous case.

Let us investigate the occurrence of the auto-oscillation mode according to criterion
(3) for the rotational motion of the wheel L < 0, which indicates the occurrence of a “soft”
mode of auto-oscillation.

2.5. Analysis of the Occurrence of Auto-Oscillation for the Braking Mode of the Wheel Rolling on a
Solid Support Base

For the calculation scheme shown in Figure 1, let us consider the braking mode of the
wheel rolling under the regenerative braking for partial sliding wheel case (no blocking).
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Based on the motion and momentum conservation theorems, let us write down the
following differential equations:

.
x1 = V1.

V1 = c
M (−x1 + x2).
x2 = V2.

V2 = 1
m (−F + cx1 − cx2).

ϕк = ωк
.

ωк = 1
Jк [−cm(ϕm − ϕк) + Frк −Mк]

.
ϕm = ωm

.
ωm = 1

Jm
[cm(ϕm − ϕк)−Mt]

(19)

where Mк—is the braking torque developed by the wheel brake mechanism.
For wheel braking mechanisms using the analogy with the friction model (8)–(10) for

the tire, let us write down an approximation of the dependence of the braking torque
Mк, developed by the wheel braking mechanism, on the angular velocity ωк of the
wheel rotation:

Mк(ωк) = kωк

(
1− g3ω2

к + g4ω4
к

)
(20)

where k, g3, g4 are some constant positive coefficients.
Friction force F is determined by Formula (4), the coefficient of adhesion µ(s)—by

Formula (7), the slip s is calculated by Formula (6). At regenerative braking the braking
torque Mк = 0.

Let us again consider the possibility of the occurrence of auto-oscillation in the consid-
ered wheel rolling mode with the help of Bendixson’s criterion.

For the translational displacement of body 1 (Figure 1), we obtain the expression (12)
for the function Q, which also stands for the possibility of the occurrence of body 1 transla-
tional displacement auto-oscillation. The same conclusion can be extended to the rotation
of the traction motor rotor.

For the translational displacement of the body 2 (Figure 1):

∂ f1

∂x2
= 0;

∂ f2

∂V2
> 0 (21)

For the rotational motion of the wheel:

∂ f1

∂ϕк
= 0;

∂ f2

∂ωк
=< 0 (22)

In the last two cases, the function Q is sign-constant and does not convert to zero
identically. Consequently, we can conclude that in the braking wheel rolling mode at the
partial sliding in the interaction zone, oscillation processes cannot occur.

For the complex braking mode (with the help of mechanical braking mechanisms plus
regenerative braking at the expense of traction electric motor), let us consider the case of
rolling when both regenerative Mt and braking Mк moments are applied to the wheel. Let
us consider the rotational motion of the wheel.

∂ f1

∂ϕк
= 0

∂ f2

∂ωк
= − 2

Jк
r2
к

V1

[
Fzspµp

{(
1
s2

p
− 1

)
V1

ω2
к
+

V2
1

ω3
к

}
− k + 3kg3ω2

к − 5kg4ω4
к

]
(23)

In this case, the function Q = ∂ f1
∂ϕк

+ ∂ f2
∂ωк

is a sign-variable, which indicates the
possibility of the occurrence of auto-oscillation L < 0.
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We have a “soft” mode of auto-oscillation excitation. This mode of transmission load-
ing is dangerous, because intensive braking causes a sharp increase in the auto-oscillation
amplitudes [18–25], which can lead to the car “jerking” longitudinally, and transmission
unit teeth, cardan shaft, joint and semi-axle breakdown. Therefore, to avoid breakdowns
during the intensive braking at high initial speeds, it is necessary to reduce the total braking
torque, for example, by reducing the regenerative torque of the traction motor.

At full sliding of the wheel, in case of its blocking, on the basis of the theorems on
conservation of the quantity of motion and momentum, we write down the following
differential equations: 

.
x1 = V1.

V1 = c
M (−x1 + x2).
x2 = V2.

V2 = 1
m (−F + cx1 − cx2)

(24)

For the system of Equation (11), the friction force F will be determined by
Formulas (8)–(10). Then, again we come to system (13) with the conclusion that the
function Q is a sign-variable, which indicates the occurrence of auto-oscillations for the
translational displacement of the body 2 (Figure 1) in the zone of interaction of the elastic
wheel with a solid support base in the braking mode of rolling of the wheel at its blocking.

Let us investigate the occurrence of the auto-oscillation mode according to criterion (3)
for translational displacement of body 2 L > 0.

Thus, in the braking mode, we have the occurrence of the “rigid” auto-oscillation
mode in the interaction zone. In this case, the conditions for the occurrence of “rigid”
auto-oscillation excitation arise during the car braking, when the sliding speed of the
locked wheels falls into the region characterized by a decrease in the friction force when
the sliding speed decreases, i.e., when 0 < V2 < V21 (Figure 3).

3. Results
3.1. Research of the Occurrence of the Auto-Oscillation Mode in Individual Traction Electric Drive
by Simulation Mathematical Modeling

Auto-oscillation onset and development in the interaction zone were researched by
the theoretical studies into the motion of an electric bus with a total mass of 18,000 kg
conducted with the help of Matlab Simulink simulation mathematical modeling. The
features of the motion mathematical model are outlined in [26–32]. The term “support base”
means only a hard-uneven non-deformable support surface, which can be characterized as
an “asphalt–concrete highway”. The parameters of the traffic modes modeled are shown in
Table 1.

Table 1. Travel modes.

№ Character of Movement Wheel Rolling Modes Traction Properties of the
Supporting Surface Initial Speed, km/h

1 Acceleration in a left turn with fully
depressed accelerator pedal Traction

Dry asphalt,
µsxmax = µsxmax = 0.8 10

2 Acceleration in a left turn with fully
depressed accelerator pedal Traction

Ice with snow,
µsxmax = µsxmax = 0.35 10

3 Regenerative braking in a left turn Braking Ice with snow,
µsxmax = µsxmax = 0.35 70

Figures 4 and 5 illustrate the mode of motion in simulation mathematical modeling.
Figure 4 shows the trajectory of the vehicle in a turn on dry asphalt. Figure 5 shows the
process of movement speed change in time, and Figure 6 presents the angular velocities of
the driving wheels rolling in the driving mode. Figure 7 shows the process of time variation
in the torques on the drive wheels.
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Figure 6. Angular velocities of the driving wheels in a turn on dry asphalt: 1—left rear wheel;
2—right rear wheel.

The analysis of Figures 6 and 7 shows that in the process of acceleration in a turn on
dry asphalt, oscillation processes occur synchronously both on torques and angular velocity
oscillograms. This occurs at the inner leading wheel as related to the rotation direction
(left when turning to the left), which is unloaded vertically due to the impact of centrifugal
forces during rotation. The leading wheel of the opposite side, which, on the contrary,
is additionally vertically loaded, which increases the grip with the supporting base, has
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no auto-oscillations. It should also be noted that the intensity and frequency of angular
velocity oscillations are different, which is related to the previously mentioned character
(soft or hard) of their excitation. The intensity of auto-oscillations of torques brought to the
wheel is quite high and can reach the 500 Nm lever (with peak values up to −5000 Nm),
which can cause wheel reducer teeth and traction motor bearing breakdown.
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Figure 7. Process of time variation in torques on the driving wheels in a turn on dry asphalt: 1—left
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Figure 8 shows the trajectory of the vehicle in a turn on snowy ice. Figure 9 shows the
movement speed change over time, Figure 10 shows the angular velocities of the driving
wheels rolling in the driving mode, and Figure 11 shows the process of time variation in
torques on the driving wheels.
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Figure 9. Process of time variation in speed in a turn on snow-covered ice.

The analysis of Figures 8–11 shows that during the acceleration in a turn on ice, there
was a skidding of the rear axle and there were intensive auto-oscillations of both angular
velocity and torque of both the driving wheels. In this case, the amplitudes of torques
can reach 6000 Nm per wheel, which can lead to the destruction of wheel gear teeth and
traction motor bearings.
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Figure 12 shows the trajectory of the electric bus when braking in a turn on snowy
ice, Figure 13 shows the speed of movement, Figure 14 shows the angular velocities of
the driving wheels, and Figure 15 shows the regenerative moments transmitted to the
driving wheels.
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The analysis of graphs in Figures 13–15 shows that when an electric bus was breaking
in a turn on snowy ice, the skidding of the rear axle occurred and the inner (as related to
the rotation direction) leading wheel was blocked earlier than that of the outer one. No
auto-oscillation of the angular velocities of the wheels during braking was observed, and
the oscillograms of regenerative torques on the driving wheels clearly showed the areas
where the auto-oscillations occurred.

3.2. Determination of the Auto-Oscillation Frequency in a Traction Electric Drive

As shown in [33], depending on the sliding velocity V2sk, the period of auto-oscillations
in the nonlinear system, the calculation scheme of which is shown in Figure 1, will vary de-
pending on the period TcT = 2π√

cm
Jm

of the natural stationary oscillations of the conservative

system up to the value τ = π√
cm
Jm

+ 2(R1−R2)
cmωк

at nonstationary oscillations (here R1, R2—rest

friction force and motion friction force, respectively). Thus, it can be concluded that when
autocolevations occur in an individual traction electric drive, their frequency will vary
depending on the amount of the wheel sliding relative to the supporting base.

However, in the considered case, as it was shown earlier, the oscillations in the system
are excited by the forces of interaction between the elastic tire and the supporting base. The
oscillation of the process of the traction motor rotor rotation is additionally imparted to the
vertical oscillations of the wheel due to the elastic nature of its interaction with the uneven
road. These oscillations, in turn, lead to the oscillatory character of the vertical reaction in
the interaction zone and, as a consequence, to the longitudinal reaction.

To investigate the synchronism in the frequency of traction motor torque oscillations,
the angular rotation velocity of the driving wheel and the radial tire deformation, we
simulate the straight—on acceleration of an electric bus on dry asphalt. Figure 16 shows
fragments of the traction motor torque, the driving wheel rotation angular velocity and the
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radial tire deformation, where the auto-oscillations were observed. Figure 17 shows the
spectral energy densities of the same processes.

As Figure 17 shows, the natural oscillation frequencies of all three processes coincide.
This allows for the conclusion that the frequencies of the autocolevation processes of the
traction motor torque and the angular velocity of the driving wheel rotation were caused by
the vertical oscillations frequency of the elastic wheel when moving over the unevenness
of the supporting base.
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3.3. Experimental Investigation of the Occurrence of the Auto-Oscillation Modes in an Individual
Traction Electric Drive

The conclusions regarding the flow modes and the conditions for the auto-vibration
processes origin in an individual traction electric drive were verified using the tests on the
electric bus. Table 2 presents its characteristics, while Figure 18 shows the general view and
scheme of the individual electric drive.
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Table 2. The characteristics of the investigated vehicle.

Feature Significance

GVW of electric bus, kg 18,000
GVW distribution by axles, kg 6400/11,600
Dimensions D ×W × H, mm 12,350 × 2550 × 2770

Wheelbase, mm 6170
Front track, mm 2120
Rear track, mm 1845

Tires 275/70 R22.5
Front suspension independent, pneumatic
Rear suspension dependent, pneumatic

World Electr. Veh. J. 2023, 14, 316 17 of 26 
 

 

 

(a) (b) 

Figure 18. General view of the tested vehicle (a); traction electric drive scheme (b). 

Table 2. The characteristics of the investigated vehicle. 

Feature Significance 

GVW of electric bus, kg 18,000 

GVW distribution by axles, kg 6400/11,600 

Dimensions DxWxH, mm 12,350 × 2550 × 2770 

Wheelbase, mm 6170 

Front track, mm 2120 

Rear track, mm 1845 

Tires 275/70 R22.5 

Front suspension independent, pneumatic 

Rear suspension dependent, pneumatic 

The tests featured the electric bus moving along a straight road section with variable 

speed. The following values were recorded: the electric torque of the rear left driving 

wheel, reduced to the wheel, Nm; the angular velocity of rotation of the rear left driving 

wheel, 1/s. 

Figure 19 shows a characteristic fragment of the traction electric torque realization 

obtained during the tests. Figure 20 shows the same obtained as a result of simulation of 

the electric bus motion under the same conditions. Figure 21 shows the spectral energy 

density of the traction motor torque energy for the realization obtained experimentally 

(Figure 19). 

 

Figure 19. Characteristic fragment of the realization of traction electric torque, obtained during test-

ing of the electric bus. 

Figure 18. General view of the tested vehicle (a); traction electric drive scheme (b).

The tests featured the electric bus moving along a straight road section with variable
speed. The following values were recorded: the electric torque of the rear left driving
wheel, reduced to the wheel, Nm; the angular velocity of rotation of the rear left driving
wheel, 1/s.

Figure 19 shows a characteristic fragment of the traction electric torque realization
obtained during the tests. Figure 20 shows the same obtained as a result of simula-
tion of the electric bus motion under the same conditions. Figure 21 shows the spec-
tral energy density of the traction motor torque energy for the realization obtained
experimentally (Figure 19).
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Figure 21. Spectral energy density of the traction motor torque energy for the realization
obtained experimentally.

The analysis of Figures 19 and 20 shows that the character of the torque realizations
obtained experimentally and with a simulation are identical, both realizations show auto-
oscillatory processes due to the wheels vertical oscillations. The energy spectral density of
the experimentally obtained torque variation process (Figure 21) is completely identical
to the same characteristic (Figure 17a) for the process obtained by simulation. The auto-
oscillation frequency for the theoretical and experimental processes is 6–7 Hz, which
indicates the high reliability of the electric bus mathematical model.

Figures 22–24 show similar plots for the angular velocity of the wheel.
The analysis of Figures 22 and 23 shows that the character of the wheel angular velocity

realizations obtained experimentally and by simulation are identical. Both realizations
show auto-oscillatory processes due to vertical wheel oscillations. The energy spectral
density of the experimentally obtained wheel angular velocity variation process (Figure 24)
is completely identical to that (Figure 17b) of the simulated process. The auto-oscillation
frequency for the theoretical and the experimental processes is 6–7 Hz, which indicates the
high reliability of the electric bus mathematical model.

For the increased reliability of conclusions regarding the modes of flow and conditions
for the origin of autocoletive processes in the individual traction electric drive, additional
running tests of the electric bus (Figure 18a) were conducted on a straight section of an
asphalt highway with constant pressure on the accelerator pedal. At that, the following
values were recorded (Figure 25): accelerator pedal position, %; electric torque of the rear
left driving wheel reduced to the wheel, Nm; angular velocity of rotation of the rotor of the
rear left electric motor, rpm.
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Figure 25 shows that even at a strictly constant accelerator pedal pressure, the real-
izations of torque and rotor angular velocity clearly show auto-oscillations due to radial
deformation of the elastic tire. Figures 26 and 27 show the spectral energy densities for
torque and rotor angular velocity.
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Figure 25. Realizations of the position of the travel pedal (a), electric torque of the rear left driving
wheel, reduced to the wheel (b); angular speed of rotation of the rotor of the rear left electric
motor (c).
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Figure 26. Spectral energy density for torque realization of Figure 25b.
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Figure 27. Spectral energy density for realization of angular speed of rotor rotation of Figure 25c.

As in the previous case, the experimental spectral densities (Figures 27 and 28) are
completely identical to the theoretical ones. The frequency of auto-oscillation for the
theoretical and experimental processes is 6–7 Hz, which indicates the high reliability of the
mathematical model of the electric bus.
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Figure 28. Variation in torques on the shaft of electric motors, angular velocities of wheels and
rotors, as well as motor currents in time during the acceleration up to 20 km/h and subsequent
complex braking.

3.4. Investigation of Auto-Oscillation Modes in the Actual Traction Electric Drive of an
Electric Bus

The occurrence of the auto-oscillation modes in the traction electric drive of an electric
bus were studied under various real operational conditions. Figure 28 shows the results of
the electric bus acceleration up to 20 km/h with subsequent complex (regenerative and
mechanical brakes) braking. Figure 28 clearly illustrates that as soon as the regenerative
torque (negative current) appeared on the traction motors, the graphs of change in the
motor torque and angular velocities of the wheels and rotors clearly show the beginning
of auto-oscillations, which fully corresponds to the obtained analytical conclusions for
complex braking. Figure 29 shows the results of acceleration of the electric bus with fully
depressed accelerator pedal to the maximum speed and with increased wheel slippage.

Figure 29 clearly shows that as the speed of motion increases, there is an increase in
the amplitudes of oscillation processes, which is explained by the increase in the slip of the
wheels on the support base.

Figure 30 shows the dependences of torques and currents of electric motors on time at
driving wheel slippage (the graphs also show that the traction control system is activated).
It can be seen that the slippage is accompanied by the auto-oscillations onset.

These graphs (Figures 29 and 30) also confirm the analytical conclusions about the
occurrence of auto-oscillation processes in the traction mode when the driving wheels slip.

Figure 31 shows a fragment of torque realization in urban driving. This graph shows
that auto-oscillations in traction electric drive with permanent magnet synchronous motors
are always present. However, the auto-oscillation amplitude increases significantly with
the abrupt torques change, which is always accompanied by the increased slippage of the
driving wheels.
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The auto-oscillation processes during the sharp change in torques on the driving
wheels of an electric bus during acceleration and braking are especially dangerous, as they
can cause wheel reducer teeth breakdown.

4. Conclusions

An engineering technique to analyze the conditions for the occurrence of auto-oscillating
processes in traction electric drive has been developed. The technique revealed the most
dangerous loading of nodes and units of the electric drive of the driving wheels, as well as
the setting torque modes at the design stage, and helps to develop recommendations on
how to reduce their dynamic loading.

The conditions for the occurrence of oscillation processes in the zone of interaction of
an elastic tire with a solid support base in three rolling modes are considered, i.e., traction,
driven, and braking. The analytical research established that in the traction, driven and
braking wheel rolling modes at partial sliding in the zone of interaction of elastic tires
with a solid support base, no oscillation processes of angular velocity arise. In the traction
and driven modes, the occurrence of a “soft” mode of the angular wheel rotation velocity
auto-oscillations, the wheel sliding velocity is characterized by an increase in the friction
force and the sliding velocity decreases. In the complex braking mode (with the help of
mechanical braking mechanisms plus regenerative braking with a traction electric motor),
there is a “soft” auto-oscillation excitation mode. This mode of transmission loading is
dangerous, because the intensive braking features a sharp increase in the amplitudes of
auto-oscillations, which can lead to longitudinal “jerking” of the car, transmission unit
teeth, cardan shaft, joint, half-axle breakdown, etc. Therefore, intensive braking at high
initial speeds requires reducing the total braking torque, for example, by reducing the
regenerative torque of the traction motor to prevent any breakdowns. The braking mode
features the occurrence of a “rigid” auto-oscillation mode in the translational motion of
the wheel center when the sliding velocity of the blocked wheels is characterized by the
friction force and the sliding velocity reduction. As auto-oscillations occur in the individual
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traction electric drive, their frequency will vary depending on the value of the wheel sliding
relative to the supporting base.

Simulation modeling of electric bus motion established that in the process of accelera-
tion in a turn on a support base with high adhesion properties, auto-oscillation processes
occur synchronously both on torque and angular velocity oscillograms. This occurs in
relation to the rotation direction at the inner drive wheel, which is vertically unloaded due
to the action of the centrifugal forces during rotation. In the case of the drive wheel of
the opposite side, which, on the contrary, is additionally vertically loaded, increasing the
grip with the supporting base, no auto-oscillations occur. It should also be noted that the
intensity and frequency of angular velocity oscillations are different, which is related to the
previously mentioned character (soft or hard) of their excitation. The auto-oscillations of
torques reduced to the wheel are quite intense and can reach the level of approximately
500 Nm (with peak values up to −5000 Nm), which can destroy the teeth of the wheel
reducer and the bearings of the traction motor.

Simulation modeling of an electric bus motion established that the process of accelera-
tion in a turn on a support base with low adhesion properties is associated with the possible
skidding of the rear axle skidding. Thus, there were intensive autocolevations of both
angular velocity and torque of the unloaded driving wheel. In this case, the amplitudes of
torques can reach 4000 Nm on the wheel, which can destroy the teeth of the wheel gearbox
and the bearings of the traction motor.

Simulation modeling established that the braking of an electric bus in a turn on dry
asphalt is associated with the earlier blocking of the inner leading wheel compared to
the outer one. No auto-oscillation process of the angular velocities of the wheels during
braking is observed, and the oscillograms of the regenerative torques on the driving wheels
clearly show zones where the auto-oscillations occurred.

The frequencies of auto-oscillation processes of the traction motor torque and angular
speed of driving wheel rotation are caused by the frequency of elastic wheel vertical
oscillations associated with moving over irregularities of the supporting base.

Thus, the following main results of this study can be emphasized:

1. The developed mathematical model describing the process of auto-oscillations of an
electric vehicle of high reliability (confirmed by test results).

2. Based on the results of simulation modeling, the frequencies of tire oscillations are
determined, which are 6–7 Hz and coincide with the frequency of auto-oscillations to
realize the frequency of rotation of the electric motor shaft.

3. Correctness of the results of theoretical research and the results of simulation mod-
eling are confirmed by experimental studies of the process of the occurrence of
auto-vibration phenomena in the movement of the vehicle to the support base.

The practical value of this study lies in the possibility of using the results of this
study in the development of algorithms for the exclusion of auto-vibration phenomena in
the development of vehicle control systems, as well as the application of the method of
analyzing the origin and flow of auto-vibration processes in the design of the drive wheels
of the vehicle.
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